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GEOMETRIC, TOPOLOGICAL AND DIFFERENTIABLE
RIGIDITY OF SUBMANIFOLDS IN SPACE FORMS

HoNG-WEI XU AND JUAN-RU GuU

Abstract. Let M be an n-dimensional submanifold in the simply connected space
form F"*P(c) with ¢ + H? > 0, where H is the mean curvature of M. We verify
that if M™(n > 3) is an oriented compact submanifold with parallel mean curvature
and its Ricci curvature satisfies Ricyr > (n —2)(c+ H?), then M is either a totally
umbilic sphere, a Clifford hypersurface in an (n + 1)-sphere with n = even, or
CP?(3(c+ H?) in S7 (\/ﬁ) In particular, if Ricys > (n — 2)(c + H?), then
M is a totally umbilic sphere. We then prove that if M™(n > 4) is a compact
submanifold in F"P(c) with ¢ > 0, and if Ricpyy > (n — 2)(c + H?), then M is
homeomorphic to a sphere. It should be emphasized that our pinching conditions
above are sharp. Finally, we obtain a differentiable sphere theorem for submanifolds
with positive Ricci curvature.

1 Introduction

The investigation of curvature and topology of Riemannian manifolds and subman-
ifolds is one of the main stream in global differential geometry. In 1951, Rauch first
proved a topological sphere theorem for positive pinched compact manifolds. Dur-
ing the past 60 years, there are many progresses on sphere theorems for Riemannian
manifolds and submanifolds [Ber00, BS09b, Shi00, Xu12]. In 1960’s, Berger and Klin-
genberg proved the famous topological sphere theorem for quarter-pinched compact
manifolds. In 1966, Calabi and Gromoll initiated the differentiable pinching problem
for positive pinched compact manifolds. In 1977, Grove and Shiohama [GS77] proved
the celebrated diameter sphere theorem which is optimal for arbitrary n. In 1982,
Hamilton [Ham82| established the theory of Ricci flow and obtained the famous
sphere theorem for 3-manifolds with positive Ricci curvature. Later some differen-
tiable pinching theorems for Riemannian manifolds via Ricci flows were obtained by
several authors [Brel0,BS09b, CHZ08, Hui85]. In 1988, Micallef and Moore [MMS8S]
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verified the topological sphere theorem for manifolds with pointwise 1/4-pinched
curvatures via the techniques of minimal surface. In 1990’s, Cheeger, Colding and
Petersen [CC97,Pet99] obtained differentiable sphere theorems for manifolds with
positive Ricci curvature. Recently Bohm and Wilking [BWO0S8] proved that every
manifold with 2-positive curvature operator must be diffeomorphic to a space form.
More recently, Brendle and Schoen [BS09a] proved the remarkable differentiable
sphere theorem for manifolds with pointwise 1/4-pinched curvatures. Moreover,
Brendle and Schoen [BS08] obtained a differentiable rigidity theorem for compact
manifolds with weakly 1/4-pinched curvatures in the pointwise sense. Using Bren-
dle and Schoen’s result [BS08], Petersen and Tao [PT09] proved a classification
theorem for compact and simply connected manifolds with almost 1/4-pinched sec-
tional curvatures. The following important convergence result for the Ricci flow
in higher dimensions, initiated by Brendle and Schoen [BS09a] and finally verified
by Brendle [Bre08], cut open a new field in curvature and topology of manifolds
[Brel0,BS09b, Xul2].

Theorem A. Let (M, go) be a compact Riemannian manifold of dimension n(> 4).
Assume that

Ri313 + A2 Rig14 + Ra3o3 + A2 Rouoq — 2AR1934 > 0

for all orthonormal four-frames {e1, ez, e3,e4} and all A € [—1,1]. Then the normal-
ized Ricci flow with initial metric g

0 _ 2
Eg(t) = —2Ricyy) + Erg(t)g(t)

exists for all time and converges to a constant curvature metric as t — oo. Here 74
denotes the mean value of the scalar curvature of g(t).

Let M™ be an n(> 2)-dimensional submanifold in an (n + p)-dimensional Rie-
mannian manifold N®*P. Denote by H and S the mean curvature and the squared
length of the second fundamental form of M, respectively. After the pioneering rigid-
ity theorem for minimal submanifolds in a sphere due to Simons [Sim68], Lawson
[Law69] and Chern—do Carmo—Kobayashi [CCK70] obtained a famous rigidity the-
orem for oriented compact minimal submanifolds in S"*? with S < n/(2 —1/p). It
was partially extended to compact submanifolds with parallel mean curvature in a
sphere by Okumura [Oku73,0ku74], Yau [Yau74] and others. In 1990, the first named
author [Xu90] proved the generalized Simons—Lawson—Chern—do Carmo—Kobayashi
theorem for compact submanifolds with parallel mean curvature in a sphere.

