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Abstract In Berenstein and Rupel (2015), the authors defined algebra homomorphisms
from the dual Ringel-Hall algebra of certain hereditary abelian category A to an appropriate
g-polynomial algebra. In the case that .4 is the representation category of an acyclic quiver,
we give an alternative proof by using the cluster multiplication formulas in (Ding and Xu,
Sci. China Math. 55(10) 2045-2066, 2012). Moreover, if the underlying graph of Q asso-
ciated with A is bipartite and the matrix B associated to the quiver Q is of full rank, we
show that the image of the algebra homomorphism is in the corresponding quantum cluster
algebra.
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1 Background

The Ringel-Hall algebra H(.A) of a (small) finitary abelian category .4 was introduced by
Ringel ([14]). When A is the category Requ Q of finite dimensional representations of
a simply-laced quiver Q over a finite field F,, the Ringel-Hall algebra #(A) is isomor-
phic to the positive part U, (n) of the corresponding quantum group U, (g) ([14]). Lusztig
([12]) constructed the canonical basis of the quantum group U, (n) under the context of
Ringel-Hall algebras. In order to study the canonical basis algebraically and combinatori-
ally, Berenstein and Zelevinsky ([2]) defined quantum cluster algebras as a noncommutative
analogue of cluster algebras (see [9, 10]). A quantum cluster algebra is a subalgebra of
a skew field of rational functions in g-commuting variables and generated by a set of
generators called the cluster variables.

A natural question is to study the relations between Ringel-Hall algebras and quantum
cluster algebras. Geiss, Leclerc and Schréer ([11]) showed that quantum groups of type
A, D and E have quantum cluster structures. Recently, Berenstein and Rupel [1] constructed
algebra homomorphisms from Ringel-Hall algebras to quantum cluster algebras. Let A be
a finitary hereditary abelian category and i = (iy, - - - , i;,) be a sequence of simple objects
in A. Berenstein and Rupel [1] showed that, under certain co-finiteness conditions, the
assignment [V]* — Xy ;j defines a homomorphism of algebras

U H*(A) — P

where H*(A) is the dual Ringel-Hall algebra and Xy ; is the quantum cluster i-character
of V in an appropriate g-polynomial algebra P;. Moreover, for an appropriate i, the image
restricting to the composition algebra of H*(A) is in the corresponding upper cluster
algebra.

The aim of this note is to give an alternative proof of the above result when A is the
representation category of an acyclic quiver. Different from [1], a key ingredient of our proof
is to apply the cluster multiplication formulas proved in [8] (see also Theorem 3.3). We show
that if the underlying graph of Q is bipartite (i.e, we can associate this graph an orientation
such that every vertex is a sink or a source) and the matrix B associated to the quiver Q is of
full rank, then the algebra A7 | (Q) generated by all quantum cluster characters is exactly
the quantum cluster algebra A (Q) (see Theorem 4.5). As a corollary, the image of the
algebra homomorphism is in the quantum cluster algebra A (Q) (see Corollary 4.6). We
expect that the approach in this note can be extended to construct algebra homomorphisms
from derived Hall algebras to quantum cluster algebras.

2 Quantum Cluster Algebras and Caldero-Chapoton Maps
2.1 Quantum Cluster Algebras

We briefly recall the definition of quantum cluster algebras. Let L be a lattice of rank m
and A : L x L — Z a skew-symmetric bilinear form. We will need a formal variable ¢
and consider the ring of integeral Laurent polynomials Z[¢*!/2]. Define the based quan-
tum torus associated to the pair (L, A) to be the Z[g*'/?]-algebra T with a distinguished
Z[q*'/?]-basis {X€ : e € L} and the multiplication given by

Xex/ = gMenN2xets
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Tt is easy to see that T is associative and the basis elements satisfy the following relations:
xx/ =¢rePDxlxe x%=1and (X9 ' = X"
It is known that 7 is an Ore domain, i.e., is contained in its skew-field of fractions F. The

quantum cluster algebra will be defined as a Z[¢*!/?]-subalgebra of F.
A toric frame in F isamap M : Z™ — F \ {0} of the form

M(©) = p(X")
where ¢ is an automorphism of F and n : Z™ — L is an isomorphism of lattices. By

definition, the elements M (c) form a Z[qil/ 2]-basis of the based quantum torus Ty =
@(T) and satisfy the following relations:

