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Abstract: In this paper we consider the drift-diffusion (DD) model of one dimensional
semiconductor devices, which is a system involving not only first derivative convection
terms but also second derivative diffusion terms and a coupled Poisson potential equa-
tion. Optimal error estimates are obtained for both the semi-discrete and fully discrete
local discontinuous Galerkin (LDG) schemes with smooth solutions. In the fully discrete
scheme, we couple the implicit-explicit (IMEX) time discretization with the LDG spatial
discretization, in order to allow larger time steps and to save computational cost. The
main technical difficulty in the analysis is to treat the inter-element jump terms which
arise from the discontinuous nature of the numerical method and the nonlinearity and
coupling of the models. A simulation is also performed to validate the analysis.
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1 Introduction

In a previous work [21], we have analyzed a local discontinuous Galerkin (LDG) finite
element method to solve time dependent and steady state moment models for semiconductor
device simulations, in which both the first derivative convection terms and second derivative
diffusion (heat conduction) terms exist and the convection-diffusion system is discretized by
the local discontinuous Galerkin (LDG) method [14, 15], see also [12, 11, 10, 13].

In the work [21], we have only used the LDG method to discretize the electron concentra-
tion equation. For the electric potential equation, we still used the continuous methods to
avoid having discontinuities of two independent solution variables on cell boundaries, which
is difficult to analyze. Also, we only obtained the suboptimal error estimates O(h*2) when
P* elements (piecewise polynomials of degree k) are used in the LDG scheme because of the
nonlinear coupling of the electron concentration and the electric field.

In this paper, we will give error estimates of the semi-discrete LDG scheme and implicit-
explicit (IMEX) time discretization coupled with the LDG scheme (see [27, 28]) for smooth
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solutions. Unlike in [21], in this paper the potential equation is also discretized by the LDG
method. This unified discretization by using the LDG method allows the full realization
of the potential of this methodology in easy h-p adaptivity and parallel efficiency. The
numerical results shown in [19, 20] already demonstrated good performance of such unified
LDG discretization for the moment models, comparable with the results obtained by the
ENO finite difference method [16]. However, as far as we know, an error estimate for such
unified methods has not been available until now. In the fully discrete scheme, we couple the
LDG scheme with the IMEX Runge-Kutta time discretization up to third order accuracy.
We treat the nonlinear coupled term explicitly and the diffusion term implicitly. With this
treatment, we show that the IMEX LDG schemes are unconditionally convergent, in the
sense that the time step At does not need to be related to the spatial mesh size h when both
of them go to zero, even though the nonlinear coupled term is treated explicitly. This greatly
improves the computational efficiency of the scheme by allowing us to use larger time steps.

We now briefly review the background of the LDG methods. The LDG methods have
several attractive properties [31]. They can be easily designed for any order of accuracy. In
fact, the order of accuracy can be locally determined in each cell, which allows for efficient
p adaptivity. They can be used on arbitrary triangulations, even those with hanging nodes,
which allows for efficient h adaptivity. The methods have excellent parallel efficiency, since
they are extremely local in the sense that each cell needs to communicate only with its
immediate neighbors, regardless of the order of accuracy. Also, the methods have excellent
provable nonlinear stability.

For the DG method solving smooth solutions of linear conservation laws, optimal a priori
error estimates O(h*™1) for tensor product and certain other special meshes, and O(h**2)
for other cases, have been given in [9, 17, 18, 24, 23]. The first a priori error estimate for the
LDG method of linear convection-diffusion equations was obtained by Cockburn and Shu
[14]. Later Castillo et al. [4, 5, 6] proved the optimal rate of convergence order O(h*¥*1) for
the LDG method with a particular numerical flux. Riviere and Wheeler [25] gave an optimal
error estimate for the methods applied to nonlinear convection-diffusion equations for at least
quadratic polynomials. Zhang and Shu presented a priori error estimates for the fully dis-
crete Runge-Kutta DG methods with smooth solutions for scalar nonlinear conservation laws
and for symmetrizable systems [32, 33, 34, 22], see also Burman, Ern and Fernandez [3]. Xu
and Shu [30] provided L? error estimates for the semi-discrete local discontinuous Galerkin
methods for nonlinear convection-diffusion equations and KdV equations with smooth solu-
tions. Wang, Shu and Zhang [27, 28] obtained optimal error estimates of the LDG methods
with IMEX time marching for linear and nonlinear convection-diffusion problems.