Theorem B. Let M be an n-dimensional oriented compact submanifold with par-
allel mean curvature in an (n + p)-dimensional unit sphere S™*?. If S < C(n,p, H),

then M is either the totally umbilic sphere S™ ( \/ﬁ)’ a Clifford hypersurface

in an (n + 1)-sphere, or the Veronese surface in S* (\/liﬁ) Here the constant
C(n,p, H) is defined by
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a(n, H), for p=1,orp=2and H#0,
for p>2and H =0,

n
C(n,p,H) =< 273’

min{a(n,H),W+nH2}, for p>3and H # 0,
n3 n(n —2)
H) = H? 2[4 + 4(n — 1)H2.
aln, H) =n+ 52— 2(n —1) VnZH! +d(n 1)

Later, the above pinching constant C(n,p, H) was improved, by Li-Li [LL92] for
H =0 and by Xu [Xu93] for H # 0, to

a(n, H), for p=1,orp=2and H # 0,

!
¢ p, H) = { min {a(n, H), %(2?1 + 5nH2)}, otherwise.

Using nonexistence for stable currents on compact submanifolds of a sphere and
the generalized Poincaré conjecture in dimension n(> 5) verified by Smale, Lawson
and Simons [LS73] proved that if M"™(n > 5) is an oriented compact submanifold in
S™P and if S < 2y/n — 1, then M is homeomorphic to a sphere. Let F™"P(c) be an
(n+ p)-dimensional simply connected space form with constant curvature c. Putting

3

B n n(n —2)
a(n,H,c) = nc+ mH2 “3mo1)

Vn2H* + 4(n — 1)cH?,

we have ming a(n, H,¢) = 2y/n — le. Motivated by the rigidity theorem above,
Shiohama and Xu [SX97] improved Lawson—Simons’ result and proved the following
optimal sphere theorem.

Theorem C. Let M™(n > 4) be an oriented complete submanifold in F"?(c)
with ¢ > 0. Suppose that sup,,;(S — a(n, H,c)) < 0. Then M is homeomorphic to a
sphere.

Xu and Zhao [XZ09] first investigated the differentiable pinching problem for
submanifolds. Making use of the convergence results of Hamilton and Brendle for
Ricci flow and the Lawson—Simons—Xin formula for the nonexistence of stable cur-
rents, Gu and Xu [GX12] proved the following differentiable sphere theorem for
submanifolds in space forms.

Theorem D. Let M be an n(> 4)-dimensional oriented complete submanifold in
F™P(c) with ¢ > 0. Assume that S < 2¢ + 22 where ¢ + H? > 0. We have

n—1"’

(i) If ¢ = 0, then M is either diffeomorphic to S™, R", or locally isometric to
S=L(r) x R.
(ii) If M is compact, then M is diffeomorphic to S™.

Theorem D improves the differentiable pinching theorems due to Andrews—Baker
and the authors [AB10,XG10].
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In 1979, Ejiri [Eji79] obtained the following rigidity theorem for n(> 4)-
dimensional oriented compact simply connected minimal submanifolds with pinched
Ricci curvatures in a sphere.

Theorem E. Let M be an n(> 4)-dimensional oriented compact simply connected
minimal submanifold in S™*P. If the Ricci curvature of M satisfies Ricyr > n — 2,

then M is either the totally geodesic submanifold S™, the Clifford torus S™ ( %) X

S (\/g> in S"*! with n = 2m, or CP? (%) in S7. Here CP? (%) denotes the

2-dimensional complex projective space minimally immersed into S with constant
holomorphic sectional curvature %.

The pinching constant above is the best possible in even dimensions. It is better
than ones given by Simons [Sim68] and Li-Li [LL92| in the sense of the average of
Ricci curvatures. The following problem seems very attractive, which has been open

for 30 years.

OPEN PROBLEM A. Is it possible to generalize Ejiri’s rigidity theorem for minimal
submanifolds to the cases of submanifolds with parallel mean curvature in a sphere?

