ON THE DENSITY OF ABELIAN /-EXTENSIONS

CHIH-YUN CHUANG AND YEN-LIANG KUAN

ABSTRACT. We derive an asymptotic formula which counts the number of abelian ex-
tensions of prime degrees over rational function fields. Specifically, let ¢ be a rational
prime and K a rational function field Fq(¢) with ¢ { q. Let Discy (F/K) denote the
finite discriminant of F' over K. Denote the number of abelian f-extensions F'/K with
deg (Discs(F/K)) = (£ — 1)an by ae(n), where a = (g, £) is the order of ¢ in the mul-
tiplicative group (Z/¢Z)*. We give a explicit asymptotic formula for a,(n). In the case
of cubic extensions with ¢ = 2 (mod 3), our formula gives an exact analogue of Cohn’s

classical formula.

1. INTRODUCTION

In arithmetic statistics, the problem of counting number fields is of particularly interest.
Let N, (X) denote the number of isomorphism classes of number fields of degree n over Q
having absolute discriminant at most X. It is conjectured that N, (X)/X tends to a finite
limit as X tends to infinity and it is positive for n > 1. This conjecture is trivial for n = 1
and it is well-known for n = 2. For the degree n = 3 it is a theorem of Davenport and

Heilbronn [5]. In the past decade, Bhargava [1, 2] proved this conjecture for n = 4 and 5.

Prompted by the work of Davenport and Heilbronn [5] on the density of cubic fields.
Cohn showed that the cyclic cubic fields are rare compared to all cubic fields over Q. More
precisely, let G be a fixed finite abelian group of order m and let F' range over all abelian
number fields with Galois group Gal (F//Q) = G. Denote by Disc (F'/Q) the absolute value
of the discriminant of F' over Q and define Ng(X) to be the number of abelian number
fields F' with Disc (F//Q) < X. When G = Z/3Z, Cohn [3] proved that

17 (P+2)(p—1)
W) Ne(X) ~ 72v/3¢(2) ZEl}G) pp+1) VX, X
where the product is taking over all primes p = 1 (mod 6). For arbitrary given finite

abelian groups G, an asymptotic formula of Ng(X) has been worked out by Maki [7]. In
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particular, fix £ a prime and G = Z/{Z, there is a constant ¢ > 0 such that (cf. Wright [9,
Theorem 1.2])

2) Ne(X) ~e - XT1, as X — oo.

In this paper, we prove very precise versions of the asymptotic formulas (1), (2) for
function fields. Let K be a rational function field F,(¢) over the finite field F,. Fix a
rational prime £ 1 q. Let F be an abelian (-extension of K and denote by Op the integral
closure of A = [Fy[t] in F. Let Discy (F//K) denote the finite discriminant of F' over K
which means the discriminant of Op over A. Note that Discy (F//K) is a (¢ — 1)-th power
for some square-free polynomial in A since all ramified primes are totally tamely ramified
in F/K. Denote a = a(q,¥) to be the order of ¢ in the multiplicative group (Z/¢Z)*.
Then the degree of ramified primes in F' must be divided by . Adapting an idea of Cohn,
we shall study the partial Euler product

f) = TI (1+@=1g =),
ofdeg(P)

where the product is taking over all finite primes P of K such that « | deg(P).

We will prove that f(s) converges absolutely for Res > 1 and is analytic in the region
{s € B: Res =1} except for a pole of order w:= ({ —1)/a at s =1 where B := {s € C:
—7/logq® <Ims < 7/logq“}. The last statement implies that

r(K,0) = lim(s — 1) f(s) > 0.

s—1

Then we have the following main result

Theorem 1. Let ¢ be a rational prime and K = Fy(t) with £ { q. Write o = a(q,¥) for the
order of q in the multiplicative group (Z/¢Z)* and set w = ({ —1)/a. Denote the number
of abelian (-extensions F/K with deg (Discs(F/K)) = (¢ — 1)an by ag(n). Then, for any

e > 0, we have

( 2r(K,0)logq - ¢®" + O(g(5 ™) ifw=1,
as(n) = " oo . |
IS g P(n) + O(¢3F™) ifw > 1,

where r(K, ) is defined as above and P(X) € R[X] is a monic polynomial of degree w — 1.

