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Abstract We prove that if M" (n > 4) is a compact Einstein manifold whose normal-
ized scalar curvature and sectional curvature satisfy pinching condition Ry > oy, Kmax,
where o, € (%, 1) is an explicit positive constant depending only on #, then M must be
isometric to a spherical space form. Moreover, we prove that if an n(>4)-dimensional
compact Einstein manifold satisfies Kmin > 1, Ro, where n, € (}‘, 1) is an explicit
positive constant, then M is locally symmetric. It should be emphasized that the pinch-
ing constant 7, is optimal when n is even. We then obtain some rigidity theorems for
Einstein manifolds under (n — 2)-th Ricci curvature and normalized scalar curvature
pinching conditions. Finally we extend the theorems above to Einstein submanifolds
in a Riemannian manifold, and prove that if M is an n(>4)-dimensional compact Ein-
stein submanifold in the simply connected space form F (¢) with constant curvature
¢ > 0, and the normalized scalar curvature Rq of M satisfies Ry > m (c+ H?),

where A, = n3 —5n% + 8n, and H is the mean curvature of M, then M is isometric
to a standard n-sphere.
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170 H. Xu, J. Gu

1 Introduction

It plays an important role in Riemannian geometry to study the rigidity of Einstein man-
ifolds. To classify the Einstein manifolds satisfying some curvature pinching condition
is an important problem, which was initiated by Berger [1]. In 1974, Tachibana [23]
proved that a compact Einstein manifold with positive curvature operator is isometric
to a spherical space form. Later, Micallef and Wang [ 16] proved that a four-dimensional
Einstein manifold with nonnegative isotropic curvature is locally symmetric. In 2000,
Yang [28] obtained the following rigidity theorem on four-dimensional Einstein man-
ifolds with positive sectional curvature.

Theorem A Let M be a 4-dimensional compact Einstein manifold with Ricy = 3. If
the sectional curvature of M satisfies

/1249 — 23

then M is isometric to either the unit 4-sphere S*, the 4-dimensional real projective
space RP*, or the complex projective space CP2.

In 2003, the pinching constant above was improved to 0.292893 by de Araujo Costa
in [9]. More discussions about the Einstein manifolds can be seen in [2,13,19], etc.
Recently, Brendle [8] generalized Micallef and Wang’s theorem [16] for 4-dimensional
Einstein manifolds to higher dimensional cases.

Theorem B Let M be an n(>4)-dimensional compact Einstein manifold. If M has
positive isotropic curvature, then M is isometric to a spherical space form. Moreover,
if M has nonnegative isotropic curvature, then M is locally symmetric.

Let K () be the sectional curvature of M for 2-plane 7 C Ty M. Set Kpyax (x) 1=
maxXycr, M K(7), Kmin(x) := ming 7, » K (7). Denote by Ric® the k-th Ricci cur-
vature of M (see Definition 2.2 below). The following rigidity theorem can be viewed
as a consequence of Theorem B.

Theorem C Let M be an n(>4)-dimensional compact Einstein manifold. If K iy >
iKmax, and the strict inequality holds for some point xo € M, then M is isometric to
a spherical space form.

The purpose of this paper is to prove some new rigidity theorems for Einstein
manifolds and submanifolds. In Sect. 3, we prove the following rigidity theorem for
compact Einstein manifolds with positive scalar curvature.

Theorem 1.1 Let M be an n(>4)-dimensional compact Einstein manifold. Denote
by Ry := c the normalized scalar curvature of M. We have

(1) If Ro > 0, Kmax, then M is isometric to a spherical space form of constant
curvature c.
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Rigidity of Einstein manifolds with positive scalar curvature 171

(11) If Kmin = maRo > 0, then M is locally symmetric. In particular, if M is simply
connected, then M is isometric to either the standard n-sphere S”(%) or the

complex projective space CP™(¢) with n = 2m.

Here
on=1—— 0
5(n—1)
N =1-— > ,
n—+2
. 4n-D
TTai2 ©

Furthermore, we obtain the following rigidity theorem.

Theorem 1.2 Let M be an n(>4)-dimensional compact Einstein manifold. Denote
by Ry := c and Ri "2 the normalized scalar curvature and the (n — 2)-th Ricci
curvature of M. We have

@) If Ri cr(:igz) > 1,(n — 2)Ro, then M is isometric to a spherical space form of
constant curvature c.

@) If(n—2)Ro > unRi cfr’fa;” > 0, then M is locally symmetric. In particular, if M
is simply connected, then M is isometric to either the standard n-sphere S"(%)

or the complex projective space CP™ (¢) withn = 2m.

Here
6
mp=1-—
(n—2)(5n — 11)

= G S D+ )
. 4n—-1
C = ——C.

n—+2

Remark 1.1 We see from Example 3.1 that the pinching constants 7, and u, are
optimal when 7 is even.

Let M be an n-dimensional compact submanifold in an N-dimensional Riemannian

. —N .
manifold M with mean curvature H. In Sect. 4, we extend the theorems above to
Einstein submanifolds in a Riemannian manifold with arbitrary codimension, and
prove the following rigidity theorem.