In 1987, Sun [Sun87] showed that if M is an n(> 4)-dimensional compact oriented
submanifold with parallel mean curvature in S™*” and its Ricci curvature is not less
than %__12)(14—}[ %), then M is a totally umbilic sphere. Afterward, Shen [She92] and
Li [Li93] proved that if M is a 3-dimensional oriented compact minimal submanifolds
in S3tP and Ricy; > 1, then M is totally geodesic.

The purposes of the present paper is to investigate rigidity of geometric, topolog-
ical and differentiable structures of compact submanifolds in space forms. Our paper
is organized as follows. Some notation and lemmas are prepared in Section 2. In Sec-
tion 3, we generalize the Ejiri rigidity theorem for compact simply connected minimal
submanifolds in a sphere to compact submanifolds with parallel mean curvature in
space forms. More preciously, we prove that if M is an n(> 3)-dimensional oriented
compact submanifold with parallel mean curvature in F"*P(c) with ¢ + H? > 0,
and if Ricyr > (n —2)(c+ H?), then M is either a totally umbilic sphere, a Clifford

hypersurface in an (n+1)-sphere with n = even, or CP? (3(c + H?)) in S7 ( chrH2 )
In particular, we provide an affirmative answer to Open Problems A. In Section 4,
we prove that if M is an n(> 4)-dimensional compact submanifold in F"*?(c) with
¢ >0, and if Ricy; > (n—2)(c+H?), then M is homeomorphic to a sphere. Moreover,
we obtain a differentiable sphere theorem for compact submanifolds with positive

Ricci curvature in a space form.

2 Notation and Lemmas

Throughout this paper let M™ be an n-dimensional compact submanifold in an
(n + p)-dimensional Riemannian manifold N"*?. We shall make use of the following
convention on the range of indices:
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1§A7B707Sn+p7 1§17.77k75n7 n+1§a,ﬂ,’y,§n+p

For an arbitrary fixed point « € M C N, we choose an orthonormal local frame
field {e4} in N™*P such that e;’s are tangent to M. Denote by {wa} the dual frame
field of {e4}. Let Rm, h and & be the Riemannian curvature tensor, second funda-
mental form and mean curvature vector of M respectively, and Rm the Riemannian
curvature tensor of N. Then

Rm = Z Rijklwi Qw;j Q@ wg @ wy,

ikl
Rm = Z Rapcpwa @ wp @ we ® wp,
A,B,C\D
h = Z hz]wZ QuwjReq, £= thea,
az,]
Riji = Riju + Z Sh5 — hihSe ), (2.1)
«
Rogit = Ragu + Y _(h5hiy — hihiy). (2:2)
i
We define
= |h’27 ‘§| o ( 'LJ)’I’LX’IL'

Denote by Ric(u) the Ricci curvature of M in direction of u € UM. From the Gauss
equation, we have

Ric(e;) ZRW + Z (A2 — (RE)?]. (2.3)

Set Ricmin(x) = minyey, pr Ric(u). Denote by K (m) the sectional curvature of
M for tangent 2-plane w(C T, M) at point z € M, K () the sectional curvature of
N for tangent 2-plane (C T, N) at point € N. Set Kpin(x) := mingcr, v K(7),
Kax(7) := max,c7, y K(7). Then by Berger’s inequality, we have

_ 9 _
|[Rapcp| < g(Kmax — Kmmin) (2.4)

for all distinct indices A, B, C, D.
When the ambient manifold N™*? is the complete and simply connected space
form F™*P(c) with constant curvature ¢, we have

Rapcp = c(6acdBD — dapdBC)- (2.5)
Then the scalar curvature of M is given by

R=n(n—1)c+n’H?* - S. (2.6)
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When M is a submanifold with parallel mean curvature vector £, we choose e,
such that it is parallel to £, and

trH,,1 =nH, trH, =0, for a #n + 1. (2.7)
Set
Sg = trﬂngl, St = Z trH>.
a#n+1
The following lemma will be used in the proof of our geometric rigidity theorem.
LEMMA 2.1. ([Yau74]) If M™ is a submanifold with parallel mean curvature in

F"*P(c), then either H = 0, or H is non-zero constant and Hy,+1H, = HoHpiq
for all a.

We denote the first and the second covariant derivatives of h% by h ik and hf‘jkl
respectively. The Laplacian of hf; is defined by Ahf; = >k gy Following [YauT74],
we have

AR =N (W R + Bt Ry ) (2.8)

k,m
The nonexistence theorem for stable currents in a compact Riemannian mani-
fold M isometrically immersed into F™P(c) is employed to eliminate the homology

groups Hy(M;Z) for 0 < g < n, which was initiated by Lawson-Simons [LS73] and
extended by Xin [Xin84].

