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ABSTRACT. We construct a compact Kéhler manifold of nonnegative
quadratic bisectional curvature, which does not admit any Kéhler metric
of nonnegative orthogonal bisectional curvature. The manifold is a 7-
dimensional K&hler C-space with second Betti number equal to 1, and its
canonical metric is a Kdhler-Einstein metric of positive scalar curvature.

1. INTRODUCTION

In recent years, the condition nonnegative quadratic bisectional curvature
(which we will denote by @B > 0) has drawn more and more attentions; see
for example [17], [9], [6], [18], and [13]. At a point p on a Kéhler manifold
(M™, g), this condition is defined by

> Rigj (2 =) 20,

3,7=1

for any unitary tangent frame {ej,...,e,} at p and any real numbers z1,
., Tn.

Note that when the bisectional curvature is nonnegative (denoted as B >
0 from now on), namely, when Ry gyy > 0 for any two type (1,0) tangent
vectors X,Y at p, then QB > 0 at p.

A condition slightly weaker than B > 0 is the so-called nonnegative or-
thogonal bisectional curvature, denoted as B+ > 0, which requires that
Ry 5yy > 0 for any two type (1,0) tangent vectors X,Y at p which satisfy
X 1 Y. Clearly, B+ > 0 already implies QB > 0, since the diagonal terms
in the summation vanish, and when n = 2, B+ > 0 and QB > 0 coincide.
However, when n > 3, @B > 0 does not have to have all the orthogonal bi-
sectional curvature terms to be nonnegative, thus it is weaker than B+ > 0,
at least from the algebraic point of view. It is however a totally different
question whether there will be any compact Kéhler manifold (M™, g) (n > 3)
with @B > 0 everywhere such that M"™ does not admit any Kéhler metric
with B+ > 0 everywhere.

The purpose of this note is exactly to demonstrate the existence of such
a manifold.
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This topic is of course closely related to the Frankel-Hartshorne conjec-
tures, which attempts to understand the elliptic end of the high dimensional
uniformization theory. The famous solution of Mok [14] to the generalized
Frankel conjecture states that any compact simply-connected Kéhler mani-
fold with B > 0 everywhere must be biholomorphic to a compact Hermitian
symmetric space. Recently, using the Ricci flow technique and earlier work
of X. X. Chen [7] and Brendle-Schoen [4, 5], Gu-Zhang [10] proved the fol-

lowing result:

Theorem (Gu-Zhang). Let (M™, g) be a simply-connected compact Kdhler
manifold with B+ > 0 everywhere. Then M is biholomorphic to a compact
Hermitian symmetric space.

In other words, the condition B+ > 0, although algebraically weaker than
B > 0, do not generate any new examples, since for any compact Hermitian
symmetric space, its canonical Kahler metric has B > 0 everywhere.

Here we avoided the discussion of non-simply connected cases, since split-
ting theorems are already known, in the generalized Frankel case by the
classic slitting theorem of Howard-Smyth-Wu [11], [16], and in the general-
ized Hartshorne case by Demailly-Peternell-Schneider [8].

The generalized Hartshorne conjecture seeks to understand all Fano man-
ifolds with numerically effective tangent bundles. This class includes all the
Kahler C-spaces, namely, all the compact simply-connected homogeneous
Kéahler manifolds. The conjecture, in its narrowest sense, states that any
compact simply-connected Kéhlerian manifold M™ with numerically effec-
tive tangent bundle must be biholomorphic to a Kéhler C-space (see, for
example, [19, p. 218]).

Note that for a Kéhler C-space M™, its canonical Kéhler-Einstein metric
(which is unique up to a constant multiple) has B > 0 everywhere if and only
if M™ is Hermitian symmetric. When M" is not Hermitian symmetric, any
Kahler metric on M™ cannot have B > 0 everywhere by Mok’s Theorem.
In fact, it cannot have B+ > 0 everywhere by the recent theorem of Gu and
Zhang. So one has to tolerate some mild negativity of bisectional curvature
in the quest of generalized Hartshorne conjecture, at least via differential
geometric approach. In light of this, the condition QB > 0 comes into play,
and it is natural to ask whether this condition will give a good differential
geometric description of Kahler C-spaces.

