HALL POLYNOMIALS FOR TAME TYPE

BANGMING DENG AND SHIQUAN RUAN

ABSTRACT. In the present paper we prove that Hall polynomial exists for each
triple of decomposition sequences which parameterize isomorphism classes of co-
herent sheaves of a domestic weighted projective line X over finite fields. These
polynomials are then used to define the generic Ringel-Hall algebra of X as well
as its Drinfeld double. Combining this construction with a result of Cramer, we
show that Hall polynomials exist for tame quivers, which not only refines a result
of Hubery, but also confirms a conjecture of Berenstein and Greenstein.

To the memory of Professor J. A. Green

1. INTRODUCTION

Inspired by the work of Steinitz [32] and Hall [13], Ringel [21, 22] introduced the
Hall algebra H(A) of a finite dimensional algebra A, whose structure constants are
given by the so-called Hall numbers, and proved that if A is hereditary and repre-
sentation finite, then H(A) is isomorphic to the positive part of the corresponding
quantized enveloping algebra. By introducing a bialgebra structure on H(A), Green
[11] then generalized Ringel’s work to arbitrary finite dimensional hereditary alge-
bra A and showed that the composition subalgebra of H(A) generalized by simple
A-modules gives a realization of the positive part of the quantized enveloping algebra
associated with A. The proof of the compatibility of multiplication and comultiplica-
tion on H (A) is based on a marvelous formula arising from the homological properties
of A-modules, called Green’s formula. We remark that Lusztig [16] has obtained a
geometric construction of quantized enveloping algebras in terms of perverse sheaves
on representation varieties of quivers.

In case A is representation finite and hereditary, Ringel [21] showed that the struc-
ture constants of H(A) are actually integer polynomials in the cardinalities of finite
fields. The proof is based on a basic property of the module category of A, namely,
the directedness of its Auslander—Reiten quiver. These polynomials are called Hall
polynomials as in the classical case; see [17]. Then one can define the generic Hall
algebra Hg(A) over the polynomial ring Q[q] and its degeneration H;(A) at ¢ = 1. It
was shown by Ringel [24] that H;(A) is isomorphic to the positive part of the univer-
sal enveloping algebra of the semisimple Lie algebra associated with A. Since then,
much subsequent work was devoted to the study of Hall polynomials for various class-
es of algebras. Ringel [23] has calculated Hall polynomials for three indecomposable
modules over a representation-finite hereditary algebra. Some Hall polynomials for
representations over the Kronecker quiver has been calculated in [34, 27]. Recently,
Hubery [14] provided an elegant proof of the existence of Hall polynomials for all
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Dynkin and cyclic quivers by an inductive argument based on Green’s formula men-
tioned above. Moreover, he proved that Hall polynomials exist for all tame (affine)
quivers with respect to the decomposition classes of Bongartz and Dudek [2].

Inspired by the work of Hubery [14], the main purpose of the present paper is to
study Hall polynomials for coherent sheaves of a domestic weighted projective line X
over finite fields. The key idea is again the use of Green’s formula. More precisely,
we extend the notion of decomposition classes to that of decomposition sequences,
which parameterize isoclasses (isomorphism classes) of coherent sheaves of X over
finite fields, and show that Hall polynomial exists for each triple of decomposition
sequences. These polynomials are then applied to define an algebra H,(X) which
is a free module over the Laurent polynomial ring Q[v,v~!] with a basis all the
decomposition sequences. By extending H,(X) via formally adding certain elements
constructed in [4], we obtain the generic Ringel-Hall algebra H,(X) of X. By further
introducing Green’s pairing on H,(X), we construct its Drinfeld double DH.,,(X) over
Q(v). Combining this construction with [6, Prop. 5], we show that Hall polynomials
exist for decomposition sequences associated with a tame quiver. This result refines
the main theorem of Hubery [14] and also confirms a conjecture of Berenstein and
Greenstein [3, Conj. 3.4].

The paper is organized as follows. Section 2 gives a brief introduction on the
category of coherent sheaves over a weighted projective line X and recalls the definition
of the Ringel-Hall algebra of X over a finite field and the Green’s formula as well. In
Section 3 we define decomposition sequences for a domestic weighted projective line
and give some preparatory results which are needed in Section 4 to prove the existence
of Hall polynomials. Section 5 is devoted to defining the generic Hall algebra H,(X)
of X as well as its Drinfeld double DH,(X). In the final section, we show that Hall
polynomials exist for tame quivers and present some applications as well.

2. THE CATEGORY OF COHERENT SHEAVES OVER A WEIGHTED PROJECTIVE LINE

In this section we review the category of coherent sheaves over a weighted projective
line and its basic properties, and we also introduce Hall algebras and Green’s formula.
For further fundamental concepts and facts on categories of coherent sheaves over
weighted projective lines and on Hall algebras, we refer to [10, 5] and [26, 30, 7].

2.1. The category of coherent sheaves. Let k& be an arbitrary field. A weight-
ed projective line X = Xj over k is specified by giving a weight sequence p =
(p1,p2, ... ,pt) of positive integers, and a collection A = (A1, Ag, ..., \) of distinct
points in the projective line P! (k) which can be normalized as A\; = 00, Ao = 0, A\3 =
1. More precisely, let L. = L(p) be the rank one abelian group with generators
T1,T9,...,Z and the relations
p1T1 = paZa = -+ = iy =: G,
where € is called the canonical element of .. Denote by S the commutative algebra
S =k[X1,Xo, -+, X¢]/a = k[x1,x2,... ,x¢],
where a = (fs,... , fi) is the ideal generated by f; = X" — XP> + \, X", i =3,... ¢
Put I ={1,2,... ,t}. Then S is L-graded by setting
deg(x;) = @; for each i € I.

Moreover, each element Z € LL has the normal form & = ), _; ;% +1c with 0 < I; < p;
and [ € Z. We denote by L the positive cone of . which consists of those & with
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[ > 0. Finally, the weighted projective line associated with p and A is defined to be

X = Spects.
According to [10], the set of nonzero prime homogeneous elements in S is par-
titioned into two sets: the exceptional primes xi,...,x; and the ordinary primes

F(xt,x5?), where f(T4,T%) is a prime homogeneous polynomial in &[T}, To] which are
distinct from 77,75 and Ts — A\; 14 for ¢ € 1. The exceptional primes correspond to the
points Aq,..., A, called exceptional points and denoted by x1,... ,xzs, respectively,
while the ordinary primes correspond to the remaining closed points of P!(k), called
ordinary points. For convenience, we denote by Hj the set of ordinary points. For
each z € Hy, its degree deg(z) is defined to be the degree of the corresponding prime
homogeneous polynomial.

The category of coherent sheaves on X can be defined as the quotient of the category
of finitely generated IL-graded S-modules over the Serre subcategory of finite length
modules, that is,

coh-X := mod"(S)/modg§(S).

The free module S gives the structure sheaf O. Each line bundle is given by the grad-
ing shift O(Z) for a uniquely determined element Z € L, and there is an isomorphism

Hom(O(7), O(7)) = Sy_s.
Moreover, coh-X is a hereditary abelian category with Serre duality of the form
DExt}(X,Y) = Hom(Y, X (&)),

where D = Homy(—, k), and & := (t —2)c— >, ; 7; is called the dualizing element of
L. This implies the existence of almost split sequences in coh-X with the Auslander—
Reiten translation 7 given by the grading shift with .

Recall that coh-X admits a splitting torsion pair (coho-X, vect-X), where cohg-X
and vect-X are full subcategories of torsion sheaves and vector bundles, respectively.
Moreover, cohg-X decomposes as a direct product of orthogonal tubes

cohp-X = H coh,-X x H coh;-X,
z€Hy, iel

where each coh,-X is a homogeneous tube, which is equivalent to the category of
nilpotent representations of the Jordan quiver over the residue field k,, while each
coh;-X is a non-homogeneous tube, which is equivalent to the category of nilpotent
representations of the cyclic quiver with p; vertices. By a classical result, the isoclasses
(isomorphism classes) of objects in coh,-X are indexed by partitions, while those in
coh;-X are indexed by multipartitions; see, for example, [25]. More precisely, for each
z € Hy, coh,-X admits a unique simple object S, and, up to isomorphism, each object

in coh,-X has the form Si(m,z) = ®5_,S.[m,], where m = (71,... ,7s) is a partition
and S[m,] is the unique indecomposable object of length .. While for each i € I,
there are p; simple objects S;0,...,S5;p,—1 in coh;-X. For each 0 < 7 < p; — 1 and

[ > 1, let S; ;[l] denote the indecomposable object in coh;-X of length [ with top S; ;.

It is known from [10] that the Grothendieck group Ky(X) of coh-X is a free abelian
group with a basis O(Z) with 0 < & < ¢, where we still write X € Ky(X) for the
isoclass of an object X € coh-X. Let p = l.c.m.(p1,...,p;) be the least common
multiple of p1,...,p; and 0 : L — Z be the homomorphism defined by §(Z;) = 1%‘
The determinant map is the group homomorphism

det : Ko(X) — L, O(&) —> .
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The rank function on K((X) is given by the rule rkO(Z) = 1 while the degree function
is given by the rule deg O(¥) = §(&). For each non-zero object X € coh-X, define the

slope of X as p(X) = drekg)f. The Euler form on Ky (X) is given by

(X,Y) = dimj, Hom(X,Y) — dim;, Ext!(X,Y).
for any X,Y € coh-X. Its symmetrization is defined by
(X.Y) = (X,Y) + (V. X).