M@M@) = g D2\ (c+d), M©OM@) = gD M@)M(c),
M) =1and M(c)~! = M(—0),

where Ajs is the skew-symmetric bilinear form on Z™ obtained from the lattice iso-
morphism 7. Let Ay also denote the skew-symmetric m x m matrix defined by A;; =
A (e, ej) where {eq, ..., ey} is the standard basis of Z™. Given a toric frame M, let
X; = M (e;). Then we have

T =2[¢= 2| (X XE XX, = g X X

Let A be an m x m skew-symmetric matrix and let B be an m x n matrix with m > n,
whose principal part is denoted by B. We call the pair (A, B) compatible if B'" A = (D|0)

is an n x m matrix with D = diag(di,--- ,dy) where d; € Nfor1 < i < n. The pair
(M B)is called a quantum seed if the pair (A v, B)is compatible. Define the m x m matrix
= (eij) by
8ij if j # ks
eij = —1 lfl:j:k,

max (0, —bj) ifi £ j =k.

n—r+1_

For n,k € Z, k > 0, denote [Z]q _ @"-97")(q

—n+r— 1)
@) (qql) .Letk € [1,n] and ¢ =

(c1,...,cm) € Z™ with ¢, > 0. Define the toric frame M’ : Z™ — F \ {0} as follows:
ck
M) =Y [Ck] M(Ec + pb*) and M'(-¢c) = M'(c)”! 1)
=0 D 1442

where the vector b¥ € Z" is the k-th column of B.

Define the m x n matrix B’ = (b, ) by

/ —bjj ifi =korj=k;
= by ; —|— 7‘}7""% Tirlbiil - therwise.

Then the quantum seed (M, 1~3) is defineg to be the mutation of (M, B) in direc-
tion k. Two quantum seeds (M, B) and (M’, B’) are mutation-equivalf:nt if they~can be
obtained from each 0~ther by a sequence of mutations, denoted by (M, B) ~ (M’, B'). Let
C:={M'(e;): (M, B)~ (M, B’),i €[1,n]}. Let ZP be the ring of integral Laurent poly-
nomials in the (qualsi-commuting) variables in {ql/ 2 Xut1, -+ » Xm}. The quantum cluster
algebra Aq(Ay, B) is the ZP-subalgebra of F generated by C.

The following proposition demonstrates the mutation of quantum cluster variables which
can be viewed as a quantum analogue of cluster mutation.
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174 Ming Ding et al.

Proposition 2.1 (Mutation of cluster variables)[2] The toric frame X' is determined by

X, =X Z [birlyei —ex ¢ + X Z [—Djkl+ej —ek ¢,

1<i<m 1<j<m

X/ =X, 1<i<m, i#k

The quantum Laurent phenomenon proved by Berenstein and Zelevinsky is an important
result concerning quantum cluster algebras.

Theorem 2.2 (Quantum Laurent phenomenon)[2] The quantum cluster algebra
Ay (Am, B) is a subalgebra of Ty.

Set X = {X1,---,Xp}and X = X — {X;} U {X,’c} for any k € [1, n]. Denote by
U(A . B) the ZP-subalgebra of F given by

UAy, B) = ZP[XF' N ZP [x#] N---NZP [Xffl] .
The algebra U (A p, B) is called the quantum upper cluster algebra. The following result
shows that the acyclicity condition closes the gap between the upper bounds and the
corresponding quantum cluster algebras.

Theorem 2.3 [2] If the principal matrix B is acyclic, then U(A y, f?) =Ay(Aum, B).

2.2 Quantum Caldero-Chapoton Maps

Let k be a finite field with cardinality |k| = g and m > n be two positive integers. Let
O be an acyclic quiver with vertex set {1, ..., m}. Denote C := {n + 1, ..., m}. The full
subquiver Q on the vertices {1, ..., n} is called thNe principal part of Q.For 1 <i <m,let

S; be the ith simple module of the path algebra kQ.
Let B be the m x n matrix associated to the quiver Q whose entry in position (7, j) is
given by
bij = |{arrowsi —> j}| — [{arrows j —> i}]
forl <i <mand1 < j < n.Denote by T the left m x n submatrix of the identity matrix of
size m x m. Assume that there exists some antisymmetric m x m integer matrix A such that

A-B) = [é] @)

where I, is the identity matrix of size n x n. Let R=R o be the m x n matrix with its entry
in position (i, j) given by

~ . . 1 . ,
rij = dlmkExtké(Sj, S;) = |{arrows j —> i}|.
forl <i <mand1 < j <n.Set R" =R Dor- Denote the principal n x n submatrices of
Band R by B and R, respectively. Note that B=R"—Rand B=R" —R.