By the splitting results of H. Wu et. al., we know that under the condition
@B > 0 everywhere, any harmonic (1,1) form must be parallel, thus M"
will admit de Rham decomposition if the second Betti number by > 1. For
this reason we should restrict ourselves to Kahler C-spaces with by = 1.
This class includes all irreducible compact Hermitian symmetric spaces.



NONNEGATIVE QUADRATIC BISECTIONAL CURVATURE 3

Let M™ be an n-dimensional Kéahler C-space with b, = 1. The homoge-
neous Kéhler metric on M™ is unique up to a constant multiple, and it is
Kaéhler-Einstein. Let us denote this metric by gg. Let C be the set of all
Kahler C-spaces with bs = 1 excluding all irreducible compact Hermitian
symmetric spaces. We raise the following

Conjecture.

1). Any (M™,go) in C has QB > 0 everywhere.

2). If (M™, g) is a compact simply-connected and locally irreducible Kdhler
manifold with QB > 0 everywhere, then M™ is biholomorphic to a Kdhler
C'-space with by = 1.

3). In 2), g is actually isometric to (a constant multiple of) go, if the
manifold M" is not P".

In this note, we give an explicit calculation of one special example (M7, go)
in C, and show that it indeed has @B > 0, thus confirming that the condition
is genuinely more tolerant than B > 0 or B+ > 0. Our computation is
brute-force, due to our lack of knowledge in algebra. We suspect that a
more representation-theoretic computation would establish 1).

Main Theorem. The 7-dimensional Kihler C-space (Bs,as) has nonneg-
ative quadratic bisectional curvature.

2. THE CURVATURE OF KAHLER C-SPACES WITH by = 1

Kéhler C-spaces were studied by H. C. Wang [15], Borel [1, 2], Borel-
Hirzebruch [3], and others. A detailed study of the curvature tensor for
such spaces were given by M. Itoh [12].

Let G be a simply-connected, simple complex Lie group, and g its Lie
algebra. Fix a Cartan subalgebra h of g. Let [ = dimc b, and let A be
the root system of g with respect to h. Fix a fundamental root system
{a1,...,;} of A. It determines an ordering of the root system A = A" U

A~. We have
g= h S @ Ja,
acA

where g, is the root space corresponding to «, satisfying [ga, 95] C ga+p for
any two roots «, 8 € A.

Now let us fix an integer » with 1 < r < [. Denote by

Af(R) ={D mai € AT n, =k},  AF =[] AFE).
7 k>0
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Let P C GG be the subgroup whose Lie algebra is

p=hHo @ Ha,

aEA\AS

then P is a parabolic subgroup, namely, the complex manifold M = G/P is
compact. This gives a Kahler C-space with by = 1. Conversely, any Kéhler
C-space with be = 1 is given this way. We will denote this space by (g, o).

Table 1 on page 55 of [12] gives the list of all Kéhler C-spaces with by = 1,
using the Dynkin diagrams. The double circled ones are the Hermitian
symmetric ones. From the table, we see that the simplest non-symmetric
example would be M7 = (Bs, a2), which will be our example in this note.

In the remainder of this section, we will follow Itoh’s notations and cal-
culations [12], and collect the necessary formulas that we need later for
computing the curvature of Kéhler C-spaces with by = 1. Let M" = (g, o)
be a Kahler C-space with by = 1. Denote

mf= P . mt=Pmf,
aeAf (k) k>1
and define m, and m~ similarly. Also, let t = h @ @QGAHO) (fa @ g-a).
Then g = t ®m, where m = m™ & m~, and
[tLm] S, [y, mp] Sy, [myl m ] St

and for any k > [ > 0, it holds [m}, m; ] Cm; ,, [m,, m;] Cm; ;. The
space m™ can be identified with the holomorphic tangent space of M™. Let
K be the Killing form of g. Let E, be a Weyl canonical basis of g, namely,
E, € g, for each a € A, and