Theorem 1.3 Let M be an n(>4)-dimensional compact Einstein submanifold in the
_N g— J—

Riemannian manifold M. If § < % (Kmin — %Kmax) + %, and the strict inequality

holds for some point xo € M, then M is isometric to a spherical space form.

Remark 1.2 When M is a compact Einstein submanifold of codimension zero, Theo-
rem 1.3 reduces to Theorem C.
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172 H. Xu, J. Gu

In particular, we obtain the following rigidity theorem for Einstein submanifolds
in a space form.

Theorem 1.4 Let M be an n(>4)-dimensional compact Einstein submanifold in the
simply connected space form F" (c) with constant curvature c. If the normalized scalar
curvature Ry of M satisfies

An

R() 8(C+H2)9

- "
Ay +4n —
where A, = n> — 5n* 4 8n, then M is isometric to a spherical space form. Moreover,

if c > 0, then M is isometric to a standard n-sphere.

2 Notation and lemmas

Let M" be an n(>4)-dimensional submanifold in an N-dimensional Riemannian man-
ifold MN. We shall make use of the following convention on the range of indices.

1<A,B,C,...<N; 1 <i,jk,... <m
ifN>n+1, n+1<apB,y,... <N.

For an arbitrary fixed point x € M C M, we choose an orthonormal local frame

field {e4} in MN such that e;’s are tangent to M. Denote by {w4} the dual frame field
of {e4}. Let

Rm= > Rijuwi ® w; ® v ® v,
i,j,k,l

Rm = Z RaBcpwa ® wp ® wc ® wp
A.B.C.D

be the Riemannian curvature tensors of M and M, respectively. Denote by / the second
fundamental form of M. When N = n, h is identically equal to zero. When N > n+1,
we set

h = Zh?‘jwi@a)j@)ea.

o,i,j
Then we have the Gauss equation
Rijii = Rijui + (h(ei, ex), hiej, e)) — (h(ei, e1), hiej, ex)). 2.1

The squared norm S of the second fundamental form of M is given by

S = Z(hf‘j)z.

a,i,j
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Rigidity of Einstein manifolds with positive scalar curvature 173

f= o Y hew Hi= Il = %\/W

Definition 2.1 (See also [29], P.349) & and H are called the mean curvature vector
and mean curvature of M, respectively.

We put

Denote by K (-), K (), Ric(-), Ric(-), R and_ﬁ the sectional curvatures, the Ricci
curvatures and the scalar curvatures of M and M, respectively. Then we have

Ric(e;) = z Rijij, Ric(ep) = ZEABAB,
j B
R = ZRijij, R= ZEABAE
ij A,B
Set

Kmin(x) = nngi.?M K(m), Kmax(x) = ﬂlél%XM K (),

Emin(x) = min f(n), ?max(x) = max ?(n).
7CT M 7CTeM

Then by Berger’s inequality (See e.g. [5], Proposition 1.9), we have
2
|Rijkl| =< g(Kmax — Kmin) (2.2)

for all distinct indices i, j, k, [, and

_ 2 _
|RABCD| =< g(Kmax - Kmin) (23)
for all distinct indices A, B, C, D. We set
Ricmin(x) = min Ric(u), Ricmin(x) = min Ric(u),
uelUcM ueUcM
Ricmax (x) = max Ric(u), Ricmax(x) = max Ric(u).

ueUy uclUyM

For any unit tangent vector u € Uy M at point x € M, let Vf be a k-dimensional
subspace of T, M satisfying u L Vf. Choose an orthonormal basis {e;} in Ty M such
thatej, = u, spanfej,...,e;} = Vf,where the indices 1 < jo, ji, ..., jk < n are
distinct with each other. We set

k
Ric®w; Vi) = Ric® (lejo. ... e ) =D Rjoj,jnjy- (2.4)
g=1
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174 H. Xu, J. Gu

We extend an orthonormal s-frame {ejy,...,ej,_,;} in T, M to (k + 1)-frame
{ejo, ..., ej ) forl <s <k-+1<nandset
s—1 k
k, _
R*(lejy, . oe) =D Riyjvivia- (2.5)
p=04¢=0

RO(ejy, ... ej) = RY D ((ej,ooei D) =D D" Rjyjijpiy- (2:6)
p=0¢g=0

Definition 2.2 We call Ric® (u; V), R& ([ejq, ..., ej D), and RO ([ejy, ..., e ])
the k-th Ricci curvature, (k, s)-curvature and k-th scalar curvatrure of M, respectively.

) (%), R S)(x) and Ric®) (x), Rr(r]féi) (x) the minimum and max-

Denote by Ric;, min Max
imum of the k-th Ricci curvature and (k, s)-curvature at point x € M for any ortho-
normal (k 4 1)-frame in T, M. Set

min min ’ max max
The geometry and topology of k-th Ricci curvature was initiated by Hartman [12]
in 1979, and developed by Wu [24] and Shen [20,21], etc.. By the definition above,
it is seen that the Ricci curvature of M is equal to the (n — 1)-th Ricci curvature and

(n — 1, 1)-curvature; the scalar curvature of M is equal to (n — 1, n)-curvature and
(n — 1)-th scalar curvature. If M is Einstein, then

Ricmin = Ricmax = — = constant. 2.7
n

For any unit tangent vector u € U, M at point x € M, let Vf be a k-dimensional
subspace of T, M satisfying u L V)f . Choose an orthonormal basis {e} in T M such
that ea, = u, spaniea,,...,ea}) = V)f, where the indices 1 < Ag, A1, ..., A <
N are distinct with each other. We define the k-th Ricci curvature as follows.

k
: VE) =D Raga,a0a,- 2.8)
qg=1

(k)

Moreover, we define the k-th scalar curvature of M as follows.

k&
R (e, ead =D > Ra,a,a,4,- 2.9)
p=04¢=0

D -k - &)

enote by RlCmm (x), Rmln (x) and Ricp,y (x), Ry (x) the minimum and maxi-
mum of the curvatures defined above at point x € M.

