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Abstract

In this paper, we focus on error estimates to smooth solutions of semi-discrete discontin-
uous Galerkin (DG) methods with quadrature rules for scalar conservation laws. The main
techniques we use are energy estimate and Taylor expansion first introduced by Zhang and
Shu in [25]. We show that, with P* (piecewise polynomials of degree k) finite elements in
1D problems, if the quadrature over elements is exact for polynomials of degree (2k), er-
ror estimates of O(h**1/2) are obtained for general monotone fluxes, and optimal estimates
of O(h**1) are obtained for upwind fluxes. For multidimensional problems, if in addition
quadrature over edges is exact for polynomials of degree (2k + 1), error estimates of O(h¥)
are obtained for general monotone fluxes, and O(h**1/2) are obtained for monotone and

sufficiently smooth numerical fluxes. Numerical results validate our analysis.
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1 Introduction

In this paper, we present error estimates for the semi-discrete discontinuous Galerkin (DG)

methods with quadrature rules for scalar conservation laws in multidimensional case:

du+V-fu) =0, (x,t)eQx(0,T), (1.12)

u(t=0) =ug, x € (1.1b)

here x € Q C R? and f(u) = (fi(u), fo(u), -, fa(u)). We do not pay attention to boundary
conditions in this paper: thus the solution is considered to be either periodic or compactly
supported. The analysis in this paper is for smooth solutions of (1.1). Discontinuous solutions
with shocks are not considered.

The first discontinuous Galerkin method was proposed by Reed and Hill [17] in the
framework of neutron transport. It was then developed for conservation laws by Cockburn
et al. in a series of papers [6, 5, 4, 3, 8], which use DG discretization in space and explicit
total variation diminishing (TVD) Runge-Kutta (RK) discretization in time [19, 20, 21]. For
the detailed description of this method, we refer readers to the lecture notes [2] and the
review paper [9].

We now make a brief review on related error estimate results of the DG methods in the
literature. For smooth solutions to linear conservation laws, error estimates have been given
in [15, 13, 18, 16] for full DG discretization of steady problems or by using space-time finite
element spaces for time dependent problems, and for the semi-discrete version of the DG
method for time dependent problems in [7]. The first result for error estimates to smooth
solutions of fully discrete RKDG methods for nonlinear scalar conservation laws was obtained
by Zhang and Shu in [25] where the second-order Runge-Kutta time discretization is used.
The main techniques are Taylor expansion and energy estimate. With careful treatment to
boundary terms, a priori error estimates of O(h¥+/2 4+ 72) are obtained for general monotone
fluxes, and optimal error estimates of O(h**! + 72) are obtained for upwind fluxes for the

P* finite element spaces, under standard CFL condition for & = 1 and more restrictive



CFL conditions for k£ > 1. Later, the same authors presented a priori error estimates for
symmetrizable systems and the third-order Runge-Kutta time discretization under standard
CFL conditions in [26] and [27]. For more details, please refer to [27].

In practical computations, one has to replace the integrals over elements and (in multi-
dimensional cases) edges by quadrature rules in the DG scheme. However, there exists very
limited work discussing the effects of quadrature rules. In [3], the truncation error of nu-
merical integrations is analyzed for the semi-discrete DG method for nonlinear conservation
laws with sufficiently smooth u and f, under the assumption that the quadrature rules over
the elements and edges are exact for polynomials of degree (2k) and (2k 4 1), respectively.
Recently, in [23, 22|, the authors discussed the effects of quadratures in DG method for non-
linear convection-diffusion equations in 2D and 3D cases. We remark that the estimates in
(23, 22] could not be applied to the pure convection case (i.e., nonlinear conservation laws),
since the constant in their estimates would blow up as the diffusion coefficient tends to zero.

In this paper, we perform a priori error estimate to smooth solutions of semi-discrete DG
methods with the P* finite element space of piecewise kth degree polynomials and quadrature
rules for scalar conservation laws (1.1). The main techniques we use in this paper are Taylor
expansion and energy estimate first introduced by Zhang and Shu in [25]. We first establish
an energy equality as is customary in error analysis in finite element methods, and then split
the equality into several parts. The first part only involves error with exact integrals and
has been treated in [25]. The second term is somewhat like “truncation error” and has been
estimated in Lemma 2.2 in [3]. Our main contribution is the careful treatment to terms on
quadrature errors in elements and edges. For the terms on quadrature errors in elements,
we perform the Taylor expansion and split into several parts and then estimate them one
by one using a key lemma which characterizes error of numerical integrations. The same
technique could also be applied to the terms on quadrature errors in edges, provided that
the numerical flux is sufficiently smooth (e.g. Lax-Friedrichs flux). However, most numerical

fluxes are not smooth enough but only locally Lipschitz continuous (e.g. Godunov flux) or



only have up to first-order derivative (e.g. Engquist-Osher flux). Thus, the same technique
could not be applied here. To fix this problem, we borrow some terms from the first part
on the error with exact integrals to eliminate some “trouble” terms here. Finally, under the
assumptions that u and f are sufficiently smooth, and the quadrature over elements is exact
for polynomials of degree (2k) and the one over edges is exact for polynomials of degree
(2k + 1) (in multidimensional case), the L?-norm error estimate is established.

The paper is organized as follows. In Section 2, we introduce some basic notations, the
semi-discrete DG method with quadrature rules, and some useful lemmas. In Section 3, we
derive the error equations and some key lemmas for the error estimate, while the detailed
proofs of some lemmas are left in the appendix. Numerical results are reported in Section 4.

Some concluding remarks are given in Section 5.

2 Preliminaries

2.1 Basic notations

Let us assume that the domain € is polygonal, and let .7, for A > 0 be a family of quasi-
uniform triangulations of 2 with shape-regular elements K. Let &}, denote the union of edges
(called points in 1D and faces in 3D) of elements K € 7}, i.e., &, = Ukeg, 0K.