Theorem 2.1. Let M"™ be a compact submanifold in F"P(c) with ¢ > 0. Assume
that

Y D 2lh(eier)l® = (hlei, ei), hler, er))] < a(n = g)e

k=q+1 i=1

holds for any orthonormal basis {e;} of T,M at any point x € M, where q is
an integer satisfying 0 < ¢ < n. Then there does not exist any stable g-currents.
Moreover,Hy(M;7Z) = Hyp,—q(M;Z) = 0, and w1 (M) = 0 when g = 1. Here H;(M;Z)
is the i-th homology group of M with integer coefficients.

To prove the rigidity and sphere theorems for submanifolds, we need to eliminate
the fundamental group 7 (M) under the Ricci curvature pinching condition, and get
the following lemmas.

LEMMA 2.2. Let M be an n(> 4)-dimensional compact submanifold in F""*?(c) with
¢ > 0. If the Ricci curvature of M satisfies

n(n—1)
n+2
then Hi(M;Z) = Hp,—1(M;Z) =0, and m (M) = 0.

Ricy > (c+ H?),
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Proof. From (2.6) and the assumption, we have
2n(n —1)

S —nH? <
n + 2

(c+ H?).

This together with (2.3) implies that

n

> 2lh(er )P = (hlerser), hlex, ex))]

k=2

= 222( 87 — Zzh(lllh%k

a k=2 a k=2
=3 (h§4)? — Ric(er) + (n — 1)c
a k=2
1
< Q(S —nH?) — Ric(ey) + (n —1)c
n(n —1) 2y _n(n—1) 2
H?)— —= H -1
<=3 (c+ H?) " (c+H*)+(n—-1)c
=(n—1)ec (2.9)
This together with Theorem 2.1 implies that H;(M;Z) = H,—1(M;Z) = 0, and
m1(M) = 0. This proves Lemma 2.2. 0

LEMMA 2.3. Let M be an n(> 4)-dimensional compact submanifold in F"*P(c) with
¢ > 0. Assume that the Ricci curvature of M satisfies

Ricyr > (n—2)(c + H?).
Then we have
(i) If n =4 and ¢ > 0, then m (M) = 0.
(ii) If n > 5, then m (M) = 0.
Proof. (i) If n =4 and ¢ > 0, then it follows from the assumption and (2.3) that

4

> 2lh(er, en)]* = (hler, ), hler, ex))]

k=2
4 4
=2) Y (0§ =YY WSk
a k=2 a k=2
= —2Ric(e1) + 6c — Y _[(hfy)? — trHahS,]

< —2Ric(er) + 6¢ + 4H?
< 3c. (2.10)

This together with Theorem 2.1 implies that 7 (M) = 0. (ii) If n > 5, then the
assertion follows from Lemma 2.2. This completes the proof of Lemma 2.3. ad
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3 Rigidity of Submanifolds with Parallel Mean Curvature

In this section, we generalize the Ejiri rigidity theorem to compact submanifolds
with parallel mean curvature in space forms. To verify our rigidity theorem for
submanifolds with parallel mean curvature in space forms, we need to prove the
following theorem.

Theorem 3.1. Let M be an n(> 3)-dimensional oriented compact submanifold
with parallel mean curvature (H # 0) in F"*P(c). If

Ricy > (n—2)(c+ H?),
where ¢ + H? > 0, then M is pseudo-umbilical.

Proof. The key ingredient of the proof is to derive a sharp estimate for ASy. By
the Gauss equation (2.1), (2.5) and (2.8), we have

%ASH — Z hn+1 Z hn+1Ahn+1

’L]k
Tr
= Z h?ﬁ;l Z hZ'HhZ;l |:(5mj5ik Smkdij)c + Z mifie — kh%)}
4,7,k i,5,k,m
30 R Oy — Smrdie + D (B i — b))
t,5,k,m a
Z hi;?;l i ncz hn+1 {Z(h?jﬂ)g] 2
1,9,k 2

2
—n2cH? 4 nHZh;;Hh;;lhgjl -y [Z(h;;“ . Héij)h%} NERY
1,5,k aFn+l  4,j

Let {e;} be a frame diagonalizing the matrix H,,; such that h”Jrl )\?H(Sij, for all
i,7. Set

fk — Z()‘;H_l)k?

i
=g i=1,200n

Hi
B= (ui ™"

Q

Then

Bl :0, Bg = SH —nH2,
By =3HSy — 2nH? — fs.
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This together with (3.1) implies that