The following nonexistence theorem for stable currents in a compact Riemannian
manifold M isometrically immersed into the simply connected space form FV (c) is
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Rigidity of Einstein manifolds with positive scalar curvature 175

employed to eliminate the homology groups H,(M; Z) for 0 < g < n, which was
initiated by Lawson-Simons [14] and extended by Xin [25].

Theorem 2.1 Let M" be a compact submanifold in FV (¢) with ¢ > 0. Assume that
noq
> D 2lktei en)* — (hiei. ei). h(er. e))] < q(n — g)c
k=q+1 i=1

holds for any orthonormal basis {e;} of TyM at any point x € M, where q is an
integer satisfying 0 < q < n. Then there are no stable g-currents in M. Moreover,

Hy(M; Z) = Hy—q(M; Z) =0,

where H;(M; Z) is the i-th homology group of M with integer coefficients, and
w1 (M) =0when g = 1.

For submanifolds with positive Ricci curvature, we have the following lemma.

Lemma 2.1 [26] Let M be an n(>4)-dimensional compact submanifold in F N(c)
with ¢ > 0. If the Ricci curvature of M satisfies

Ricy > "= D 4 12
> )
ICm n+2 C

then M is simply connected.

Proof From Gauss equation, we have

Ric(er) = (n — e+ > [h&he — (%)), (2.10)
ok

Moreover, we have
—S+n*H?>+n(n—1)c=R > nRicmipn.
This implies that
S—nH?> <nn—1)(c+ H*) — nRicmin. 2.11)

It follows from (2.10), (2.11) and the assumption that

n

> 2Iher. e0)> — (her. er). hlex. e)] — (n — e

k=2

=2> > 5P =D D ik — (n— e

o k=2 o k=2
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n

= > > (h§)* — Ric(er)

a k=2
l 2 .
< E(S —nH*) — Ric(ey)
1
< Sl = Die+ H?) = (n + 2) Ricmin]
< 0. (2.12)
Hence the assertion follows from Theorem 2.1. This proves Lemma 2.1. O

Lemma 2.2 [11] Let M be a compact Riemannian manifold of dimension n. If M has
nonnegative isotropic curvature and has positive isotropic curvature for some point
in M, then M admits a metric with positive isotropic curvature.

3 Rigidity theorems for Einstein manifolds

In this section, we will give the proof of Theorems 1.1 and 1.2.

Lemma 3.1 Let M be an n(>4)-dimensional compact Einstein manifold. Assume M

satisfies one of the following conditions:
1) Ricf:i)n > (k — g)KmaX for some integer k € [2,n — 1];

(i) Ricr(llfi)n > glz—:?Ric,(I]f;(Ufor some integer k € [2,n — 2];

(iii) Ricr(!:i)n > %Rﬁ;l)for some integer k € [2,n — 2];

(iv) Ric®) (k+2)(5k=6) p(k+1.5)

min > 3 GR210k—g) Kmax for some integersk € [2,n—2)and s € [2, k+2].

Then M is isometric to a spherical space form.

Proof (i) It follows from (2.4) that
Kmin > Ric® — (k — 1) Kynax. 3.1

min

Suppose {e1, €2, 3, e4} is an orthonormal four-frame. It follows from Berger’s inequal-
ity (2.2) that

2
Ri234 < g(Kmax — Kmin)-
This together with (3.1) implies that

R1313 + R2323 + Ri414 + Roaos — 2R1234
. 4
> 2Ric®) —2(k — 2) Kipax — 7 (Kmax = Kumin)
) 4 )
> 2Ric®) —2(k —2) Kinax — 3 KKy — Ric®) ]
10 6
> ?[Ricffi)n (k- g)KmaX]. (3.2)
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Rigidity of Einstein manifolds with positive scalar curvature 177

This together with the assumption implies that M has positive isotropic curvature. It
follows from Theorem B that M is isometric to a spherical space form.

(ii) It’s easy to get from (2.4) that

. . (k
Kmax < Ric®&ED — Ric®)

(3.3)

This together with the assumption implies that

S5k —6
. (k) . (k1
Ric ;. > %_1 lRng“:’_‘ )
S5k —6
> (Kmax + Ric®

= 5k—1 min)'

A direct calculation show that Ricr(xlfi)n

from (i).

> (k— %)K max, and the conclusion follows
(iii)) By Definition 2.2, we obtain
1
Kmax < E[}e(k“) — (k+3)RicM) . (3.4)

max min

It follows from (3.4) and the assumption that

(K Sk—6 L
Ricmin > Sp3gp —g R
S5k —6 . (k)
> m[ZKmax + (k + S)RlCmin].