Noticing the periodic or zero (compactly supported) boundary conditions, we ignore the
boundaries and assume that every I' € &), is shared by two elements from .7, for convenience.
Following the notations in [24], we could choose a fixed vector 3, which is not parallel with
any edge I' € &,, and then for each I', define a fixed unit normal vector nr which satisfies
nr - > 0, and designate the “plus” side to be the side that nr is the inner normal vector
and the “minus” one to be the opposite side. For piecewise smooth function v € L*(2), we
denote trace of v[ - and v|x+ on I' by v[ and v|it, respectively. We introduce the jump on

the edge I"

[v]r = vlf = oI,



and the average
or = (ol + o)

In what follows the standard notations in Sobolev spaces W*P?(Q) and H*(Q) are used.
The notation ||-||, and |-|; denote a norm and a semi-norm in the space X, respectively.
For simplicity, we use [|||, denote the norm in LP(£2) for 1 < p < oo. Specifically for p = 2,
we let ||-|] and (-, -) denote the norm and inner product in the space L?(£2). We shall often

use the following broken Sobolev spaces with respect to the triangulation .7,
WHhP(F,) = {ve L'Q) :v|g € WH(K), VK €%},

equipped with the norm

1/p
[ollwen(z,) = (Z HUHWkp(K) ,

KeT,

and the semi-norm

1/p
[Vlwen(z) = (Z |”|WM<K> ’

KeI,

for 1 < p < oo, and

folyeoe ) = 8 ollpoegry

[Vl () = RES |Vl ko (i)

For the piecewise smooth function v € L?(Q), we define the LP-norm on the edge I' € &,

for 1 <p< oc:

1/p
oy = (o ey + o )

1/p
[0l £o(s,) = <Z||?f|| ) :

reé,

and

The finite element space is defined by
Vi ={veL*Q) :v|g € PYK), VK€ FZ},

where P¥(K) denotes the space of polynomials in K of degree at most k > 0.

>



For v € L?(Q), we denote by Pv € V¥ the L?-projection of v on V;¥ which satisfies
(Pv —v,05) =0, Ve, € ViF. (2.2)

2.2 Semi-discrete discontinuous Galerkin methods

In this part, we follow [3] and define the semi-discrete DG methods for (1.1). The approxi-
mation solution of (1.1) for ¢ > 0 is determined by,

/ (up)vpde —/ f(up) - Vvhdx+/ m(uh)vhds =0, WYoy,€ th, VK € Z,, (2.3)

K K oK

where ng is the outward unit normal vector to 0K, the boundary of K. The numerical flux
f/n\K(uh) depends on the normal vector ng and traces ui" and u$** which are evaluated
from the inside and outside (inside the neighboring element) of the element K, respectively,
ie.,

F o int e:ct) )

f-ng(up) = ng(uy”, uy

The function f/\n(u, v) satisfies the following conditions:
1. Tt is locally Lipschitz continuous with respect to u and v.

2. It is consistent with the flux f(u), i.e.

—_

f -n(v,v)=£f()- n.

3. It is nondecreasing with respect to v and nonincreasing with respect to v.

4. It is conservative, i.e.,

—_ —

f-n(u,v)+f-(—n)(v,u) = 0.

In practical computation for multidimensional problems, the integrals in (2.3) often have

to be approximated by quadrature rules

M
/ FPdr ~ ) wiF(xx;) | K], (2.4a)
K

J=1



L
/Gds ~ Zng(xpj) T, (2.4b)
T =

for ' € C(K) and G € C(I'). Here wj, w; are integration weights and zx; € K, ar; € T

are integration points. Finally, the semi-discrete DG scheme with numerical integrations is

obtained
M
/ (un)eond — Y~ wif (un(t, 2x;)) - Vou(zk;) | K] (2.5)
K =1

L
+ 3w ng(un(t,zr;))on(ary) [T =0, Vo, € Vi, VK € F.

T'eoK j=1

We remark that the quadrature in edges is not needed in the 1D case. As usual, the initial

value of uy, is taken as the L?-projection of ug, i.e., u, = Puy.

2.3 Some auxiliary results

Some useful lemmas are listed in this part. The L? norm in the boundary 0K of a function

could be bounded by some norm in K with the following multiplicative trace inequality:
Lemma 2.1 (Multiplicative trace inequality). There exists a constant C' > 0, independent
of v, h and K, such that for all K € ,, v € HY(K) and h € (0, hy),

1ol 2050y < CUM gy 01y + B 0l i)

Cf. Ref. [10] Lemma 3.1 for a detailed proof.

For the L?-projection P defined in (2.2), it is easy to show (cf. Theorem 3.1.4 in [1])

Lemma 2.2 (Interpolation inequalities). Given an integer 0 < m < k + 1, there exists a
constant C' > 0, independent of h, such that for any v € Wk+1e°(Q),
o~ Boll SCR* ol yuss oy (2.60)

We also present some inverse properties of the finite element space V¥ that will be used

in our analysis. For more details, we refer reader to Theorem 3.2.6 in [1].

7



Lemma 2.3 (Inverse inequalities). There ezists a constant C > 0, independent of h, such

that for any v, € Vi,

ol SCh lonl) . (2.7a)
lonll sy <CH2 flonll, (2.7b)
lonll oo SCR2 [jon]] . (2.7¢)

Here d is the dimension of the space Q C RY.

For convenience, some notations denoting the error of quadrature (2.4) are introduced

Ex(F) = /Kng: - ijF(g:Kj) K], (2.8a)
Er(G) = /FGds— >, Glar) T, (2.8b)

for F € C(K) and G € C(I'). With the aid of the Bramble-Hilbert lemma (cf. Theorem
4.1.3 in [1]), it is easy to obtain the following lemma which is useful for estimating the error

of numerical integration (cf. Lemma 4.7 in [22]).
Lemma 2.4 (Error of numerical integration). Let s > 1, p > 0 be integers, and 1 < q < co.

(i) Assume that the quadrature over element (2.4a) is exact for P**P~1(K). Then there

exists a constant C' > 0, such that for any Q@ € W**(K) and v € PP(K),

std(1-1
|Ex(Qu)] < Ch™ 0 1Q) oo sy 19l pagrcy - (2.9)
Here h denotes the diameter of K.

(11) Assume that the quadrature over edge (2.4b) is exact for PSTP=YT). Then there exists

a constant C' > 0, such that for any G € W*>(I") and w € PP(I"),
1)1t
|Er(Gw)| < Chermi=g) ‘G‘st“’(f‘) HwHLq(F) : (2.10)

Here h denotes the diameter of I.



3 Error estimates of the semi-discrete DG methods
with quadrature rules

In this section, we present the main theorem and give the detailed proof.