Let C o be the cluster category of kQ, i.e., the orbit category of the derived category
Db (é) undﬁ:r the action of the functor F = 7 o[—1] (see [3]). Let L ] be the indecomposable

injective kK Q module for 1 < i < m. Then the indecomposable k Q-modules and /;[—1] for
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1 < i < m exhaust all indecomposable objects of the cluster category Cé. Each object M
inC ¢ can be uniquely decomposed as

M = Mo ® In[—1]

where M is a module agd I is an injective module.
The Euler form on kQ-modules M and N is given by

(M, N) = dimgHom(M, N) — dimgExt! (M, N).

Note that the Euler form only depends on the dimension vectors of M and N.
The quantum Caldero-Chapoton map of the quiver Q has been defined in [6, 8, 13, 15]
as
Xy :objC o— T

by the following rules:

(1) If M is a kQ-module, then

1 B T_ptr
Xu=Y_| Gr, M|q~2'em—) x—Be=(I=R")m,
e

(2) If M is akQ-module and / is an injective ké-module, then

1 . = = = )
XM@][—I] = Z | GrgM|q7§<£’migil,>xfB§7(17Rt )m‘l’dlimSOCI’
e

where dim/ = i, dimM = m and Gr, M denotes the set of all submodules V of M with
dimV = e. We note that

XP[l] = X,p = X@P/radP — Xmsocl — Xl[fl] — Xr*‘l-

for any projective k é-module P and injective ké-module I with soc I = P /radP.

In the following, for convenience, we always use the underlined lower letter x to denote
the corresponding dimension vector of a kQ-module X and view x as a column vector in
z".

3 The Dual Ringel-Hall Algebras and the Cluster Multiplication
Formulas

Let A be the representation category of an acyclic quiver Q over a finite field and K (A)
the Grothendieck group of A. For an object V € A, we will write [V] for the isomorphism
class of V. Let H(A) = @ k[V] be the k-vector space spanned by the isomorphism classes
of objects of A4 with the natural grading via class in K(A). For U, V, W € A define the
Hall number

sow =HRCVIR=W,V/R=U)}|.
The assignment [U][W] = Z[V] gXW[V] defines an associative multiplication on
H(A). The algebra H(A) is known as the Ringel-Hall algebra. Denote by H*(A)
the dual Ringel-Hall algebra, which is the space of linear functions H(A) —
k with a basis of all delta-functions §y labeled by isomorphism classes [V] of
objects of A.
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176 Ming Ding et al.

Proposition 3.1 Let M and N be k Q-modules, then the product

Sur % 8y = g3 MI=F)m (=KDt (mm) DALY
E

MN _ Ext (M N)gl
hg™ = [Homio (M, N)| and
EXti Q(M , N)E is the subset of Ext,l Q(M , N) consisting of those equivalence classes of
short exact sequences with middle term E.

defines an associative multiplication on H*(A), where

Proof Note that Z gf,,NggL = Z gﬁLgAF,IG, and the relation between 23N and g£ \ is
E G
given by the Riedtmann-Peng’s formula
WV = gB 1 Aut (M)||Aut (N)||Aut (E)| ™"

Thus we have 3°p h¥, o hE, = > h$, hY - Itis easy to see that ¢ (m, n) = LAWT -
R)Ym, (I — R )n)+ (m, n) is a bilinear form on Z". Hence the associativity can be deduced.
O

For any k é —modules M, N and E, denote by 8/€1 y the cardinality of the set
Ext}( 5 (M, N) g which is the subset of Ext]]( Q(M , N) consisting of those equivalence classes
of short exact sequences with middle term E. Define

Homy 5 (M, Dy :={f : M — Ilkerf = B, cokerf = I'}.
Denote
[M, N1 = dimgHom,5(M, N) and [M, N1' = dimgExt, 5(M, N).
We have the following cluster multiplication formulas.

