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EXISTENCE OF HYPERSURFACES WITH PRESCRIBED MEAN CURVATURE I -
GENERIC MIN-MAX

XIN ZHOU AND JONATHAN J. ZHU

ABSTRACT. We prove that, for a generic set of smooth prescription functions h on a closed ambient
manifold, there always exists a nontrivial, smooth, closed hypersurface of prescribed mean curvature h.
The solution is either an embedded minimal hypersurface with integer multiplicity, or a non-minimal
almost embedded hypersurface of multiplicity one.

More precisely, we show that our previous min-max theory, developed for constant mean curvature
hypersurfaces, can be extended to construct min-max prescribed mean curvature hypersurfaces for cer-
tain classes of prescription function, including smooth Morse functions and nonzero analytic functions.
In particular we do not need to assume that h has a sign.

0. INTRODUCTION

Given a function h : M — R on an ambient manifold, a hypersurface > C M has prescribed mean
curvature h if its mean curvature satisfies

0.1 Hy, = hly.
Prescribed mean curvature (PMC) hypersurfaces > = 02 are critical points of the functional
(0.2) AP = Area — Voly,

where Vol (Q2) = fQ h is the enclosed h-volume. PMC hypersurfaces are a canonical generaliza-
tion of minimal and constant mean curvature (CMC) hypersurfaces, and have applications to physical
phenomena such as capillary surfaces [21 §1.6]. Indeed, the local existence theory (or Dirichlet prob-
lem) for PMC hypersurfaces is quite well-understood, with several results extending naturally from the
CMC to the PMC setting [34, [29} 130, 131} 158} [17]. The global theory or existence problem for closed
PMC hypersurfaces, however, is to the authors’ knowledge almost completely open for nonconstant
prescription functions h.

In this article, we initiate a program to resolve the existence of closed PMC hypersurfaces, based on
extending our min-max theory developed in [65] for CMC hypersurfaces. In particular, we prove that
there exists a closed hypersurface of PMC h for a generic set of prescription functions h:

Theorem 0.1. Let M™ be a smooth, closed Riemannian manifold of dimension 3 < n+ 1 < 7.
There is an open dense set S C C°° (M) of prescription functions h, for which there exists a nontrivial,
smooth, closed, almost embedded hypersurface X" of prescribed mean curvature h.

In subsequent works, we plan to complete the global existence theory by approximating an arbitrary
given smooth function A € C°°(M). Here a hypersurface is almost embedded if it locally decomposes
into smooth sheets that touch but do not cross; in fact, our constructed PMC hypersurfaces 3 decom-
pose into at most two sheets, and have touching set of codimension 1 - this is somewhat surprisingly
the same regularity as we obtained in the CMC setting [[65]. The dimension restriction comes from
the regularity theory for stable minimal hypersurfaces [52] and is typical of variational methods for
hypersurfaces.
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The existence problem for closed PMC hypersurfaces may be viewed as a higher dimensional ex-
tended Arnold-Novikov conjecture. The original question, which remains open, is the existence of
closed embedded curves of prescribed constant geodesic curvature on a topological 52 (see [25,50, 511
for more backgrounds); Arnold [[6, 1996-17, 1996-18] later posed the natural extension to nonconstant
prescribed curvature. Our previous theory [65]] has already completely resolved the higher dimensional
problem for constant (mean) curvature.

In Theorem we use the set S = Sy 4 of Morse functions whose zero locus is a (possibly empty)
hypersurface whose mean curvature vanishes to finite order. The mean curvature flow gives us a neat
argument to show that this set is indeed generic:

Proposition 0.2. Let (M, g) be a smooth closed Riemannian manifold. Consider the set S of smooth
Morse functions h such that the zero set {h = 0} =: X is a smooth closed hypersurface, and the
mean curvature of ¥ vanishes to at most finite order. Then S is open and dense in C*°(M).

In fact, our min-max theory is powerful enough to handle still more general prescription functions,
namely those that satisfy either

(f) If ¥» ¢ M™*! is a smoothly embedded hypersurface and h|s; vanishes to all orders at p € X,
then there exists » > 0 for which ¥y = {h = 0} N B,(p) is a connected, smoothly embedded
hypersurface tangent to X at p, and if the mean curvature of > vanishes to infinite order at
any point, then it vanishes identically; or

(1) The zero set of h : M™1 — R is contained in a countable union of connected, smoothly
embedded (n — 1)-dimensional submanifolds.

Any function in S satisfies (1), as does any analytic function on a real analytic manifold. A general
function satisfying (1), however, could have nontrivial minimal hypersurfaces in its zero set. In this
case each component of our constructed PMC hypersurface is either one of these (embedded) minimal
components or a definitively non-minimal component, which is almost embedded with codimension 1
touching set. Note, however, that (1) precludes the possibility of minimal PMC hypersurfaces.

The local existence theory of PMC hypersurfaces is a natural problem for geometric PDE, and
has been fairly well-understood by parametric methods, such as [34} 29, 30, 31} 158, [17], and also
non-parametric methods [24} 22| 26| |5]]. For the latter, however, graphical PMC hypersurfaces have
typically been studied only for prescription functions independent of the vertical direction. In [62]
Problem 59], Yau posed the global existence problem of finding PMC surfaces in R?, which inspired
some important partial results such as [59, 23 63]]. Finally we take care to mention the results of [18]],
obtained through a homological (currents) approach.

In order to prove Theorem we consider the variational properties of PMC hypersurfaces as
critical points of the .A"-functional. Because we are interested in the global problem of finding closed
PMC hypersurfaces, it is far from clear direct minimization of the .A” functional can produce a solution
other than the empty domain .A"(()) = 0 or the total manifold A"(M) = — [}, h. Therefore, the min-
max method becomes the natural way to find nontrivial critical points of A".

The min-max theory for minimal submanifolds was initiated by Almgren [3], and has been a re-
markably successful tool in the study of the area functional. Using methods of geometric measure
theory, Almgren was able to prove the existence of a nontrivial weak solution as stationary integral
varifolds [4] in any dimension and codimension. In codimension one, higher regularity was estab-
lished by Pitts [49] (for 2 < n < 5), and later Schoen-Simon [37] (for n > 6). Colding-De Lellis [13]]
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established the corresponding theory using smooth sweepouts based on ideas of Simon-Smith [S6]].
The preceding body of work completely resolved the h = 0 case of Theorem [0.1}

Recently, Marques-Neves [43}1}145]] used the Almgren-Pitts min-max theory to resolve a number of
longstanding open problems in geometry, including their celebrated proof of the Willmore conjecture.
Consequently, the min-max program has seen a series of developments in various directions, including
(but not limited to) [16} [28] 37, 44, 142| [15 141} 136, 12| 46, |57]]. In [65], we extended the min-max
theory to study the A€ functional (h = c¢) for the construction of CMC hypersurfaces. The present
work thus represents a natural continuation of our work, further extending the min-max theory to the
PMC setting and the study of the A" functional.

0.1. Min-max procedure. We now give a heuristic overview of our min-max method. In the main
proofs, for technical reasons we will work with discrete families as in Almgren-Pitts, but here we will
describe the key ideas using continuous families to elucidate those ideas.

Let M, h be as in Theorem [0.1] The A" functional (.2) is defined on open sets €2 with rectifiable
boundary by A"(Q) = Area(d$2) — |, h. Denote I = [0,1]. Consider a continuous 1-parameter
family of sets with rectifiable boundary

{Q, 1z € I}, with Qg =0 and O = M.

Fix such a family {Q0}, and consider its homotopy class [{Q0}] = {{€2,} ~ {Q0}}. The h-min-
max value (or h-width) is defined as
L"= inf AMQy,) sz e I}
(g A () s w € 1)
A sequence {{Q} : i € N} with max,c; A"(Q) — L is typically called a minimizing sequence,
and any sequence {Q% : z; € (0,1),i € N} with A"(Q% ) — L" is called a min-max sequence.
Our main result (for the precise statement see Theorem[4.8)) then says that there is a nice minimizing
sequence {{2.} : i € N}, and some min-max sequence {€2}, : z; € (0,1),7 € N}, such that:

Theorem 0.3. Suppose that h satisfies (t) or (1) and that [,; h > 0. Then the sequence 893,2_ con-
verges as varifolds to a nontrivial, smooth, closed, almost embedded hypersurface % of prescribed
mean curvature h. Each component of 3 is either a closed, embedded minimal hypersurface in the
zero set of h; or an almost embedded hypersurface on which the convergence is multiplicity 1.

If h satisfies (1), only the latter case may occur.

Here, and for the remainder of this article, we make the assumption that f M h > 0. This ensures
that A, (M) < 0 and hence any positive width sweepout must have a nontrivial maximal slice; we can
always guarantee this condition by changing the sign of h, and doing so does not affect the existence
result, since a two-sided hypersurface with PMC h will have PMC —h under its opposite orientation.

Our proof broadly follows the Almgren-Pitts scheme, but with several important difficulties. An
important observation is that several of the innovations we developed in [65] may be used to handle the
A" functional even for nonconstant h. However, in the present setting we must develop the background
compactness and regularity theory for PMC hypersurfaces, and when / is allowed to have a significant
zero set it becomes crucial to obtain good control of any touching phenomena.

To describe these challenges, we first review the Almgren-Pitts min-max method, which may be
organized into five broad steps as follows:

e Construct a sweepout with positive width, and extract a minimizing sequence;
e Apply a ‘tightening’ map to construct a new sequence whose varifold limit satisfies a varia-
tional property and an ‘almost-minimizing’ property;
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e Use these properties to construct ‘replacements’ on annuli which must be regular;

e Apply successive concentric annular replacements to the min-max limit and show that they
coincide with each other, and hence extend to the center;

e Show that the min-max limit coincides with the replacement near the center.

Given a minimizing sequence, in the minimal (h = 0) setting one constructs a new ‘tightened’
sequence, for which any min-max (varifold) limit must be stationary - that is, a weak solution in the
sense of first variations. The A" functional, however, is not well-defined on varifolds, so it is not
straightforward to formulate a notion of weak solution for its critical points. In the PMC setting, we
are able to show that the min-max limit V' (after tightening) has first variation bounded by ¢ = sup |h/|.
As in [63]], it is an important and delicate observation that this relatively loose variational property still
provides enough control to develop the remaining regularity theory.

We also show that the limit V' is h-almost minimizing, which we formulate as property of being (a
limit of) constrained almost-minimizers for the A" functional (see Definition [6.1)). To construct (h-)
replacements in a subset U C M, one then solves the corresponding series of constrained minimization
problems. For the A" functional, each (local) A"-minimizer will be an open set 27 with stable, regular
PMC boundary in U, and the h-replacement V* is obtained as the varifold limit lim |0€2}]. At this
point, it is clear that a good compactness theory for PMC hypersurfaces is essential for the regularity
of V*.

To establish the regularity of V, successive replacements VV* and V** are applied on two overlapping
concentric annuli A; and As. The goal is to show that the replacements glue together smoothly on the
overlapping region and may thus be extended all the way to the center, by taking further replacements.
Here the main technical issue is to preserve the regularity and uniqueness across the gluing interface.

Finally, one would like to prove that the min-max limit V' coincides with the extended replacement
V* near the center. In the minimal setting, one can appeal to the constancy theorem. Since in the PMC
setting we also make an assertion about the multiplicity of V', we instead directly prove that V* has
at worst a removable singularity at the center, then use a moving sphere argument to show that the
densities of V' and V'* are the same in the annular region.

The primary concern in the PMC setting is the compactness and regularity theory for PMC hy-
persurfaces. Whilst it is not too difficult to show that limits of PMC hypersurfaces remain almost
embedded, for the moving sphere and gluing arguments above it is essential that we may avoid the
bulk of any touching singularities of the replacement hypersurfaces by choosing the gluing interface
to be transverse to the touching set. If the touching sets are small enough - (n — 1)-rectifiable, for
instance - then we may indeed achieve this by Sard’s lemma.