Theorem 3.1 (the main results). Let u be the exact solution of problem (1.1) and uy, be the
numerical solution of the semi-discrete DG scheme (2.5) with the piecewise polynomial finite
element space of degree k > 1 and quadrature rules. Assume that u and the physical fluz £
are both sufficiently smooth that u € C**2(Q) and £ € C**3(R). Denote the corresponding
numerical error by e(x,t) = u(x,t) —up(x,t). For reqular triangulations of polygonal domain
Q C R, if the quadrature over the elements is exact for polynomials of degree (2k), and that
over the edges is exact for (2k+1) (in multidimensional case), and all the quadrature weights

are non-neqative, then for small enough h, there holds the following error estimates:
(1) For the 1D problem,

a) For general monotone numerical flur and k > 1,

max [le(t, )| 2y < CH*2. (3.11)

0<t<T

b) For upwind numerical fluz and k > 1,

k+1
Dax [let, )z < O (3.12)

(2) For 2D and 3D problems,

a) For general monotone numerical flur and k > 3,

max le(t, )| 2 < Ch*. (3.13)

0<t<T

b) For monotone and sufficiently smooth numerical flux and k > 2,

max [le(t, )| 2y < CH*2. (3.14)

0<t<T



Here the positive constant C' is independent of h and the approximation solution uy,.

Remark 3.1. For 2D and 3D problems, the estimate of O(/{:—i—%) order holds for “sufficiently
smooth” numerical fluz, in the sense that f/-?l/(u,u) e CH2(&,), f/;l//(u,u) € C*(&,) and
fn e C(R?). Note that fn= f/-\n(v,w) is a function of two variables and thus the
derivatives should be interpreted as the usual multiindex notation (see Lemma 3.4 for details).
Under our assumption on the smoothness of u and f in Theorem 3.1, the local Lax-Friedrichs

flux with the constant o uniform in each edge and the global Lax-Friedrichs fluz meet this

condition.

Remark 3.2. Our proof does not work for the finite element spaces of low order degrees
for multidimensional problems (we need k > 3 for general monotone flux with d = 2,3 and
k > 2 for monotone and sufficiently smooth numerical flux with d = 2,3). Such restrictive
assumptions are purely needed for the a priori assumption. In practice, it does not seem

necessary as the numerical results in Section 4 show.

Now we give the detailed proof of Theorem 3.1. At the beginning of the proof, we make
the following customary modification on the flux f(u). Suppose the initial solution wug(x)
lies in [mg, My]. Then, the exact solution w(z,t) is also in this range by the maximum
principle. Thus, with no harm, we could choose the modified flux function f, which is equal
to £ on [mg, Mp|, vanishes outside [my — 1, My + 1] and belongs to C?(R). For notation
convenience, throughout this paper, we will still denote this modified flux by f and assume
that f € C}(R) = C*(R) N W3 (R).

Following [25], the following notations for piecewise smooth functions p,q € L*(2) are
introduced,

Hilp) = [ £p(a))- Valaide = 3= [ Fuglple)atolas,

T'eoK

and

M
Z p(ri;)) - Valers) K[ = ) ZWf ng (p(zr;))q(zry) [T

T'edK j=1
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Then the semi-discrete DG scheme with numerical integration (2.5) can be rewritten as

/ (uh)ﬂ)hdl’ = ]:IK(uh, Uh), Vvh € th, (315)
K

and the sufficiently smooth exact solution u = u(t, ) satisfies
/ wopdr = Hg(u,vp), Yo, € th. (3.16)
K

We would like to estimate the error e = u —uy,. As is customary in error analysis of finite
element methods, we denote n := Pu — u and & := Pu — u;, where P is the L2-projection
defined in (2.2). By taking the difference of (3.15) and (3.16), taking the test function v, = &
and making summation over all triangulations of .7}, we obtain the energy equality

th Lt )12 = 3 (Hrcw, ) — Hrelwn, €)). (3.17)

Ke,

With periodic or zero boundary conditions and the conservation of numerical flux, it is easy
to obtain

Z (Hk(p,q) — H(p,q)) = Z Ex(f(p) - Z Er(f - nr(p,pM)[4))-

Key, Ke9y, I'eéy

Thus the terms in the RHS of (3.17) could be split into

th ||€( WP =D (Hie(w,§) = Hie(un, €) + > (Hrc(un, §) = Hic(un, €)),

Keg, Key,

= 3" (Hie(w,€) — He(wn, €)) + > Ex((u) - VE + Y Eo(f - nr(uy, ui)[€]),

Keg, Ke%, reé,
= > (Hi(u, &) — Hic(up, (Z Ex(f(u)- V&) + Y Er(f HF[f]))
Keg, Keg, I'eéy,
+ 3 Br((f(un) — £(u) - VE) + > Er((f- nr(uy;, wf) — £(u) - nr)[€),
Ke, redé,

28+ S +8+ S,

The first term S; only involves the error with exact integral and has been well treated
n [25]. The main technique is the Taylor expansion with careful treatment to the boundary
terms. We summarize the results in the following lemma (cf. Lemma 5.4 in [25] and Lemma

5.6 in [14] for the multidimensional case).
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Lemma 3.1. Assume f and u are sufficiently smooth functions that f € C3(R) and u €

H*Y(Q). Then there exists a constant C > 0, independent of h, t, and uy,, such that

Y (Hi(u.€) = Hi(u, €)) < C(L+h7" el 2) (W™ + [1€])- (3.18)
Keg,

The second term S, is somewhat like the “truncation error” and has been analyzed in

Proposition 2.1 in [3]. We list the results in the following lemma.

Lemma 3.2. Assume f and u are sufficiently smooth functions that f(u) € Wk22(Q).
If the quadrature rule over the element (2.4a) is exact for polynomials of degree (2k), and
the one over the edge (2.4b) is exact for polynomials of degree (2k + 1), then there exists a

constant C' > 0, independent of h, t and &, such that,

> Exlf(w)- VE)| + OOl (319)

Keg,

> Er(f(u) - nr[€])

reé&,

The main technique used in the estimate of the third term Ss is Taylor expansion. By
using Taylor expansion on f(uy) up to second order and (2.9) in Lemma 2.4, we can prove

the following lemma. The details of the technical proof are left for the appendix.