1 _ n+1 2 2 12
§ASH—Z(I’L )2+ neSy — Sy — n’cH

ijk
Z'7j7k
nH fy— Z (Zun—l-lhoz)
a#n+1 i
=Y (h3N? + neSy — Si — n*cH?
1,5,k
+nHBHSy —2mH — Bs) = > (Y uf“ho‘)
a#n+1 7
= Z hszl + Ba(nc+ onH? — SH)
i,5,k
—nHB;~ Y (Z;ﬁ“h“) . (3.2)
a#n+1 )
Let d be the infimum of the Ricci curvature of M. Then we have
Ric(e;) = (n— e+ nHNH = (APF)2 = Y™ (hg)? > d. (3.3)
a#n+l,j

This implies that
S —nH? < n[(n—1)(c+ H?) —d|, (3.4)
and

(n—HWH — H) ~ (7~ B

+n—1)(c+H?) = Y (h)?*—d=0. (3.5)
a#n+1,j

It follows from (3.5) that

O = HY | S8 | d_ -1

H?).
n—2 n—2 n—2 n—2(c+ )

H\T - H) >
So,

—nHB; > %Z(M?—H Z Z n+1

% ogén—s—l 1,J

" 1~ (n—1)(c+ H)Bs. (3.6)

+n—2
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From (3.2) and (3.6), we get

fASH > Z h"+1 —I—Bg{nc+2nH2 — Sy

ijk
i,5,k
+—ld— (n—1)(c+H) | + nﬁ22<u?“>
n O[ n n « 2
5 [T (S |
>3 (hy? +B2{nc+2nH2— _Q[d—(n—l)(c+H2)]}
1,7,k
B2 — n a
+nf2‘2f2 2. (Z” Hh)
a#n+1 7
> (R + BQ{nch nH? — L:g(s —nH?)
i,5,k
+nf2[d—(n_1)(c+H2)]}. (3.7)

This together with (3.4) implies that

fASH >N (e + %Bg{(n — (e + H?)

z]k
.5k
—(n=3)[(n—1)(c+H?) —d]+[d— (n—1)(c+ H?)]}
=Y (BN + nBald — (n = 2)(c+ H?)]. (3.8)
4,5,k

By the assumption, we have d > (n — 2)(c + H?). This together with (3.8) and the
maximum principal implies that Sy is a constant, and

(St — nH)[d — (n — 2)(c + H?)] = 0. (3.9)

Suppose that Sy # nH?. Then d = (n — 2)(c + H?). We consider the following two
cases:

(i) If n = 3, then the inequalities in (3.7) and (3.8) become equalities. Thus, we

have
hs =0, fora#n+1, i#j,
) = |M]+1‘ ittt =hg, fora#n+1, 1<i,j<n.  (3.10)
This implies ,u?“ =0,i=1,2,...,n. It follows from the Gauss equation that

¢+ H? = 0. This contradicts with assumption.
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(ii) If n > 4, then the inequalities in (3.7) and (3.8) become equalities and we have

Ricy = (n—2)(c+ H?),
hi; =0, for a #n+1, i#j,
|u?+1\:]uy+1\, pitt =hg, fora#n+1, 1<i,j<n. (3.11)

i1
It follows from the Gauss equation that ,u?“ =0 and ¢+ H? = 0. This contradicts
with assumption.

Therefore, Sy = nH?, i.e., M is a pseudo-umbilical submanifold. This completes
the proof of Theorem 3.1. O

The following lemma due to Yau [Yau74] will be used in the proof of our geometric
rigidity theorem, i.e., Theorem 3.3.

LEMMA 3.2. Let N"P be a conformally flat manifold. Let Ny be a subbundle of the
normal bundle of M™ with fiber dimension k. Suppose M is umbilical with respect to
Nj and Nj is parallel in the normal bundle. Then M lies in an (n+p— k)-dimensional

umbilical submanifold N’ of N such that the fiber of N is everywhere perpendicular
to N'.

We are now in a position to give an affirmative answer to Open Problems A.
More generally, we prove the following rigidity theorem for compact submanifolds
with parallel mean curvature in space forms.

Theorem 3.3. Let M be an n(> 3)-dimensional oriented compact submanifold
with parallel mean curvature in F"*P(c) with ¢ + H? > 0. If

Ricy > (n—2)(c+ H?),

then M is either the totally umbilic sphere S™ ( \/c}rﬁ)’ the Clifford hypersurface

m(___1 m((__1 ) 13 n+1 1 .
S < 2(0+H2)> x S (\/W) in the totally umbilic sphere S <m> with
n = 2m, or CP? (%(C"' H?)) in 57( 1 ) Here CP? (%(C‘i‘ H?)) denotes the

Vet+H? )
2-dimensional complex projective space minimally immersed in S” ( Jciﬁ) with

constant holomorphic sectional curvature %(c + H?).