Theorem 3.2 [8][6] Let M and N be any k Q-modules, and 1 any injective ké—module,
then

1 1 ~7~/ ~7~/
(1) gMN' XXy = g3 T-Rm @Ry~ oE oy
1

(2) q[M’I]XMXI[,l] = qu((IiR )m, —dimSocT) ZB,I’ |H0mk'é(M, I)BI/|XB€BI’[71]~

Note that Theorem 3.2(1) implies the following result which has been proved by
Berenstein and Rupel using generalities on bialgebras in braided monoidal categories.

Theorem 3.3 [1] The assignment 8y — Xy defines an algebra homomorphism ¥V :

H*(A) — T.
An alternative proof.

Note that the first cluster multiplication formula in Theorem 3.2 can be rewritten as

XuXy = q%A((T—ﬁ/)m,(7—§/)4)+<m,ﬂ> Z h%”NXE.

E
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Thus we have

WSy x8y) = U (Q;A((TE’)m,<7ﬁ’)n>+<m,n> Zh%N5E>
E

= gIMT=F)m (=F)m+(mn) S h¥NX g
E
= XuXn = V(M) V(SnN).

This completes the proof. ]

4 Quantum Cluster Algebras for Bipartite Graphs

In this section, we assume that Q is an acyclic quiver whose underlying graph is bipar-
tite and the matrix B associated to the quiver Q is of full rank. Note that in this case the
corresponding quantum cluster algebras are coefficient-free.

Definition 4.1 With respect to the quantum Caldero-Chapoton map, X, is called the
quantum cluster character if L € Cg.

Definition 4.2 For a quiver Q, denote by A% (Q) the Z-subalgebra of F generated by
all the quantum cluster characters.

We will show that the algebra A x| (Q) is equal to the quantum cluster algebra A (Q).
Let Q be an acyclic quiver and i a sink or a source in Q. We define the reflected
quiver o; (Q) by reversing all the arrows ending at i. An admissible sequence of sinks (resp.

sources) is a sequence (i1, ..., i;) such that i; is a sink (resp. source) in Q and iy is a
sink (resp source) in oy, _, ---0;,(Q) for any 2 < k < [. A quiver Q’ is called reflection-
equivalent to Q if there exists an admissible sequence of sinks or sources (i1, ..., i;) such

that Q' = oj, - - - 0;, (Q). Note that mutations can be viewed as generalizations of reflec-
tions, i.e, if i is a sink or a source in a quiver Q, then ©;(Q) = 0;(Q) where u; denotes
the quiver mutation in the direction i. From now on, we assume that Q’ is quiver mutation-
equivalent to Q. Denote by ®; : A (Q) — A (Q’) the natural canonical isomorphism of
quantum cluster algebras associated to sink or source for any 1 < i < n, which sends each
initial cluster variable of A (Q) to its Laurent expansion in the initial cluster of A (Q).

Let Ei‘" . rep(kQ) —> rep(kQ’) be the standard BGP-reflection functor and Rl.+ :
Co — Cy be the extended BGP-reflection functor defined in [16]:

X — IF(X) if X # 8 isamodule
r+. 1S e Pl
i) Pl e P11 i £

Pi[l] = §;

Rupel proved the following result.
Theorem 4.3 [15] For any indecomposable object M in Cg, we have that q)i(XAQ,I) =

Q/
Xgew
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The following lemma is well-known.

Lemma 4.4 [4, Lemma 8(b)] Let
M — E — N — M[1]
be a non-split triangle in Cy. Then
dimgExt,, (E, E) < dimiExte, (M & N, M & N).

Theorem 4.5 Assume that Q is an acyclic quiver whose underlying graph is bipartite and
the matrix B associated to the quiver Q is of full rank, then AH x|(Q) = Ay (Q).

Proof Firstly, we prove that for any indecomposable object M € Cg, Xy is in the quantum
cluster algebra A (Q).
Case 1: If Q is an alternating quiver (i.e, whose vertex is either a sink or a source).

By Theorem 4.3, we have that ®; (XAQ,I) =X g; M for any indecomposable object M €

Cop. Itis easy to see that Q' is again an acyclic quiver. Then we obtain that
Xy ez[X= | nz[x{ 0 nz[x],

Note that the quiver Q is acyclic, thus the corresponding quantum upper cluster algebra
associated to Q coincides with the quantum cluster algebra A (Q) (see Theorem 2.3).
Hence X is in the quantum cluster algebra A (Q).