Lemma 3.3. Assume f and u are sufficiently smooth functions that f'(u) € Wk22(Q),
f(u) € W2>(Q), £ € Cy(R) and u € W*1°(Q). If the quadrature rule over the ele-
ment (2.4a) is exact for polynomials of degree (2k) and the integration weights in (2.4a) are

nonnegative, then there exists a constant C' > 0, independent of h, t and uy, such that, for

k=1,
> Exc((F(un) — £(u)) - VE)| < C(1+h7" el 2) (B2 4+ |I¢]%), (3.20)
KeI,

and for k > 2,
> Exc((fun) — £(u)) - VE)| < C(1+h7 lell ) (B2 4 1)), (3.21)
KeF,

As for the estimate of the fourth term Sy, if the numerical flux is sufficiently smooth, the
same technique in the proof of Lemma 3.3 could be applied. With the aid of the multiplicative
trace inequality in Lemma 2.1 and (2.10) in Lemma 2.4, we obtain the following result and

the proof is presented in the appendix.
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Lemma 3.4. Assume the numerical flux fon= f/-\n(v,w) and u are sufficiently smooth
functions that f/-\n,(u,u) € Whtteo (&), f/-\n”(u,u) € W2 (&,), fn e Cy(R?) and u €
Whtheo(Q)). If the quadrature rule over the edge (2.4b) is exact for polynomials of degree
(2k + 1) and the integration weights in (2.4b) are nonnegative, then there exists a constant

C > 0, independent of h, t and uy, such that, for k=1,

S Br((f - nr(uy, uf) — £(u) - np)[E])]| < O+ A7 el 2) (R 2 + [ig]f), (3.22)
res,

and for k > 2,
S Br(f - nr(uy, uf) — £(u) - np)[ED)] < O+ A7 lefl ) (B2 + [€]?). (3.23)
res,

However, most numerical fluxes are not smooth enough. They are only locally Lipschitz
continuous (e.g. Godunov flux) or only have up to first-order derivative (e.g. Engquist-Osher
flux). Thus, the Taylor expansion technique could not be used in the estimate of the fourth

term Sy. In this case, we would put the terms &; and S, together and split them as follows:

Si+8i= Z/ u) — f(up)) V§+Z/ u) — £(@x)) - nrl¢])

Ke, Tedy,

_|_Z/ (ap) —f - nr(uhauh>> nr[¢])

+ZEF((f(ﬂ ) — f(u)) - nr)| +Z/ ((F - nr(u;,, uf) — £(@,) - nr)[€])
—ZZw ((F - nr(uy, wp) — £(an) - n)[€]) () T

- ((F(u) — £(up)) - VE) + u) — £(@y)) - nrl¢])
byl g;/

+ > Br((f(an) — f(u) SN W ((F nr(uy ) — (@) - nr)[€]) () [T

reé&, reé, J

éwl + W + W5 + W,

Note that here &; is split into three terms, and the third one balances the second “trouble”
term of S;. Under the assumption that f € C3(R) and v € H**1(Q), we have the estimate

of W; and W, with similar approach in the proof of Lemma 5.4 and Lemma 5.7 in [25]:
Wi+ W, < C(1+ R lel| ) (B + [1€]1%). (3.24)
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For the third term Wjs, with Taylor expansion technique in the proof of Lemma 3.4, the
smoothness assumption f'(u) € WHF2>(Q), f'(u) € W2>(Q), f” € Cy(R) and u €
WHLeo(Q)), and assuming that the quadrature rule over the edge (2.4b) is exact for poly-
nomials of degree (2k + 1) and quadrature weights in (2.4b) are non-negative, the similar

result is obtained:

Wal < C(L+ R lell ) (R + Ji€])- (3.25)

For the estimate of W,, on each edge I', we define (cf. [12])

[un] 7 (£(an) - mr — £ nr(wy, wf)), i [un] #0,
Oé(uh)p =
‘f,(ﬂh) . Ilp‘ 3 if [uh] = 0.
The monotonicity and the Lipschitz continuity of the numerical flux imply the nonnegative
and the bounded property of a(up)r (cf. Lemma 3.1 in [25]). With this notation and
remembering that [u,] = —[e] = [n] — [£], we have that

Wi= 33 wiatu)e(lle] - [67) () [T

Feé”h j

< 3 wyatun)r g (en) T,

reé, j

<Cllnliz D IU] < Ch*+L

T'eéy,
Here in the first inequality, the assumption is made that the integration weights in (2.4b)

are all nonnegative. We summarize the above results in the following lemma.

Lemma 3.5. Assume f and u are sufficiently smooth functions that f'(u) € Wk+22(Q),
f"(u) € W2>2(Q), f € C}(R) and u € WkL>°(Q). If the quadrature rule over the edge
(2.4b) is exact for polynomials of degree (2k + 1) and the integration weights in (2.4b) are
nonnegative, then there exists a constant C' > 0, independent of h, t and uy, such that,

S (Hic(w,€) = Hie(un, )+ Y Er((f-np(uy;,wf) — £(u) - np)[€])

Ke9, I'eéy
< C(L+h™" el ) (B + 1€

14



In the last lemma, we list the estimate of S; for the upwind flux in the 1D case in [25].
If we replace the L2-projection by the Gauss-Radau projection, then we have the following
lemma (cf. Lemma 5.7 in [25]). Moreover, we would like to mention that, the interpolation
inequalities in Lemma 2.2 also hold for the Gauss-Radau projection. Hence, we could also

prove Lemma 3.3 with the Gauss-Radau projection with the same token.

Lemma 3.6. Assume f and u are sufficiently smooth functions that f € C}(R) and u €
H*Y(Q) and the numerical flux is upwind in the 1D case. If the Gauss-Radau projection is
used, there exists a constant C > 0, independent of h, t, and uy, such that

> (Hi(u,€) = Hie(un, €)) < C(L+ R~ [lell (B + €] (3.26)

KeI,

Now we are going to prove our main theorem 3.1. For simplicity, we will only give the
detailed proof for one case in Theorem 3.1, namely d = 3 and k > 3 with general monotone
flux, as other cases follow along the same lines. Following [25], we first make an a priori

assumption that, for small enough h, there holds the inequality:
le(t, [l < B2, (3.27)

for 0 <t <T. Then by the triangle inequality, the interpolation property (2.6a)-(2.6b) and

the inverse property (2.7c¢), we have that
le(t, )llo < Ch, (3.28)

for 0 <t <T. From Lemma 3.2, Lemma 3.3 and Lemma 3.5, an estimate on the RHS of
(3.17) is obtained

1d

2 2 2%
5 IEEIP <Ol )P + on*.