Remark 1. Note that, as in formula (2), the growth order of the number ays(n) is a

(¢ — 1)-root of the number of polynomials of degree (¢ — 1)an when w = 1.
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Remark 2. By our much sharper Wiener-Ikehara Tauberian theorem (see Appendix for
a function field version), the constants r(K, ¢) and P(X) can be explicitly determined (see
Section 2 for details).

In the case of cyclic cubic fields, we derive explicit formulas for r(K,¢) and P(X) as

the following

Theorem 2. Let K = Fy(t) with 3 1 g and az(n) the number of cyclic cubic extensions
F/K with deg (Disc¢(F/K)) = 2an where a = 1 if ¢ =1 (mod 3) or 2 otherwise. Let P
denote the finite primes of K and (a(s) is the zeta function of A. Then, for any e > 0,

we have

(i) If g =1 (mod 3), let

g9(s) = H (1 — 3g2desPs 2q73degps) for Res > 1/2,
P

where the product is taking over all finite primes P of K. Then one has

az(n) = g(1)q" (n +1+ g(f;(llo)gq> + O(q(%+€)") as n — oo.

(ii) If ¢ =2 (mod 3), one has

(qdeg(P) + 2) (qdeg(P) . 1)

2n (14+€)n
fos?) (des® 1) | DT O(¢""*Im) asn — oco.

1
a3(n) = CA(2) H

deg(P):even

Note that the asymptotic formula (ii) of Theorem 2 is a function filed analogue of Cohn’s
result. This occurs because, when ¢ = 2 (mod 3), the infinite prime co = 1/t is unramified
in cyclic cubic fields which happen to be the same situation as for the number field Q. We
are also able to treat the case ¢ =1 (mod 3) in (i) of Theorem 2 with a bigger main term

and exact second order term.

We now briefly describe the contents of this paper. In the next section, we use a version
of Tauberian theorem (Theorem 4) to prove Theorem 1. In Section 3, we adapt an idea
of Cohn to prove Theorem 2. In the appendix, we derive the needed function field version

of Wiener-Ikehara Tauberian theorem.
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2. COUNTING ABELIAN /-EXTENSIONS

We fix the following notations in this paper:

{ : a fixed rational prime.
K : the rational function field Fy(t) of the characteristic p # .

a = a(q, /) : the order of ¢ in the multiplicative group (Z/¢Z)™.

A : the polynomial ring Fy[t].

oo : the infinite place 1/¢.
O : the valuation ring of co.

P : a finie prime (place) of K.
Kp : the completion of K at P.
OF : the group of P-units in Kp.
A% : the idele group of K.

F : an abelian f-extension over K.

Discy (F/K) : the finite discriminant of F' over K identifies as a polynomial in A.

Note that we always have Discy (F/K) = D' for some square-free polynomial D =
D(F) € A since all ramified primes are totally tamely ramified in F'/K. From class field
theory, we know that each abelian f-extension F' over K corresponds exactly to £ — 1

surjective homomorphisms
¢: A /K" — Gal(F/K) = Z/{L.

Recall that the image of OF is equal to the inertia group of P in Gal (F//K) by local class
field theory. Let K = {1/t} x (1 + 1/tOx) be the direct product of the cyclic group
{1/t} generated by 1/t and the pro-p group (1 + 1/tO). Since Aj can be written as a
direct product of K* and (H pOp x K jo), the number of abelian /-extensions F' over K
with Disc; (F/K) = D! is equal to

2

1 #{op: H OF — ZJUZ : the restriction of ¢ to Of is surjective for all P | D}.