K(E., E_,)=—1, Nopg=N_q 3, (2.1)
for any a, 8 € AT, where N, s is determined by [E,, Eg] = Nu gEa+s3-

The canonical metric go = ( , ) is given by

f(zr any X,Y € m,‘f, where the complex conjugation on M is determined by

E, = FE_, for each «. In the following, we will assume that

X em], Yemj, Zemwm, Wem,

where i, j, k,[ are any positive integers, and compute the curvature compo-
nent Ryy 4y of the canonical metric go. From [12], we have

R(X,Y)Z = [MX),AY)]Z - M[X,Y]w)Z — [[X, Y], Z],
where

AX)Y = L XY, AX)Y = [X, V]

it
Like in [12], a straight forward computation yields the following formulas.
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Proposition 2.1. On a Kdihler C-space (M™, go) with by =1, then for any

XEmZ-*, Yemj, ZEm;, WEmf,
the curvature components are given by

. S kl _
ift+k =j+1, and Ryyzw = 0 otherwise. Here § = 1 for ¢ > 0 and
& =0 for ¢ <0. O

(2.3)

Note that by the invariance of K and the Jacobi identity, we see that the
first (or the third) term on the right hand side of (2.3) can be expressed as
a linear combination of the other two terms.

In the following, we will assume that g satisfies the condition
Af (k) =10, forall k> 3. (2.4)

This condition is satisfied by all four classical sequences A, B, C', D for
all 7, and for some of the exceptional cases. Note that the case m* = m;

corresponds exactly to all the irreducible Hermitian symmetric cases.

For the sake of simplicity, we will assume that M"™ = (g, ;) is of con-
tact type, namely, the condition (2.4) holds and A (2) consists of only one
element. Applying Proposition 2.1 to this contact case, we get

Proposition 2.2. Let M™ be a Kdhler C-space with b = 1 of the contact
type, then for any X, Y, Z, W in mf, and U € m;, we have

RUUUU = 2K([U7 U]v [U7 U])a

RXYUU = _K([X7 U]? [Y7 U]) = K([X7 YL [U7 U])?

Rxyzo = Rxguvo = Bxozo =0,

Ry s =~ K(X, 20, [V, W) + K (X, V], [Z, W)

_ %K([X, 20V, W]) + K ([X, W], [Z,Y]).

3. THE CURVATURE TENSOR OF (B3, as)

Let us now consider the specific case of M7 = (Bs, ag), where B3 = s07(C)
is the Lie algebra of the Lie group SO7(C). We will regard Bs as the space of
all 7x 7 complex matrices A = (a;;) such that a;; = —ajy forall1 <i,j <7,
where here and from now on we will write i’ = 8 — 4. A Cartan subalgebra
is given by all the diagonal matrices

h = {diag(a17a2)a3)0)_a37 —az, _al) | a; € Cy 1 < { < 3}
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The root system with respect to this b is
A={te;+e;|1<4,j<3,i#j}U{£e|1<i <3}
where ¢; € b* is defined by
g;(diag{b1, ba, b3,0, —b3, —ba, —b1}) = b;, 1<i<3.

Note that g = s07(C) has three simple roots {a1, a2, a3}, which are given
by

Q] = &1 — &9, Qg = &9 — €3, a3 = £3.
Let AT and A~ be the subsets of A consisting of positive and negative roots,
respectively. We have

A (0) = {ar, a3} = {e1 —ea, 3},
AF (1) = {2, a2 + a1, a2 + ag, a2 + 203, a2 + a1 + ag, o + a1 + 2a3}
= {ey —e3,61 — €3,62,62 + €3,61,61 + €3},
AT (2) = {2a2 + a1 + 203} = {e1 + &2},
AT (k)=0, fork>3.
Therefore, A = A (1) U AF(2) and M7 is of contact type.
For convenience, let us denote by e;; the square matrix whose (4, j)-entry
is 1 and other entries are zero. Let
Fij = eij — ejuy, 1<4,5<T.
Then, b is spanned by {F;; | 1 < i < 3} over C. Furthermore, the root
vectors can be explicitly given by
9ei—c; = CFij,  8eite; = CFijry 9—e,—; = CFyy,
ge; = CFia, g—c, = CFyy, forall 1 <4,57 <3.
We compute the trace form
(Fij, Fra)cr = trer (FijFr) = 2(6a6% — Oirr Oj1r)-
Since s07(C) is a simple Lie algebra, any two invariant symmetric bilinear

form on s07(C) are proportional. Thus, by rescaling some constant, we can
assume that the Killing form on so7(C) satisfies