Thus it follows that
HeHLoo(o,T;LZ(Q)) < ChF. (3.29)

To complete the proof, let us verify the a priori assumption (3.27). For fixed k > 3, we

consider i small enough such that Ch* < 1h%/? with the constant C' in (3.29). Then, define
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t* := sup{t : |le(t,-)|| < h*/?}, and immediately we get |le(t*,-)|| = h®/? by continuity if ¢*
is finite. On the other hand, our proof shows that ||e(t,-)|| < Ch* for t < t*, in particular
le(t*,-)|| < Ch* < $h%?2. This reaches a contradiction if ¢* < 7. Hence ¢* > T and our a

priori assumption (3.27) is justified.
4 Numerical results

In this section, we display some numerical results to validate our error estimate in section 3.
The TVD Runge-Kutta time discretization [20] is used here: second-order RK method for
the piecewise linear finite element space (k = 1) and third-order RK method for the piecewise
quadratic finite element space (k = 2). For two-dimensional problems, the triangular meshes
are used and the triangulation is constructed by adding diagonals linking the left-bottom
and right-top vertexes in a uniform square mesh.

Consider the two-dimensional Burgers’ equation with periodic boundary conditions:

u

2 2
Ou+ 0, (%) + 0, (5) =0, (x,y,t)€eQx(0,T),

u(t=0,z,y) = %sin(m +1), (z,y) €,
where the domain €2 is the square [0, 27] x [0, 27]. The mesh size is chosen as h = 7/N with
N the number of elements. We compute up to time T = 0.8 with time step 7 = 0.2h.
To validate our analysis, we use quadrature rules to approximate integrals over elements
and edges which are exact for polynomials of degree (2k) and (2k + 1), respectively. To be

more precise, for k = 1, we use the Gaussian quadrature of degree 2 for the standard triangle

Ty :={(&n):0<&nE4+n<1}:

[ stemisin= g (otg.5) +ot5.5)+ o))

which is accurate for g(&,n) = &7 with 0 < 4,7,1+ j < 2. For k = 2, we use the Gaussian
quadrature of degree 4 which is exact for g(&,n) = &7 with 0 < 4,7,1+j < 4; see e.g. [11].
For integrals over edges, we use the Gauss-Legendre quadrature rules with 2 points and 3

points for k = 1 and k = 2, respectively. In Table 4.1 and Table 4.2, the L', L2 and L™ errors
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are displayed for £k = 1 and k& = 2 with quadrature rules over elements and edges of degree
(2k) and (2k +1). From Table 4.1, we observe that, the schemes with k£ = 1 behaves a clear
second-order accuracy in L!- and L2-error with different types of numerical fluxes, but not
very clean in L*>°-norm. For k = 2, the convergence orders are almost three, except that for
the global Lax-Friedrichs flux, the order is around 2.7 in average. To figure out the reason for
this order reduction phenomenon, we perform tests with the same computational parameters
but with the quadrature rules over elements and edges replaced by exact integrals (namely
we use the original DG method). The convergence order with the global Lax-Friedrichs flux
and exact integrals is still around 2.7 as the mesh is refined. This indicates that the order
reduction phenomenon is not caused by the quadrature rules. A detailed study to pin down
the root of this phenomenon is left for the future.

We have also performed numerical experiments with lower order quadrature rules. The
errors with the Godunov flux and k = 2 are reported in Table 4.3. As before, we use Gaussian
quadrature rules over both elements and edges. In the table, “Elements 4 and edges 5” means
that we have used the quadrature rules which are exact for polynomials of degree up to 4
and 5 over elements and edges, respectively. In the first three cases, the accuracy over edges
is 5, which is high enough to keep accuracy according to our main theorem. In the last case,
we use quadrature rules which is accurate enough over elements but not accurate enough
over edges. From these cases, we observe loss of accuracy if the integration is not accurate
enough. Moreover, we have performed numerical tests with quadrature rules over elements
and edges which are exact for polynomials of degree up to 4 and 1, respectively. In that
case, the numerical solution actually blows up, indicating an instability of the algorithm. It
seems that the DG methods is more sensitive to the quality of the quadrature rules used

over edges than to that used in the elements.
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Table 4.1: 2D Burgers’ equation at T'= 0.8, k = 1.

numerical flux N L'-error | order | L%-error | order | L>®-error | order

10 x 10 | 7.34e-01 - 2.10e-01 - 2.61e-01 -
20 x 20 | 2.31e-01 | 1.67 | 8.15e-02 | 1.37 | 1.32¢-01 | 0.98
Godunov 40 x 40 | 6.79e-02 | 1.77 | 2.86e-02 | 1.51 | 5.01e-02 | 1.40
flux 80 x 80 | 1.90e-02 | 1.84 | 8.85e-03 | 1.69 | 1.98e-02 | 1.34
160 x 160 | 5.02e-03 | 1.92 | 2.48e-03 | 1.83 | 6.29¢-03 | 1.65
320 x 320 | 1.29e-03 | 1.96 | 6.69e-04 | 1.89 | 1.83e-03 | 1.79

10 x 10 | 8.23e-01 - 2.30e-01 - 2.66e-01 -
Global 20 x 20 | 2.52e-01 | 1.71 | 9.03e-02 | 1.35 | 1.29¢-01 | 1.05
Lax- 40 x 40 | 7.15e-02 | 1.82 | 3.13e-02 | 1.53 | 4.96e-02 | 1.37
Friedrichs 80 x 80 | 1.94e-02 | 1.88 | 9.25e-03 | 1.76 | 1.98e-02 | 1.33
flux 160 x 160 | 5.11e-03 | 1.93 | 2.46e-03 | 1.91 | 4.96e-03 | 1.99
320 x 320 | 1.30e-03 | 1.98 | 6.31e-04 | 1.96 | 1.25e-03 | 1.99

10 x 10 | 8.07e-01 - 2.29¢-01 - 2.57e-01 -
Local 20 x 20 | 2.43e-01 | 1.73 | 8.71e-02 | 1.39 | 1.33¢-01 | 0.95
Lax- 40 x 40 | 6.90e-02 | 1.82 | 2.96e-02 | 1.56 | 5.08e-02 | 1.38
Friedrichs 80 x 80 | 1.89e-02 | 1.87 | 8.92e-03 | 1.73 | 2.06e-02 | 1.30
flux 160 x 160 | 5.00e-03 | 1.92 | 2.48e-03 | 1.85 | 6.30e-03 | 1.71
320 x 320 | 1.29e-03 | 1.96 | 6.65e-04 | 1.90 | 1.81e-03 | 1.80