In the present paper we mainly focus on weighted projective lines X of domestic
type, i.e., 6(&d) < 0. In this case, the Auslander—Reiten quiver I'(vect-X) of vect-X con-
sists of a single standard component of the form Zﬁ, where A is an extended Dynkin
diagram associated with the weight sequence p. Moreover, the full subcategory of
indecomposable vector bundles on X is equivalent to the mesh category of I'(vect-X).
Furthermore, for any two indecomposable objects X,Y € coh-X, Hom(X,Y) # 0
implies p(X) < p(Y).

The following result will be needed later on.

Lemma 2.1. Let E be an indecomposable vector bundle with rkE > 2. Then there is
an ezact sequence 0 - L — E — F — 0 in vect-X such that L is a line bundle and
Ext!(F, L) = k. In particular, F is indecomposable.

Proof. Choose a line bundle L of maximal degree such that Hom(L, F) # 0. Then we
get an exact sequence

(2.1) 0—L—F—F—0

in coh-X. We claim that F' is a vector bundle. Otherwise, there exists a simple
subsheaf S of F', which yields the following pullback commutative diagram:

0 L r S 0
0 L E F 0.

This gives a line bundle L’ satisfying that Hom(L',E) # 0 and degL’ > degL,
contradicting the choice of L.
Applying Hom(—, L) to the exact sequence (2.1) gives the exact sequence

0 — Hom(L, L) — Ext'(F, L) — Ext(E, L).
Note that Hom(L, L) = k and Ext' (E, L) = DHom(L(~&), F) = 0 since deg L(—&) >
deg L. Therefore, Ext!(F, L) = k. O
2.2. The Hall algebra of coherent sheaves. Let k be a finite field. Given objects
Z,X1,...,X; in coh-X, define F)%l x, to be the number of filtrations
Z=2027212 22 127%;=0

such that Z,_1/Zs = X, for all 1 < s < t, called the Hall number associated with
Z.X1,... X,

For each object X € coh-Xj, put ax = |Aut(X)|, the cardinality of the automor-
phism group Aut(X) of X. The following result is taken from [20, 18].
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Lemma 2.2. Let X,Y, Z be three objects in coh-Xy. Then

jos |EXt (X,Y)z| az
XY 7 THom(X,Y)| axay

where Ext!(X,Y) 7 denotes the subset of Ext'(X,Y) consisting of equivalence classes
of exact sequences in coh-X of the form 0 —-Y — Z — X — 0.

Now let k be a finite field with ¢ elements and let v, denote the square root ,/q of
q. For each M € coh-X, let [M] denote the isoclass of M. By definition, the Ringel-
Hall algebra H (Xk) of the category of coherent sheaves on X}, is the free module over
the ring Q[vg, v; '] with basis {{M] | M € coh-X;}, and the multiplication is given by

[M]IN] = oY Y7 i yIR):
[R], Recoh-Xj,

By a result of Green [11], H(X}) is a bialgebra with comultiplication defined by

apa
Aw(R) = Y oM E =R M) @[N],
(M), [N] f

In fact, the associativity of multiplication and the coassociativity of comultiplication
follow from the identity

Y FApFic=) FixFic
X X

where the sums on both sides are actually taken over isoclasses of objects in coh-X,
though we shall often use this more convenient notation. Furthermore, the com-
patibility of multiplication and comultiplication is encoded in following marvellous
formula—the so-called Green’s formula—which plays a fundamental role in the study
of Hall algebras.

Lemma 2.3 ([11]). For each quadruple (M,N,X,Y) of objects in coh-Xj, we have
the equality

(2.2)

(A,D y aaapacap
N FiinFeylap= Y ¢ MPIFYRFY b FY Py o ——
E A,B,C,D MAENEXEY

Following an idea in [14, Sect. 3], if Ext}(X,Y") = 0, then the left-hand side of (2.2)
contains only one term

which, by Lemma 2.2, is equal to

XeY axgy 1 _ 1 pxey
MN Hom(X,Y)|axay axey axay MN

Thus, in this case, Green’s formula (2.2) is simplified to the form

(2.3) FA)}G?VY: Z ) <AD>F FCDFACFY @AABAcaD
7 A,B,C,D AMaN
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2.3. The elements Oz, T, and Z, in H(X}). As above, let k be a finite field with
q elements. In the following we recall from [4] the definition of some special elements
in the Ringel-Hall algebra H (X}) which will be needed later on.

By [4, 5.5], for each ¥ € L, with normal form & = ). _; l;Z; +1¢, define the element
Oz = Oz, via the formula

(2.4) A(O) =[0]@1+ Y 0;®[0(-F)).

rely

el

Then ©z can be written as

(2.5)
Oz = vé+m Z H(l — vq_2deg(zj)) X
Zj,M5,M;

H (1- vq_2) [@ Sz ng] @ @ Siolmipi + li]]a

iEI,(mi,li);ﬁ(0,0) J i€l

where m = |{i | [; # 0}, and the sum ranges over all tuples of distinct ordinary points
zj and nonnegative integers n;, m; satisfying »; n; deg(z;) + > ey mi = L.

However, the definition of the elements T, = T, , and Z, = Z, , in H(X},) for all
r > 1 are rather complicated, so we refer to [4, Sect. 6]. We emphasize that the Z,
commute with [S] for all torsion sheaves S in coh-Xj.

3. HALL POLYNOMIALS FOR A DOMESTIC WEIGHTED PROJECTIVE LINE

In this section, we introduce the notion of Hall polynomials and prove that Hall
polynomials exist for a domestic weighted projective line.

As in the previous section, let X = X, be a domestic weighted projective line over
a finite field k. By x = x(X) we denote the set of isoclasses of objects in coh-X which
clearly depends on the ground field k. Let x; and x; be the subsets of x consisting
of the isoclasses of torsion sheaves and vector bundles, respectively. Further, let
Xnh be the subset formed by the isoclasses of sheaves without homogeneous regular
summands. In other words, xnn consists of isoclasses of sheaves whose indecomposable
summands are either vector bundles or torsion sheaves lying in non-homogeneous
tubes. Hence, the set y,, can be described combinatorially and is independent of
k. Moreover, each sheaf in a homogeneous tube corresponding to a point in Hy is
determined by a partition. For each a € x, we fix a representative Si(«) in the
class a. Given o, € x, we write a @ ( for the isoclass of Si(a) @ Sk(8). Thus,
each o € x can be uniquely decomposed as a = o; ® oy with Si(ay) € cohg-X and
Sk(ay) € vect-X.

3.1. Segre sequences and Hall polynomials. A Segre sequence is a sequence A =
(A dy), AP dy),..., (A7) d,)) of pairs (AP, d;), where A®) are partitions and d;
are positive integers with d; < dy < --- < d,. Such a sequence is said to be of type
d = (di,dy,...,d,). If all @) are the empty partition, then we simply write A = (.
A decomposition sequence of type d is by definition a pair e = (a, A), where o € xun
and A is a Segre sequence of type d.

Remark 3.1. For a partition 7 and a positive integer d, by inserting the pair (7, d) to
a Segre sequence A = (AV), dy), (A dy),... , (A", d,)) we mean the Segre sequence

pe= (D dy), .o, (AD dy), (r, d), WY diy) ., (A dy)),
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where 1 < ¢ < r satisfies d; < d < d;11. In this case, we also say that A is obtained
from g by removing the pair (m,d). In particular, any finitely many Segre sequences
can be converted to Segre sequences of same type via inserting and removing some
pairs (0,d). Finally, two decompositions sequences a = (a, \) and 3 = (8, ) are
identified if & = 8 and A can be obtained from p by inserting and removing some
pairs (0, d).

For a finite field k, denote by X} (d) the set of sequences z = (21, ... , z) of pairwise
distinct points in Hy, with deg(z;) = d;. Note that the cardinality of X%(d) depends on
the ground field k, and X} (d) is possibly empty. However, X (d) # 0 when |k| > 0.

For each Segre sequence A of type d and z = (21, ... ,2,) € Xi(d), define

Sk(A.2) == P Sk (A, z1) € cob-X,
1=1

where Sk()\(i),zi) € coh,,-X}, is determined by the partition M@ Further, for each
decomposition sequence a = (a, A) of type d, define

Sk(a, z) = Sk(a) ® Sk(A, 2).

If A =0, then a = (o, 0) € xun and Sg(ax) = Sk(«). Clearly, Sk(ev,z) € vect-Xj, if
and only if @ = ay € x5 and A = 0. In this case, o is said to be of torsion-free type
(we also simply write a € x ), and we write S(c, z) = Si(a) = S(«). Furthermore,
Sk(a, z) € cohg-Xj, if and only if o € xun N x¢. In this case, « is said to be of torsion
type.

Given o = (a, \) of type d = (dy, ... ,d;), if p is obtained from A by removing a pair
(0,ds), where1 < s < randds < dsy1, then pisof typed = (dy,... ,ds—1,dst1,... ,d;)
and, moreover, for each z = (z1,...,2,) € Xx(d),

Sk(a7§) = Sk((a7 N)?Z_,)a

where 2/ = (21,... ,25-1, 2s+1,--- , 2r) € X(d'). Therefore, by setting 3 = («, u1), the
two sets

{Sk(a,2) | z € X(d)} and {Sk(B,2) | 2’ € Xu(d)}

give rise to the same family of isoclasses of coherent sheaves in coh-Xj.

By S we denote the set of all decomposition sequences (up to the identification in
Remark 3.1) and by S; (resp., Sy) its subset of decomposition sequences of torsion
type (resp., torsion-free type). Note that Sy can be identified with x s which is a
subset of xyn. Now for each @ = (o, \) € S, the decomposition o = a; @ ay gives
two decomposition sequences

oy = (ay, A) € S, and af = (ay,0) € S
such that for each z € Xj(d),
Sk(ay, z) = Sk(e,z)r and Sk(ay,z) = Sk(a,2)y = Sk(ay).