K (Fyj, Fip) = 6adjk — 01 0ip - (3.1)
Moreover, observe that
[Fijs Fr) = 8 Fu — 6aFyj — 6k — Oiwr . (3.2)
We will form a unitary tangent frame {E1, ..., Eg; E7} (in the order) by
1
{F13, F14, F15, Fag, Fg, Fs o) 16}

and let their complex conjugation {Ej, ..., Eg; E7} be
1
72F61}.

{—F31, —Fy1, —F51, —F33, —Fyo, — F52; —
7%
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In the following, for the benefit of calculations in the next section, we will
let a, b, ¢, d be the indices from {1,2} and 4, j, k, [ the indices from {3,4,5}.
We will also let X = F,;, Y = Fy;, Z = Fy,, W = Fy be vectors in mf and
U= %Fw be in mJ. Note that Fj; = —Fj for any 4,5. By (3.2), we get

3
[X,Y] = 6apFji — 6ij Fup, (X, Z] = —0ip Foer,
[Z, W] = 6caFir — ki Fed, Y, W] = =81 Fya,
_ 1
[U, U] = —§(F22 + Fll)-

So by Proposition 2.2 and formula (3.1), we get from a straight forward
computation that

Rygyg = 2K([U,U],[U,U]) = 1,

Ryyuo = %51']'5(11)7

Rxyzw = —%(5ad5bc + 8ab0ed)0iks 17 + 8addbedijOns + dabdeadirdjn.  (3.3)

The result below follows immediately.

Proposition 3.1. The canonical metric go on M" = (Bs,as) is Kdihler-
Einstein, and its Ricci curvature is identically equal to 4. [l

4. NONNEGATIVITY OF THE QUADRATIC BISECTIONAL CURVATURE

In this section, we shall show that the 7-dimensional Kéahler C-space
(M7, go) given by (Bs, a) indeed has nonnegative quadratic bisectional cur-
vature. In other words, for any unitary tangent frame {e, : 1 < a < 7} and
any real numbers z1, ..., x7, the quantity QB := Z;bzl R(eq, €q, ep, ep)(Tqa—
1p)? is always nonnegative.

Write e, = 23:1 TuwiE; for some T € U(7), where {E1,..., E7} is the
Weyl basis mentioned in the §3. Since the metric gg is Einstein with Ricci
curvature equal to 4, we have

1
§QB = Z Raﬁxz - Z Radbl_)xaxb
a ab
=4 Z Ig — Z Rijk[TaiTaijkalxal‘b
a

= 42 |P5I° — Z RisiiPii Py
,J

,L'7j7k:’l
=4|P)* - 0.
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where P = TA,T is a Hermitian symmetric matrix. Here we wrote A, =
diag{z1,..., 27} and |P|?> = D |P;|? = >, 2. Write

(£ 4)

We have |P|? = |P'|? + 2]£|2 +2. Since under the Weyl frame {E;}, we have
Ry77z =1 and R;577 = 5” for any 1 <, 5 < 6, we know that

> RiuPiP+ 6 +t-te(P) + ¢
ik, =1

=0+ +t-te(P) + €%
Plugging these into the formula for QB, we get
1
5QB = 7)€1? + 3t2 —t - tr(P) + (4| P> - O0).
So @B > 0 for any Hermitian matrix P is equivalent to

1
d:=4P )P -0~ 12(tr(P’)) >0 (4.1)
for any 6 x 6 Hermitian matrix P’.