Proof. Case I. H = 0. If n = 3, then the assertion follows from Shen and Li’s results
[She92,1i93].

If n > 4, then it follows from Lemma 2.3 that M is simply connected. Hence the
assertion follows from Theorem E.

Case II. H # 0. When p = 1, we get the conclusion from Theorem 3.1.

When p > 2, we know from the assumption and Theorem 3.1 that M is pseudo-
umbilical. It is seen from Lemma 3.2 that M lies in an (n+p—1)-dimensional totally
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umbilic submanifold F"P~1(&) of F"*P(c), i.e., the isometric immersion from M into
F™P(c) is given by

io@: M — F'P=L(E) — F"P(c),

where p : M™ — F"P~1(¢) is an isometric immersion with mean curvature vector &,
and i : F""P=1(¢) — F"*P(c) is a totally umbilic submanifold with mean curvature
vector &. Denote by hs the second fundamental form of isometric immersion 1.
Set

=&, Hz2 =&l (3.12)

We know that & = & + 1, where n = 1 3~ ha(e;, ;) and {e;} is a local orthonormal
frame field in M. Since & L &, and 7 || £, we obtain & = 0, and n = £. Noting that
FP=1(¢) is a totally umbilic submanifold in F"*P(c), we have |n| = Hs. Thus,

H? = H? + |n|* = H3. (3.13)
This together with the Gauss equation implies that
¢=c+ H (3.14)

Hence, M is an oriented compact minimal submanifold in S™*P~1 ( \/chrT) Now

we consider the following two cases:

(i) n = 3. It follows from Shen and Li’s results [She92,Li93] that M is the totally

s 3 1
umbilic sphere S < W)

(ii) n > 4. From the assumption and Lemma 2.3, we know that M is simply con-
nected. Therefore, it follows from Theorem E that M is either the totally umbilic

n{_ 1 . m{ 1
sphere S ( m) the Clifford hypersurface S < \/2(0+7H2)>
m . .1 n+1 1 . -
xS ( YR ) in the totally umbilic sphere S (m) with n = 2m, or
4 7 1
CP? (3(c+ H?) in S <\/c+H2’>'
Combing (i) and (ii), we complete the proof of Theorem 3.3 . 0

REMARK 3.1. It is obvious that the pinching condition in Theorem 3.3 is sharp.

As a consequence of Theorem 3.3, we get the following:

COROLLARY 3.4. Let M be an n(> 3)-dimensional oriented compact submanifold
with parallel mean curvature in F"*P(c) with ¢ + H? > 0. If

Ricy > (n—2)(c+ H?),

then M is the totally umbilic sphere S™ (\/ﬁ)
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4 Sphere Theorems for Submanifolds

In this section, we investigate rigidity of topological and differentiable structures of
compact submanifolds in space forms. Motivated by Theorem 3.3, we first prove the
following topological sphere theorem for compact submanifolds in space forms.

Theorem 4.1. Let M be an n(> 4)-dimensional compact submanifold in F™P(c)
with ¢ > 0. If

Ricyr > (n —2)(c+ H?),
then M is homeomorphic to a sphere.

Proof. Assume that 2 < ¢ < 5. Setting

T, . 2?7“[17047
n
we have > T2 = H?, and
Ric(e)) = (n—1)e+ Y [nTahg;. —(h2)? - Z(hf})ﬂ . (4.1)
«a jF#i
Then we get
no g
2 S lhe e - (b))
q no g
= Z DI IS
a k=q+1i=1 a k=q+1i=1
q q
=3 |2 Z Z (Zh@) (wm-Zhﬁ)
a | k=qtli=1 1=1 i=1
no g
<2 35 Surom o a0
o | k=q+1 i=1
<qz [(n —1)c — Ric(e;)] +n(qg—1) ZZT h$:
i=1 a =1

< ¢*[(n = 1)(c+ H?) — Ricwin] — q(n — ) H* +n(q—1) Y Y To(h§ — Ta)

a =1

< g(n— q)[(n — 1)(c + H?) - Ricuia]

—qn— ) H> +n(g— 1)) > Tu(hf — Ta). (4.2)

a =1
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On the other hand, we obtain