Unlike the minimal or CMC settings, however, in the PMC setting we may not have a complete two-
sided or even one-sided maximum principle. Moreover, whilst the difference of PMC hypersurfaces
with opposite orientations will satisfy an elliptic PDE, there is an inhomogenous term which does not
have a sign for general h. The danger that arises is the possibility of infinite order but non-identical
touching, for which the tamest example is two PMC sheets sticking together as a minimal hypersurface
on a small subset. To overcome this, we use unique continuation for elliptic differential inequalities to
prove the necessary compactness theorem: Under assumptions () or (), any infinite order touching
for the limit implies that all sheets are identical, minimal and contained in the zero set of h.

The possibility of minimal components also presents a technical issue for the gluing step, as again
one would like to prevent non-minimal sheets gluing together into a higher multiplicity minimal sheet.
We can rule this out by first obtaining a putative gluing to a smooth PMC hypersurface, then using
unique continuation results coming from our work to control the touching set.
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To complete the details of the min-max procedure, we adapt several ideas that we previously in-
troduced to handle the CMC setting [65]], demonstrating also the flexibility of those techniques. For
instance, an essential observation is that the A-volume is still of lower order than the area term in the
A" functional. This immediately allows us to show that L¢ is positive on any sweepout, as a conse-
quence of the isoperimetric inequality for small volumes (see Theorems and [4.9). Moreover, an
important issue in both the CMC and PMC settings is that the total mass of the replacement V* may
differ from the total mass of the original varifold V'; however the mass defect is again controlled by the
higher order term ||| Vol(U), which converges to zero under any blowup process. Using this in-
sight, we are able to prove that any blowup of the min-max limit V' has the good replacement property
of Colding-De Lellis, and is therefore regular (see Proposition [6.10); in particular the tangent cones of
V' are always planes.

Finally, to complete the gluing in the non-minimal setting, we must nevertheless work around a
nontrivial touching set at the gluing interface. Again the compactness theory for PMC hypersurfaces
is key, and an important step is to show that the second replacement V** may be represented by
a boundary in A; U A,. This yields that V* and V** glue together - with matching orientations - as
desired. Near the touching set, we then use the graphical decomposition into embedded sheets together
with the gluing along regular part to properly match the sheets together.

0.2. Outline of the paper. Our basic notation and background material is described in Section [Il
Then in Section 2] we recall some preliminary results including the regularity for A"-minimizers.

In Section[3] we describe curvature estimates and compactness for almost embedded PMC hypersur-
faces, including unique continuation lemmas and estimates of the touching set for functions satisfying
(t) or (1). We also prove there the genericness of condition (), that is, Proposition

In Section[ we formulate the precise min-max procedure, and prove the existence of nontrivial (pos-
itive width) sweepouts. Then in Section [3 we review the tightening process for varifolds of bounded
first variation and its consequences for the A" functional. In Section [6 we further observe that the
replacement theory for constant prescribed mean curvature extends to an h-replacement theory for our
suitable functions h.

Finally, in Section[7lwe complete the regularity of the min-max varifold.
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tially supported by NSF grant DMS-1607871. The authors want to thank Prof. Richard Schoen and
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1. NOTATION

In this section, we collect some notions. We refer to [55] and [49] §2.1] for further materials in
geometric measure theory.

Let (M™*!, ) denote a closed, oriented, smooth Riemannian manifold of dimension 3 < (n+1) <
7. Assume that (M, g) is embedded in some RE, L € N. B,(p), B.(p) denote respectively the
Euclidean ball of R” or the geodesic ball of (M, g). We denote by H* the k-dimensional Hausdorff
measure; I, (M) the space of k-dimensional integral currents in R” with support in M; Z;,(M) the
space of integral currents 7" € I(M) with 9T = 0; V(M) the closure, in the weak topology, of
the space of k-dimensional rectifiable varifolds in R” with support in M; G (M) the Grassmannian
bundle of un-oriented k-planes over M; F and M respectively the flat norm [55, §31] and mass
norm [55, 26.4] on I (M); F the varifold F-metric on V(M) and currents F-metric on I (M),
[49, 2.1(19)(20)]; C(M) or C(U) the space of sets & C M or 2 C U C M with finite perimeter
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(Caccioppoli sets), [55, §14][27, §1.6]; and X(M) or X(U) the space of smooth vector fields in M or
supported in U.
We also utilize the following definitions:

a) Given T € I(M), |T| and ||T|| denote respectively the integral varifold and Radon measure in
M associated with T;

b) Given ¢ > 0, a varifold V' € V(M) is said to have c-bounded first variation in an open subset
UcM,if

|0V (X)| < c/ | X |duy, forany X € X(U);
M

here the first variation of V" along X is §V (X) = ka(M) divs X (x)dV (x, S), [55} §39];

¢) U,(V') denotes the ball in Vi (M) under F-metric with center V' € Vi (M) and radius r > 0;

d) Given p € spt ||V]|, VarTan(V, p) denotes the space of tangent varifolds of V" at p, [55} 42.3];

e) Given a smooth, immersed, closed, orientable hypersurface ¥ in M, or a set 2 € C(M) with
finite perimeter, [[X]], [[2]] denote the corresponding integral currents with the natural orienta-
tion, and [X], [©2] denote the corresponding integer-multiplicity varifolds;

) 0 denotes the (reduced)-boundary of [[€2]] as an integral current, and vyq denotes the outward
pointing unit normal of 0€2, [55] 14.2].

In this paper, we are interested in the following weighted area functional defined on C(M). Given
h: M — R, define the A"-functional on C(M) as

(. AM(Q) :H"(aﬂ)—/ h.
Q

The first variation formula for A" along X € X(M) is (see [55, 16.2])

(1.2) SAMQ(X) = / divga X duso — / h(X,v) dusq,
[oJ9) [2)9]

where v = vyq is the outward unit normal on 0f2.
When the boundary 02 = ¥ is a smooth immersed hypersurface, we have

divs. X = H(X,v),

where H is the mean curvature of ¥ with respect to v; if 2 is a critical point of A", then (T.2)) directly
implies that ¥ = 92 must have mean curvature H = h|y; with respect to the outward unit normal v. In
this case, we can calculate the second variation formula for A" along normal vector fields X € X(M)
such that X = v along 92 = ¥ where ¢ € C*°(X), [9] Proposition 2.5],

(1.3) FCAMN (X, X) = [T (p, ) = / (IVel* = (Ric™ (v, v) + |AZ)? — O,h) ¢*) dus..
%

In the above formula, V¢ is the gradient of ¢ on X; Ric™ is the Ricci curvature of M; A* is the
second fundamental form of X.

2. PRELIMINARIES

In this section, we collect some preliminary results. We present a maximum principle for varifolds
with bounded first variation, a regularity result for boundaries that minimize the A"-functional, and a
result on isoperimetric profile for small volumes.
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2.1. Maximum principle for varifolds with c-bounded first variation. We will need the following
maximum principle which is essentially due to White [61, Theorem 5].

Proposition 2.1 (Maximum principle for varifolds with c-bounded first variation). Suppose V &
V(M) has c-bounded first variation in a open subset U C M. Let K C U be an open subset
with compact closure in U, such that spt(||V||) C K, and

(i) OK is smoothly embedded in M,
(ii) the mean curvature of 0K with respect to the outward pointing normal is greater than c.

Then spt(||V||) N 0K = .

2.2. Regularity for boundaries which minimize the A" functional. The following result about reg-
ularity of boundaries which minimize the A" functional can be found in [47]).

Theorem 2.2. Given Q2 € C(M), B (p)
minimizes the AM-functional: that is, for any other A € C(M) with spt |A — Q|| C Bs(p), we have

AP(A) > AM(Q). Then except for a set of Hausdorff dimension at most n — 7, 0QL Bs(p) is a smooth
and embedded hypersurface, and is real analytic if the ambient metric on M is real analytic.

Proof. The regularity will follow from the arguments in [47, Section 3] - in particular [47, Corollary
3.7, 3.8] - so long as we can verify condition [47, 3.1(2)]. That is, setting A = H"(0Q2 N B,(p)) and
A" =H"™(OA N B,(p)), it suffices to prove that

(2.1) Al—A>-CrA,

for all A € C(M) as in the statement of the theorem and small enough 7. Indeed, for such A, since
QL B, (p) minimizes the A"-functional in B, (p) we have that

IR

where ¢ = sup |h| and AAQ is the symmetric difference.
In fact this essentially replaces condition [47, 3.1(1)], and we finish the proof in the same way,

by estimating H" T (AAQ) < 2w, 17" F!, where w, is the volume of the unit n-ball and, by the
n+1

isoperimetric inequality, H"t1(AAQ) < CH™(O(AAQ)) » < C(A' + A) . Combining these
estimates with (2.2)) yields that

(2.2) —A>— —cH" T (AAQ),

A —A>-Cr(A + A),
which is clearly equivalent to for small r. This completes the proof. U
2.3. Isoperimetric profiles for small volume. We will use the following consequence of the fact that
the isoperimetric profile is asymptotically Euclidean for small volumes [11]] (see also [48, Theorem 3]).

Note that the result indeed holds for any 2 € C(M) by using the regularity theory for isoperimetric
domains (c.f. Theorem 2.2).

Theorem 2.3. There exists constants Cy > 0 and Vy > 0 depending only on M such that
Area(09) > Co Vol(Q) 71, whenever Q € C(M) and Vol () < V.

3. STABLE PMC HYPERSURFACES

In this section, we establish curvature estimates and the compactness theory for stable hypersurfaces
of prescribed mean curvature i : M — R. In particular, when h satisfies either assumption (t) or (1),
we obtain good control on the touching set that arises upon taking the limit of embedded stable PMC
hypersurfaces.
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3.1. Stability and curvature estimates.

Definition 3.1. Let > be a smooth, immersed, two-sided hypersurface with unit normal vector v, and
U C M an open subset. We say that 3. is a stable h-hypersurface in U if

e the mean curvature H of ¥ N U with respect to v equals to h|x; and
o IIs(p,p) >0 forall p € C°(X) with spt ¢ C ¥ N U, where Iy, is as in (L3).

Definition 3.2. Let 3J;, 7 = 1,2, be connected embedded hypersurfaces in a connected open subset
U C M, with 93; N U = () and unit normals ;. We say that X5 lies on one side of X1 if X1 divides
U into two connected components Uy U Us = U \ X4, where 14 points into Uy, and either:

e Y5 C Clos(Uy), which we write as X33 < Y5 or that Y9 lies on the positive side of X1 ; or
e Y5 C Clos(Us), which we write as X1 > Y5 or that Y5 lies on the negative side of X.

Definition 3.3 (Almost embedding). Let U C M"*! be an open subset, and X" be a smooth n-
dimensional manifold. A smooth immersion ¢ : > — U is said to be an almost embedding if at any
point p € ¢(X) where X fails to be embedded, there is a small neighborhood W C U of p, such that

e XN ¢~ (W) is a disjoint union of connected components Uﬁzlzi;

e ¢(X;) is an embedding for eachi =1,--- ,;

e for each i, any other component ¢(3;), j # i, lies on one side of ¢(3;) in W.
We will simply denote ¢(X) by 3 and denote ¢(X;) by %;. The subset of points in ¥ where X fails to
be embedded will be called the touching set, and denoted by S(X). We will call ¥\S(X) the regular
set, and denote it by R(X).

Remark 3.4. From the definition, the collection of components {3;} meet tangentially along S(3).