P|D

Since the kernel of the canonical map O3 — (Op/ P)* is a pro-p group and p # £, a map
OF — Z/UZ must factor through (Op/P)™ — Z/VZ. As the restriction of ¢ from [1pp OF

to O} is surjective, we note that a(g, £) must divide deg(P). Combining these discussions,
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we conclude that the number of abelian f-extensions F' over K with D(F) = P;--- Py,
and o(q, ¢) | deg(P;) for all i is equal to (¢ — 1),

We are interested in the partial Euler product
f(s) = H (1 e (A 1)q_deg(P)s) for Res > 1.
aldeg(P)

Write f(s) = > bang™ @™, then ay(n) = 2byy, /(¢ — 1) for all n > 0, where ag(n) is the
number of abelian f-extensions F' over K with deg (Discs(F/K)) = (¢ —1)an. Let Ca(s)
be the zeta function of A which is defined by

Ca(s):= H (1 — q_deg(P)S)71 for Res > 1
P

1

1— ql—s'

We have

Lemma 3. Let C4,(s) be the zeta function of Aq = Fga[t]. Then

f(5) =y (s)-g(s) forRes > 1,

where g(s) is an analytic function for Res > 1 and non-vanishing at s = 1.

Proof: For each d | a, we consider the infinite product

Ly(s) = H (1 _q,mﬂcTyP)S)—d

P:(a,deg(P))=d

d
for Res > 2,

where the product is taking over the finite primes P in K such that ged (o, deg(P)) = d.
Then we know that

s):HEd(s): H (1— — deg(P ) Hﬁd for Res > 1.

dla a|deg(P)
d;éa

Let w = (¢ — 1)/, then

f(s) = (4, (s) H [(1 + (€ — 1)q_deg(P)s) (1 g~ o P)s) ] H L,;"(s) for Res > 1.

aldeg(P) d#
@
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We know that £;'(s) is analytic and non-vanishing at s = 1 since £;'(1) > C;i(2) >0
for all d # « (cf. [4, Section 2]). On the other hand, one computes

his):= ] [(1 Y (—1)q deg(P)s> (1 e deg(P)S>£1:|

a|deg(P)

= 11 <1+Czq—2deg(P)s_l_._._‘_cgq—(ﬁ)deg(P)s) for Res > 1,
a|deg(P)
where
(Y + (D e -n(5) ifi<e,
(=11 —1) ifi=v2.

C; =

It is easy to check that h(s) is analytic for Res > 1/2 and non-vanishing at s = 1. This

completes the proof of the lemma. (I

Before we prove the main theorem, we recall a function field version of Wiener-Ikehara

Tauberian theorem which we will prove in the appendix.

Theorem 4. Let f(u) = Y, ~obpu" with b, € C be convergent in the region {u € C :
lu| < ¢=*}. Assume that in the domain of convergence f(u) = g(u)(u —q¢~*)~" + h(u)
holds, where w € N and h(u), g(u) are analytic functions in {u € C : |u| < ¢~**°} for
some 6 >0, g(¢~%) # 0. Then, for any € > 0, we have

bu = ¢"Q(n) + O(¢'*~**"),
where Q(X) € C[X] is the polynomial of degree w — 1 given by

g Vg ,

 golw—d)
L s TR

w—2 G)(,—a\(_1\w—7j—1 w—7—1
Q(X) := Zgjj(!(éw )_(jl_)l)! [ II x+o
j=0 =1

In particular, if we write Q(X) = Z;T":_ll c¢; X", then we have

¢l = (_1)_wg(q—a)qaw and ¢y = (_1)—w

/ —a
Caw | o—ay Wy 9(@?)
We are now ready to prove Theorem 1. Let w = (£ — 1)/a and define the region
B:={se€C: —n/logq® < Ims < w/logq®}. From Lemma 3, we have proved that
=1
f(s)=¢,2 (s)-g(s) for Res > 1, where