10 x 10 | 7.34e-01 - 2.10e-01 - 2.61e-01 -
Enquist- 20 x 20 | 2.31e-01 | 1.67 | 8.15e-02 | 1.37 | 1.32¢-01 | 0.98
Osher 40 x 40 | 6.79¢-02 | 1.77 | 2.86e-02 | 1.51 | 5.01e-02 | 1.40
A 80 x 80 | 1.90e-02 | 1.84 | 8.85e-03 | 1.69 | 1.98e-02 | 1.34
160 x 160 | 5.02e-03 | 1.92 | 2.48e-03 | 1.83 | 6.29¢-03 | 1.65
320 x 320 | 1.29e-03 | 1.96 | 6.69e-04 | 1.89 | 1.83e-03 | 1.79
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Table 4.2: 2D Burgers’ equation at T'= 0.8, k = 2.

numerical flux N L'-error | order | L%-error | order | L>®-error | order

10 x 10 | 2.93e-01 - 1.28e-01 - 1.21e-01 -
20 x 20 | 6.43e-02 | 2.19 | 3.97e-02 | 1.69 | 5.87e-02 | 1.05
Godunov 40 x 40 | 1.03e-02 | 2.64 | 8.36e-03 | 2.25 | 2.25e-02 | 1.38
flux 80 x 80 | 1.33e-03 | 2.96 | 1.17e-03 | 2.83 | 5.33¢-03 | 2.08
160 x 160 | 1.87e-04 | 2.82 | 1.54e-04 | 2.93 | 8.14e-04 | 2.71
320 x 320 | 2.51e-05 | 2.90 | 2.09e-05 | 2.89 | 1.02e-04 | 3.00

10 x 10 | 3.11e-01 - 1.30e-01 - 1.20e-01 -
Global 20 x 20 | 6.87e-02 | 2.18 | 4.02e-02 | 1.69 | 5.63e-02 | 1.10
Lax- 40 x 40 | 1.17e-02 | 2.55 | 8.58e-03 | 2.23 | 1.95e-02 | 1.53
Friedrichs 80 x 80 | 1.66e-03 | 2.82 | 1.29¢-03 | 2.73 | 4.11e-03 | 2.25
flux 160 x 160 | 2.62e-04 | 2.66 | 1.98¢-04 | 2.71 | 5.99¢-04 | 2.78
320 x 320 | 3.84e-05 | 2.77 | 3.09e-05 | 2.68 | 9.17e-05 | 2.71

10 x 10 | 3.11e-01 - 1.30e-01 - 1.22e-01 -
Local 20 x 20 | 6.66e-02 | 2.22 | 4.00e-02 | 1.70 | 5.80e-02 | 1.07
Lax- 40 x 40 | 1.04e-02 | 2.68 | 8.35e-03 | 2.26 | 2.25e-02 | 1.37
Friedrichs 80 x 80 | 1.37e-03 | 2.92 | 1.19e-03 | 2.81 | 5.41e-03 | 2.05
flux 160 x 160 | 1.95e-04 | 2.82 | 1.60e-04 | 2.89 | 8.39e-04 | 2.69
320 x 320 | 2.57e-05 | 2.92 | 2.15e-05 | 2.89 | 1.06e-04 | 2.99

10 x 10 | 2.93e-01 - 1.28e-01 - 1.21e-01 -
Enquist- 20 x 20 | 6.43e-02 | 2.19 | 3.97e-02 | 1.69 | 5.87e-02 | 1.05
Osher 40 x 40 | 1.03e-02 | 2.64 | 8.36e-03 | 2.25 | 2.25e-02 | 1.38
A 80 x 80 | 1.33e-03 | 2.96 | 1.17e-03 | 2.83 | 5.33e-03 | 2.08
160 x 160 | 1.87e-04 | 2.82 | 1.54e-04 | 2.93 | 8.14e-04 | 2.71
320 x 320 | 2.51e-05 | 2.90 | 2.09e-05 | 2.89 | 1.02e-04 | 3.00
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Table 4.3: Comparison for lower quadrature rules. 2D Burgers’ equation with Godunov flux

and k = 2.
Accuracy
of N L'-error | order | L2-error | order | L>®-error | order
quadrature rules

10 x 10 | 2.93e-01 - 1.28e-01 - 1.21e-01 -
Elements 4 20 x 20 | 6.43e-02 | 2.19 | 3.97e-02 | 1.69 | 5.87e-02 | 1.05
and 40 x 40 | 1.03e-02 | 2.64 | 8.36e-03 | 2.25 | 2.25e-02 | 1.38
edges 5 80 x 80 | 1.33e-03 | 2.96 | 1.17e-03 | 2.83 | 5.33e-03 | 2.08
160 x 160 | 1.87e-04 | 2.82 | 1.54e-04 | 2.93 | 8.14e-04 | 2.71
320 x 320 | 2.51e-05 | 2.90 | 2.09e-05 | 2.89 | 1.02e-04 | 3.00

10 x 10 | 4.63e-01 - 1.65e-01 - 1.29e-01 -
Elements 3 20 x 20 | 1.33e-01 | 1.80 | 6.72e-02 | 1.29 | 9.49e-02 | 0.45
and 40 x 40 | 3.08e-02 | 2.11 | 2.09¢-02 | 1.69 | 4.69¢-02 | 1.02
edges 5 80 x 80 | 5.35e-03 | 2.52 | 4.51e-03 | 2.21 | 1.38¢-02 | 1.76
160 x 160 | 7.83e-04 | 2.77 | 7.25e-04 | 2.64 | 3.09e-03 | 2.16
320 x 320 | 1.03e-04 | 2.92 | 1.02¢-04 | 2.83 | 4.93e-04 | 2.65

10 x 10 | 4.94e-01 - 1.82e-01 - 1.83e-01 -
Elements 2 20 x 20 | 1.30e-01 | 1.93 | 6.13e-02 | 1.57 | 8.10e-02 | 1.18
and 40 x 40 | 2.68e-02 | 2.28 | 1.53e-02 | 2.00 | 2.83e-02 | 1.51
edges 5 80 x 80 | 5.95e-03 | 2.17 | 3.86e-03 | 1.99 | 9.76e-03 | 1.54
160 x 160 | 1.73e-03 | 1.78 | 1.44e-03 | 1.42 | 4.99¢-03 | 0.97
320 x 320 | 5.12e-04 | 1.76 | 5.56e-04 | 1.38 | 3.37e-03 | 0.57