Definition 3.5 (Almost embedded h-boundaries). (1) An almost embedded hypersurface > C U
is said to be a boundary if there is an open subset Q € C(U), such that X is equal to the
boundary 0f2 (in U) in the sense of currents;

(2) The outer unit normal vy, of 3. is the choice of the unit normal of 3 which points outside of €2
along the regular part R(X);
(3) X iscalled a stable h-boundary if 3 is a boundary as well as a stable immersed h-hypersurface.

We have the following variant of the famous Schoen-Simon-Yau (for 2 < n < 5) [53]] and Schoen-
Simon (n = 6) [52] curvature estimates.

Theorem 3.6 (Curvature estimates for stable h-hypersurfaces). Let 2 < n < 6, and U C M be an

open subset. If > C U is a smooth, immersed (almost embedded when n = 6), two-sided, stable

h-hypersurface in U with 0¥ N U = (), and Area(X) < C, then there exists Cy depending only on
n, M, c = sup |h|,C, such that

O P —

disty;(z, 0U)

Moreover if ¥, C U is a sequence of smooth, immersed (almost embedded when n = 6), two-sided,

stable h-hypersurfaces in U with 0%, N U = () and sup;, Area(X) < oo, then up to a subsequence,
Y, converges locally smoothly (possibly with multiplicity) to some stable h-hypersurface Y.~ in U.

forallz € .

Proof. The compactness statement follows in the standard way from the curvature estimates. The
curvature estimates follow from standard blowup arguments together with the Bernstein Theorem [53|
Theorem 2] and [52, Theorem 3], the key being that the blowup will be a stable minimal hypersurface,
and when n = 6, the blowup of a sequence of almost embedded h-hypersurfaces will be embedded by
the classical maximum principle for embedded minimal hypersurfaces (c.f. [14]). U



MIN-MAX THEORY FOR PRESCRIBED MEAN CURVATURE 9

3.2. Some hypotheses on the zero set. We consider smooth prescription functions o : M"t! — R
satisfying the following property:

(f) If ¥® € M™*! is a smoothly embedded hypersurface and h|s; vanishes to all orders at p € ¥,
then there exists r > 0 for which ¥y = {h = 0} N B,(p) is a connected, smoothly embedded
hypersurface tangent to > at p. Moreover, if the mean curvature of >y vanishes to infinite
order at any point, then it vanishes identically.

This property is satisfied by any nonzero analytic function on a real analytic Riemannian manifold:

Lemma 3.7. Suppose that M is a real analytic manifold with real analytic metric g. Then any nonzero
analytic function h : M — R satisfies (7).

Proof. Letp, Y be as in ().

Now suppose h is a nonzero analytic function. Near p, there exists a real analytic hypersurface X
that agrees with X to infinite order at p. Then hly, is analytic and vanishes to all orders at p, so h must
vanish identically on X, and we can take r small enough so that {h = 0} N B,.(p) = ¥¢ N B.(p).
Similarly, Hy, is an analytic function on X, so if it vanishes to all orders at a point then it must vanish
identically on 3. U

If M is only smooth, we can still show that functions satisfying (}) are generic:

Proposition 3.8. Let (M, g) be a smooth closed Riemannian manifold. Consider the set S of smooth
Morse functions h such that the zero set {h = 0} =: X is a smooth closed hypersurface, and the
mean curvature of g vanishes to at most finite order.

Then S is open and dense in C*° (M ). Moreover each function in S satisfies (7).

Proof. Recall that the set of Morse functions is open and dense in C°°(M). In fact, since nonde-
generate critical points are isolated, the singular set {h = Vh = 0} of any Morse function h has
only finitely many points. It follows that the set Sy of Morse functions h with empty singular set
{h = Vh = 0} = () is also open and dense. By the implicit function theorem, having empty singular
set is equivalent to the condition that X9 = {h = 0} is a smooth, embedded, closed hypersurface.
First we address the openness. Take h € S. Near X, the gradient is bounded below, [Vh| > 6 > 0,

so any small perturbation of i will have zero set given by a smooth hypersurface close to >y. Moreover,
since the mean curvature of the level sets of h are given by H = div (%), any bound for the order
of vanishing of H will be preserved under smooth perturbation.

To show that S is dense, it suffices to show, given i € Sy, that we can construct a smooth perturba-
tion of h whose zero set does not have mean curvature vanishing to infinite order. First, it is clear that
we may perturb A so that no component of ¥ has identically vanishing mean curvature, so we assume
this without loss of generality. The idea is then to run the mean curvature flow g ; starting from the
zero set X, and construct a smooth deformation h' of & which has the flowing hypersurface 3¢ as
its zero set.

One way to perform this procedure is to extend the mean curvature vector of g ¢, for a short time
interval [0, o], to a smooth time-dependent vector field X supported in a fixed neighbourhood of X.
We may then take h' to be the pullback of h under the flow of X;. Alternatively, we can get somewhat
more control by running mean curvature flow on all nearby level sets, and interpolating as follows:

Denote N, = {|h| < €}. Since |Vh| is nonzero on X, for sufficiently small |s| < e the level sets
Y5 = {h = s} are smooth, closed, embedded, hypersurfaces. Fix a smooth function 0 < ¢ < 1 that is
equal to 1 outside NV, /3, and equal to O inside N /4.



10 XIN ZHOU AND JONATHAN J. ZHU

We claim that for a short time interval [0, to], the level set flow on N/, /2 starting from /. admits a

smooth solution. That is, there exists a smooth family of smooth functions INzt, such that the level sets
Yot 1= {Bt = s} are given by the classical mean curvature flow starting from ¥;. For small enough
€ and g, we also have {|l~1t| < €/5} C N, /45 in particular h and h! have the same sign at each point
of N3\ Nejs. We defer the proof to Section 3.3l With the functions h' in hand we may define
ht = ¢h+ (1 — p)ht.

By either construction, we have a smooth family of smooth Morse functions h!, with zero set {h! =
0} = Yo, as desired. We claim that at positive times the mean curvature of a hypersurface flowing
by mean curvature cannot vanish to infinite order, unless it was a minimal hypersurface to begin with.
Again the proof is deferred to Section 3.3l But we already ensured that no component of X, was
minimal, so by the claim, the mean curvature of > ; can only vanish to at most finite order as desired.

Finally, if » € S and p, ¥ are as in (), then p € ¥ and we need only check that 7,5 = T,,X. But
this is clear as otherwise the vanishing of h|y; to all orders would force p to be a degenerate critical
point of h on M. U

We can also handle smooth prescription functions with small zero set. In particular we can consider
smooth functions A : M"T! — R satisfying the property:

(1) The zero set {h = 0} is contained in a countable union of connected, smoothly embedded
(n — 1)-dimensional submanifolds.

3.3. Some results on mean curvature flow. Here we prove two results on mean curvature flow that
were needed to show that the set S was a generic set. First we give a smooth short-time existence
result for level set flows when everything is uniformly smooth.

Proposition 3.9. Suppose that h : M — R is a smooth function and that 0 < 6 < |Vh| < =1 on
Ne = {|h| < €}. Further suppose that the level sets ¥ = {h = s} are smooth, closed, embedded
hypersurfaces, which then have uniformly bounded curvature. Then there exists to > 0 and a smooth
family of smooth functions bt : N, /2 — R, t €[0,t0], such that for each fixed |s| < €/2, the level sets

Yot = {izt = s} are given by the classical mean curvature flow of ¥s.

Proof. First, it follows from Evans-Spruck [[19]] that there is a unique weak solution ht of the level set
flow with initial data h. By short-time existence and continuous dependence on the smooth initial data
for the mean curvature flow, there exists a short time interval ¢y > 0 such that for any |s| < ¢, the mean
curvature flow X ; starting from X, exists and is smooth for ¢ € [0, Z¢].

Therefore by [19] again, the level sets {INzt = s} must coincide with the classical flows ¥, ;. In
particular, for t € [0, to], the mean curvature flow defines a smooth family of smooth, surjective maps
F': N, — N, where Nt := {|h?| < €}. We claim that the F"* are in fact a smooth family of smooth
diffeomorphisms.

By the avoidance principle for mean curvature flow, each F is certainly injective. In fact, by [19]
once more, the distance between distinct level sets is bounded by d(Xs, 1, X5, +) > d(Xs,, X5, ). This
implies that dF is uniformly nonsingular and the inverse function theorem then implies the claim.

By taking t( smaller if needed we can ensure that N D N/, /2 Then Rt is well-defined on N, /2 and

satisfies o' = h o (F*)~1, which completes the proof. O

Second, we establish that at positive times, the mean curvature on a hypersurface flowing by mean
curvature cannot vanish to infinite order unless it is minimal.
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Proposition 3.10. Let {3} }o<¢<¢, be a smooth mean curvature flow of closed connected hypersurfaces
in ML If Hy,, vanishes to all orders at p € ¥y for some t > 0, then ¥y must have been a minimal
hypersurface.

Proof. For hypersurfaces under mean curvature flow, the mean curvature satisfies the parabolic PDE
(0r—Og)H = (JA|? +Ric(v,v))H, where A, is the hypersurface Laplacian. Since the flow is smooth
on [0, ¢}, we have |A|?> + | Ric(v,v)| < C < oo. The conclusion follows from the spacelike strong
unique continuation principle for parabolic PDE (see for instance [60, Corollary 4.2.7] or [20} 2]]) and
backwards uniqueness for mean curvature flow 38, 40]. ]

3.4. Estimates for the touching set. Let i : M"*! — R be a smooth function. Suppose that X7, 2

are connected smoothly embedded hypersurfaces of prescribed mean curvature / in a connected open

subset U C M, which lie to one side of one another. We would like to show that for certain classes of

prescription functions h, it follows that either 31 = Y5 or the touching set 31 N5 is (n—1)-rectifiable.
This section is devoted to proving the following theorem:

Theorem 3.11. Suppose that h : M"™ 1 — R satisfies either property (1) or (1).

Let 331,39 be connected smoothly embedded hypersurfaces of prescribed mean curvature h in a
connected open subset U C M, which lie to one side of one another. Then either Y1 = Y9, or the
touching set 1 N X is contained in a countable union of connected, smoothly embedded (n — 1)-
dimensional submanifolds.

Proof. By a covering argument, it suffices to prove that the assertion holds on a neighbourhood of

each touching point p. So let p € ¥1 N g, then we may take a chart (B,.(p),g) ~ (B**1(0),¢') for

which T},3; = T}, corresponds to the plane P = {z,+; = 0}, v1(p) corresponds to e, and the

hypersurfaces 3; may be written as graphs z,,+1 = u;(z) of smooth functions u; over the plane P.
The function u; then satisfies the quasilinear elliptic PDE

Huy = h(z,uq1(x)),

3.1) Huo — ) M@ u2(@)), ifva(p) = 1 (p)
—h(xz,us(x)), ifva(p) =—v1(p).

Here H = () + Hj is the mean curvature operator, and the zero order term Hj is the mean curvature
of Pin (B,(0),¢").
We now divide into cases:

3.4.1. Same orientation. If v1(p) = v2(p), then the u; satisfy the same quasilinear elliptic PDE Hu =
h(z,u(z)), so since h is smooth and u;(0) = wug(0), the strong maximum principle of Serrin [54]
implies that u; = us. The standard connectedness argument for unique continuation then yields:

Lemma 3.12. Let b : Mt — R be a smooth function. Suppose that ¥1, X9 are connected smoothly
embedded hypersurfaces of prescribed mean curvature h in a connected open subset U C M, which
lie to one side of one another. Suppose that p € ¥1 N Xo and v1(p) = va(p). Then X1 = Xo.