Then we obtain Ri cr(!fi)n > (k — g)Kmax. This together with (i) implies that M has

constant sectional curvature.

(iv) From (2.5) and (2.6), we have

(k+1,5) (k+1)
max > max , (35)
stk+1) = (k+1D(k+2)

which together with the assumption implies

. (k) (k+2)(5k—6) 1.
Ric ;> —s(5k2 r— Rr(n;( 5)
k=6 bty

= 5k2 + 9k —8 M - (36)

Then the assertion follows from (iii).
This proves the lemma. O
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Lemma 3.2 Let M be an n(>4)-dimensional compact Einstein manifold. Suppose
one of the following conditions holds:

(1) Kmin > k]?Ricgfgxfor some integer k € [2,n — 1];

(i1) Ricl(q’fi?) > %Ricﬁgx for some integer k € [2,n — 2];
(iii) Rl(rlfi;rl) > %Ricfﬁx for some integer k € [2,n — 2];
(iv) RK+1LS) s(k2+6k+11)RiC(k)

min > D&y max for some integersk € [2,n—2]and s € [2, k+2].

Then M is isometric to a spherical space form.

Proof (i) From (2.4), we obtain that

Kmax < Ric® — (k — 1) Knmin. (3.7)

max

Suppose {eq, €2, €3, e4} is an orthonormal four-frame. Combing (2.2) and (3.7), we
get

Ri1313 + R2323 + Ri414 + Roa24 — 2R1234
4
> 4'Kmin - E(Kmax - Kmin)

16 4
> < Kmin = g[chEJ:gx — (k — 1) Kmin]
4
=z 1k +3) Kinin — Ric® 1. (3.8)

This together with the assumption implies M has positive isotropic curvature. From
Theorem B, we see that M has constant sectional curvature.

(i1) It’s seen from (2.4) that
. (k+1 ;
Kmin > R’Cr(nij; ) _ thr(rlfgx. 3.9)
Then we get from the assumption that

. (k+1 .
Kmin > chr(nin ) Rlcr(llfz)lX

k+4 & .k
> lecr(ngx — Rlcl(l’léix
.

Therefore, the assertion follows from (i).
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(iii) It follows from (2.4), (2.6) and the assumption that

1
SIRGEY — (k+3)Rick)]

max

Kmin >

—2 min

2
l[k ok 1L
2l k+3 Cmax

1 k
Tkt 3Rlcr<‘“‘2X

max

— (k +3)Ric® ]

This together with (i) implies that M has constant sectional curvature.

(iv) By (2.5) and (2.6), we get

R(k+l s) R(k+1)

min < min

stk+1) = (k+ Dk +2)’

which together with the assumption implies

. (k) (k + 2)(k + 3) (k+1,s)
Ricpay < mRmin
k+3  pa+n
- k2+6k+11 min-

It follows from (iii) that M is isometric to a spherical space form.
This proves the lemma.

3.11)

(3.12)

(3.13)

m}

Lemma 3.3 Let M be an n(>4)-dimensional compact Einstein manifold. If one of

the following conditions holds:

@) Rl(r];)n (k2 +k — 27—4)Kmaxf0r some integer k € [3,n — 1];

(k,s) s(7k2+7k—24)
(i) Ryiy > —7(k+1)

Kmax for some integers k € [3,n — 1]and s € [2, k + 1];

(iii) Kmin > kY+6 Rmai) for some integers k € [1,n — 1]l and s € [2,k + 1];

1

(iv) Kmpin > k16 max

for some integer k € [1,n — 1],

then M is isometric to a spherical space form.

Proof (i) It follows from (2.6) that

RY < 2K + [k(k + 1) — 2] Kax.

min —

Then we have

Kmin —[R“‘) (K2 4 k — 2) Komax .

min

(3.14)
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Suppose {e1, €2, €3, e4} is an orthonormal four-frame. From (2.2), (3.14) and the
assumption we get
R1313 + Ri414 + R2323 + Roa24 — 2R1234
1« 4
E{R( ) [k(k + 1) - 8]Kmax} - g(Kmax - Kmin)

min

\Y

1w . 2 1 *)
= E{Rmin - [k(k + ) - 8]Kmax} - g[k(k + )Kmax - Rmin]
71 o) 2 24
= R (0 4k 2]
> 0. (3.15)

Therefore, M has positive isotropic curvature. By Theorem B, we see that M has
constant sectional curvature.

(i) By Definition 2.2, we have

(k) (k,s)
k(k+1) ks
This together with the assumption implies
k+1 24
Ry = —— Ry > (k + k- 7)Kmax. (3.17)
Then the assertion follows from (i).
(iii) It follows from (2.5) that
K ITRES — (s — 2 Ko 3.18
maxf2 max (ks ) Kmin | - (3.18)

Suppose {e1, e2, €3, e4} is an orthonormal four-frame. Then we get from (2.2) and
(3.18) that

R1313 + R2323 + Ris14 + Roa24 — 2R 1234
4
> 4'Kmin - §(Kmax - Kmin)

16 2 .
> 2 Kumin — g[chg’;;;’ — (ks — 2) Kin]
2 . ®
> 5[(ks +6) Kinin — RY) 1. (3.19)

This together with the assumption implies M has positive isotropic curvature. There-
fore, M is isometric to a spherical space form.