Z ZQVL €, ek ’ —< (ezaez) (ek>ek’)>]

k=q+1 i=1
q q
g (Z hf;) (trHa = h;?;)
=1 =1

[kq+lzl

(Z hkk) (trHa En: hgk)]

q

)OI DICIERIUENES TR =) SITE

SHE

« k=q+1 i=1 i=1 i=1
. an—q) <
it 3 s 10 S
k=q+1 k=q+1

q
gnT3? + (n —2¢)Ta Yy h?%]
=1

< Ms_ Z
< q(n—q)[(n —1)(c+ H?) = Ricmi]

q
—q(n—q)H? — (n—29) Y > Tu(h

a =1

It follows from (4.2), (4.3) and the assumption that

Z 22|h €i, e | — (h(es, €:), hek, ex))]

k=q+1 i=1
< m{qm ~9)l(n = D)(e+ H?) — Ricyn]

~a(n— ) H + (g~ 1) Y S Tulh ~ Ta) }
@ 1

1=

n(qg—1) _
) L = a)l(n 1) (et ) ~ R

~a(n— H? = (n—20) 3 D Tulhss ~ Ta) }

a =1
= q(n—q)[(n = 1)(c + H?) — Ricwin] — q(n — ¢)H*
<q(n—q)c.
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(4.3)

(4.4)



1698 H.-W. XU, J.-R. GU GAFA

This together with Theorem 2.1 implies that
Hy(M;Z) = Hy,—¢(M;Z) =0,

fora112§q§%.

Since (n—2)(c+ H?) > ngﬂ:;) (c+ H?), we get from the assumption and Lemma
2.2 that

H(M;Z)=H,—1(M;Z) =0,

and M is simply connected.

From above discussion, we know that M is a homotopy sphere. This together
with the generalized Paincaré conjecture implies that M is a topological sphere.
This completes the proof of Theorem 4.1. O

REMARK 4.1. It is seen from Theorem 3.3 that the pinching condition in Theorem
4.1 is sharp.

In the next, we investigate differentiable pinching problem on compact subman-
ifolds in a Riemannian manifold, and obtain the following theorem.

Theorem 4.2. Let (M, go) be an n(> 4)-dimensional compact submanifold in an
(n+ p)-dimensional Riemannian manifold N"*P. If the Ricci curvature of M satisfies

3n? —9n +8— 8 n(n — 3)

- K —7F-] H?,
3(n—2) M 3(n-—2) M L—

Ricpyr > [
then the normalized Ricci flow with initial metric go

0 ) 2
ag(t) = —2Ricyy) + Erg(t)g(t)a

exists for all time and converges to a constant curvature metric ast — oo. Moreover,
M is diffeomorphic to a spherical space form. In particular, if M is simply connected,
then M is diffeomorphic to S™.

Proof. Set T, = 1trH,. Then Y T2 = H?, and

a] o 1 (0% « (0% (0%
hiihi; = 5[(hu +h$; —2Ta)% — (b — To)? — (h5; — Ta)?]
+Ta(h% - Ta) + Toz(hjo'éj - Ta) + Taz' (4'5)

We rewrite (2.3) as

RiC(€i> = ZEUU + (n — 1)H2 -+ (n - 2) ZTa(hg — Ta)

J
=D (W =Ta)’ = Y (hfy)* (4.6)

o, jF#i
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This implies that
— Z 2> Ricmin — (n — 1) (Kmax + H?)
—(n—2)Y Ta(hf —Ta)+ > (h$)?, (4.7)
a a,j#i

and

SO Tulh ~ o) > s [Ricwin — (0~ 1) (K + )] (4.8)

a

Suppose {e1, e2, €3, €4} is an orthonormal four-frame and A € R.
From (2.1), (2.4), (4.5), (4.7) and (4.8), we have

Ri313 + Raza3 — [R1234]
_E R a o (po\2 a o (po\2
= Riziz + 2323+Z hivhss — (hi3)” + hiohgs — (hg3)
—|Ri234 + Z(h% 94 — hi4h33)|
1 « (0% (6% (6%
B Z [3( 03)% 4 3(h33)° + (hfy)? + (h24)2}

o

h a2 ha _TOCQ
+z|: 11 — ) _(332 ) +Ta( (f‘l—Ta)—i—Ta( g3_Ta)+T§:|

__ 2 __
2 2[{min - g(Kmax - Kmin) -

+>° [— (h222 L) _ (hg?’QT“)Q + Tl SQ—Ta)+Ta(h§‘3—Ta)+T2]
(Ruin — 3 Kmax) — 5 3, [30h5)2 + 3(1%)? + (h)? + (15,