3.4.2. Minimal sheets. It will be useful to record what occurs if one sheet, say 3o, is in fact a minimal
hypersurface, so that h|y, = 0. In this case, irrespective of orientation, uy again satisfies Hug =
+0 = h(z,u2(x)). Applying the strong maximum principle of Serrin [54] again we have:

Lemma 3.13. Let b : Mt — R be a smooth function. Suppose that 1, X9 are connected smoothly
embedded hypersurfaces of prescribed mean curvature h in a connected open subset U C M, which
lie to one side of one another. Suppose that p € 1 N Y9 and Yo is minimal. Then ¥ = Yo.
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3.4.3. Opposite orientation. If v1(p) = —v2(p), then the difference v := u; — ug satisfies an inho-
mogeneous linear elliptic PDE of the form
(3.2) Lv = h(z,u1(z)) + h(z, uz(z)).

If h does not vanish at p, then Lv(p) # 0, so the Hessian of v at p has rank at least 1. The implicit
function theorem then implies that, on a possibly smaller neighbourhood of p, the touching set {v =
Dv = 0} is contained in an (n — 1)-dimensional submanifold; (for more details one may consult [65]
Lemma 2.8]). Thus we have shown:

Lemma 3.14. Let h : Mt — R be a smooth function. Suppose that X1, X9 are connected smoothly
embedded hypersurfaces of prescribed mean curvature h in a connected open subset U C M, which
lie to one side of one another. Suppose that p € 1Ny and v1(p) = —va(p). Then 1N X3\ {h = 0}
is contained in a countable union of connected, smoothly embedded (n—1)-dimensional submanifolds.

It remains to estimate the stationary touching set 1 N X9 N {h = 0}, so in the remainder of this
section we assume h(p) = 0. Of course, if h satisfies (), that is, if {h = 0} is already contained in
a countable union of connected, smoothly embedded (n — 1)-dimensional submanifolds, then we are
already done.

First suppose that 31, 39 have a finite-order touching at p, that is, if v = u; — wug vanishes to finite
order at x = 0. Then by the work of Hardt-Simon [32] the touching set {u = Du = 0} is in fact,
again on a possibly smaller neighbourhood of p, contained in a countable union of (n — 2)-dimensional
submanifolds.

It is for the remaining case of infinite-order touching that we require property (). Indeed, suppose
that v = u; — ug vanishes to infinite order at 0. Then by differentiating we see that h(z,u;(x))
vanishes to infinite order at x = 0, that is, h|x, must vanish to infinite order at p.

Therefore by property (1), we may choose a possibly smaller ball B,.(p) and a possibly new chart
so that {h = 0} N B,(p) is minimal and is identified with the set P = {z,,; = 0} C B*1(0). The
smooth functions u; then describe the height of X; above the zero set of A. In particular

{ur = ug} N{h =0} C {ur =up = h =0},

and they satisfy (3.1)) with zero order term Hy = 0.
To proceed it is useful to record the following lemma which handles the case where either graph
separately vanishes to infinite order:

Lemma 3.15. Let h : (B*!, g) — R be a smooth function satisfying {h = 0} = {z,11 = 0} =: X,
and that Y is minimal with respect to g. Suppose that 3 is a hypersurface in B, of prescribed mean
curvature h and that 3 is given by the graph of u over Xq. If u vanishes to infinite order at x = 0,
then there exists § > 0 such that u = 0 on |x| < §; that is, 3 coincides with {h = 0} on Bs.

Proof. Since u vanishes to infinite order at x = 0, the mean curvature operator Qu = Hy, — Hy,, will
be a perturbation of the Laplacian near 0. On the other hand, by supposition we have Hsy,— Hy,, = hlx.
So using that & is Lipschitz, for sufficiently small § > 0 we will have | Lou| < C'|u|+¢|Dul for |z| < 0,
where Ly = a¥ D;; is a uniformly elliptic operator with smooth coefficients la¥ — §%| < e. Strong
unique continuation for elliptic differential inequalities (see for instance Aronszajn [7]) then implies
that u = 0 for |z| < 4. O

We pause to record the following corollary:

Corollary 3.16 (Unique minimal continuation). Suppose that h : M™t! — R satisfies either property
(). Let X be a connected smoothly embedded hypersurface of prescribed mean curvature h in a
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connected open subset U C M. If h vanishes on an open subset of ¥ then h|s, = 0, that is, ¥ is a
minimal hypersurface in U.

(The corresponding result for (1) is trivial as in this case h cannot vanish on an open subset of 3.)

Now by the lemma, if some u; vanishes to infinite order at = = 0, then 3; = {h = 0} on a neigh-
borhood of p, and is therefore a minimal hypersurface. Lemma [3.13]then implies that the other sheets
also coincide with {h = 0} near p. Again the usual connectedness argument for unique continuation
then shows that the 3J; must all be the same minimal hypersurface in U.

The only remaining case is in which each u; vanishes to finite order at p. In this case, by a result of
Bir [8] (see also [10]) the zero set of w; is locally contained in the union of countably many (n — 1)-
dimensional submanifolds.

This concludes the proof of Theorem 3.111 O

For convenience we state the following obvious corollaries of Theorem for almost embedded
hypersurfaces:

Proposition 3.17 (Touching sets for almost embedded h-hypersurfaces). If the metric on U™t is
smooth, and h : Ut — R satisfies either property (1) or (1) then for any almost embedded hyper-
surface X" C U of prescribed mean curvature h, the touching set S(X) is contained in a countable
union of connected, embedded (n — 1)-dimensional submanifolds.

In particular, the regular set R(X) is open and dense in X..

Corollary 3.18 (Unique continuation for immersed h-hypersurfaces). Suppose that h : M1 — R
satisfies either property (1) or (I). Let 37, X5 be two connected immersed hypersurfaces of prescribed
mean curvature h in a connected open subset U. If 31 and %5 coincide on a nonempty open neigh-
bourhood U’, then ¥1 = Y.

Remark 3.19. In the case that the metric on M and the function h are real analytic, we have the stronger
statement that the touching set is a finite union of real analytic subvarieties Uz;é Sk of respective
dimension k. This follows from [39, Theorem 5.2.3], since in this setting the operator L will have
analytic coefficients, and hence the difference v is also real analytic.

3.5. Compactness of stable PMC hypersurfaces. We are now in a position to prove our main com-
pactness theorem.

Theorem 3.20 (Compactness theorem for almost embedded stable c-hypersurfaces). Let 2 < n < 6.
Suppose ¥, C U is a sequence of smooth, almost embedded, two-sided, stable h(k)-hypersurfaces in
U, with supy, Area(X) < oo. Further suppose that h(%) converges smoothly to a smooth function h
satisfying either property (1) or (1).
Then, up to a subsequence, {¥y} converges locally smoothly (with multiplicity) to some almost
embedded stable h-hypersurface Yoo in U.
If additionally {%}} are all boundaries, then each connected component X% of X is either:
(1) minimal and smoothly embedded, or
(2) not minimal, with density 1 along its regular part and 2 along the touching set S(Xo);
moreover, unless ¥3° is minimal with multiplicity | > 2, we have that ¥°° is locally a boundary -
that is, for any point p € X% there is a neighborhood Ep of pand an Q2 € C(M) so that

Yoo N B, =% N B, = 0L B,.

On the other hand, if h'¥) — h = 0, then up to a subsequence, {31} converges locally smoothly
(with multiplicity) to some smoothly embedded stable minimal hypersurface Y in U.
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Proof of Theorem[3.200 The locally smooth convergence results follow straightforwardly from Theo-
rem and the almost embedded assumption. One can also rule out sheets of the same orientation
coming together, using the maximum principle Lemma [3.12] and the classical maximum principle for
embedded minimal hypersurfaces (c.f. [[14]]) respectively.

Now we consider the case where the Y, are all boundaries. Namely, denote ¥ = 0€; for some
Qi € C(U). By standard compactness [55, Theorem 6.3], a subsequence of the €2, converges weakly
as currents to some 0, with Q. € C(U).

Take an arbitrary point p € X,. Suppose p has density [ > 1. Since we know the limit is almost
embedded, we have an ordered graphical decomposition of Y., in a neighborhood Ep C Uofp
given by Uﬁzl Y _, where each sheet has outward unit normal /% and all sheets touch at p. By the
locally smooth convergence of X, to X, for k£ large enough > N Ep also has an ordered graphical
decomposition Ui’; 1 »¢, where EL — 3. ' '

We claim that if there are two distinct sheets X%, ¥%, with the same orientation v’_(p) = v (p),
then there must be another sheet 27 in between, ¢ < m < j, with the opposite orientation; and hence,
Yoo N Ep is a minimal hypersurface with multiplicity /.

Indeed, suppose for the sake of contradiction that 3, has two sheets with the same orientation and
no sheet in between. Then the same is true for 3, for large enough k, and we may assume without loss
of generality that i = 1,j = 2. Then X} o> »2 i have unit normals yk, yk pointing in the same direction.
But then BI,\(E1 U 22) has three connected components Uy, U1, Us such that, counting orientation,
(0Uy)LB, = 2L, (3U)LB, = %2 — XL, and (9U,)_B, = —¥2.

On the other hand, for each i the Constancy Theorem [35, Theorem 26.27] applied to QL U;
implies that QLU is identical to either () or U;. That is, Qy, LB, = 23 o @;U;, where each a; =
0,1. It is then easy to see that any choice of the a; will contradict the fact that, counting orientation,
QL B,)LB, =%,N B, =%} + %2

Thus if there were the two sheets EZOO, > with the same orientation, then there must be another
sheet X7 in between with the opposite orientation. But since all sheets touch at p, by Lemma[3.12] the
sheets X2, ¥4, must coincide, which forces ¥ to coincide as well.

But then 3¢ = ¥ has prescribed mean curvature h with respect to both orientations, so h must
vanish and it must be a minimal hypersurface. Lemma[3.13]then implies that any other sheet touching
at p must coincide with ¥2_ as claimed.

Of course, if [ > 2 then there must be two sheets converging with the same orientation. Thus we
have shown that either: p has density [ = 1 and is a regular point; p has density / = 2 and is a touching
point between two non-minimal sheets of opposite orientation; or p is a regular point on a minimal
hypersurface of density [ > 2.

In particular if >’ is not minimal then it has density 1 on its regular part and density 2 on its
touchlng set. Having density 1 on the regular part is enough to conclude that >, N Bp =¥ N B =
GQOOI_BP as currents.

D

4. THE h-MIN-MAX CONSTRUCTION
In this section, we present the setup of the min-max construction mainly following Pitts [49]. We

also prove the existence of a non-trivial sweepout with positive .A"-min-max value.

4.1. Homotopy sequences. We will introduce the min-max construction using the scheme developed
by Almgren and Pitts [3} 14, 49]; see also [65, Section 3].
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Definition 4.1. (cell complex).

(1) Denote I = [0,1], Ip = 01 = I\(0,1);

(2) For j € N, I(1, ) is the cell complex of I, whose 1-cells are all intervals of form [3%, ’;)F—Jl],
and O-cells are all points [3%],

(3) Forp=0,1,a € I(1,7) is a p-cell if dim(«) = p. A O-cell is also called a vertex;

(4) I(1,7)p denotes the set of all p-cells in I(1, j), and Io(1, j)o denotes the set {[0], [1]};

(5) Given a 1-cell @ € I(1,j)1, and k € N, (k) denotes the 1-dimensional sub-complex of
I(1,j + k) formed by all cells contained in «. For ¢ = 0, 1, a(k), and (k)4 denote respec-
tively the set of all g-cells of I(1, 7 + k) contained in «, or in the boundary of «;

(6) The boundary homeomorphism 0 : I(1,5) — I(1, ) is given by J[a, b] = [b] — [a] if [a, ] €
I(1,7)1,and O[a] = 0 if [a] € I(1,)o;

(7) The distance function d : I(1,5)o x I(1,5)o — Nis defined as d(z,y) = 37|z — y;

(8) Themapn(s,j) : I(1,i)g — I(1, ) is defined as: n(s, j)(x) € I(1, 7)o is the unique element
of I(1, j)o, such that d(z,n(4, j)(z)) = inf {d(z,y) : y € I(1,5)0}

For a map to the space of Caccioppoli sets: ¢ : I(1,7)9 — C(M), the fineness of ¢ is defined as:

4.1) f(p) = sup{M(a(Zsc(;Z;_y)&b(y)) cxyy € 1(1,9)o,x # y}

Similarly we can define the fineness of ¢ with respect to the F-norm and F-metric. We use ¢ :
I(1,5)0 = (C(M),{0}) to denote a map such that ¢(I(1,5)o) C C(M) and d¢|;y1,5), = 0. ie.
¢([0]), o([1]) = D or M.