o) = I [(1 +e- 1)q—deg(P)s) (1 B q_deg(ms)el] T £

aldeg(P) dla
d#a
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is an analytic function for Re s > 1/2 and non-vanishing at s = 1. Note that f(s) converges
absolutely for Res > 1 and is analytic in the region {s € B : Res = 1} except for a pole

of order w at s = 1. The last statement implies that

i weioy — 9)
r(K,0) = ;eri(s —1)Yf(s) = o102

log g’ log g*
Then we have Z¢(u) = Zy(u) (u — ¢~*)" " where Z,(u) is an analytic function in the region

{ueC:ul <q*?}, and

Zy(¢*) = lim (u—q *)" Zs(u)

u—q—«

Replacing the variable s by —122%  define the function Z;(u) := f (— logu ) = banu™.

—as __ qfa)w

i 4 w
_lgq (8_1)10 (8_1) f(S)

= (_10§aq ) r(K,2).

Applying Theorem 4, for any € > 0, as n — oo,

(3) ban = ¢*"Q(n) + O(¢'27"),

where Q(X) € R[X] is a polynomial of degree w — 1 given by

o SR
a —j =1
Note that the leading coefficient ¢; of Q(X) is given by

(K, ¢)(log ¢*)"
(w—1)!

Combining (3), (4) and ag(n) = 2ba, /(£ — 1), we complete the proof of Theorem 1.

1

—j=
H (X +0)

(=1

z8 (g

420
ey ¢

(4) Ccl1 =

3. COUNTING CYCLIC CUBIC EXTENSIONS

In this section, we derive an explicit formula of r(K,¥¢) for the case of cyclic cubic
extensions. Moreover, we give the second order term for the number a3(n) when ¢ = 1
(mod 3). In Lemma 3, we have proved that f(s) can be written as a product of the zeta
function of A, and an analytic function g(s). We will write down ¢g(s) explicitly and
compute its derivative to obtain Theorem 2. In the general case, it is also possible to

compute r(K,¢) and small order terms for as(n) using the same method.
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In the case of ¢ =1 (mod 3), we consider the partial Euler product

f(s) = H (1 + 2q*deg(P)s) for Res > 1.
P

Write f(s) = > bng "%, then az(n) = by, for all n > 0. Recall that (4(s) is the zeta
function of A which is defined by

Cals) :== H <1 — q_deg(P)s>71 for Res > 1.

Then one computes that f(s) = ¢4(s)g(s) where

g(s) = H (1 — 3¢ 2des(P)s 4 2q_3deg(P)5> for Res > 1/2
P

is analytic for Re s > 1/2 and non-vanishing at s = 1.

log g’
Then Zf(u) = Zg(u) (u— q_l)_2 where

— q72 H ( 3u2deg P) + 2u3deg(P))

Replacing the variable s by —28% define the function Z p(u) = f ( Tos q) > bpu.

is an analytic function in the region {u € C : |u| < ¢~ '}. Applying Theorem 4 to Z(u)
and as(n) = by, there is a constant § < 1 such that

as(n) = " (@ Zy(q V)n+ *Zy(q™") — qZi(q ")) + O (qzn‘s) as n — o0o.

In the case of ¢ =2 (mod 3), we consider the partial Euler product

f(s):= H (1 + 2q_deg(P)S) for Res > 1.
2|deg(P)
We now write f(s) = Y bo,g~2"%, then az(n) = by, for all n > 0. Let (4,(s) be the zeta

function of Ay = 2[t]. One has

2

Cars) = H (1 - deg(P)S>_ H (1 —q? deg(Q)s) _

deg(P):even deg(Q):o0dd

where P are the primes in A of odd degree and ) are the primes in A of odd degree. Then
we have the identity

(qdeg(P)s + 2) (qdeg(P)s _ 1)

qdeg(P)s(qdeg(P)s ) for Res > 1.