«

Vv
w| oo

. — 1 1
+2[Ricmin — (n — 1) (Kmax + H)] + 2H? + 5 Z ( (1)})2 Ty Z ( gj)Q
a,j#1 ,j#2

o n—4 o n—4 o
+ Z( 3j)2+ 5 To(hi; — T) + 5 Z To(hi; — Ta)

a,j#3 a,i#1,3 a,i#2,3

8 — 1— —
> g(Kmin — iKmax) —+ 2H2 + (n — 2)[Rz'cmin — (n - 1)(Kmax + HQ)] (49)

Using the same argument, we get

8 /— 1—
Ris14 + Roa2a — |Ri234] > 3 <Kmin - ZKmaX> + 2H?

+(n = 2)[Ricmin — (n — 1) (Kmax + H?)].  (4.10)
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This together with (4.9) and the assumption implies

Riz13 + A Rig14 + Rogoz + N2 Rasos — 2A\R1234
> Ri313 + Rosos — |Riosa| + A2(Ria14 + Roaoa — |Ri234))
> 0. (4.11)

It follows from Theorem A that M is diffeomorphic to a spherical space form. In
particular, if M is simply connected, then M is diffeomorphic to S™. This completes
the proof of Theorem 4.2. O

Theorem 4.3. Let M be an n(> 4)-dimensional compact submanifold in F"P(c)
with ¢ > 0. If

Ricy > (n—2)(1 4+ &,)(c + H?),
then M is diffeomorphic to S™. Here

0, for 4<n <6,
o= %, for n>7.
Proof. When n = 5,6, it is well known that there is only one differentiable structure
on S™. This together with Theorem 4.1 implies M is diffeomorphic to S™. When
n # 5,6, it follows from Theorem 4.2 that M is diffeomorphic to a spherical space
form. On the other hand, it follows from Lemma 2.2 that M is simply connected.
Therefore, M is diffeomorphic to S™. This completes the proof of Theorem 4.3. O

REMARK 4.2. When 4 < n < 6, the pinching condition in Theorem 4.3 is sharp.
When n > 7, we have 0 < g, < % and limy, o &, = 0. Therefore, the pinching
condition in Theorem 4.3 is close to the best possible.

Motivated by our rigidity and sphere theorems, we would like to propose the
following conjecture.

CONJECTURE A. Let M be an n(> 3)-dimensional compact oriented submanifold
in the space form F"P(c) with ¢ + H? > 0. If

Ricyr > (n —2)(c+ H?),

then M is diffeomorphic to either the standard n-sphere S™, the Clifford hypersurface
Sm(%) X Sm(%) in S"*! with n = 2m, or CP2. In particular, if Ricy; > (n — 2)
(c+ H?), then M is diffeomorphic to S™.

To verify Conjecture A, we hope to prove the following conjecture on the nor-
malized Ricci flow.
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CONJECTURE B. Let (M, go) be an n(> 4)-dimensional compact submanifold in an
(n + p)-dimensional space form F""P(c) with ¢ + H? > 0. If the Ricci curvature of
M satisfies

Ricy > (n—2)(c + H?),

then the normalized Ricci flow with initial metric gg

0 , 2
ag(t) = —2Ricyy + Erg(t)g(t)a

exists for all time and converges to a constant curvature metric ast — oco. Moreover,
M is diffeomorphic to a spherical space form.

Theorems 4.2 and 4.3 provide partial affirmative answers to Conjectures A and
B. Motivated by our rigidity and sphere theorems, we would like to propose the
following conjecture on the mean curvature flow in higher codimensions.

CoNJECTURE C. Let Fy: M — F"™*P(c¢) be an n-dimensional compact submanifold
in an (n+ p)-dimensional space form F"P(c) with c+ H? > 0. If the Ricci curvature
of M satisfies

Ricyr > (n —2)(c+ H?),
then the mean curvature flow

5F(x,t) =né(x,t), €M, t>0,
F(,O) :FO(');

exists smooth solution F;(-), and Fy(-) converges to a round point in finite time, or
¢ > 0 and Fy() converges to a totally geodesic sphere as t — oco. In particular, M is
diffeomorphic to S™.

Recently, Andrews and Baker [AB10], Liu et al. [LXYZa,LXYZb] obtained some
convergence theorems for the mean curvature flow of higher codimension under cer-
tain pinching conditions on the second fundamental form of M.
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