Definition 4.2. Given d > 0 and ¢; : I(1,k;)o — (C(M),{0}),i = 0,1, we say ¢ is 1-homotopic to
¢ in (C(M),{0}) with fineness 6, if 3 k3 € N, k3 > max{ki, k2 }, and

Y I(1,k3)o x I(1,k3)o — C(M),

such that
f(y) <4
1/1([1]7 ) (bz( (k}g, )( ))’i: 0,1;
° a¢([(1,k3)0 X Io(l,kg) ) =0.
Definition 4.3. A (1, M)-homotopy sequence of mappings into (C(M),{0}) is a sequence of map-
pings {¢; }ien,

¢i - I(1,ki)o — (C(M),{0}),

such that ¢; is 1-homotopic to ¢;41 in (C(M ), {0}) with fineness d;, and

o lim; ;o 0; = 0;

e sup; {M(9¢;(z)) : = € I(1,k;)o} < +o00.
Remark 4.4. Note that the second condition implies that sup; {.A"(¢;(x)) : @ € I(1,k;)o} < +oc.
Definition 4.5. Given two (1, M)-homotopy sequences of mappings S1 = {¢} }ien and S2 = {¢? }ien
into (C(M),{0}), Sy is homotopic to Sy if 3 {J;}ien, such that

e ¢; is 1-homotopic to ¢7 in (C(M), {0}) with fineness &;;

It is easy to see that the relation “is homotopic to” is an equivalence relation on the space of (1, M)-

homotopy sequences of mappings into (C (M), {O}) . An equivalence class is a (1, M)-homotopy class
of mappings into (C(M), {0}). Denote the set of all equivalence classes by 7T:1# (c(M, M), {0}).
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4.2. Min-max construction.

Definition 4.6. (Min-max definition) Given II € 7] (C (M,M),{0}), define L" : IT — R™ to be the
function given by:

L"(S) = L"({¢; }ien) = lim sup max {Ah (¢i(2)) :  lies in the domain of ¢; }.

1—00
The A"-min-max value of 1 is defined as
4.2) L"(I) = inf{L"(S) : S € II}.
A sequence S = {¢;} € ITis called a critical sequence if L"(S) = L"(IT).
Given a critical sequence S, then K (S) = {V = lim; ;o |0¢;;(x;)| : x; lies in the domain of ¢;; }
is a compact subset of V,,(M™1). The critical set of S is the subset C(S) C K (S) defined by

(4.3) C(9) = {V = lim [0¢y, (w;)| : with lim A™(¢y, (2;)) = LM(S)}:

we call any such sequence {0¢;; ()} as in (4.3) a min-max sequence.
Note that by [49, 4.1(4)], we immediately have:

Lemma 4.7. Given any I1 € 7} (C (M, M), {0}), there exists a critical sequence S € I.
The main theorem of this paper is as follows:

Theorem 4.8. Let 2 < n < 6. Consider a smooth closed Riemannian manifold M "+l and a
smooth function h, which satisfies [\, h > 0 as well as either property (1) or ({). There exists
IT € ] (C (M, M), {0}) and a critical sequence S € 11 such that:

° Lh( ) = Lh(S) > 0;

o There exists an element V of C(S) induced by a nontrivial, smooth, almost embedded, closed

hypersurface 3" C M of prescribed mean curvature h. Moreover V' has multiplicity one,
except possibly on components of ¥ on which h vanishes.

Proof of Theorem This follows from combining Theorem Theorem[6.4]and Theorem[Z.1l [

4.3. Existence of nontrivial sweepouts.

Theorem 4.9. Given c, there exists I1 € T%( (M, M), {0}), such that for any function h : M — R
with sup |h| = ¢ < oo and [,;h > 0, we have Lh( )
S € 11, the critical set C(S) is non-empty.

> 0. Moreover, for any critical sequence

Remark 4.10. We first describe a heuristic argument using smooth sweepouts which will help to reveal
the key idea. Let Cy > 0 and Vj > 0 to be the constants in Theorem[2.3] and fix 0 < V' < V; such that

Vi > 2¢/Cy. Note that V only depends on ¢, Cy, Vp. Then for any 2 with Vol(2) = V, we have
4.4) AMQ) > CoV At — ¢V > ¢V > 0.

Now consider any smooth 1-parameter family {2, : = € [0, 1]} satisfying Qg = @) and Q; = M
Since {Q2,} sweeps out M, there must exist some zo € (0,1) such that Vol(€2,,) = V, whence
max,e(o, 1 AM(Q,) > ¢V > 0. Since this holds for any sweepout we then have L"(II) > ¢V > 0.

Proof of Theorem Note that | [, k| < ¢ Vol(€). The proof for the existence of IT € W% (c(M,M),{0})
with L"(IT) > 0 proceeds as in the CMC setting [65, Theorem 3.9].
The remaining assertion that the critical sets are nontrivial follows from the following lemma.
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Lemma 4.11. Given L > 0, then
inf{M(dQ) : Q € C(M) and A"(2) > L} > 0.

Proof: Suppose this is not true, then there exists a sequence {Q;} C C(M), with

@.5) AM(Q) = M(O9) — / h>L>0,
Q;
but
1—00
Up to a subsequence, we can assume that lim; ., 2; = {2 weakly in the sense of Caccioppoli sets
for some Q. € C(M). In particular, the characteristic functions xq, — Y., in L'(M). By the lower
semi-continuity, we have

M(9Q00) < lim M(99;) = 0.
1—00

By the Constancy Theorem, we must have Q., = () or Q. = M.
Since we assumed that | v v = 0, either case then yields a contradiction upon taking ¢ — oo in
(4.3). This completes the proof of the lemma and hence the proof of Theorem O

5. TIGHTENING

In this section, we recall the tightening process, which we constructed to study the A¢ functional
(defined like A" but with the constant function c) as part of our min-max theory for constant mean
curvature surfaces [65] §4]. The same process can be applied to the A" functional, and we will prove
that after applying the tightening map to a critical sequence, every element in the critical set has
uniformly bounded first variation. Note that the tightening process is adapted from those in [13] §4]
and [49] §4.3].

5.1. Review of constructions in [65] §4]. .

We fist recall several key ingredients obtained in [65], §4] for the tightening process. In this section,
we always let ¢ = sup,, |h|. Given L > 0, consider the set of varifolds in V,,(M) with 2L-bounded
mass: AX ={V € V,(M): ||[V|[(M) < 2L}. Denote

AS = {V e AL sV (X)| < c/|X|d,uV, for any X € %(M)}

Given V € AL, we denote
v =7(V)=F(V,A%).
Given X € X(M), weuse ®x : Rt x M — M to denote the one parameter group of diffeomorphisms
generated by X.
We have constructed in [65], §4]:
(i) amap X : AL — X(M), which is continuous with respect to the C'! topology on X(M);
(ii) two continuous functions g : RT™ — R* and p : RT™ — R, such that p(0) = 0 and

IW(X(V)) + c/ X (V)|duw < —g(v(V)), whenever W € AL, F(W, V) < p(v(V));

(iii) a continuous time function 7" : [0, c0) — [0, 00), such that
o lim; ,07T'(t) =0,and T'(t) > 0if t # 0;
e Forany V € AL, denote @y = ®x(y), and V; = (@V(t))#V, then F(V;, V) < p(v) for
all0 <t < T(v).



18 XIN ZHOU AND JONATHAN J. ZHU

Our goal is to show that given Q € C(M) with 9Q € A”, we can deform (2 by D)9)(t) to get a
1-parameter family €, = ®|50()(Q2) € C(M), so that the AP functional of Q; for some ¢ > 0 can be
deformed down by a fixed amount depending only on v(|0Q2|) = F (|09, AS,).

In particular, given V € AL\ AS_, denote

qIV(t ) = q)V (T(’Y)t, ')7 fort € [07 1]7
and L : RT — RT, with L(~) = T(y)g(7); then L(0) = 0 and L(y) > 0if v > 0. We can deform V
through the family {m = (Ty(1) V:te, 1]} C Uy (V), s0 that

(1) The map (¢,V') — V4 is continuous under the F-metric;
(2) When V' =0Q, Q € C(M), v = F(|09], AS,) > 0, we have by (1.2)

T(v)
1) ANQ) - ANQ) < /0 [6A 0] (X (0))dt < —T(3)g(7) = —L() < 0.

(Note that 0. A (X) < 6109(X) + ¢ [ | X |duaq by (L2).)
Finally note that the flow Wy (¢, -) is generated by the vector field

(5.2) X(V)=T(HX(V).

5.2. Deforming sweepouts by the tightening map. We now apply our tightening map to the critical
sequence provided by Lemmal4.7l As in our min-max theory for the CMC setting, the conclusion is
that varifolds in the critical set have c-bounded first variation, where now ¢ = sup |h|. Indeed, the
proof proceeds essentially unchanged, with the A° functional replaced by A".

Proposition 5.1 (Tightening). Ler II € 7T§ (C(M,M), {0}), and assume L"(IT) > 0. For any critical
sequence S* for 11, there exists another critical sequence S for I such that C(S) C C(S*) and each
V € C(S) has c-bounded first variation, ¢ = sup |h|.

Proof. Take S* = {¢}}, where ¢ : I(1,k;)o — (C(M),{0}), and ¢} is 1-homotopic to ¢}, ; in
(C(M),{0}) with fineness &; N\, 0. Let Z; : I(1,k;)o x [0,1] — C(M) be defined as
Ei(x, 1) = Vjagr (@) (1) (97 ().

Denote ¢!(-) = Z;(-,t). First, we first recall the following fact, the proof of which follows by a
standard argument using (3.1)); (see [65} §4.4 Claim 1]):

Claim 1: if lim;_, o A"(¢}(2;)) = L(I1), then (up to relabeling) there is a subsequence {¢} (z;)}
converging (as varifolds) to a varifold in C(S*) of c-bounded first variation.

Proof of Claim 1: By (3.1)),
(5.3) AR (g (1)) — A7 (2:)) = —L(m),
where v; = F(|0¢7 (x;)], AS,). Therefore,
LA (I = lim AP (91 () = lim A" (67 (1)) — L(limy:) < LA(IT) — L(lim y,),

so actually we must have lim~; = 0 and this implies that lim |0¢} (x;)| € AS,. Moreover, by our
construction of the tightening map (see property (iii) in §5.1), each |0¢} (z;)| had to be p(7;)-close to
|0¢F (x;)| under the F-metric, therefore

lim |9¢; ()| = lim |99 (2:)| € A5, N C(SY),
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and this finishes the proof of the claim.

Heuristically, one would like to set ¢; = (;521 as the desired sequence, but since the isotopies W54+ (z)|

depend on z, the fineness of {¢}} could be large even if f(¢7) is small. Thus we need to interpolate
(;521 to get the desired ¢;, but we need to make sure the values of ¢; after interpolation are F-close to
those of (bil. The idea is to extend qﬁ} to a piecewise continuous (with respect to the F-metric) map on
I and then apply the discretization result in [64, Theorem 5.1].