Case 2: If Q is an acyclic quiver whose underlying graph is bipartite.

Note that Q is reflection—equivalent to some alternating quiver Q’ and in the Case 1 we
have showed that for any indecomposable object M € Cy/, Xy is in the corresponding
quantum cluster algebra Ay (Q’). Thus the rest of the proof immediately follows from
Theorem 4.3.

Now we need to prove that for any quantum cluster character X; € AHx(Q), we have
I

that X; € Ay (Q). Let L = @L?"",ni € N where L; (1 <i < [) are indecomposable
i=1
objects in Cg. According to Theorem 3.2, we obtain the following equality:

1 1
ny np np __ b1 +5
X, X7 X =q" X + > Jap (@) XE
dimkExthQ (E, E)<dimkExthQ (L,L)

where ny € Z and f,, (qi%) € Z[qi%]. Using Lemma 4.4 and proceeding by induction, it
is straightforward to verify that X; € A (Q).
This completes the proof. O

Corollary 4.6 Assume that Q is an acyclic quiver whose underlying graph is bipartite, and
the matrix B associated to the quiver Q is of full rank, then ¥ (H*(A)) C Ay (Q).

Proof By Theorem 3.3, we have that W(H*(A)) < AHj,(Q). Hence the proof

immediately follows from Theorem 4.5. O
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Remark 4.7 Tt is natural to ask when W(H*(A)) is equal to Ay (Q). The key point
of this problem is to prove that the initial cluster variables can be written as a
Z[g*'/*]—combination of some product of cluster characters associated to k Q-modules. In
the following, we give an example in this direction.

Example 4.8 Set A = ((11 (1)) and B = ((12 (2)) Thus the quiver Q associated to this

pair is the Kronecker quiver:

1° ®2.

Let k be a finite field and ¢ = +/]k[. The category rep(kQ) of finite-dimensional rep-
resentations can be identified with the category of mod-k Q of finite-dimensional modules
over the path algebra k Q. It is well-known (see [5]) that up to isomorphism the indecompos-
able kQ-module contains three families: the preprojective modules with dimension vector
(n — 1, n) (denoted by M (n)), the indecomposable regular modules with dimension vector
(ndp, ndp) for p € IP’}( of degree d), (in particular, denoted by R, (n) for d, = 1) and the
preinjective modules with dimension vector (n, n — 1) (denoted by N (n)) for any n € N.

Form € Z \ {1, 2}, set
N(m—2) ifm > 3;

Vim) = { M(=m+1) ifm <0.

Now, let 7 = Z[qilﬂ](X?“,XzjEl : X1X» = ¢X>X1) and F be the skew field
of fractions of 7. The quantum cluster algebra of the Kronecker quiver A, (2, 2) is the
Z[q*'/?]-subalgebra of F generated by the cluster variables in {X;|k € Z} defined
recursively by

X1 Xmi1 = g X3 + 1.
With the above notation, we have the following results.

Lemma 4.9 [15] For any m € Z\ {1, 2}, the m-th cluster variable X, of A4 (2, 2) is equal
10 Xy (m)-

Lemma 4.10 [7] For any n € Z, we have that
_1 1
XnXRI,(l) =q 2Xp-1+q2X,q1.

For the Kronecker quiver, we show that the image of the dual Ringel-Hall algebra under
the homomorphismW coincides with the quantum cluster algebra.

Theorem 4.11 Assume that Q is the Kronecker quiver, we have that

W(H*(A) = A ().

Proof By Corollary 4.6, we know that W (H*(A)) C A (Q). Note that ¥ is an algebra
homomorphism according to Theorem 3.3, thus it is enough to prove that X; and X, have

preimages. By Lemma 4.10, we have XOXR,,(I) = q_%X,1 + q%Xl. This gives X =
q’%XoXRp(l) — q*IX_l which can be rewritten as X| = q’%Xv«»XR,,(n — q*IXV(_l)
according to Lemma 4.9. Hence we have X| = q_%\ll(év(g))lll(éRp(l)) — q’1 V(y(-1) =
\D(q_%év(o) * 8Rp(1) — q_lév(,l)). Similarly we have X3XR,1) = q_%Xz + q%X4, and

@ Springer



180 Ming Ding et al.

using the same method we deduce that X» = V(g %SV@) * 3R, (1) —qv4))- This completes
the proof. O
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