(iv) By taking s = k + 1 in (iii), we get the conclusion.

This completes the proof of Lemma 3.3. O
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Proof of Theorem 1.1 Since M is Einstein, we know from (2.7) that the normalized

scalar curvature and the Ricci curvature satisfy Ry = % = %.

(i) By taking k = n — 1 in conditions (i) of Lemmas 3.1, we get that M has
constant sectional curvature.

(i) By taking k = n — 1 in (3.8), we see that if Kuni, > %Ro, then M has
nonnegative isotropic curvature. This together with Theorem B implies that M is
locally symmetric. When M is simply connected, we assume that M is not isometric
to the standard n-sphere. Then we claim that for every point x € M there exists an

orthonormal four-frame {ey, ez, 3, e4} such that
R1313 + R2323 + Ria14 + Roao4 — 2R1234 = 0. (3.20)

Otherwise, M has positive isotropic curvature at some point in M. This together
with Lemma 2.2 implies that M admits a metric with positive isotropic curvature. A
result due to Harish [11] says that a compact locally symmetric space which admits
a metric of positive isotropic curvature has constant sectional curvature. So M is iso-
metric to the standard n-sphere. This is a contradiction. From (3.8), (3.20) and the
assumption, we have

1
Kin — ZKmax =0,
and
n—1 n—1
min = ) 0= n 2c = constant. (321

Therefore, M admits a metric with weakly 1/4-pinched sectional curvature in the
global sense. Following Berger’s classification theorem we obtain that M either is
homeomorphic to S” or isometric to a compact rank one symmetric space(CROSS).
Since M is locally symmetric, a topological sphere would have to be of constant posi-
tive sectional curvature. This contradicts the assumption that M is not isometric to the
standard n-sphere. By (3.21) and a simple computation, we know that M is isometric
the complex projective space CP” (¢) with n = 2m, where ¢ = 4ol

n+2
This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2 (i) By taking k = n — 2 in condition (ii) of Lemma 3.1, we
know that M has constant sectional curvature.
(ii)) From

. . (n—2
Kin > Ricmin — Rlcr(nax ),

and the assumption

2
—4
(n—2Ro = CRich?,

max
n< —

we see that Kpyin > %Ro and the complex projective space satisfies the equality

Kmin = Ricmin — Ricr(ga;z). Hence the assertion follows from (ii) of Theorem 1.1.
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This proves Theorem 1.2. O
From the proof of Theorems 1.1 and 1.2, we have the following corollary.

Corollary 3.1 Let M be an n(>4)-dimensional compact Einstein Riemannian man-
ifold. Denote by Ry := c the normalized scalar curvature of M. Assume one of the
following conditions holds:

(i) Kmin > nnRo;
(i) (n—2)Ro > pnRicly?.

Then M is isometric to a spherical space form of constant curvature c. Here 1, is
defined as in Theorem 1.1 and w,, is defined as in Theorem 1.2.

By (3.8), (3.9) and a direct calculation, we know that if M is an n(>4)-dimensional
compact manifold satisfies condition (i) or (ii) in Lemma 3.2, then

Ri313 + A2 Ria1s + Ro3os 4+ A% Raaog — 2AR1234 > 0

for all orthonormal four-frames {e, e>, €3, ¢4} and all A € R. Using Brendle’s con-
vergence result for Ricci flow [4] and taking k = n — 1 in condition (i) and k = n — 2
in condition (ii), we get the following differentiable sphere theorem.

Theorem 3.1 Let M be an n(>4)-dimensional compact Riemannian manifold.
Assume one of the following conditions holds:

(1) (m — DKmin > npRicmax; 5

(i) (n — 2)Ricmin > fn(n — ) Ricia.
Then M is diffeomorphic to a spherical space form. In particular, if M is simply
connected, then M is diffeomorphic to S". Here n,, is defined as in Theorem 1.1 and
Wn is defined as in Theorem 1.2.

For further discussions about the Ricci flow and sphere theorem, we refer to see
[3,5-7,10,15,17,18,22,27].

Example 3.1 Let Ry be the normalized scalar curvature of a Riemannian manifold.
By a direct computation, we have the normalized scalar curvatures of the compact
rank one symmetric spaces (CROSS) with standard metrics.

1
Ro@P™) = L Gimp (CP™) = 2m. m > 2:
4dm — 2
2
Ro(HP™) = 4’" + . dimg (HP") = 4m, m > 2;
P

3
Ro(OP?) = 5 dimp (OP?) = 16.

On the other hand, Kpin(CP") = Kmin(HP") = Kpin (OP?) = }—‘. Then we know
that the curvatures of CP™ satisfy
Ricmax

Kin = 7’12mm = M Ro,
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Rigidity of Einstein manifolds with positive scalar curvature 183

and

Ricmin . 2m=2)

] = Uom Ricay

@m = 2Ry = (2m ~2)7

These mean the pinching constants 7,, and pu, are optimal when 7 is even.
Motivated by Theorem 1.1 and Example 3.1, we would like to propose the following
conjectures.