Similar difficulties appeared in the same way in [43] §15]. Instead, we use another interpolation
method in Claim 2 as developed in [65]. For completeness, we provide detailed proof in Appendix

Claim 2: there exist integers l; > k; and maps ¢; : 1(1,1;)o — (C(M),{0}) for each i, such that
S = {¢;} is homotopic to S*, and
(a) ¢} = ¢ on(l;, ki) on I(1,k;)o;
(b) £(¢;) — 0, as i — oo,
(c) AM(¢;(x)) — max{A"($}(y)) : @ € I(1,k;)1, 2,y € a} — 0, uniformly in x € I(1,1;)o as
i — 0.
(d) max{F(0¢;(x),0¢!(y)) : o € I(1,k;)1, 2,y € a} — 0, as i — oc.

In particular, S is a valid sequence in II, and we now check that it satisfies the requirements of
the proposition. First, property (c) and the fact that S* is a critical sequence directly imply that S
is also a critical sequence. It remains to show that every element in C'(S) must lie in C'(S*) and
have c-bounded first variation. Given V' € C(S), one can find a subsequence (without relabeling)
{¢i(@;) : T € I(1,1;)0} C C(M), such that V' = lim |0¢;(;)| as varifolds, and

lim A"(¢;(7;)) = L"(11).
We will need to first consider ¢;(z;) = ¢} (;), where z; is the nearest point to T; in I(1, k;)o. By (c)

and (d), we have lim A"(¢} (x;)) = L*(II) and also lim |0¢;(;)| = lim |04} (x;)| as varifolds. Then
by Claim 1, we conclude that V' € AS N C(S*). This completes the proof. O

6. h-ALMOST MINIMIZING

In this section, we introduce the notion of h-almost minimizing varifolds, and show the existence
of such a varifold from min-max construction. We also construct h-replacements for any h-almost
minimizing varifold. Using the properties of these replacements, we show that all blowups of h-
almost minimizing varifolds are regular. As an easy consequence, the tangent cones of such varifolds
are always planar.

Definition 6.1 (h-almost minimizing varifolds). Let v be the F or M-norm, or the F-metric. For any
given ¢,0 > 0 and an open subset U C M, we define &7"(U;¢,§;v) to be the set of all Q € C(M)
such that if Q = Qg, Qq,Qa, -+ ,Qy, € C(M) is a sequence with:
(i) spt(Q2; — Q) C U;
(i) (011, 09) < 0;
(iii) A"() < AMQ) + 6, fori=1,---,m,
then A"(Q,,) > AMQ) — e
We say that a varifold V' € V,,(M) is h-almost minimizing in U if there exist sequences ¢; — 0,
d; — 0,and ; € Jth(U; €i,0;; .F), such that F(\(‘)Q,\, V) < .

A simple consequence of the definition is that A-almost minimizing implies bounded first variation:
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Lemma 6.2. Let V € V,,(M) be h-almost minimizing in U, then V has c-bounded first variation in
U, where ¢ = sup |h|.

Following similar arguments to [49, 4.10], we can show that every sequence which has been pulled
tight using Proposition [5.1 has a critical limit which is h-almost minimizing on small annuli:

Definition 6.3. A varifold V' € V,,(M) is said to be h-almost minimizing in small annuli if for each
p € M, there exists 74y, (p) > 0 such that V' is h-almost minimizing in A, ,(p) N M forall 0 < s <
7 < Tam(p), where Ay (p) = By (p)\Bs(p)-

Theorem 6.4 (Existence of h-almost minimizing varifold). Let II € 7'('% (C(M,M),{0}), ¢ = sup|h|
and assume that L"(IT) > 0. There exists a nontrivial V' € V,,(M), such that
(i) V € C(S) for some critical sequence S of 11;
(ii) V has c-bounded first variation;
(iii) 'V is h-almost minimizing in small annuli.

In fact, one may show that for any critical sequence S of II, there exists a varifold V' € C(.5), so
that for any small annulus A, there exists a min-max sequence {{2;} such that €); are eventually in
a"(A;€;,0;; M) for €;,6; — 0, and have the nontrivial varifold limit |9€2;] — V. The main idea
is that if there is no such sequence, the procedures described in [49] 4.10] allows one to deform S
homotopically to a new sequence S with L(S) < L"(S), which contradicts the criticality of S.

We omit the proof of Theorem[6.4lexcept to point out the following equivalence result among several
almost minimizing concepts using the three different topologies. In particular, it implies that we can
work with the M-norm at the expense of shrinking the open subset U C M.

Proposition 6.5. Given V' € V,,(M), the following statements satisfy (a) — (b) = (¢) = (d):
(a) V is h-almost minimizing in U;
(b) For any e > 0, there exists 6 > 0and Q € "(U;e,§;F) such that F(V,]|09]) < ¢;
(¢) Forany e > 0, there exists § > 0 and Q) € /"(U;¢,6; M) such that F(V,|09]) < ¢
(d) V is h-almost minimizing in W for any relatively open subset W CC U.

Remark 6.6. The proof of Proposition for the area functional was originally due to Pitts [49, The-
orem 3.9]. In our context, we work with boundaries instead of general integral currents. Furthermore,
in Definition [6.1(iii), we use the A" functional instead of the mass M. The main point is to derive
(¢) = (d), which follows from a standard interpolation process; see Lemma[A.1l

Now we formulate and solve a natural constrained minimization problem.

Lemma 6.7 (A constrained minimization problem). Given e, § > 0, U C M and any Q € /" (U;e,5; F),
fix a compact subset K C U. Let Cq be the set of all A € C(M) such that there exists a sequence
Q=0Q0,0, - ,Qy =AinC(M) satisfying:
(a) spt(Q; — Q) C K;
(b) ]:(OQZ — 8Qi+1) § 5,‘
(c) AMQ;) < AMQ) + 6, fori=1,--- ,m.
Then there exists * € C(M ) such that:
(i) Q* € Cq, and
AMQ*) = inf{A"(A) : A € Cql,
(ii) ¥* is locally A"-minimizing in int(K),
(iii) 0 € /" (U;e,6; F).
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Proof. Let us first describe the construction of ©*. Take any minimizing sequence {A;} C Cq, i.e.

lim A"(A;) = inf{A"(A) : A € Cq}.

j—00
Notice that spt(A; — Q) C K and A"(A;) < A™(Q) + 6 for all . By standard compactness [55, The-
orem 6.3], after passing to a subsequence, OA; converges weakly to some 0$2* with Q* € C(M) and
spt(2* — Q) C K. Since OA; converges weakly to 9Q2*, we have that H"™(02*) < lim;_,o H"(0A;)
and [,. h =limj_,o [, h. Therefore,

J

(6.1) AMQ*) <inf{A"(A): A €Cql.
Now by taking the advantage of the discrete deformation sequence, properties (i-iii) follow in the same
way as those in [65, Lemma 5.7], and we leave the details to readers. O

Given an h-almost minimizing varifold V', we can construct our h-replacements by applying Lemma
to the approximating sequence as in Definition [6.1] and taking the limit:

Proposition 6.8 (Existence and properties of replacements). Let V' € V,,(M) be h-almost minimizing
in an open set U C M and K C U be a compact subset, then there exists V* € V,(M), called an
h-replacement of V' in K such that, with ¢ = sup |h
(i) VL(M\K) = V*L(M\K);
(ii) —cVol(K) < [[V[|(M) — [[V*|
(iii) V* is h-almost minimizing in U;
(iv) V* = lim;_,o |09} | as varifolds for some Qf € C(M) such that QF € /" (U;e;,5;; F) with
€;,0; — 0; furthermore S locally minimizes Al in int(K);
(v) if V has c-bounded first variation in M, then so does V'*.

i

(M) < c¢Vol(K);

Lemma 6.9 (Regularity of h-replacement). Let 2 < n < 6. Suppose that h satisfies (1) or (I).
Under the same hypotheses as Proposition if ¥ = spt ||V*|| Nint(K), then X is a smooth, almost
embedded, stable h-hypersurface. Furthermore, V*|_ int(K) = ZiL:I m;>;, where each component
>; satisfies either:
(1) X; is not minimal, and m; = 1 so the density of V* is 1 along R(%;) and 2 along S(%;); or
(2) %; is minimal and smoothly embedded, but m is some natural number.
Finally, if p € ¥; and m; = 1 then X is locally a boundary in a neighborhood of p.

Proof. By the regularity for local minimizers of the A" functional (Theorem 2.2), we know that each
02 is a smoothly embedded h-boundary in int(K) by Proposition [6.8(iv). Moreover, 02 is stable
in int(K’) in the sense of Definition[3.1] If this were not true, one can deform 2} by ambient isotopies
supported in int (/) such that the A" values are strictly decreasing; it is then easy to see this contradicts
Lemmal6.7(i). The lemma then follows from the compactness Theorem [3.201 a

By iterating Proposition[6.8] we see that blowups of an h-almost minimizing varifolds have the good
replacement property of [13}[16]. This allows us to characterize certain blowups of the the A-min-max
varifold. In particular the tangent cones are planar; see also Section [/l The detailed proofs follow
similar to [65, Lemma 5.10, Proposition 5.11], and we omit them here.

Givenp € M,r > 0, let n,,,. : R — R” be the dilation defined by n,, ,.(z) = 2.

T

Proposition 6.10. Ler 2 < n < 6, and V € V,,(M) be an h-almost minimizing varifold in U. Given
a sequence p; € U with p; — p € U and, a sequence r; > 0 with r; — 0, let V = lim(n%ri)#V be
the varifold limit. Then'V is an integer multiple of some complete embedded minimal hypersurface ¥
in T, M, and moreover, 3. is proper.
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Proposition 6.11 (Tangent cones are planes). Let2 < n < 6. Suppose V' € V,,(M) has c-bounded first
variation in M and is h-almost minimizing in small annuli. Then V is integer rectifiable. Moreover,
for any C € VarTan(V, p) with p € spt ||V ||,

(6.2) C = 0"(||V|,p)|S| for some n-plane S C T,M where ©"(||V||,p) € N.

7. REGULARITY FOR h-MIN-MAX VARIFOLD

In this section, we prove the regularity of our min-max varifolds. In particular we prove that every
varifold which has c-bounded variation and is ~A-almost minimizing in small annuli is a smooth, closed,
almost embedded, hypersurface of h-prescribed mean curvature whose non-minimal components have
multiplicity one.

Theorem 7.1 (Main regularity). Let 2 < n < 6, and (M"™, g) be an (n + 1)-dimensional smooth,
closed Riemannian manifold. Further let h : M — R be a smooth function satisfying () or (1), and
set ¢ = sup |h|.
IfV € V(M) is a varifold which
(1) has c-bounded first variation in M, and
(2) is h-almost minimizing in small annuli,

then' V' is induced by ¥, where Y is a closed, almost embedded h-hypersurface (possibly disconnected).
Moreover, each component ) of 3 satisfies either:

(i) £ is not minimal, the density of V is exactly 1 at the regular set R(E(i)) and 2 at the touching
set S(X0); or

(ii) 9 is a smoothly embedded minimal hypersurface (in particular h = 0 on ©9), and V has
integer density m; on (),

Proof. The conclusion is purely local, so we only need to prove the regularity of V' near an arbitrary
point p € spt||V]|. Fix a p € spt||V]|, then there exists 0 < ry < 74 (p) such that for any r < 7,
the mean curvature H of 0B, (p) N M in M is greater than c. Here 74, (p) is as in Definition

In particular, if » < rg and W € V,,(M) has c-bounded first variation in M and W # 0 in B,(p),
then by the maximum principle (Proposition 2.1))

(7.1) 0 # spt [W][ N 0B, (p) = Clos (spt ||[W]| \ Clos(B;(p))) N 0B:(p).