f(s) = Cu()ci'2s) ]

deg(P):even
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We now replace the variable s by — lfgng and define the function Zy(u) := f (— 1?;;) =

> bonu™. Then Zp(u) = Zy(u) (u — qu)fl where

— deg(P)s — deg(P)s
) (u 2 + 2) (u 2 — 1)
Zg(u)=—q *1—qu) ]

- —deg(P)s —deg(P)s
deg(P):even U 2 U 2 -1

is an analytic function in the region {u € C : |u| < ¢~2}. From Theorem 4 and a3(n) = ba,,
there is a 0 < 1 such that

(qdeg(P) + 2) (qdeg(P) . 1)
qdeg(P) (qdeg(P) + 1)

"+ 0 (q2"6> as n — oo.

1
as(n) = CT@) H

deg(P):even

This completes the proof of Theorem 2.

APPENDIX

In the appendix, we derive a function field version of Wiener-Ikehara Tauberian Theorem
with a main term much sharper then the standard one [8, Corollary of Theorem 17.4].

Before we prove the main theorem, we first record some lemmas.

Lemma 5. Let I'(t) be Gamma function. Then we have

nint 2+t 1 1

[+

1=0

for all complex numbers t, except the non-positive integers.

Proof. Just use Stirling’s formula. ([l

Lemma 6. Let §,a > 0 be fixed real numbers and q¢ > 2. Assume w < 1 and w € R — Z.

Then we have

qfa(lfé)

du 2mi - e W™ ] w? —w) 1 1
= . 1 ZL0(= a(ntw), w—1 = o0,
/qa untl . (u — g=a)w 1 — e 2mw T'(w) [ + < 9 > n + (ng )] q n asn — o0

Here (u — ¢~ = ew1o8(u=a"") " analytic branch of logu is fized with 0 < Arg u < 2.
Thus log(u — q~®) is an analytic function defined on C — [¢~%, 00).
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Proof. Substituting ¢~ %u for u, the integral changes to

ad

2w ./" o du e U”du _/°° o dw
1 ourtl (u—1)w o (u+1)ntl.qw goo—1 (w4 1)l qw
— qa(n+w)(11 + Iz)

qfu,&n

n

271 u~ %
1= o2miw Res <(u 1y ) —1) .

The integral Iy simply equals to O ( ) . The integral I; can be checked to be

Furthermore, we have

u~ v 1 = . —w—n n*
Res ((u+1)"+1’_1> = (H(—w—z)(w—i—n)-(—l) ) S

This gives the desired identity.

Let ¢ > 2, our Tauberian Theorem is

Theorem 7. Let f(u) := Z apu™ with the numbers a, € C for all n, be convergent in
n>0
{ueC:lul<q %}
for a fixed real number a > 0. Assume that in the above domain

flu) = g(u)(u—q*) " + h(u)

holds, where w > 0 and h(u), g(u) are analytic functions in {u € C : |u| < ¢~**°} for
some § > 0. Then

—a aw
(—1)_wg(qr( )()J " as n— oo
w

Moreover, if w is a positive integer, then, for any € > 0, one has

Ay, ~

(5) an = Q(n) - ¢ + O\, asn — oo,

where Q(X) € C[X] is the polynomial of degree w — 1 given by

w=2 (i) —ay(_1\w—j—1 w—j—1 (w=1)(,—a
o g (q )( 1) . a(w—7) g (q ) a
Q(X) : JZ% O] Lﬂl (X+0)]-q J+7(w71)! q
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In particular, if we write Q(X) = Z;‘;l c; XV then we have

= (LI g EUT o oy - 200

When 0 < w < 1, we also have

an = c1q™™n" " + e + 0 (¢""n*73)  asn — 0.