We simply write a = a; @ ay.

Give a,3 € S of type d, it is easy to see from the definition that the value
(Sk(a, 2), Sk(B,2)) is a constant for any field k£ with |k| > 0 and z € Xy (d). Thus,
we simply put

<avﬁ> = <Sk(a7§)vsk(ﬁaé)> and (anB) = <avﬁ> + <187a>
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Definition 3.2. Given a, 3,7 € S of type d, if there exists a polynomial ¢, g€ Z[T)
such that for each finite field k of ¢ elements with ¢ > 0,

Sk(v.2
vo5(a) = FS:((;E){ supe Torall z € Xi(d),

then we say that the Hall polynomial cpz g exists for o, B and ~.
One of our main purposes in the present paper is to prove the following result.
Theorem 3.3. For arbitrary o, 3,7 € S of type d, the Hall polynomial gpl g ewists.

The theorem will be proved in the next section. In the following we present some
preparatory results which will be needed for the proof of the theorem.

Lemma 3.4 ([21]). Let ¢,¢ € Z[T] and assume v is monic. Then v divides ¢ if and
only if the integer ¥(q) divides the integer ¢(q) for infinitely many q € Z.

Lemma 3.5. Given decomposition sequences o and 3 of type d, there exists a mon-
negative integer ho g such that for any finite field k of q elements with ¢ > 0,

hap = dim Hom(Sk (e, 2), Sk(B,2))  for all z € Xy (d).

Proof. Assume o = (o, \) and B = (5, ) with «, 8 € xun and A\, p are Segre se-
quences. Since the Hom-functor commutes with direct sum, it suffices to prove the
lemma when both Si(a, z) and Si(3,2) are indecomposable. Thus, & = 0 or A = ),
and 8 =0 or u = (). We treat each of the four cases as follows:

(i) Case A = 0 and p = (. In the case when Sk(a, z) is a vector bundle, then
either Hom(Sg(ex, 2), Sk(3,2)) = 0 or

dim Hom(Sy(a, 2), S (8, 2)) = (Sk(ex, 2), Sk(8, 2))

which is independent of k; in the case when Si(a, z) is a torsion sheaf, then
either Hom(Sk (e, 2), Sk(B,2)) = 0 or both Si(e,z) and Sk(B,z) lie in the
same non-homogeneous tube. The latter case follows from the representation
theory of a cyclic quiver; see [25, 12].

(ii) Casea =0 and = 0. Then Sk(a, z) and Si(/3, z) are Hom-orthogonal or be-
long to the same homogeneous tube. This case follows from the representation
theory of the Jordan quiver; see [17].

(iii) Case A =0 and B = 0. Then Ext!(Si(a, 2), Si(3,2)) = 0. By Riemann-Roch
formula in [10],

p
rkardeg B =) (Sk(e,2),7'Sk(B, 2)) = pdimy, Hom(Sk (v, 2), Sk(B, 2))-
i=1
Thus,
1
dimg, HOIH(Sk(a, é)v Sk(ﬁv é)) = ]_Qrka deg 3,
which is a nonnegative integer (since p divides deg 3) and independent of the

field k, as desired.
(iv) Case a =0 and p = 0. In this case Hom(Sk(e, 2), Sk(83,2)) = 0.

The following is an easy consequence of the lemma above.
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Lemma 3.6. Given a decomposition sequence a of type d, there exists a monic integer
polynomial ae, € Z[T] such that, for any finite field k of q elements with q > 0,

aa(q) = [Aut(Sk(a, 2))|  for all z € Xy (d).

Proposition 3.7. If a, 3,7 € Sy, then the Hall polynomial ‘sz g exists. If, moreover,
Ext!(Sg(ax), Sk(B)) = k, then ¢ 5 is monic.

Proof. By the assumption, we can write a = (a, ), B8 = (5,0), and v = (v,0) for
a, B, Y EXf-

Let k be a finite field and take a complete slice . in vect-Xj, which gives a
tilting bundle 7', such that every indecomposable direct summand of Si(«), Sk(5)
and Sk(7) is generated by T'. For instance, the slice . can be taken such that each
indecomposable direct summand of Sk(«), Sk(5) and Sk(7y) lies on the right hand
side of the slice in the Auslander—Reiten quiver of vect-Xj. It is well known that the
endomorphism algebra A := End(7T) is tame hereditary and F := Hom(7, —) induces
an equivalence between certain exact full subcategories of coh-Xj; and mod-A. In
particular, the images of Si(«), Sk(8) and Sk(y) under F belong to the preprojective
component of mod-A. Then the existence of gpzé, 5 follows from the fact that Hall
polynomials exists for any three preprojective A-modules. (Note that the latter can
be proved by using the arguments similar to those in [21, Th. 1].)

Now assume Ext!(Sy(a), Sp(8)) = k. Thus,

[Ext'(Sk(a), Sk(8))s,(y| =0, 1, or |k| — 1.
By Lemma 2.2, we have

Pl Bk, Sk(B)sn]  |Aut(Si())]

B(2),5% (8) [Hom(Sk(a), k()] [Aut(Sk(e))|[Aut(Sk(8))]
Then each term on the right hand side of the above equality is a monic integer
polynomial in |k|. This implies that gpl’ 5 is monic. O

Proposition 3.8. Let a = (o, \), B = (B,1) and v = (v,v) be decomposition
sequences of type d = (dy,... ,d,). If a,3,v € S, then the Hall polynomial gozéﬂ
exists. Moreover, for fived decomposition sequences o and (3 of torsion type, there
are only finitely many decomposition sequences =y, and vice versa, such that 9017 8 #0.

Proof. Let k be a finite field. Since there are no nonzero homomorphisms between

objects in distinct tubes of coh-Xj, we have for each z = (z1,... ,2,) € Xk(d),
Sk (,2) k(1) Sk(v,2)
Se ) 5082 = Tt 500 T80 5402
_ S T pet )
7 Sk(e),Sk(8) Sk(A® 2:),Sk (1D, 2;)"

i=1
By the existence of Hall polynomials for nilpotent representations of cyclic quivers

(including the classical case; see [25, 12, 13, 17]), the Hall polynomials 9027 B(T ) and

@KZ; e (T) (1 < i <r) exist. Therefore, the polynomial

(i)
H‘PKw uo(T%) € Z[T)

is the required Hall polynomial ¢, B(T)'
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The second assertion follows from the properties of Hall polynomials for nilpotent
representations of a cyclic quiver. O

4. PROOF OF THEOREM 3.3

This section is devoted to proving Theorem 3.3. In the following we always assume
that @ = (o, \),8 = (B, 1), and v = (v,v) are decomposition sequences of type d.
Further, for a finite field k and z € Xy (d), we will simply put

M = My(z) == Sk(e, 2), N = Ni(z) :== Sk(B,2), and Z = Zy(2) == Sk(7, 2).

4.1. Reduction 1. To prove Theorem 3.3, it suffices to prove the existence of Hall
polynomials cpzﬁ for all o, 3,7y € S with v € Sy = x;.

Proof. If « is of torsion type and F ]\Z’;(é)) Ni(2) # 0 for some finite field k¥ = F, and
z € Xj(d), then both a and 3 are of torsion type. Thus, the existence of 9017 3 follows
from Proposition 3.8.

Now assume Zj(z) = Zi(2): ® Zi(2)y with Zk( )t # 0 and Z(2)s # 0 for some
finite field k& = F, and z € &j(d). Since Ext'(Z(z )f,Zk( )t ) 0, pplymg the
formula (2.3) to the quadruple (M, N, Z¢, Z;) = (My(2), Ni(2), Zi(2) ¢, Zr(2)¢) gives
the equality

Fipn = Z g Zr AP P BFCDFAf Fiy

A,B,C,D
On the one hand, thD # 0 implies that B, D € cohg-Xg, i.e., B = By and D =
Dy, while Fffc # 0 implies C' € vect-Xj, i.e., C' = Cy. On the other hand, since

Extl(vect—Xk,coho—Xk) = 0, we obtain that D = N; and C = N;. Moreover, the
associativity of Hall numbers implies that

M E M M E _ M E _ My
FAvBt - Z FAvatFE7Bt - Z FAfvEFAtth - Z FAfvEtFAt,Bt - 5Af7MfFAt,Bt'
E E

asapacap
apyan

Ey
Thus,
GApMABAN,;GN,
z (Z,24)—(A®M ¢ ,Ny) 2 My 1225 Zy f N
Fan = Z ¢ PEE N B agm, N BN, -

apra
A,Becoho-Xj MEYN

Since My = Sk (o, z) with ay = (ay, A), F%fg, # 0 implies that
A= Sk(Evé) and B = Sk(lrlvé)

for £,m € S of type d. Moreover, by Proposition 3.8, there are only finitely many
such pairs (&,n). Hence, we conclude that

z Z4,7¢)—(Sy (€,2)®M ¢ ,Ny) 1M, Zy Z
Fiin =) @2 G@aeMNIpel, o semaFoneommn, Foiman
£nes

» Sy (&,2)0M; ASy,(,2) ANs ANy

)

apman
where the sum, as indicated above, is essentially a finite sum. Applying Proposition
Zt : : ot
3.8 again shows that F Sk (g 2),54(m.2) and F' Sn(m,2),N, ar€ given by Hall polynomials Pem

and ('Dn 8, respectively. By Lemmas 3.4 and 3.6, the existence of Hall polynomial
ol 8 follows from that of Hall polynomials cpgé; a8, O
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4.2. Reduction 2. To prove Theorem 3.3, it suffices to prove the existence of Hall
polynomials ¢ 8 for all @ € S; and B,v € Sy.