Note that in the second equality we need a localized version of Proposition [2.1| which holds true by the
remark after [61, Theorem 2].

We will show that VLB, (p) is either an embedded minimal hypersurface (on which 4 = 0) with
integer multiplicity, or an almost embedded hypersurface of prescribed mean curvature i with density
equal to 2 along its touching set.

The argument consists of five steps:

Step 1: Constructing successive h-replacements V* and V** on two overlapping concentric annuli.
Step 2: Gluing the h-replacements smoothly (as immersed hypersurfaces) on the overlap.

Step 3: Extending the h-replacements to the point p to get a h-‘replacement’ V on the punctured ball.
Step 4: Showing that the singularity of V at p is removable, so that Vis regular.

Step 5: V' coincides with the almost embedded hypersurface V on a small neighborhood of p.

We now proceed to the proof.
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Step 1. We first describe the construction of h-replacements on overlapping annuli; a key property
will be that the replacements are also boundaries in the chosen annulus (see Claim 1), at least near
points of multiplicity one.

Fix 0 < s <t < rg. By the choice of g, we can apply Proposition to V' to obtain an h-
replacement V* in K = Clos(A, ¢(p) N M). By and Lemmal6.9] the restriction

Y1 = spt |V (As(p) N M)

is a nontrivial, smooth, almost embedded, stable h-hypersurface with some unit normal v4; when the
multiplicity is 1, 31 is locally a boundary so we can choose v; to be the outer normal.

By Proposition[3.17, the touching set S(31 ) is contained in a countable union of (n—1)-dimensional
connected submanifolds | J S %k). Since a countable union of sets of measure zero still has measure zero,
it follows from Sard’s theorem that we may choose s € (s, t) such that 9(Bs,(p) N M) intersects ¥;
and all the SYC) transversally.

Given any s1 € (0, s), by Proposition [6.8(iii), V* is still h-almost-minimizing in small annuli, and
we can apply Proposition [6.8 again to get an h-replacement V** of V* in K = Clos(As, s,(p) N M).
By and Lemmal6.9] again, the restriction

g = spt [V (Asy 50 (p) N M)

is also a nontrivial, smooth, almost embedded, stable h-hypersurface with some unit normal v, which
points outward at multiplicity 1 points in A, 4, (p). Note that by Proposition [6.8(v), both V* and V**
have c-bounded first variation.

We first observe that the second h-replacement can be chosen to be locally given by a boundary near
‘multiplicity one’ points in 9Bs, (p), and in particular near non-minimal components of ¥s.

Claim 1: there exists a set V** € C(M) satisfying the following: Suppose q € spt(V**) N 0B, (p),
and Y1, Yo have multiplicity 1 in a neighborhood of q. Then there exists € > 0 so that

a) X1 and ¥ are the boundaries of 0" in Ag, +(p) N Be(q) and As, s,(p) N Be(q) respectively;

b) v1, v, coincide with the outer unit normal of ¥ in A, +(p) N Be(q) and As, s,(p) N Be(q)
respectively;

c) if [V**||(0Bs,(p)) = 0, then V** is identical to |0Q**| in B¢(q) N M.

The claim follows by constructing the ¢;-replacements 27* — V** from corresponding replace-
ments {27 — V™ (in particular, with consistent orientations). We refer the reader to [65, Theorem 6.1,
Claim 1] for the details.

Step 2. We now show that 3 and Y5 glue smoothly (as immersed hypersurfaces) across 9(Bs, (p) N
M). Indeed, define the intersection set

(7.2) I'=3%,N0(Bs,(p)N M), ST)=TNS).

Then by transversality, I" is an almost embedded hypersurface in 9(Bs,(p) N M), and S(T') is its
touching set. Notice that

(7.3) S(T) is closed, and R(I") = I'\S(T") is open in I
It follows from the maximum principle that
Clos(32) NO(Bs,(p) N M) C T.

Indeed, implies that any y € Clos(X2) N 9(Bs,(p) N M) is also a limit point of spt ||V**|| from
the outer side of 0B, (p), on which V** coincides with ¥;. In fact, with a little more work we have
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Claim 2: Clos(X2) N O(Bs,(p) N M) =T, and then ¥, glues together continuously with 3s.
Proof of Claim 2: By Proposition [6.8(i), we have
(7.4) V*=V" =3, inAs:(p)NM.

Given any z € I, using (Z.4), Proposition[6.1T]and the fact that ¥; meets O(Bs, (p) " M) transversally,
we have

(7.5) VarTan(V**,z) = {O"(||[V*|, z) |TxX1|}.
This implies that z is a limit point of spt ||V**|| from inside of 0B, (p), and thus completes the proof
of the claim. g

Furthermore, we will show that ¥ glues with X5 in C, i.e. the tangent spaces of ¥; and X5 agree
along I', with matching normals.
First we have the following.

Claim 3: Fix x € T', and denote the plane P, = T, (with multiplicity 1). Then for any sequence
of x; - x withx; € ' and r; — 0, up to a subsequence we have
(V. z) Py, ifz € R(L),
lim (Mg, )8V = P+ 7o Py, ifx € S(I'), liminf;_, » distgr (z;, S(T")) /1 = o0,
7 o
2P, if z € S(I'), liminf; o distgr (z;, S(T)) /1 < o0,

where T, denotes translation by a vector w, and v € (ng)l is a vector in T, M orthogonal to P, (v
may be oo, in which case T, P is understood to be the empty set).

The proof of Claim 3 follows from the half space theorem for minimal hypersurfaces [35, Theorem
3] and the classical maximum principle for minimal hypersurfaces, after using that V* and V** co-
incide on A, +(p) to determine the blowup on a halfspace. We refer the reader to [65, Theorem 6.1,
Claim 3(A)(B)] for the details.

Since {(n,, ,,)sV** : i € N} have uniformly bounded first variation, a standard argument using the
monotonicity formula implies that, in the Hausdorff topology, either

T,%q,0r

7.6 sPU{| (1, ) V| =
(7.6) Pt () V| {szﬁmml, ve (T,

To show that 31 and X5 glue together along I" in C'! near ¢, we will need:

Claim 4: For each x € T, we have
(7.7) lim [Tzzﬂ = [Tmzl]y

Z—x,2E€X0
where [T,39] and [T, X1] denote the un-oriented tangent planes of o and 31 (without counting mul-
tiplicity) respectively; and the convergence is uniform in x on compact subsets of I.
Moreover, if © € R(I') and x lies in a multiplicity 1 component of ¥4, then in fact vo(z) — vi(z).

Proof of Claim 4: The uniformity follows from the fact that [T"X] is continuous on I', so we only
need to establish the convergence to [1'3;].

So consider a sequence z; € X9 converging to some x € I'. Take z; € I' to be the nearest point
projection (in R¥) of z; to ' and 7; = |z; — x;|. Note that z; — = € I" and r; — 0, so we are in the
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situation of Claim 3. Note that X3 N B, /»(z;) is an almost embedded, stable h-hypersurface in M,
so by Theorem a subsequence of the blow-ups 7, ,..(¥2 N B, /2(2;)) converges smoothly to a
smooth, embedded, stable, minimal hypersurface ., contained in a half-space of T, M.

On the other hand, Claim 3 and (Z.6) imply that 1., ,..(32 N B,, 2(2;)) converges in the Hausdorff
topology to a domain in 7,3;. Therefore, we have ¥, C T,%;. The smooth convergence then
implies that v5(z;) converges to one of the unit normals +v; (x) of T,,%;.

Now suppose that x € R(T") and « lies in a multiplicity 1 component of ;. Then the multiplicity
of ¥, is also 1 near x, by the upper semi-continuity of density function for varifolds with bounded first
variation [55] 17.8]. Then by ([Z.3)), [55, Theorem 3.2(2)] and Claim 1(c), we have

(7.8) IV**||(0Bs,(p)) = 0, and hence V** = |0Q™| in B¢(x) N M for some € > 0.
This implies that the limit of v5(z;) must be v (x) by Claim 1, so Claim 4 is proved. n

We first consider the gluing near a regular point ¢ € R(I"). By Claim 4, 7 and X5 glue together
along T" as a C'! hypersurface with matching unit normals and prescribed mean curvature h (in the
weak sense). Note that if either >; was a minimal hypersurface near g then we may have had to choose
the opposite normal to v; to ensure the C! gluing. (This is allowed since in this situation h vanishes
on X;, so it still has prescribed mean curvature h with respect to the opposite normal.)

The higher regularity then follows from a standard elliptic PDE argument. More precisely, >; and
2 can be written as graphs of some functions w1, us over 1,3 respectively. Since Y1 and X2 both
have prescribed mean curvature 1 with respect to unit normals pointing to the same side of 7}, 31, they
satisfy the same mean curvature type elliptic PDE with inhomogeneous term given by h|s,Us,, which
has the same regularity as the glued hypersurface >; U 3o. The higher regularity follows from the
elliptic regularity of this PDE.

Thus we have proven that X5 glues smoothly with 3 N Aj, +(p) along R(I"). Moreover, by the
unique continuation for elliptic PDE (for instance Corollary [3.18) we know that X5 is identical to ¥,
in a neighborhood of R(I") in A, ((p) N M. We now show that the smooth gluing extends to the
touching set S(I").

Now consider an arbitrary fixed singular point ¢ € S(I"). By Lemmal6.9] in some small neighbor-
hood U C M of g, ¥1 N U is the union of two connected, embedded h-hypersurfaces 311 U X1 2
with unit normals v 1 and v 2, such that ¥ 5 lies on one side of >J; ; and they touch tangentially at
S(31)NU =%X11 N2 By Lemma3.12l v1; = —v4 2 along the touching set S(X1) N U. Denote
I'n¥;1 =Tyand I' N Xy 9 = I'y, then as embedded submanifolds of 9(Bs,(p) N U), I'y lies on
one-side of I'; and they touch tangentially along S(I') N U.

By Claim 4, using the regularity of >5 in Lemma near ¢ the hypersurface Yo can be written
as a set of graphs {3y, : ¢ = 1---1} over the half space [T,(X; N Bs,(p))]. Now since ¥y glues
smoothly with ¥; along R(I"), and since R(I") is an open and dense subset of I', we know that the set
{¥2; : i = 1---1} consists of exactly two elements: one of them, denoted by X 1, glues smoothly
with ¥ 1 along I';\S(I'); the other one, denoted by X5 o, glues smoothly with X5 5 along I'2\S(I').
This, together with (7.7), implies that the pairs (X1 1,32 1) and (212, X2 2) glue together in C' ! near
q respectively (with matching orientations). Again higher regularity follows from the elliptic PDE
argument as for the regular part. This completes the smooth gluing near the touching set.

Step 3. We now wish to extend the replacements, via unique continuation, all the way to the center p.

Henceforth we denote V** by V'* and X3 by X5, to indicate the dependence on s;. By vary-
ing s1 € (0,s), we obtain a family of nontrivial, smooth, almost embedded, stable h-hypersurfaces
{¥s, C As, s,(p) N M}. Since unique continuation holds for immersed prescribed mean curvature
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hypersurfaces (Corollary by Step 2 we have ¥;, = ¥ in A, ,(p), and moreover, for any
s1 < s1 < s,wehave Xy = ¥, in A, 5, (p). Hence

U =,

0<s1<s
is a nontrivial, smooth, almost embedded, stable h-hypersurface in (Bs,(p)\{p}) N M.
Let X(V, 5 =1,--. 1 be the connected components of ¥. Then by (IE]) we also have
spt [V, Il = 2, in Ay 6, (p), Vi)™ = V7 in Ay, (p),
and for any s} < 51 < s, V;l* =V in Ay s, (p).
By Proposition V" has c-bounded first variation and uniformly bounded mass for all 0 < s1 < s.