10 x 10 | 4.81e-01 - 1.41e-01 - 1.26e-01 -
Elements 4 20 x 20 | 1.55e-01 | 1.64 | 5.26e-02 | 1.43 | 7.86e-02 | 0.69
and 40 x 40 | 5.08e-02 | 1.61 | 1.94e-02 | 1.44 | 3.65e-02 | 1.11
edges 3 80 x 80 | 1.59e-02 | 1.68 | 7.52e-03 | 1.36 | 1.53e-02 | 1.26
160 x 160 | 4.95e-03 | 1.68 | 2.94e-03 | 1.36 | 9.36e-03 | 0.70
320 x 320 | 1.53e-03 | 1.69 | 1.12e-03 | 1.39 | 5.33e-03 | 0.81
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5 Concluding remarks

In this work, we perform error estimates to smooth solutions of semi-discrete discontinuous
Galerkin (DG) methods with the P* finite element space of piecewise kth degree polynomials
and quadrature rules for scalar conservation laws (1.1). Assuming that the exact solution
u and the physical flux f are sufficiently smooth, we show that, in 1D problems, if the
quadrature over elements is exact for polynomials of degree (2k), error estimates of O(h*+1/2)
are obtained for general monotone fluxes, while optimal estimates of O(h**!) are obtained
for upwind fluxes. For multidimensional problems, if we further assume that quadrature
over edges is exact for polynomials of degree (2k + 1), error estimates of O(h¥+1/2) are
obtained for sufficiently smooth numerical fluxes. For the general monotone fluxes in the
multidimensional case, error estimate of O(h*) are proved if we further assume that the
quadrature weights are non-negative.

Even though we have considered only semi-discrete schemes for scalar conservation laws in
this paper, the analysis can be generalized to Runge-Kutta DG schemes and to symmetrizable
systems of conservation laws following the ideas in [26, 27]. We hope to report our progress

in the near future.

A Proof of Lemma 3.3

In this appendix, we give the proof of Lemma 3.3. We would like to use the following Taylor

expansion:

Flun) — £(u) =0 (u) — €6/ (u) + S8 () — 8" (w) + 3E6" () — S8,

Z¢1+ go + - + P,

where f is the mean value. The linearity of integrals and quadrature rules leads to the

representation:

> Ex((f(un) — £(u)) - VE) = X1 + X + -+ + X,
KeT,
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where X, given by
Xi= Y Ex(¢:i-VE), i=12---6

Kegy,

will be estimated one by one later.

By taking ¢ =2, p=k—1,s =k +2, Q = nf’'(u) and v = V¢ in (2.9) in Lemma 2.4
and remembering that the quadrature over element K is exact for P?*(K), together with
interpolation property (2.6b), the inverse property (2.7a) and Cauchy’s inequality, we have
the following estimate:

X1 < |Bk(¢n - VE),

KeJ,
S Z Chk+2+d/2 |T]f,(u)|Wk+2,oo(K) ||v€||L2(K) ’

Keg,

< Z Cpit2rds? ||77||Wk+zv°°(K) ||f/(u)||Wk+2v°°(K) ||V§||L2(K) )
Keg,

<C ‘U|Wk+1»°°(ﬂ) ||f/(“)||wk+2»°o(9) PR Z ||V§HL2(K) )

Ke7,
2
<Culyrsroe gy 10 [lrso.00 (R**2 + l€]1%).

Here in the fourth inequality we use the relation

||n||Wk+2’°°(K) < ‘n‘WO’OO(K) + |7]|W1,oo(K) + -+ |7]|Wk+1,oo(K) + |n‘wk+2,oo(K) )

SC |U|Wk+1,oo(Q) (hk+1 + hk "‘ tet "‘ 1) + |U|Wk+1,oo(Q) S C ‘U|Wk+1,oo(ﬂ) .

In the similar approach, by taking ¢ =1, p =2k —1, s = 1, Q = f'(u) and v = {VE
in (2.9) in Lemma 2.4, Holder’s inequality and the inverse property (2.7a), it can be easily
shown that

Xl < D [Bx(82- VO < Ch Y (1)) 1EVEN sy < C 1 () ooy €117
Ke9, Ke7,
(A.30)
Similarly as the estimate of X; and X,, for X3 and X4, we have
1Xs) < [Ex(es- VE)|,

Keg,
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S Z Ch1+d/2 ‘n2f”(u)‘wl,oo([{) ||V§||L2(K) ’

Key,
<CR [0 sy 1" @ llrey D IVE N2y
Ke%
2
<CR (Il ) + e ) 17 e o) 1€ ) ey D 1V 2y
K€7h
ORI o I8 )y S 1VEN sy
K€<7h
2 2
<C [ulpprrroe(y [1F (W)l q) (P2 + [I€I),
and
Xl <D [Br(64- VE),
Keg,
Ke%
<Ch 1l oo gy 17 (W) .00 Z €N 220y 1VEN L2y

K€<7h
2
<Ch* [ulyirs.oe gy 1€ () lypr1oe ey €7 -

As for the estimate of Xj, setting g =1, p=2k—1, s =2, Q = &f"(u) and v = £VE in
(2.9) in Lemma 2.4, we find that
|Xs] < D [Bre(¢s - VE| < CRIE" (W) llwaoeiay Y I€llwaoeiae) 1€l 200 IVEN 2
KeJ, Ke—?h

For a more careful estimate, we make the discussion in two cases:

(a) For k = 1, i.e., the P! finite element space, we have |§|W2,OO(K) = 0. By virtue of
Cauchy’s inequality and inverse property (2.7a), we deduce that

|Xs] SOR?|E" (@)oo D W€ lwoegae) €l L2gaey IV L2aey

K€<7h

<C? 1" (Wl D P 18l oo gaey 1112y 1VEN 2

K€<7h

<SCRNE" (W)l (o) 1€l IEITVEL

2
<CIf" ()l (@) (lelloo + B [telyper o) €I

23



Here in the first inequality we use the generalized inverse property (cf. Theorem 3.2.6
in [1]):
(€l ey < CRTHIEN oo i)

(b) For k > 2, in the same approach, we get the estimate

| Xs| SOR?N|E" (w)llwey D W€lwacegae) €l L2y IV L2aey

Keyh

<CR? " (Wllyoreiy D B2 IEN Lo a0y 1€ iy V€N 2 ey

K€<7h

<O () llwzeo (e €1l IV

_ 2
<SChHIE" (W)l ) (lelloe + A5 futlynisco ) IS

The last term Xg is divided into two parts and will be estimated separately:

2

Kegy,

| Xo| < > [Ex(ds- VE| < D

Kegy, Kegy,

/ 1e?’f{f’ -Védz| +
k6

ij S VE) (wrey)| | K]

7=1

For the first integral term, by Cauchy’s inequality, inverse property (2.7a) and interpolation

property (2.6a), we can easily show that

1
Z / —e) . Veda
x 6

Keg,
Due to the facts that the quadrature over the element K is exact for polynomials of degree

— 2 2 2
<SChTHIEY oo llelle (B2l ) + IEIF)-

(2k) and the quadrature weights are non-negative, the second term can be estimated:

> Z% S VE) ()| | K|
Ke7, | j=1
2 M
<> ! <Z|w]| ) ()| KDYAY |wj||vg<a:Kj>|2|K|>”2>,
Keg, =1 j=1
2
=2 <ZM| ) (wry)| K]V r|vg||L2(K>>,
Ke, =1

<CIE oo NlelZe > Nell oo LET IVEN o)

Keg,
2 —
<C I8 oo NellZe D €N poeaey + 1l ooy DY 2B 1€ 2y
Ke,
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— 2 —
<ChPPHIE! g llells (D A7 11EN gagrey €l oy + E Hulwrsroey D 1€llzay):

Ke9y, Ke9y,
— 2 2
<SCh™H I8 ] Nlellse (14 B ful s o)) €N

Hence, we have that

Xl SCRIE o el (B2 fulfeen ) + (L B ulyar e )

OB R el (L4 B4 e ) €1

Finally, we collect the above estimates about X, Xs, - - -, X to complete the proof of Lemma

3.3. U

B Proof of Lemma 3.4

By Taylor expansion at (u,u) for the numerical flux FE‘(U;, u), we have

— A 1 o Y RS N
f- nF(uh>U+) —f(u) -np =n f{ —¢£ f{ + 5(77 )2f{/1 /RS ffl + 5(5 )2f{,1 - 6(6 )3f{/1,1
n n 1 n n 1 n 1 n
F = R PR — e + (€ — (R

_ _ P 1, _ . 1 .
O = ) = €0y — (e ety — Se (Pt
where f = f/n\p for short. The subscripts 1 and 2 denote the partial derivative with respect

to the first and the second argument of f. The omitted argument in the first-order and

second-order derivatives is (u, u). For instance, f/, = a?fafv (u,u). The third-order derivatives
are the mean values.

Notice that the L? norm of v~ or v™ (v = 1,£) on the edge will be controlled by the
norm of v in L?(&,). Thus, for notation convenience, in the following estimate, we will not

distinguish v~ or v* and write it as v in a uniformly way. That is, we will perform the

estimate for

Y = Z |EF(¢2[£])‘7 i1=1,2,---,6,

T'eéy,
with

nf + &8 4+ 02 4+ nef” + EF 4+ 7 2 by + s + sy + by + Vs + . (B.31)
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By taking ¢ =2, p =k, s = k+2, G = nf’ and w = [€] in (2.10) in Lemma 2.4, and
remembering that the quadrature over edges is exact for polynomials of degree (2k + 1), we
obtain the estimate of Y;:

Y, < Z O pF+2+(d=1)/2 ‘nf/

Ledy
<Chk+d/2+3/2

sy 1€ 20y

Wh+2,00(& Z HgHLQ(F

1€l 22 -

||77||Wk+2700(£h)

SChIH_g/z |u|Wk+1,oo(Q) f/

Wk+2,oo(é?’h)

2k+2 2
s, P EID),

f-/

<Culyrire o)

where we use Lemma 2.1 and the inverse property (2.7a) in the last inequality.
Now we proceed to the estimate of term Y. Taking g =1, p =2k, s =1, G = ' and
w = ¢[¢] in (2.10) in Lemma 2.4 obtains

Y, < 1€ 22 ey
reé, WLOO(K) ®
<Ch|f' 2, <C
< o <@%h§ I€lzey < C ] TEIE
h
Similar to the estimate of Y] and Y5, it can be easily shown that
2 o Ak+2 2
Y3 <Clulyiieq) || — (™ + 1IE11), (B.32)
}/21 SChk ‘U‘WkJrl,oo(Q) f/ W, o (&) H£|| (BB?))
L] o el 5 Rulypeirm) BEE, =1,
Ys < e ) (B.34)
R )] el + 5 e EIP 22
h

Note that some careful treatment should be used in the estimate of Y5, which is similar to
that of X5 in the proof of Lemma 3.3.

The last term Yy is divided into two part and the first integral term is estimated as

/€3f///[§]d.§(]
r

follows:

f-///

2.

T'eéy,

2
<Cllell%

el [¢] x|,
I
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<ClellZ, ||

- ||6||L2(@@h) ||§||L2(gh) )

SCh—l f/// N ||€||C2>O (h2k+2 |u|§{k+1(g) + ||§||2)’

where we use Lemma 2.1, the interpolation inequality (2.6a) and the inverse property (2.7a)
in the last step. The second quadrature term could be bounded by

SIS (@D ary)

Teé, | j=1

éZ(E\%\\(eg’f‘”’) | I O L) |r|>1/2),

reéy, j=1 7j=1

I

~

-y (Zm (@) arp)|| IT)Y2 € Jum),
Treé), Jj=1
. 9 1/2
<C B el S el gy T2 I 2y
& reé,
. 9 1/2
<CE"| el D Nellpm o OKT 1€l 2o
o Ke%,
<C||E"|| NellZe D7 ell oo (2172 el 2
Ke,
<Cll#"]| Nl S €l gy + Il qae) B> €N L2
& Key,
_ P 2 -
<CRYEHIE el (D2 B2 1€l oy €11 p2aey + W Tulypisr oy Y 1€llz2)
[e’e] Ked, Ke,
<CRH[E"|| llellS (1 + R fulynoe o)) €]

In the equality, we use the fact that the quadrature weights w; > 0 and the quadrature rule

over edges is exact for polynomials of degree (2k + 1). Hence, we have

Yy < Ch_l f-///

el (14 B ) €N (1.35)

Combining the estimate of Y7, Y5, - - -, Yg completes the proof of Lemma 3.4.
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