Proof. By Reduction 1, we can assume that v € Sy and, thus, B8 € Sy since vect-X
is closed under subobjects. Thus, v = (v,0) and 8 = (5,0) for some v, € x;. If
a € Sy, then the existence of cp; 8 follows from Proposition 3.7.

Now assume M = Si(at,z) = My @ My with M; # 0 and My # 0 for some finite
field k£ and z € Xj(d). Associativity of Hall numbers implies that

z E zZ Z E
Fun = E FMf,MtFE,N = E FMf,EFMt,N7
E E

where N = Si(8) and Z = Sk(v). The term FAZJﬁEFf[hN # 0 implies that £ €
vect-Xj and there are embeddings N < E < Z. Thus, there are only finitely many
isoclasses of such E’s and E = Sy () for some 6 € Sy. Hence,

zZ z Si(6)
Fiin = Firs.0F.~-
oexy
By Proposition 3.7, F Jéﬁ 1 (0) is given by the Hall polynomial ‘:le,e’ Therefore, the
existence of cp; 3 follows from that of the gpih 8 O

4.3. Reduction 3. Let t be an integer with ¢ > 2. Suppose that Hall polynomials
exist for all @ € §; and B3, € Sy with rky < t. Then the Hall polynomial ‘PZX 3 also
exists for a € §; and B, € Sy with rky = t.

Proof. Take av € S; and B,v € Sy with rky = ¢. Let k = F, be a finite field. If
Z = Sk(v) is decomposable, we can write v = v, & vy with Z; = Si(y;) # 0,
Zy = Sk(v9) # 0, and Ext!(Zy,Z;) = 0. Applying (2.3) to the quadruple (M =
Sk(a, 2), N = Si(B), Z2, Z1), we obtain the equality

FJ\%I,N — Z q<Z2’Zl>_<A’D>F%BFgDFf%FgID

A,B,C,D
On the one hand, Ff% # 0 implies that C' is a subobject of Zs and

deg C = deg Zy — deg A > deg Zy — deg M.
Thus, there are only finitely many such C’s and each of them has the form C' = Si(0)
for some 6 € Sy. Similarly, F' ng # 0 implies that D = Si(o) for finitely many choices
of o0 € §f. On the other hand, since M = Si(a, 2) is a torsion sheaf, we have by
Proposition 3.8 that F%B # 0 implies that A = Si(€,2) and B = Sk(n, z) for some

&,n € S of type d and, moreover, there are only finitely many such pairs (§,7).
Therefore,

FJ@,N — Z q<Z27zl>_<Sk(€7§)7sk(o)>Fé\f
§n€ESt; 0,068y

asapacap
apan

N 4
(€254 (1.2 F5:0).50(0) F5,.€.2),5: 0)

« 4 A5, (€,2) 35 (€,2) 4S5, (0) XSk (o)

Sk(nvé)vsk(o—) apan ’

By Propositions 3.7 and 3.8, Fé\g(é) S (o) and Fé‘f(6 2),8k(n,z) A€ given by Hall poly-
nomials o]  and 90?,77’ respectively. Since rkZ; < rkZ =t and rkZy < rkZ = t,

we have by the induction hypothesis that F 5?:(6 2),54(0) and FZt are given by

Sk(nvé)vsk(o—)
Hall polynomials, too. Applying Lemmas 3.6 and 3.4 gives the existence of gpl 8
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Now suppose that Z = Si(7y) is indecomposable. Since rkZ = t > 2, it follows
from Lemma 2.1 that there is an exact sequence 0 — L — Z — Z' — 0 with L a
line bundle and Z’ a vector bundle such that Ext'(Z’, L) = k. Applying (2.2) to the
quadruple (M, N, Z’ L), we have

(AD) M N 127 oL
ZFMNFZ’L/CLE— Z q FA,BFC,DFA,CFB,D
A,B,C,D

aAaapacap
apanayzar, '

Since every extension of Z’ by L is isomorphic either to Z or to Z’ @ L, it follows that

E E E Z Z Z'®L nZ'eL
FM,NFZ’,L/CLE:FM,NFZ’,L/CLZ—’_F b F EB /aZ/@L
E

Consequently, we obtain that

AD M N / L aAaBacaD
FZ E q FA,BFC,DFA,CFB,Dia AN
aZ / ’
o - FZ'eLpZ'eL
aZ’éBLF "L

By similar arguments as above, the sum on the right-hand side is finite and each Hall
number occurring in the sum, as well as Fﬁl %L (since Z' @ L is decomposable),

given by an integer polynomial. By Lemma 2.2, it is direct to see that F7, Z @L is given

by an integer polynomial. Further, by Proposition 3.7, F Z,7 ; is given by a monic
polynomial. Therefore, ‘sz 8 exists by Lemma 3.4. g

4.4. The proof of Theorem 3.3. Combining Reductions 1, 2 and 3, we are reduced
to prove the existence of the Hall polynomials gpl 8 for the case where @ € S,
B,y € Sy with tky = 1. 7

Let k be a field and z = (z1,...,2,) € Xx(d). As above, put Z = Si(v), M =
Sk(a,z) and N = Si(8). By taking a grading shift, we may assume that N = O and
Z = O(u) for some 4 € Ly. We now use associativity together with an induction on
the determinant det @ to prove the assertion.

If M supports at more than two distinct points, then M admits a non-trivial
decomposition M = My @& Ms such that M, and Ms have disjoint supports. It follows
that

Ext! (M, My) = 0 = Ext!(My, My).

By associativity, we have
FO@ _ O@) pO@) _ O(@—7) O(D)
Fyvo = ZFM%Ml DY Fy oo = Eyb—a,0twm,00
O(7) o<o<a

By induction on det i, all the terms on the right-hand side are given by Hall polyno-
mials. This shows the existence of gpl 8

Now we assume that M supports at a single point. Then F' J\(Z(g) # 0 implies that
there is a surjection O(@) — M, which ensures that M is indecomposable; see, e.g.,
[30, Ex. 4.12]. If M has quasi-Loewy length ¢ > 2, then there is an exact sequence
0— M — M — S — 0, where S is quasi-simple. Associativity of Hall numbers
implies that

—

M O(u) SeoM’ o(d) (@—7) O(U)
FomFaro +Esnr FS@M’O_ZFSO(U o= > Fo o Faro-
O(?) 0<v<u
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Clearly, Fs(?eg@[’ o =0 and FéVIM, = 1. Thus,

O(u O(u 7) ~O(?)
= > FsnoFwo
0<v<u
is given by an integer polynomial by an inductive argument on det .
Now assume M is a quasi-simple sheaf. If M = S;; lies in a non-homogeneous
tube, then F S (uzo =1 for @ = Z; and j = 1, and zero otherwise. If M € coh,-X,, for

some z € Hy with » = deg(z), then FOSO)

both cases, the Hall polynomial 4,0 g exists.
This finishes the proof of Theorem 3.3.

Let k be a finite field and X € coh-Xj. Then for each field extension k£ C K,
XK .= X ®;, K is an object in coh-Xg. A finite field extension K of k is said to
be conservative relative to X if for each indecomposable summand Y of X, YX is
indecomposable in coh-Xg. In general, given a finite set 2 = {Xi,...,X,,} of
objects in coh-Xj,, a finite field extension K of k is said to be conservative relative to
Z if K is conservative relative to each X; for 1 < ¢ < m. Note that there always
exist infinitely many conservative field extensions of k relative to Z .

=1 for @ = rc and it is zero otherwise. In

Corollary 4.1. Fix a finite field k and three objects M, N, Z in coh-Xy. Then there
exists a polynomial 901@7 N € Z[T] such that for each conservative field extension K of
k relative to {M, N, Z},

K
‘PMN(’KD ]\%[K N~

Proof. Choose decomposition sequences a = (a, A), 3 = (8, 1),y = (7, v) of the same
type, say of type d = (dy,... ,d,), and z = (z1,... ,2,) € Xk(d) such that

M = Sk(aag)a N = Sk(ﬁag)u and Z = Sk(77é)
Moreover, we can assume that for each 1 < ¢ < r, one of the partitions )\(i),u(i), v

is not the empty partition. Thus, if K is a conservative field extension of k relative
to {M, N, Z}, then z € Xk (d) and

M" = Sg(a,z), N¥ =5k(B,2), and Z% = Sk(y,2).
By Theorem 3.3, 9017 g is the desired polynomial (’DJ%/I, N- U

5. GENERIC HALL ALGEBRA OF X AND ITS DRINFELD DOUBLE

In this section, we define the (generic) Hall algebra of a domestic weighted projec-
tive line X as well as its Drinfeld double by using the Hall polynomials given in the
previous sections.

5.1. Generic Hall algebra. By 2.2, for each finite field k, we have the Ringel-Hall
algebra H(X}) of the category of coherent sheaves on Xj, defined over k.

Recall the set of decomposition classes S over X defined in Section 3 and the Hall
polynomial gp'oy"ﬁ(T) € Z[T) for each triple at, 3,7 € S of the same type. Let Q[v,v~!]
be the Laurent polynomial ring with indeterminate v and put

) = @ Q[Iv’ v_l]uav

aEeS
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that is, the free Q[v, v~!]-module with basis {uq | @ € S}. For o, 8 € S, define their
multiplication by

UaUg = vieB) Z cpzﬂ('u2)u7,
~YES
where a and 3 are thought of same type in the sense of Remark 3.1 and the sum is
taken over all v € § of the same type. Note that for fixed o, 3 € S, there are only
finitely many - satisfying gplﬁ(T) # 0. If e = (@, 0), we sometimes write ua = U[g(a)
for computational purpose, e.g., ujoy, ugs, ] ete.