Conjecture A Let M (n > 4) be a compact Einstein manifold. If Ry > %Kmax, then
M is isometric to a spherical space form.

Conjecture B Let M"(n > 4) be an even dimensional compact simply connected
Einstein manifold. If Ky < 1 and Ry > c,, where

2
otz forn=4or 4k +2, keZ",
40—
e = %forn=4k,kGZ“Lﬂ[lOO)andk#‘L
n_
3
S forn =16,

then M is either isometric to the standard n-sphere, or a compact rank one symmetric
space.

4 Einstein submanifolds with arbitrary codimension

In this section, we extend the theorems in Sect. 3 to Einstein submanifolds in a general
Riemannian manifold. For compact submanifolds, we first prove Theorem 1.3.

Proof of Theorem 1.3 Setting So, = > = l(h"‘) we obtain
n 2
( h$)
(Zh%) =n-2) Z(h“>2 + > )+ Z, o =S| @
i=1 i#]j
Note that for all distinct p, g, m, [

(Zhg)zg(n—z) (%, + hE)% + (W +h> + > (h)?

i#p,q,m,l
=(n—2) [Z(h“)z + 2k, hS, + 20, } :

This together with (4.1) implies

2, (z i)’
21, h2, + 2hS,, %_%(h“) = S 4.2)

@ Springer



184 H. Xu, J. Gu

for all distinct p, g, m, l. Suppose {e1, €2, e3, e4} is an orthonormal four-frame. From
(2.1), we get

R1313 + Ri414 + R2323 + Ro424 — 2R1234
= R1313 + Ris14 + R2323 + Roso4 — 2R 1234
+Z[a 533 + h5ohiy + hhss + hi hiy

—(h53)? = (W) = (59 = (S = 2(hS5h, — Syh) |
> Ri313 + Ria1a + R2303 + Rosoa — 2R 1234
+ Z [h?lh% + h5yhis + h5,hSs + h hiy
o

—2(h%3)% — 2(h%3)% — 2(h%,)? — 2(h%y) ] 4.3)

It follows from Berger’s inequality (2.3) and (4.2) that

_ 2 __ _
R12 g(Km _Kmin)v
C()2
h$ kS + hS,hGy + hS,hSs + h hgy > Z(h“) + ==t (Z‘ K — Se-
i#]
This together with (4.3) implies that
R1313 + Ri414 + R2323 + Ro424 — 2R1234
_ 4 _
> 4'I(min - g(Kmax - Kmin)
n a2
@y2 4 (O3 hii) _
+ > [ >he+ 1L S
o iE]
2k = 201%)% — 2015 — 2k
_ 16 1— n?H?
3 (Kmln_ZKmax)+n_2 - S. (4~4)

Then it follows from the assumption that M has nonnegative isotropic curvature and
has positive isotropic curvature for some point xo € M. This together with Lemma
2.2 implies that M admits a metric of positive isotropic curvature. Since M is Ein-
stein, it follows from Theorem B that M is locally symmetric. A result due to Harish
[11] says that a compact locally symmetric space which admits a metric of posi-
tive isotropic curvature has constant sectional curvature. This completes the proof of
Theorem 1.3. O
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Theorem 4.1 Let M be an n(>4)-dimensional compact Einstein submanifold in the

Riemannian manifold M~ with codimension N —n > 0. If M satisfies one of the
following conditions:

. 10 (o 5N—117 2H?
1 S < 7(Rlcmin - T3 Kmax) + 72_2,

.. _ N-=-2 252
(i) S < —4(N3+1) (Rlcmin — N42 RlC( )) + —”nfz ;

N+1
4(N+2) ( 22 .
(i) § < %(Kmin - N+2 Rlcmax) + nnTz,
. 265N—11) (7=(N=2)  sN_165— 2H?
(iv) § < %(chmin — syt Ricmax ) + 255,

then M is isometric to a spherical space form.

Proof If N = n, i.e., the codimension is zero, then S and H are equal to zero. Hence
M is an Einstein manifold, and the assertion follows from (2.7), Theorems 1.1 and
1.2.

If N > n, we consider the following cases.
(i) From (2.8), we get that

Knin = Rico — (k — 1)K max. (4.5)

Suppose {eq, €2, €3, e4} is an orthonormal four-frame. From (2.3), (4.2) and (4.5), we
have

R1313 + Ri414 + Ro2323 + Roa24 — 2R1234
= Ri313 + Ri414 + R2323 + Roao4 — 2R 1234
+ 20 s s

() = (%) = (h5)” = (ha)” = 25hss — hhSs) |

— 4
> 2Rlcr(ni)n —2(k — 2)K max — g(Kmax — Kmin)

_I_Z Z(ha)Z (Zl 12?1) — S,
o |i#A)

—2(h$3)% = 2(h%3)% — 2(h%))* — 2(h%y)?