The proof will be divided into three steps.
1. If w is a positive integer, then we adapt an idea of Rosen [8, Theorem 17.4]. But we
remove the condition that the pole lie at u = ¢~ '. In this way, we are able to obtain the
polynomial of Q(n) precisely for w > 1.
2. If 0 < w < 1, then we use a keyhole shape contour to carry out needed estimations.
3. If w > 0 is not a positive integer, then we proceed by induction on |w], since we have

proved the case |w] = 0 in step 2.

Step 1:

Proof. The case w = 1 and the equation (5) is covered in [8, Theorem 17.1] and [8,
Theorem 17.4]; we give here exact formula for ¢; for 1 < i < w when w > 1. We take a
0 < & < 1 such that g(u) and h(u) are analytic on the disc : {s € C : |u| < ¢g~o(1=9},
Let C be the boundary of this disc oriented counterclockwise and C¢ a small circle about

u = 0 oriented clockwise. We have

1 ()

1 f(u)
i du = — du.
omi fi coart T T o

Observe that

N L PR (L E——

21711 CoiC unt1 (u _ qfa)wun+1 ’

w— —a w—2 (§)/ _q w—7j— w—j—1
g (g )qa(n+1)+zg(3)(q )(—1)w—i—t [ T (40| - qeomen.

(=1

and for any € > 0,

1@

27 C UnJrl

du < q(a—é—l-e)N‘

The proof is therefore complete for arbitrary positive integer w > 1. [l



small circle C¢ about the ¢~

We now write f(u) =

Note that f(u) is still a meromorphic function on
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Step 2:

We use the contour which consists of a small circle Cy with the center at the origin and

f(u)
27” j‘;C'1+“f1-l-Ce-l-'}'2 untl du.

(a

)
3
| |

(b fCl un+1du =0 (nq;_nw> , as n — 00.
flu
Me_y0+ 7E+)1d =0.

)

)
(c) lim

)

(d) For all 0 < ‘w < 1, we have

9(g"*)(—a)

1—w aw

q

to the small circle. Therefore, for each n € N, one has

a keyhole contour (cf. [4, Section 3] for more details). The keyhole contour consists of a
of radius €, extending to a line segment ~; parallel and close
to the positive real axis but not touching it, to an almost full circle C, returning to a line

segment parallel vs, close, and below the positive real axis in the negative sense, returning

1
=0t 270 Jy 4 U

an

q
+ O(W)’ as n — 0o.

Step 3:

function

I'(w)
e
N(w—1)

(

(aZ;IL_“’ >

q* - {g(qa)(w

)_

()

2

Combining (a)~(d), we arrive at this theorem for case 0 < w < 1.

Proof. We proceed by induction on |w|. The case |[w] = 0 has been proved. Assume
that Theorem 7 holds for all |w] < N. Suppose |w]|

= N + 1, we consider the following

=g() - (u—q )"+ hlu) - (w—q7%),

{ueC-[q7¢

ano b,u™, where b, = —¢~%a, +ay,_1 for alln > 0 and set a_; = 0.

00) : Ju| < ¢* =}
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for some &' > 0 and lim (u—¢ %)L f(u) = g(¢g~®) # 0. Solving a,, from b,,, we derive

u—q—*
that

n

(6) an = — an(kH) by for n > 0.
k=0

Since lim (u—q )" ' f(u) # 0 and |w — 1] < N, we have

r—q— 9
w9l Mg gon g
ba = (1) Iw—1) n?-w o n2-w

by induction hypothesis. Combining (6) and the above formula of b,, implies that

—ay a(w—1) " o
RSN WY

k=1

an = (—1)

Note that for w > 1, we have

S () o,

k=1

Hence

e _wg(qfa)qa(wfl) a(nt1) nwfl 1 qan

an =(=1) I'w-—1) (q ) wo1)" o™ )] +o nl-w
_wg(q—a)qaw qCLTL q[lTL
= —1 . .
ot (=) o ()

The proof is complete. O
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