Proposition 5.1. The Q[v, v~ !-module H,(X) endowed with the multiplication de-
fined above becomes an associative algebra with identity 1 = ug, where O denotes the
decomposition class (0,0).

Proof. We need to show the associativity of the multiplication. Take arbitrary o, 3,4 €
S. On the one hand, we have

(uaug)uy = ’ﬁZ%g Jugty = v'P Y "G 5(07) (0O Y o (v7)us)

9cs 0es oes
= (@B BN N (N7 00 L(0)gd . (v?)) us.
eSS 0O€eS
On the other hand,
Ua (ugty) = vi@AITHe Z Z P (0795 (v%))us.
6eS 6€S

Thus, to prove the associativity, it suffices to show that

(5.1) > @ (Mg (T) =D &5 o(T)pf (D).
0es 0eS
By the definition, for each finite field k with ¢ = |k| > 0 and z € X% (d),
0 s _ Sk (6,2) Sk(8,2)
> Fap( 09540 = 3 Fsla) 58505 502
0es 0es
_ Sk(9,2)
= Pyl 0 589,82 = D_ S0(@)95.4(0);
0eS

where the second equality follows from the associativity of the Ringel-Hall algebra
H(X}). Hence, the left and right hand sides of (5.1) take the same values for prime
power ¢ > 0. In conclusion, (5.1) holds. O

Form now onwards, let Q denote the set of all prime powers (# 1). For each
q € Q, let F; denote the field with ¢ elements and set v, = \/q. We will simply write
Xy = Xp,, Sq(a, z) = Sr, (e, 2), etc. Consider the infinite direct product

ITHEEX)
qeN

which clearly carries a natural structure of an associative algebra whose multiplication
is defined componentwise, that is, for any (aq)q; (bg)q € [1, H(Xy),

(ag)q - (bg)q = (agbg)q-
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Let Z be the ideal of [ ], H(X,) generated by the elements (aq)q with aq = 0 for ¢ > 0.

Then the quotient
= [[ EX)/z
qeN

—

becomes an associative algebra, too. In other words, elements in H (X) are equivalence
classes under the equivalence relation ~ defined by

(ag)g ~ (bg)q <= aq = by for ¢ > 0.

It is clear that the element v = (vg), is invertible and does not satisfy any polynomial
equation over Q in H(X). Thus, by identifying v with v, H(X) can be viewed as an
algebra over the Laurent polynomial ring Q[v, v~!].

In what follows, for each ¢ € Q, we fix a total ordering < of all points in Hp, such
that 2 < y implies deg(z) < deg(y). The chain of points in Hp, of degree d is denoted
by

Yd,1 = Yd2 = = YdCas
where (g is the number of points of degree d in Hy,. For each given o € S of type
d = (dy,...,dy), there exists a unique element z, , = (21,--.,2) € &p,(d) such that
for each di < d < d,,
(Zi7 s 7Zj) = (yd,ly s 7yd,j—i+l)7

where d;_1 < d = d; = --- = d;j < dj;1. In particular, if two decomposition se-
quences @ = (a A) and B = (B, 1) can be identified in the sense of Remark 3.1, then
Sq(a 2o q) (B)Zﬁq)

Proposition 5.2. The assignment uq + ([Sg(Q,24.4)])g, @ € S, defines an embed-
ding of Q[v,v~1]-algebras

: Hy(X) — HX) = [[ HX,)/T
qeEN

Proof. The injectivity of ® is obvious. We need to check that ¢ is an algebra homo-
morphism. For any o, 3 € § (of same type), we have by the definition that

UqUg = v Z <,0;176(1)2)u,y
~YES

Furthermore, for ¢ > 0, the ¢g-component of @(ua)é(ug) is given by
S q
[Sy(er, 2)][Sy (B, 2)] = vi> (@& 5BD N plans  a[Sa(r:2)],

Sq(v,2)

where z =z, , = 25, = while the g-component of ®(uqug) is given by

Zv )

vl "0 S(@)[Sq (v, 2)]-
Y

Sq (72
By Theorem 3.3, cpzﬂ(q) = quq((;’é))’sq(ﬁ@ for ¢ > 0. Hence, ®(uqug) = ®(ua)P(ug),

as desired. O

Remark 5.3. In the definition of ® above, if AF (d) = 0 for small ¢, then the
component [S;(a, 24 4)] in ®(uq) is understood as zero.
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—

From now on, we will identify H, (X) with the subalgebra ®(H, (X)) of H(X). Thus,

—

we will use the notation us to denote its image ®(uq) in H(X).
Recall the elements T, 4, Z,, and Oz, in H(X,) introduced in §2.3 for all » > 1,
Zel,and g€ Q. Set
Zr = (Zrg)g Tr = (Trg)g Oz = (Oz4)q € HX) = [ H(X,)/T.
qen

—

Let H,(X) be the Q[v, v~!]-subalgebra of H(X) generated by H,(X) and Z, for r > 1
and put

H’U(X) = HW(X) ®Q[v,v*1} Q(’U)
Both #H,(X) and H,(X) are called the generic Hall algebras of X.

Proposition 5.4. For allr > 1 and Z € Ly, T, and Oz lie in H,(X). Moreover,
H,(X) can be also generated by Hy(X) together with one of the following sets:

O AT | r =1} A) {7 |r =1} () {Oz [ F € Ly}
Proof. By [4, Prop. 5.6], for every ¢ € Q and r > 0, T, , — Z, 4 belongs to the

subalgebra of H(X,) generated by [S; ;] for i € I and 0 < j < p; — 1. It follows that
all T, — Z, belong to the subalgebra of H, (X) generated by the ujs, - Hence,

(Ho(X), T, | 7 2 1) = (Ho(X), Zy [ r 2 1).
By [30, Ex. 4.12] and [4, Lem. 5.20], we get that
(5.2) 1+ Z O," =exp((v—v") Z T.t").
r>1 r>1
This implies that
(Ho(X), T | 7 2 1) = (Hy(X), Oz [ 7 2 1).

Moreover, by [4, Prop. 5.21], we have Oz € (H,(X),0,z | r > 1) for & € L. This
finishes the proof. O

Let £ denote the set of infinite sequences of nonnegative integers [ = (I,.),>1 satis-
fying > 1, < co. For each [ € L, set

ZL = H Z,lf, TL = HT,{T, and @L = H @l;é»
r>1 r>1 r>1
Proposition 5.5. Fach of the following three sets
{uaZ;|aeS,lel}, {udi|lacSleLl}, and {ua®;|acS,lecLl}
is a Q(v)-basis of H,(X).
Proof. We only prove that 2 := {uaZ; | @ € S, € L} is a Q(v)-basis of H(X).
This together with the arguments in the proof of Proposition 5.4 implies that the
other two sets are Q(v)-bases, too.

By the definition, #,(X) is spanned by 2. It remains to show that 2 is a linearly
independent set. For each a« € S and [ € £, we have

UaZ] = uafuatZL,

where o = oy @ oy with ay € Sy and oy € S;. Then for each ¢ € Q, the ¢-th
component of uqZ; is

[Sq(eep)[Sq(et; 2ag)] 2105
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where Z; , = HTZl(Zr,q)lT. Let H/(X,) (resp., H(X,)) be the Q[v,, v, v, Y-subalgebra
of H(X,) generated by [S] with S all the torsion-free (resp., torsion) sheaves. Then
the multiplication map

mult
HY(Xg) ®gp, o) H' (Xg) ™ H(X,)
is an isomorphism of Q[vg, v vy —1]-modules. Thus, it suffices to prove that the set
{[Sq(aaga,q)]zl ’ acS,le ﬁ}

is linearly independent in H (X)) for ¢ > 0. By the construction of Z, ; given in [30],
this is reduced to prove that for each fixed [ € £, the set {[S,(e, N7 | o € S} is
linearly independent.

By [28, 15] and [4, Sect. 5], the elements Z, , are central in H'(X,), and for each
[ € £, multiplication by 7 ,

H'(X,) — H'(X,), a — aZ,

_aq

is injective. Therefore, for g > 0, the set
{[Sq(, 2)]Z1q | @ € St}
is linearly independent. We conclude that
¥ ={uaZ;|aaeS,l €L}
is a linearly independent set, as desired. O

Proposition 5.6. The following relations hold in H, (X):

(1) 2, Zs] =

(2) [Zr uey] = 0

(3) [Zr,u[@(x | = Yujo@sre) for some v, € Q(v).

(4) [Tr 1) = Elujo i), where 2] = (0¥ —v™2) /(v —v7).
(5) [0, naﬂ = (1 =v) Y vuo(nina)Or—i

1<i<r

Proof. The relations (1)—(4) hold since they hold in each g-component for ¢ € 9; see
[4].