— 4 —w . n*H?
‘min Z(k - Z)Kmax - g(kaaX - Rlcmin) + n—2

= R~ (- ]+ 25 s

> 2ch -5

Taking k = N — 1 in (4.6), we get from the assumption that M has positive isotropic
curvature. This together with Theorem B implies that M is isometric to a spherical
space form.
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(i1) It follows from (2.8) that
N J—
Kmax =< Rlcmax — (N = 3)Kmin, 4.7
— n —(N-2
K min > RiCmin — Rlcinax ) 4.8)
This together with the assumption implies that
AN+ (—  N+2__w-2  n’H>
S < T(Rlcmin — N——HRlCmax ) + nTz
4N +1) —WN-2) N+2_—n-2 n*H?
=75 (Kot R = i) + 025
4N + 1) [— 2H?
= T[Kmin - N—-l-l(Kmdx + (N - 3)Km1n)] )
16 /— 1— n’H?
= ?(Kmin - ZKmax) + n— 2-
Then the assertion follows from Theorem 1.3.
(iii) We know that
Fmax =< mmax - (N - 2)?min- (4-9)
It follows from (4.9) and the assumption that
4(N +2) /— 1 — n?H?
<—3 (Kmin_N+2RlCmax)+n_2
4N +2)1— 1 n*H?
= T[Kmin - m(Kmdx+(N 2)Km1n)] n_2
16 (— 1— n’H?
= ?(Kmin - ZKmax) + n— 2~

This together with Theorem 1.3 implies that M has constant sectional curvature.

(iv) It’s seen from (2.8) that

Kmax < Ricmax —

5 (N=2)
min

Ric

(4.10)

Taking k = N — 2, for any orthonormal four-frame {e1, e>, e3, e4}, we get from (4.6),

(4.10) that

Ri1313 + R2323 + Ria14 + Roazs — 2R1234

10 f——
> ?I:RlC(N 2

min
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10 r——n-2) 16\ —— ——(N-2) n*H?
z ?[Rlcmm (N - ?)(Rlcmax — Ricgin ):| + nT2 - S
_ 26N —11) (——w-2 _ 5N —16 n’H?
3 (R’cmm 5N—11me")+n_2 -5

This together with the assumption implies that M has positive isotropic curvature.
Therefore, we see from Theorem B that M is isometric to a spherical space form.
This completes the proof of Theorem 4.1. O

Theorem 4.2 Let M be an n(>4)-dimensional compact submanifold in an
N-dimensional Riemannian manifold M" . Denote by Ry the normalized scalar cur-
vature of M. Assume that M satisfies one of the following conditions:

(@) § < HE=(Ro - op Kinan) + 525

. 2_ ——(N-2) 22

(i) S < %[(N 2)Ro —,LNch J
(i) § < 2°N40 (g Ro) + 2

. 2_ N-2 2772
(iv) § < W[mc( 2l (N = 2)Rol + I

min
Then M is isometric to a spherical space form. Here

, 24
o =1——""
IN(N — 1)
, B 6
Hy NN -—DWN+1)’
/ _1_ 6
=TT NN+

oo 12
N (N —2)(5N2— 1IN — 6)°

Proof (i) Since
(k)

m1n

< 2K min + [k(k + 1) — 21K max,
we have

(k)

Komin > > Runin — (k> 4+ k — 2)K max]. 4.11)

Suppose {e1, e2, €3, e4} is an orthonormal four-frame. From (2.1), (2.3), (4.2) and
(4.11), we get

R1313 + Ri414 + R2323 + Roa24 — 2R1234
= R1313 + R1414 + R2323 + Roa24 — 2R 1234

+ Z [h?l 53 + h5yhiy + hhSs + hi hg,

—(h§3)> = (h33)* — (h3,)* — (h{y)* — 2(hy 3‘4—h‘{‘4h3‘3)]
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1 7H 4 _
= E{ mln_[k(k+1)_8]Kmax} max_Kmin)

o (Z7=1h?z)
+O D gy == = = S,

a | i#j
—2(h¢ ) —2(hS 3) — 2(h§. ) —2(h¢ )

k —
—[Rfm)n (k% + k — 8) Kmax]

2 — —(k) n’H?
_g[k(k + 1)Kmax - Rmin] + —n _2 )
T =) n*H?
> E[Rmin — (K k- - )Kmax] +o s 4.12)

Takingk = N —1, we see from (4.12) and the assumption that M has constant sectional
curvature.

(i) It follows from (2.8) that

(N 2)

Kmin > %[E (N + DRicy 1. (4.13)

This together with (4.7) and the assumption implies that

ON(N>-1)r N—-2 _ — _(n-»1 n’H?
R—(1- —2 )%
3N —2) [N(N—l) ( N(Nz—l)) [€max ]+n—2

2N(N2 =1 N-=2 N—2
[ ( Komin + (N + DRicor ))

IA

3(N—-2) LN(N—-1)
27172
——(N-2) n“H
(1 . 1))chmax ] e

4 5 2H2
= SIN + DKo = Ricpy 14—

4 _ n2H2
= g{(N‘i‘l)Kmin_[Kmax+(N_3)Kmm]}+ )
_16(?' 1? )+n2H2
- 3 min 4 max n _2'

Applying Theorem 1.3, we conclude that M is isometric to a spherical space form.