Therefore as s; — 0, the family V.'* will converge to a varifold V € V,(M) with c-bounded first
variation, 1.e. R
V= hm Vo, such that

81 7

(7 L I in s
7.9 v —{ T BN OM ang 75 =

where m; > 1 only if ©(?) is minimal. Since p € spt V5], by the upper semi-continuity of density
function for varifolds with bounded first variation [55} 17.8], we know that p € spt ||V]).

Step 4. We now determine the regularity of V' at p.

First, V has c-bounded first variation. Second, spt ||V||, when restricted to any small annulus
A,2r(p) N M, already coincides with a smooth, almost embedded, stable h-hypersurface ». Us-
ing these two ingredients, we can use a standard blowup argument (see for instance Proposition
or [65) Proposition 5.11]) to show that every tangent varifold of V at pis an integer multiple of some
n-plane, i.e. for any C' € VarTan(V, p),

C = 0"(|V|,p)|S|, for some n-plane S T, M where ©"(||V]],p) € N.

Now the removability of the singularity of V at p (as an almost embedded hypersurface) follows
similarly to [49, Theorem 7.12]. We include the details for completeness. We can assume that

" (|[V[l,p) = m
for some m € N. Since X is stable in a punctured ball of p, by Theorem[3.20] for any sequence r; — 0,

np,rj(z) —m-S

locally smoothly in R” \ {0} for some n-plane S C T, »M. However, S may depend on the sequence
rj. By the convergence and the regularity of X, there exists og > 0 small enough, such that for any
0 < o < 09, 2 has an ordered (in the sense of Definition graphical decomposition in 4, /5 , (p):

l l
(7.10) VL Ay/2,(p) Zm,\z o), Y mi=m
—~ :

Here X;(o) are distinct graphs over A, /5 ,(p) N S for some n-plane S C T),M, and m; > 1 only if
¥;(o) is minimal.

Since (Z.10)) holds for all o, by continuity of ¥ we can continue each X;(0¢) to (B, (p) \ {p}) N M,
and we denote this continuation by ;. Since each piece ¥; has prescribed mean curvature h, by
a standard extension argument (c.f. the proof in [33, Theorem 4.1]), each ¥; can be extended as a



MIN-MAX THEORY FOR PRESCRIBED MEAN CURVATURE 27

varifold with c-bounded first variation in B, (p) N M (recall ¢ = sup |h|). Given C; € VarTan(X;, p),
to see that C; has multiplicity one, first notice that

(7.11) o"(|Cill,p) > 1,

since each X; is h-stable and thus its re-scalings converge with multiplicity to a smooth, embedded,
stable, minimal hypersurface by Theorem [3.20l If equality does not hold for some ¢ in (Z.11)), this will
derive a contradiction since

l l
VI_BUO(p):Zm,-\Zi\,, Zm,-:m
i=1 i=1

Therefore, each X; has c-bounded first variation in B, (p) N M and ©"(|||X;|||, p) = 1; by the Allard
regularity theorem [55, Theorem 24.2] and elliptic regularity, 3J; extends as a smooth, embedded h-
hypersurface across p. Moreover, each minimal ¥; extends as a smooth minimal hypersurface across
p. Finally, by the maximum principle (Lemma [3.12] Lemma either some sheet YJ; is indeed
minimal so all sheets must coincide and ‘7|_B(,.O (p) = m[%;], or none are minimal and m = 1 or
m = 2. This shows that V extends as an almost embedded h-hypersurface across p with the desired
regularity.

Step 5. Finally, to complete the proof we show that V coincides with V on a small ball about p.
We will need the following simple corollary of the first variation formula.

Lemma 7.2. For small enough r the set

= {u et IvIn B0\
is a dense subset of spt ||V'|| N By (p).
Claim 5: For small enough r, spt |V'|| = X in the punctured ball (B, (p)\{p}) N M.

VarTan(V,y) consists of an integer multiple of an
n-plane transverse to 9(Bgig(y,p) (p) N M)

Proof of Claim 5: We first prove that Tr;,/ C 3, which combined with Lemma [7.2] will imply that
spt [V|| N (Br(p)\{p}) C =. Fixy € Try N (B, (p)\{p}). and let p = dist(y, p). Consider V™. By
transversality we have y € Clos(spt [|V|| N B,(p)). On the other hand, V)* = V* = V inside B,(p),
so by we have

Clos(spt V| N By(p)) N0B,(p) = Clos(spt IV || 1 By(p)) N OB, (p)
C  Clos (spt [V, \ Clos(B,(p))) N dB,(p).

Since spt ||V, || = ¥ on A, s, (p), we therefore have y € 3.

Next we show the reverse inclusion ¥ C spt ||V||. Since X extends across p as an almost embedded
hypersurface, we know that 7,3 is transverse to O(Big(y,p) (p) N M) for all y € X N B,.(p) for small
enough 7. Let p and V" be as above, then y € spt [|[V*||. By Proposition VarTan(V,™",y) =
{e™([IV,*|l,y)|T,%[}. By the transversality, we then have y € Clos(spt [|V,™|| N B,(p)), so since
V,* =V inside B,(p) we conclude that y € Clos(spt ||V|| N B,(p)) C spt ||| as desired. O

Note that we do not have a suitable Constancy Theorem (c.f. [55} 41.1]) for varifolds with bounded
first variation. In order to show that V' coincides with X near p, our strategy is to show that V' = V as
varifolds in a neighborhood of p. By the transversality argument as above, we only need to show that
the densities of V and V are identical along ¥ N (B, (p)\{p}, where  is chosen as in Claim 5.

Claim 6: ©"(|[V|,-) = ©"(|Vl,-) on £ 1 B:(p)\{p}.



28 XIN ZHOU AND JONATHAN J. ZHU

Proof of Claim 6: Lety € Y and p = dist(y, p) < r be as above. Then since V,* = V inside B,(p),
by transversality and Proposition we have VarTan(V,y) = VarTan(Vp** y). But Ve = V on
Ap.s(p), so we must have VarTan (V™ y) = {©"([[V'[|, y)[T,, %]} Thus ©"([|V]|,y) = ©"([V[], ).

0
Combining Claims 5 and 6 yields that V' = V on B, (p) N M. This finishes the proof of Step 5, and
hence also completes the proof of the main Theorem O

Finally we have the following result which is implied by the above proof.

Proposition 7.3. Let V be as in Theorem Assume that V' = lim;_, . |0€2;|, where {Q;} are the
approximating sets of the h-almost-minimizing varifold V, given by Definition [6.1l If there are no
minimal sheets in ¥ = spt V, then 3 is a boundary of some Q0 € C(M) where its mean curvature with
respect to the unit outer normal is h, and

ARQ) = lim A"(Q).

1—00

In particular, if V€ C(S) for some critical sequence S € 11 as given by Theorem|6.4 and the remarks
following it, we have

Ar(Q) = LMIT).

Proof. 1t suffices to prove that 0S2; sub-converges to > weakly as currents. Take €2 as the weak limit
of §; as Caccioppoli sets (up to a subsequence), then spt(92) C X, and |0€2| = 0 or ¥ as varifolds
by the Constancy Theorem (by taking 3 as the ambient space). Fix an arbitrary regular (non-touching)
point p in 3. As in Step 1 of the proof of Theorem [Z.1] we can take a first replacement V* near p. In
fact, we showed that a posteriori V* coincides with V.

The construction of V*, however, came with the constrained minimizers 2} by Proposition [6.8]
The Constancy Theorem still implies that €2} converges weakly to €2, but now according to the proof
of Lemma the 02} are all smoothly embedded h-hypersurfaces, converging smoothly to ¥ in
int(K). Therefore J€2 must converge to X as currents in int(/). This shows that 9Q = ¥ inside
int(K) as currents, and hence they must coincide everywhere, which concludes the proof. O

APPENDIX A. AN INTERPOLATION LEMMA

The following interpolation lemma was proved in in 65, Appendix A] when / is a constant function.
This type of result was essentially due to Pitts [49, Lemma 3.8], but the modification to find the
interpolation sequence using boundaries of Caccioppoli sets was completed by the first author [64,
Proposition 5.3]. The extension to non-constant functions h proceeds similar to [65, Appendix A], the
key being to control ‘ Jo h| < ¢Vol(€2), so we omit the details here.

Lemma A.1. Suppose L > 0,7 > 0, W is a compact subset of U, and Q2 € C(M). Then there exists
0 =0d(L,n, U, W,Q) > 0, such that for any Q1, Qo € C(M) satisfying

(a) spt(; — Q) CW,i=1,2

(b) M(0%%) < L,i=1,2,

(c) F(O — 08) <6,
there exist a sequence Q1 = Mo, A1, -+, Ay, = Qo € C(M) such that for each j = 0,--- ,m — 1,

(i) spt(A; — Q) C U;

(ii) A"(A;) < max{A"(Qy), A"(Q2)} +n;

(lll) M(aA] - 6Aj+1) < .
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APPENDIX B. INTERPOLATION PROCESS

Proof of Claim 2 in Proposition 311 Here we describe the construction of {¢;} by interpolating {¢; }.

Fix i € N and consider a 1-cell o € I(1,k;). We only need to show how to interpolate ¢} when
restricted to . For notational simplicity we write a = [0,1]. For z € a let X(x) be the linear
interpolation between X;(0) = X (|0¢*(0)|) and X;(1) = X (|0#}(1)|). The continuity of the map
V — X(V) implies that || X;(z) — X,-(O)HC1(M) — 0 uniformly as i — oco. Define Q;(z) to be the
push-forward of ¢*(0) by the flow of X;(z) up to time 1; this gives a map Q; : @ — C(M). Note that
0Q; : a« — Z, (M) is continuous under the F-metric.

Since Q;(x) and ¢ (0) are the push-forwards of the same initial set ¢} (0) under the flows of X;(x)
and X;(0) respectively, we have

F(0Qi(w),0¢; (0)) — 0
M(Qi(z) — ¢;(0)) = 0

As Q;(1) and ¢} (1) are the respective push-forwards of ¢ (0) and ¢ (1) under the same flow of X;(1),
we have

(B.1) , uniformly in x, o as ¢ — oo.

(B.2) M(9Q;(1) — 8¢} (1)) — 0, uniformly in v as i — oco.

Now we can apply the interpolation result [64, Theorem 5.1] (see also [43, Theorem 13.1]) to Qi,
which gives that for any n > 0, there exist /,, > 0 and Q; : «(l,)o — C(M), such that
(i) given x € a(ly)o,
M(9Qi(z)) < M(DQy(x)) + /2.

so by the same argument as in the proof of point (v) of Lemmal[A_Il

M(Qi(z) — Qi(x)) < n/(2¢),

, and hence

AMQi(x)) < AMQi(w)) +m;

where ¢ = sup |h

(i) £(Q:) <m; B
(iii) sup{F(0Qi(x) — 0Qi(x)) : x € a(ly)o} <.
When n — 0, by (i, iii) and [49, 2.1(20)] (see also [43, Lemma 4.1]), we have

Ly sup{F(0Q;(x),0Qi(2)) : x € a(ly)o} = 0.

Take a sequence 7; — 0, and denote I; = k; + [,;, + 1, then we construct ¢; : I(1,k; +1,, +1) —
C(M) by defining ¢; on each «(l,, + 1)g by

_f Qi(Bz) forze[0,1/3]Na(ly, +1)
¢i(z) = { ¢l(1)  otherwise. ! ’

The desired properties (a, b, ¢, d) of ¢; follow straightforwardly from (B.I)(B.2) and the properties
of Q. Since (; is obtained from a continuous deformation from ¢;, a further interpolation argument
shows that S is homotopic to S*, and hence we finish the proof of Claim 2. U
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