We now prove (5). For each finite field & = F,, the well-known embedding
coh-P'(k) — coh-Xj, induces an algebra embedding between their Ringel-Hall al-
gebras which takes ©, 4 — ©,z, and [O(n)] — [O(nc)]; see [4, Lem. 5.20]. Hence, it
suffices to show that the equality

(5.3) [Org, [OM)]] = (1 =0 Y o*[O((n+1)]0y—ig
1<i<r

holds in the Ringel-Hall algebra of P!(k), where v = v/q. Consider the generating
functions

s) =1+ 6,5, T( —1+Z s', and O(t) =1+ Y [O(

i>1 i>1 i>1

where [i], = (v —v™%) /(v —v~1). By the proof of [30, Ex. 4.12],
s Vs

O(s) = exp(T(vs) — T(v™'s)) and [T(s),0(t)] = —O(t)log(1 — E)(l - 7)
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Hence,
1— 5
[T(vs) = T(6~"5),0(1)] = O(t) log ——%:L.
Tt
This implies that
1 ___Ss
O(:)0(t) = O()O(s) 5!
T

Then (5.3) follows from the equality

- —4 25"
1_&221—#(1—1} )Zv’—..
? i>1

0

5.2. Extended generic Hall algebra. For each prime power g € 9, let Ky(X,) be
the Grothendieck group of coh-X,. It is well known that K¢ (X,) is independent of g.
Thus, we simply write Ky(X) for Ky(X,). Finally, set

6 :=[0(0)] - [O] € Ko(X).
Furthermore, we denote by K = Q[v, v !][Ky(X)] the group algebra of Ky(X). To

avoid possible confusion, we write K\y; instead of [M] for each M € coh-X. Further-
more, for each decomposition sequence a in S, we simply set Ko = K3, (a,z) in K for

¢ > 0. We equip the Q[v, v]-module H(X) := Hy(X) QQv,o-1] K with an algebra
structure (containing H,(X) and K as subalgebras) by imposing the relations

KauaKa_l = v(a’o‘)ua, Va € S,a € Ky(X).

For each ¢ € 9, denote by H (X,) the extended version of H(X,), that is,

F(X,) = H(X,) @gp, ooty Qltgs v Ko (X))

Then the embedding of Q[v, v~!]-algebras
O Hy(X) — HX) = [[ HX,)/Z
qeN
extends to an embedding
O : Hy(X) — [[ HXg)/Z, vaKa— ([Sqler, 2)|Ka)q,
qeN

where Z denotes the ~ideal of [, H (Xy) generatedbe the ~elemelats (aq)q WiNth ag =0
for ¢ > 0. We view Hy(X) as a subalgebra of [[, H(X,)/Z and denote by H(X) the
Q[v, v~ 1]-subalgebra generated by ]?IU(X) together with Z,. for r > 1. Finally, we set

Ho(X) = Ho(X) Qo1 Q) = Ho(X) @) Q) [Ko(X)].

Both ﬁv(X) and ’;LU(X) are called the extended generic Hall algebras of X.

The topological comultiplications A, on the Hall algebra H (Xy) for all ¢ € Q
induce a topological comultiplication A on [], ﬁ(Xq) by A((aq)q) = (Ag(ag))q, where
ag € H (Xy). It is easy to see that 7 is a coideal. Hence, it induces a topological
comultiplication on the quotient [], H (Xy) JZ, which is still denoted by A.

Proposition 5.7. We have the following formulas in ?TLU(X):
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(1) AluyKa) = Z V(P T T P ug Kgia @ ugha fory € x¢ and a € Ko(X);

(2) Alupe) = U[O] ® 1+ > ser, OsKlo(a) ® vo(-a);
(3) A(Zy) =2, @1+ K5 ® Z, forr > 1.

Proof. By definition, it suffices to show that each formula holds for any finite field &
with g := |k| > 0. Thus, the formulas (2) and (3) follow directly from [4].

We now prove (1). Slnce for z = 2, 4, both subsheaves and quotient sheaves of
Sq(7, z) are again torsion sheaves with supports in z, we have

Ay([S4 (7, 2)) KCa)
Sq 2 aSq o,z aSq B,z
—Zv B IO gy 2B (5 (0 ) Kpya @ [S,(8. 2)| K,

aSq (77&)

—Zv P apla ij@( 200D (5, o, 2)] g @ [9,(8.2))

0

Proposition 5.8. The comultiplication A induces a topological bialgebra structure
on the extended generic Hall algebra H,(X).

Proof. By Proposition 5.7, for r > 1 and a € x¢, A(Zy) and A(uakKa) belong to

the completion Ho(X)&H,(X). It suffices to show that A(ua) € Ho(X)@Ho(X)
for ao € xy. Note that for each ¢ € Q, the category vect-X, can be generated by

line bundles. It is reduced to prove that A(ujoz)) belongs to Ho(X)@H o (X). Since

’i-vtq,(X) is closed under grading shift by Z; see [4, Cor. 5.18], the assertion follows from
Propositions 5.4, Proposition 5.7(2), and the fact that Oz € H,(X) forallZ# e L,. O

5.3. Drinfeld double of extended generic Hall algebra. By [11], for each ¢ € Q,
there is a paring (called the Green’s pairing)

{—=—1}¢: ﬁ(xq) X ﬁ(xq) — Q[quvq_l]
on H (Xy) defined by
b) 05,5
as
Moreover, this pairing is non-degenerate and symmetric, and satisfies
{ab,c}y = {a®b,Ay(c)}q Ya,bc e HX,).

They give rise to a pairing

{——}: Hﬁ(Xq) X Hﬁ(Xq) — HQ[”qv”q_l]

{[S]Ka, [S"|Kp}i = VS, S € coh-X,, a,b € Ky(X).

defined by

{(ag)g: (bg)q} = ({aq: bg}q)q-
It is easy to see icvhat @q(@[vq,vq_l] is an ideal of HqQ[vq,vq_l], and we denote the
quotient ring by Q. Finally, we obtain a pairing

(5.4) = (IIHx)/Z HH J/T) —Q
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satisfying that
{(aq)q(bg)q: (cq)q} = {(aq)q ® (bg)q: Al(cq)q)}q: ¥V (ag)q; (bg)q: (cq)q € Hﬁ(xq)/i-
q
Now we recall some notations from [4]. For each 1 <7 <t and r > 0, define

[r]? 1 1
T(v2rpi -1 o v2r — 1)

def,, =

which is the defect of the exceptional point x; when specializing v to v,, where
[r] = (v" —v7")/(v —v 7).

Proposition 5.9. We have the following equalities:
(1) {2, Zs} = 6y 5(2 B 4 50, dety), Vs > 1;

v—v-1 7
(2) {vaKa, usKp} = v@P) 22 v Be S, abe Ko(X);
(3) ForZ =3, Lifi+lc€ Ly anda = (o, A) € S with A = (A, dy),... , (A", d,)),
{te, Oz} = 0 or equals to

,U(a,a)—l—l—l—m

T [[ -2 JI @a-v?;

1<s<r,A(5) £ iel,(m;,l;)#(0,0)
see (2.5) for the notations.

Proof. By definition, it suffices to show that each equality holds for ¢ € Q with ¢ > 0.
Then (1) follows from [4, Prop. 6.3] and (2) can be proved by an easy calculation.
(3) For z = 2z, , € AF,(d),

Sal@, 2) = S4() ® (B1<52r S (A, 24)),

so {[Sq(e, 2)],Oz4}q # 0 if and only if [Sy(a, 2)] occurs in the expression of Oz, in
(2.5). This happens only if det e := deta + >, ., IA®)|d,&@ = Z and the length of
M) is 1 for each 1 < s < r. In this case, the coefficient of [S, (e, 2)] is given by

vffm H (1 —vq_2ds) H (1 —vq_z).

1<s<r A(5) £0 i€l,(m4,l;)#(0,0)
On the other hand,
Uga,a)
{[Sq(e, 2)], [Sq(ex, 2)]}q = :
aSq(a7§)

This completes the proof.
O

Our next goal is to introduce the reduced Drinfeld double of the topological bial-
gebra H,,(X) = Hy(X) ®g(v) Q(v). By Proposition 5.9, the pairing in (5.4) induces a
pairing

Consider the pair of Q(v)-algebras ?th (X)) with bases

{uaZ Ky |a €S leLac Ko(X)}.
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The Drinfeld double of the topological bialgebra ’ﬁf (X) with respect to the pairing
{—,—} is the associative algebra D’Hv( ), defined as the free product of algebras

’H+( X) and H,, (X) subject to the relations
Z al_b;_{a% bl} = Z bii_ag{alv b2}7

where a,b € Ho(X), Ala) = Y a1 ® ag, and A(b) = 3 by ® by. The reduced Drinfeld

double DH,(X) is the quotient of DH,(X) = 7-L+( X) ® H, (X) by the Hopf ideal
generated by K @ K~, —1®1 for a € Ky(X). We then have the following triangular
decomposition of DH, (X) as Q(v)-vector spaces

HE(X) Dgu) K Qg Hy (X) — DH(X),
where IC = Q(v)[Ky(X)]. For each a € K((X), we will write
Ka=K®1=1® K; € DH,(X).

Remarks 5.10. (1) Let C,(X) denote the Q(wv)-subalgebra of H(X) = H,(X)@Q(v)
generated by ujoqg) for | € Z, ujg, jfori € I, 0 < j < p; — 1, and T, for r > 1, called
the generic composition algebra of X. It was shown that [29 Th. 5.3] that Cy(X) is
isomorphic to a quantized loop algebra U, (n).

(2) In [9], Dou, Jiang and Xiao proved that for any field k& with ¢ elements, the
double Ringel-Hall algebra of H(X}) provides a realization of the quantized loop
algebra U, (ZLg) (over C, specialized at v = v, = /q) of the simple Lie algebra g
associated with Xj. Let DC,(X) be the subalgebra of D%, (X) generated by the set

+ + + + : .
{u[o(la],u[saﬂ,Tr Ky |leZiel,0<j<p —1r>1lacKyX)},

called the generic Drinfeld double composition algebra of X. We would expect a

generic version of the isomorphism given in [9, Th. 5.5], that is, there is a Q(v)-
algebra isomorphism U, (.Zg) — DC,(X).