Writing {E1,...Eg¢} as {Fg : 1 < a < 2, 3 < i < 5} and using for-
mula (3.3), we get

2 5 1
Z Z 2 amk bz’bk/ - §Paiﬂpbi/w
a,b=11,k=3
PazbzP bkak + Pakabkbz )

Here as before, ' = 8 — i, and we use double indices for P, e.g., Pys13 = Pii.
Now let A, B, C be the 3x3 matrices given by

Aij = Pygj Bij = Puggy Cij = Py

then we can write [’ as

- 7<A~|— C,A+C)— f(<A A) + (C,C) + (B, B*) + (B*, B))

+ (trA)? + (tr0)? + 2|trB]* + |A + C|?,
where [A]? = Y7, 4]Aijl% (A, B) = 3.3 AjByjy = (B, A), and B* =
B. Since tr(P’) = trA + trC, and |P'|? = |A|]> + |C]? + 2| BJ?, we get
1
d =4(|A? +|C|* +2|BP) - O — - (A trC)?
= &1 + Py,
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where
1 = 4|AP2 +4|CP* + (A, A) + (C,0) + (A, C) — (trA)?
— (trC)? — |A+CP — 1—12(trA + trC)?,
®y = 8| B]* + (B, B*) — 2 |trB|*.
From

(B, B*) = |Ba|* + |Bss|* + |Bss|” + 2Re(Bs3 Bss + BsaBus + BysBsa),
we see that (B, B*) > —|BJ|?. This together with the fact that [trB|?> < 3|B|?
imply that

Py > (8—1—6) |B|* >0.
To deal with ®q, let us write ®; = ®] + @, where @/ is the part of ®;
coming from the (34), (43), (45), and (54) entries of A and C, and @/ the
rest. Then, we have
(I)ll = 8|A3,4|2 + 8|A45|2 + 8’034|2 + 8|C’45|2 + 4Re(A34A45 + 034045)
+ 2Re(A34C15 + Cs4As5)) — 2| Azs + Caaf* — 2| Ays + Cus .
Using Cauchy-Schwartz inequality, it is easy to see that
D) > (|Asa|® + |Ass|® + |Csa|® + [Cus]?) > 0.

So we are only left with the verification of the nonnegativity of ®. Let us
denote by a = (a1, az, a3) the three diagonal elements of A, let ¢ = (c1, c2, ¢3)
be the three diagonal elements of C, and write z = Ass, y = Cs5. Then we
have ® = ®1; + @12, where

@11 = 10|x|* + 10|y|* + 2Re(zg) — 2|z + y|%,
P9 = 4\a|2 + 4|c|2 + (2a1a3 + a%) + (2¢1c3 + cg) + (are3 + azcy + ase)
1
—t2 -2 —|a+c]* - ﬁ(ta +t0)?,

where t, = a1 + az + a3 and |a|? = a? + a3 + a3, and likewise for c. Clearly,
®1; > 0, and P15 is a homogeneous polynomial of degree 2 in a; and ¢;,
i =1,2,3. It is not hard to see that ®15 = (a,c)D Ya,c), where D is the
real 6 X6 symmetric matrix given by

G H
pelir e
in which G =3I - 3L+ J, H=—1— %L+ 3J, with
111 00 1
L=|111|, J=|010],
111 100

and I = I3 the identity matrix. We want to show that D > 0, or equivalently,
the 3 x3 matrix
G- HG'H > 0.
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Consider the matrix T' € O(3) given by

1 V3 1 V2
T=—1] 0 -2 2
VBl s 1 ve
We have
000 -1 .00
Tr=310 0 0|, TJr=| 0 10
00 1 0 01
Therefore, we get
2 00 -2 0 0
TGT=|04 0|, THT=| 0 -1 o0
00 2 o o0 -3
Thus,
2 00 3 00
-1 1
TG-HG'H)T=|040|—-|0 & 0/[=>0.
00 2 0 0 3

This establish the nonnegativity of ®19, hence the entire ®, and by (4.1) we
have shown that (Bs, as) has nonnegative quadratic bisectional curvature.
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