(iii)) We know that

_ 1 — _
Kinax < 5[R = (N? = N = 2)K min]- (4.14)
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Then we get from the assumption that

g 2(N2—N+6)(E 1 E)_’_nsz
< -
3 "ON2Z_N+6 n—2
2(N> =N +6)1— _
= f[l{min - m(szax
2H2
5 _
+(N? = N = 2)Komin) | +
n—2
16 (K IE ) N n?H?
3 min 4 max _ .
Hence, we get the conclusion from Theorem 1.3.
(iv) It follows from (2.8) and (2.9) that
_ 1 —
Kunax < 3[R = (N + DRicy, 1. (4.15)

Taking k = N — 2, we get from (4.6), (4.15) and the assumption that

Ri313 + R2303 + Ria1a + Roaza — 2R1234

10——N—2 16\ — n2H?
z = 3 [R Cr(nm ) (N_?)Kmax]‘F _2—5
10 [——(N-2) 1 16 ———(N-2) nH?
> = 3 [Rlcmm E(N - ?)( — (N 4+ DRicy, )] + 5 S
2152
— H
_ [(51\/2 — 1IN — &R — (5N - 16)R] + 2 ~-S
> 0,

for all orthonormal four-frames {e1, ez, €3, e4}. This together with Theorem B implies
that M has constant sectional curvature.
This completes the proof of Theorem 4.2. O

Proof of Theorem 1.4 Setting
- X
we have D", To[2 = H?, and

hehS, = [(h"‘ + 1S = 2Ty)" — (hf; — To)* — (hS; — To)*]

123 j_]
+Ta(h§-"i —Ty) + Ta(h‘}‘j —Ty) + TO[2 (4.16)
fori, j =1,...,n.Suppose {e1, 2, €3, e4} is an orthonormal four-frame. From (2.1)

and (4.16), we get
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Ri313 + Ra33 + R1414 + R2424 — 2R1234
=dc+ Z[h U2 + hSyhgy — (h%s)?

+h hSy — (B2 + hSyhSy — (hSy)? — 2(hS5hSy — h%,hSs)]
> de — 2D [(h )2+(h )2+(h D7+ (h)%
13
+§ Z[(h?l + 1Sy = 2Ty)" — () — Ta)* — (h$3 — To)?
o
2Ty (h%) — Ty) + 2Ty (hSy — 2Ty) + 2T2]
1
+5 D11y + hy — 2Ta)* — (G, — Ta)* — (W% — Ta)?
o
2T, (1S — Ta) + 2T (hS; — 2Ty) + 2T,
1
+5 DIy + By — 2Tu)* — (B — To)* — (hy — Ta)?
o
2T, (h) — To) 4+ 2Tu (hy — 2T,) + 27,1
1
5 DI + hiy = 2T0)° = (15, — Tw)* = (hfy — T’
[04

42T (RS, — Ty) + 2Ty (h%, — 2Ty) + 2T72]
> 4(c+ H?) - ZZW’%)Z + (h%)* + (h§)* + (hy)*]

+ZZ[—<h;’;- — To)” + 2T (hf; — To)]. (4.17)

o =1
On the other hand, from Gauss equation (2.1), we obtain

Ric(e;) = (n— D)(c+ H?) + (n = 2) > Tu(h% — To)

=D =T = > (hE)?

o, j#i
fori =1,...,n.So, we have

- Z(h“ —To)* = Ricmin — (n = 1)(c + H?)

—(n—Z)ZTa(h — T, + Z(h"‘)2 (4.18)
o o, j#Ei

and

ZT (hs = To) > %Z[chmm (n — 1)(c + H), (4.19)
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fori =1, ..., n. This together with (4.17) and (4.18) implies that

R1313 + R2323 + Ris14 + Roa24 — 2R1234
> 4(c+ H?) = 2D [(h§3)* + (h$3)* + (hfy)* + (hfy)*]
o

4
+4[Ricmin — (0 — D(c+ H)] = (0 —4) D" Ty (hf; — T)

a i=l
+ DB DS D)+ D )
o, j#1 o, j#2 o, j#3 o, j#4
> 4(c + H?) + 4[Ricpin — (n — 1) (c + H?)]

4

—(n =4 DD Ty — To). (4.20)

o =l
Since
4 n
nTa =2 i+ 2 hG),
i=1 j=5

we have

4 n
Z(hj?‘i —T,) =nT, — Zhj‘j — 4T,
i=1 Jj=5
n
== > (W — Ty). @21
=5

Substituting (4.19) and (4.21) into (4.20), we obtain

R1313 + R2323 + Ris14 + Roa24 — 2R 1234
> 4(c + H?) + 4[Ricmin — (n — D(c + H?)]

+ =4 DD Ty (h% —T,)

o j=5
—4
> 4(c+ HY) + (44 =5 ) (Ricwin — (1 = D(c + HY)]

n* —4n+8

51 =DRy— (1= D(e+ HY)].  (4.22)

= 4(c+ H*) +
The last equality above holds because M is Einstein, i.e.,
(n — 1)Ro = Ricpin- (4.23)

This together with the assumption implies that M has positive isotropic curvature.
This shows that M is isometric to a spherical space form.
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For the case ¢ > 0, by a direct computation, we have

n(n® —5n +8)

nn—1)
m(c + H?) > m(c + H?). (4.24)

This together with the assumption, (4.23) and Lemma 2.1 implies that M is simply
connected. Therefore, M is isometric to a standard n-sphere.

This completes the proof of Theorem 1.4. O
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