6. HALL POLYNOMIALS FOR TAME QUIVERS

In this section we first define decomposition sequences for a tame quiver () analo-
gously as in Section 3 and then use Theorem 3.3 together with [6, Prop. 5] to prove
the existence of Hall polynomials for each triple of decomposition sequences for Q.
This not only refines the main theorem in [14], but also confirms a conjecture in [3,
Conj. 3.4].

Throughout this section, @ = (Qo, Q1) denotes an acyclic tame quiver, that is, @
contains no oriented cycles and the underlying diagram of () is an extended Dynkm
diagram of type A D and E. Let kQ be the path algebra of Q) over a field k. By
mod k(@) we denote the category of finite dimensional (left) k@Q-modules. It is known
from [8] that the subcategory ind £Q of indecomposable k@Q-modules admits a disjoint
decomposition

ind kQ = Pr U Ry ULy,

where Py, (resp., Ry, Zx) denotes the subcategories of indecomposable preprojective
(resp., regular, preinjective) modules. Moreover, Ry consists of finitely many non-
homogeneous tubes and infinitely many homogeneous tubes which are parameterized
by a subset Hy of P!(k).

Similar to Section 3, we denote by E = E(kQ) the set of isoclasses of kQ-modules
which clearly depends on the ground field k. Let Zp, = and Z7 be the subsets of =
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consisting of the isoclasses of preprojective, regular and preinjective modules, respec-
tively. Further, let Z,;, be the subset of = formed by the isoclasses of k@Q-modules
without homogeneous regular summands. Hence, the set =, can be described com-
binatorially and is independent of k. Moreover, each module whose summands lie in
a single homogeneous tube is determined by a partition. For each o € =, we fix a
representative My («) in the class a. Given «, 8 € =, we write a @ 8 for the isoclass
of My(a) ® My (B). Thus, each a € Z can be uniquely written as a = ap @ ag ® az
with ap € Zp, ag € Zg, and az € Z7.

A decomposition sequence of type d = (dy,. .. ,d,) for Q is a pair @ = (o, \), where
a € Zy, and A is a Segre sequence of type d (see Section 3 for the definition). For
each Segre sequence A of type d and z = (21,... ,2.) € Xk(d), define

My, 2) = P M\, ) € mod k@,
1=1

where M, (A, ;) is the regular kQ-module in the homogeneous tube associated with
the point z; determined by the partition A®). Further, for each decomposition se-
quence a = (a, ) of type d, define

My (e, 2) = My(a) @ Mi(X, 2).

Finally, by M = M(Q) we denote the set of all decomposition sequences for @) via
identifying (o, A\) and (v, 1), where X is obtained from g by inserting and removing
some pairs ((), d); see Remark 3.1. Further, we define the subsets Mp, Mz and Mz
of M in a natural sense. Each a € M can be written as a = ap ®& ar & az with
ap € Mp, ar € Mg and az € Mz.

Definition 6.1. Given a, 8,7 € M = M(Q) of type d, if there exists a polynomial
o € Z[T] such that for each finite field k with ¢ := |k| >0,

_ pMi(v.2)
175(61) = FM:(;Y,g),Mk(ﬁ,g) for all z € Xk (d),

then the Hall polynomial zﬁz’ 3 is said to exist for o, B and 7.

The main aim of this section is to prove the existence of Hall polynomials for the
tame quiver ). We need some preparation.

Let X; be a weighted projective line associated with the tame quiver () in the
sense that there exists an equivalence D?(coh-Xj) = DP(kQ-mod) of the bounded
derived categories. More precisely, there exists a tilting bundle T} in coh-Xj, whose
summands form a complete slice in the Auslander—Reiten quiver of vect-Xj, such
that the endomorphism algebra of T} is isomorphic to the path algebra kQ. Let
Z (T},) be the torsion-free class of coh-Xj, induced by T} which consists of the sheaves
Sk € coh-X, satisfying Hom (T}, Si) = 0. Since T} is a vector bundle, it is easily seen
that . (T}) is a full subcategory of vect-Xj, which can be described combinatorially
and is independent of the field k. Thus, we will drop the index k and view % (7))
as a subset of S. Let .7(T) be the subset of S consisting of & € S such that
My (e, z) is generated by Ty, for each z € & (d), where d is the type of a. Then each
decomposition sequence o admits a decomposition @ = a4 ® a— with ay € (7))
and a_ € .Z(T). Moreover, T induces bijections ¥; : 7 (1) - Mpgr (preserving
the Segre sequence) and Wy : .Z(T) — Mz. As a consequence, the functor Hom (7', —)
induces a triangulated equivalence of bounded derived categories

RHom(T, —) : D®(coh-X},) — D°(kQ-mod).
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Let DH(kQ) and DH(X}) denote the double Ringel-Hall algebras of k@ and Xj
over the field Q(v,), respectively; see [33, 4, 9]. Applying [6, Prop. 5] gives the
following result.

Lemma 6.2. There ezists a Q(vq)-algebra isomorphism

DH(kQ) — DH(Xy),

which takes

[M,(0p & O, 2)]" — [Sk(0+,2)] ",

[Mi(07, 2)]F +— vy =07V [Sk(0-, 2)] " Kp_
where @ = Op ®© Or ® 07 € M of type d, z € Xy(d), 04 = \1'1_1(07; @ 0r), and
0_=,'(67).

Now let ‘H,(T) be the Q(v)-submodule of DH,,(X) spanned by the set
{uiZ;ugKa laec T(T),leLl,Be F(T),ac KyX)}.

Proposition 6.3. H,(T') is a Q(v)-subalgebra of DH,(X).
Proof. Since the torsion (resp., torsion-free) class induced by 7' is closed under ex-
tension, the Q(v)-submodule of D%, (X) spanned by ué:ZZr for a« € T (T) (resp., by
ugKa for B € F(I') and a € Ko(X)) is a subalgebra of DH,(X). Hence, we only
need to show that uEu;L‘Z;F € H,(T) fora € 7(T),l € L, and B € F(T).

Take 3 € Z(T) and write A(ug) = > by ® by. Since .Z(T) is closed under subob-
jects, all the by are generated by ug with 8 € .#(T'). Then

ugZ = Z ug + > {Z,bi}by € Ho(T).

It remains to show uguz € Ho(T) for a € T(T), B € F(T). Assume A(uq) =
> a1 ® ay. Then the a; are generated by ug,a € Z(T) and Z.,r > 1. By the
defining relation R(uq,ug) in DH,(X), we have

(6.1) ugui = Z{ag, bi}aj by,

where A(ug) = > by ®@bs and a by € H,(T). We need to show that the sum is finite.
Since uq = Uq, fUay; We only need to consider the following two cases:

Case 1: o € §;. In this case, a; and ag are generated by uq, o € Z(T'). Hence,
there are only finitely many choices of a; and a9 since their degrees are bounded by
deg ae. Furthermore, there are only finitely many b;’s such that {as,b1} # 0. This
forces that there are finitely many choices of by which give nonzero terms in the right
hand side of (6.1).

Case 2: o € Sy. In this case, each term a can be assumed to have the form u., for
some v € S¢. Then {a, b1} # 0 implies that by = cyu~ for some ¢, € Q(v). Thus,
there are an epimorphism Si(83) — Sk(v) and a monomorphism Si(y) — Si(a),
which ensures that there are only finitely many choices of v and so for as. Hence,
there are finitely many triples (ag, b1, b2) which contribute a nonzero term in (6.1). O

Since all the exceptional simple sheaves belong to the torsion classes, we obtain by
an argument similar to that in the proof of Proposition 5.5 that the two sets

{uzT;ugKa} and {u;@zruBKa},
where a € T (T),l € L, B € .Z(T), and a € Ky(X), are both Q(v)-bases of H,,(T).
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A rational function ¢(v) = f(v)/g(v) € Q(v) is said to be nearly integral if
f(w),g(v) € Z[v] and g(v) is monic. We say that an element a € H,(X) is gen-
erated by a set X with nearly integral coefficients if a is a linear combination of
monomials of elements in X whose coefficients are nearly integral functions.

Lemma 6.4. For each 8 € F(T), the element ug € H,(X) can be generated by
{ujo@) | ¥ € L} with nearly integral coefficients.

Proof. By the assumption, Sx(@) = FE is a vector bundle. If F is decomposable,

then E can be written as £ = D Eﬁi, where F; are indecomposable satisfying
1<i<r

Ext!(F;, Ej) = 0 for i < j. Then

U l
- lilio1— 3 Ll (B, Es) u u’
_ il M L BB Uy iy

= (NIRRT
Thus, it suffices to prove the assertion in the case where F is indecomposable.
Now suppose that E is indecomposable. By Lemma 2.1, for each finite field k = I,
there is an exact sequence

0O—L—F—F—0

in vect-X, such that L is a line bundle and Ext!(F, L) = k. Then, in the Ringel-Hall
algebra H(X}), we have the equalities

[L][F] = v{*")[L & F] and

2 2
FIIE) = of"H @30 L Fl + " () = o P LIF) + 2 ),
It follows that
Ugq véL’F>
B) = g L] = (LI
In other words, we have in H,(X),
v o1

UE) = oz 700 UYL gz % YL UIF)

where 8 € Z(T) is defined by S(0') = F. Since F is a vector bundle with rank
smaller than that of E, the assertion follows from an induction on the rank of £. [

Lemma 6.5. For decomposition sequences @ € Z(T) and § € T (T), the element
ue_ug has nearly integral coefficients with respect to the basis

(6.2) {uZ@fugKa laae 7(T),le L, Be F(T), ac KyX)}.

Proof. By Lemma 6.4, for each v € Z(T'), uy can be generated by {ujo) | ¥ € L}
with nearly integral coefficients. Then by Proposition 5.7,

(6.3) Aluy) = Z g1~ @ A2~

where each aj~ can be generated by {ujp@),O7 | ¥ € L,y € Ly} with nearly
integral coefficients, and each as ~ has the form u.s for some 4" € .Z(T). Since U[O(F)]
(resp., ©z) can be generated by ujp(e);’s (resp., ©,¢'s) and u[s, ;’s with nearly integral
coefficients, we conclude that the a;~ in (6.3) can be generated by

{uoaa) us, ;O 1L € Z,r € NJi € 1,0 < j <p; — 1}

with nearly integral coefficients.
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We first consider the following two special cases of 4.
Case 1: 8 € S;. In this case, A(us) = ) csus, @ us,, where 81,02 € S; and
cs = v<“51’“52>F§1’ s, are nearly integral functions. Hence,

uguy = Z cocsiale, u,;2}ugl ay g
where the coefficients cocs{ai g,us,} are nearly integral functions by Proposition
5.9(3).

Case 2: 6 € Sy. In this case, ugug = 26965{(11,9,&275}&1’:5(12_70. Note that as 5
has the form uy for some 8’ € Sy. Thus, {a;9,a25} # 0 if and only if ug is a nonzero
term in the linear combination of a; g with respect to the third basis in Proposition
5.5. By Proposition 5.9, the coefficients cycs{a1,9,a26} are nearly integral functions.

In general, ug has a decomposition us = ug SUS, s where 6y € Sy and §; € S;. Hence,

—t =t + = .+
Ug Uy = UgUs U5, = E :COC‘;f{aLH’a275f}a1,5fa2,0u5t
_E: + ot

= CoCs 60’6515{&1,97 2,6 }{61170/, u5t,2}a175f uét,1a2,0"

where each a g takes the form ug for some 6’ € .Z(T'), and the coefficients are nearly
integral.

Finally, by the construction of 7, given in [4, Sect. 6], we obtain that for each
1 €1, [u[sl.’j],Tr] can be generated by g, 1,0 < s < p; — 1, with nearly integral
coefficients. An analogous result holds for [ug, ;,©,z by using (5.2). This together
with Proposition 5.6 (5) completes the proof. O

Theorem 6.6. For arbitrary o, 3,7 € M = M(Q) of type d, the Hall polynomial
¢Z g erists.

Proof. For each 8 € M of type d, write 8 = 8p ® O ® 07. Further, set

0, =V, 0p®0Or) € T(T) and 0_ = U, (07) € #(T).
Combining with Proposition 5.6 and Lemma 6.5, we obtain that in the expression
of the product (u;‘+u;7)(ug+u57) with respect of the basis (6.2) of H,(T), the
coefficient of U»JyluﬁlKaerﬁ,—’y, is a nearly integral function 53"6(12). For each
finite field & with ¢ = |k| > 0 and z € AXk(d), we take a total ordering < in Hj, so
that z = 24 ¢ = 284 = 2, 10 defining the embedding ® in Proposition 5.2. Then
SZB(Uq) is the coefficient of the basis element [Sk(v,2)| [Sk(v_,2)] Ko +8_—~_
in the expression of the product

([Swlevr, 2)] T[Sk, )] ) ([Sk(By, 2) T [Sk(B_, 2)]7).
By Lemma 6.2, there exists an integer I(«,3,7), depending on «,3 and =, such
that vé(a’ﬁmé’zﬂ(vq) is the coefficient of the basis element [M (v, z)]" in the prod-
uct [My(ex,2)] " [My(B,2)]". Set n) 5(v) = vl(""ﬁﬁ){zﬂ('v), which is again a nearly
integral function. Then, by the definition of the multiplication in the Ringel-Hall al-
gebra H(kQ) of kQ, nl ,B(v) takes integer values at v, = /g for prime powers ¢ > 0.

This forces that 771 B('v) is an integer polynomial in v2, that is, there is a polynomial
o.3(T) € Z[T] such that 92 5(v®) =1, 5(v), as desired. O

In the following we deal with three applications of Theorem 6.6. First, we have the
following consequence whose proof is analogous to that of Corollary 4.1.
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Corollary 6.7. Let k be a finite field and fix three kQ-modules M, N, Z. Then there
exists a polynomial zﬁfw\, € Z[T] such that for each conservative field extension K of
k relative to {M, N, Z},

K
VN (1K) = Fipx -

As a second application, we use Theorem 6.6 to deduce the main theorem in [14].
We first introduce some notations. Given a decomposition sequence o = (v, A) of
typed = (dy,... ,d,) in M = M(Q) with A = (A1), dy),... ,(A\"),d,)) and a positive
integer d, define the support of a relative to d to be the set

suppga = {1 <i <r|d; =d, \V £ 0}.
Given a subset J = {i1,... ,is} C{1,...,r}, set
aly = (o, p) with p= (AW d;)), ..., (A d;)).

Further, we denote by Ji(a) the set of isoclasses of representations of @) over k which
are of the form

Mi(a,z) = Mi(a) ® Mg(A, z) for some z = (21,...,2) € Xk(d).
By [14, Lem. 12], there is a polynomial I, (7T") € Q[T] such that for each finite field k,
Io(|k[) = [Tk(a)].

Now let a = (e, \), B8 = (B, 1),¥ = (7,v) € M be three decomposition sequences
of type d’,d”, d, respectively. The main theorem in [14] states the following

Claim: There exists a polynomial F) p(T) € Q[T such that for each finite field k,

7 (k) = Z FZy for all Z € Ty, ().
XeTg ()
Y €T, (8)
Write d' = (d},...,d.,),d" = (d/,...,d!),d = (di,...,d,) and denote by d the
sequence formed by d,... ,d,,d{,... ,d],di,... ,d, arranging in an increasing order.

We then extend Segre sequences A, i, vV to Segre sequences \ , i1, U of type d d by adding
pairs (0, d) in the sense of Remark 3.1 and set

&= (a,A), B=(B,f), and 5= (7,7).
Further, by 2 we denote the set of all pairs
(&= (a,A). B = (8,)),

where ) and i are Segre sequences of type d obtained from A and i, respectively, by
permuting the pairs (A, d).

We fix z € Xj(d) such that Z = My(v, z). Then for any X € J;(a) and Y € Ji(0),
that is,

X = My(a,z) and Y = My(B,y) for some z € Xp(d), y € A.(d”),
there exist a pair (& ( B) € Z and 2 € Xk(d) such that

Two pairs (&, ,B), (d', B ) € Z are said to be equivalent if for each positive integer d,

R ~ ~l
C‘4|supp a/|suppd’vv B |suppd’7 =0 |Suppd’77

5
. N . N
and [suppy& N suppyB| = [suppyd’ Nsupp,B |.
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We then denote by 2/ ~ the set of equivalence classes in 2.
In conclusion, we obtain that

D Fv= X Y E S s

X €T () ~ 2
year () (@.B)e7/

where the second sum is over all Z € Xy (d) satisfying
(6.4) Myi(%,2) = My (v, 2), Mi(&,2) € T(), Mi(B.2) € Tx(B),

up to equivalence. Here, two elements 2, 2’ € X (d) with property (6.4) are said to
be equivalent if

By Theorem 6.6, for each triple of decomposition sequences &, B, 4 (of type QZ), there
is a polynomial 1/)2 _(T) € Z|T] such that for finite fields k& with |k| > 0,

FMr(%:2)
w1 = Fyl et a2 € 4@
Therefore,
(6.5) Y. Fly= Y &yl 4k,
e @

where &(d) is the number of equivalence classes of Z € X (d) with property (6.4).
Furthermore, there is a polynomial £;(T") € Q[T] such that for each finite field k,

&i(Ik]) = Ex(d)-

Moreover, {;(7T') is independent of the choice of z € Aj(d). We conclude that the
polynomial

Y. &MWL ,(T) eQlT]
(&,8)€7/~
is the desired polynomial Fg ﬂ(T). The proof of the claim is complete.

As a third application, we consider a special case of Theorem 6.6 which provides
a proof of [3, Conj. 3.4]. Let a, 3 € M be such that My(a) = I and M(B8) = P
are preinjective and preprojective k@-modules, respectively, where k is a finite field.
Further, let d > 1 and A be a Segre sequence of type (d) (i.e., A is a partition).
Set v = (0,\) € M. Then yi(d) consists of points in Hj of degree d and for each
z € xk(d), Ix(2) == Mg(vy,2) is a regular kQ-module whose summands all lie in
the homogeneous tube corresponding to z. Applying Theorem 6.6 gives the Hall
polynomial 1/12;7 5 Therefore, for each finite field k and 21, 29 € xx(d),

(6.6) FO) = o).
Following the notation in [3, 2.5], for three kQ-modules A, B, C, set

]Ext,lfQ(B, A)cl
\Hoka(B, A)’

A7B j—
Fom =
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Since |Aut(Zx(z1))| = |Aut(Zx(22))| and Homyg(Z, P) = 0, applying Lemma 2.2 to
(6.6) gives the equality

pPI 1 _ 1 _ PI
FIA(zl) - |EthQ(I, P)Ik(z1)| = |EthQ(I, P)_’[)\(zz)| = FI/\(ZQ)

for all 21,29 € xx(d). This is exactly the equality conjectured in [3, Conj. 3.4].

Corollary 6.8. Conjecture 3.4 in [3] holds.
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