Although there have been many theoretical analysis of the LDG method, such analysis
for semiconductor device moment models which involve a coupling to a Poisson potential
equation, by a unified LDG method to both the concentration equation and the potential
equation, still seems to be unavailable. The main difficulty is how to treat the inter-element
discontinuities of two independent solution variables (one from the concentration equation
and the other from the potential equation) on cell boundaries. Notice that, in an LDG
method, the solution and its spatial gradient are approximated by two independent polyno-
mials. Through exploring an important relationship between the gradient and interface jump
of the numerical solution polynomial with the independent polynomial numerical solution
for the gradient in the LDG methods, which is stated in Lemma 4.3, we obtain in this paper



optimal error estimates for both the semi-discrete LDG scheme and the IMEX LDG scheme.

The organization of the paper is as follows. In section 2, we list some preliminaries. In
section 3, we describe the drift-diffusion (DD) model and give its weak form. The semi-
discrete LDG scheme for the DD model with periodic boundary condition and its error
estimate are given in section 4. Section 5 contains several IMEX LDG schemes for the DD
model with periodic boundary condition and their error estimates. In section 6, we obtain
the error estimates of the LDG scheme for the DD model with Dirichlet boundary conditions.
Simulation results are presented in section 7. Concluding remarks and a plan for future work
are given in section 8.

2 Preliminaries

In this section we introduce some notations and definitions to be used later in the paper
and also present some auxiliary results.
First we will give some basic notations of the finite element space. Then we define some
projections and present certain projection and inverse properties for the finite element spaces
that will be used in the error analysis.

2.1 Basic notations

Let I; = (xj_%,ijr%), j=1,2,---,N be a partition of the computational domain I,

Az, =

j T, %+a:j+%). h = max{sup Az;}. The finite dimensional

J
computational space is

th ={z: z|1j € Pk(Ij)}

where P¥(I;) denotes the set of polynomials of degree up to k defined on I;. Both the
numerical solution and the test functions will come from this space V/¥.

Note that in V}*, the functions are allowed to have jumps at the interfaces Tj11/2, hence
ViF'¢ H'. This is one of the main differences between the discontinuous Galerkin method
and most other finite element methods. Moreover, both the mesh sizes Az; and the degree
of polynomials k£ can be changed from element to element freely, thus allowing for easy h-p
adaptivity.

We denote (up)t ; = up(z’ ) and (up). . = un(x. ) , respectively. We use the usual
J+3 J+3 Jt3 Jt3
notations [uh]H% = (uh);LJr% — (uh);r% and (ﬂh)jJr% = %((uh);LJr% + (uh);r%) to denote the

jump and the mean of the function wu; at each element boundary point, respectively.

We will denote by C' a generic positive constant independent of A, which may depend on
the exact solution of the partial differential equations (PDEs) considered in this paper. We
also denote by € a generic small positive constant. C and ¢ may take a different value in
each occurrence. For problems considered in this paper, the exact solution is assumed to be
smooth. Also, 0 <t < T for a fixed T'. Therefore, the exact solution is always bounded.



2.2 Projection properties

In what follows, we will consider the standard L2-projection of a function w with k + 1
continuous derivatives into space V¥, denoted by P, i.e., for each j,

/ (Pu(x) —u(x))v(z)de =0 Yo e Pk(lj), (2.1)

I;

and the special projections P+ into V;* which satisfy, for each 7,

/ (Pru(z) —u(z))v(z)dr =0 Yo € P(1),

and Piu(xj_%) = u(a:j_%),
/I (P —u(x) — u(x))v(r)de =0 Yo € P (1), (2.2)

and P u(r; ,) =u(z;,1).

J+% 2

From the projections mentioned above, it is easy to get (see [8])

1
11l + lInllo.co + 22 [nllr, + In(zo)| < CA*, (2.3)
where n = Pu—u or n = P*u—u, ||-|| refers to the usual L? norm, || -||o o refers to the L
N
norm, ||n||r, = [ ((77;1)2%— (7]]._+l)2)]%, and x is a fixed point in the computational domain
1 2 2

7j=1
I (e.g. one of the boundary points). The positive constant C' solely depending on w and its
derivatives, is independent of h. I';, denotes the set of boundary points of all elements I;.

2.3 Inverse properties

Finally, we list some inverse properties (see [8]) of the finite element space V¥ that will
be used in our error analysis. For any v € V}¥ there exists positive constants C; independent
of v and h, such that

. _ .. _1 _d
(@) lvoll < Cih7HJoll, (i) [[olle, < Cah72foll,  (idd) [Jollose < Csh2fv]],  (2.4)

where d is the spatial dimension. In our case d = 1.

3 The drift-diffusion (DD) model and the weak form
3.1 The DD model

The drift-diffusion model is described by the following equation (we refer to [7] and the
reference therein for more details)

ng — (WEN), = 70Ny, (3.1)
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¢xx - S(n - nd)a (32)

where x € (0, 1), with periodic boundary condition for the first equation and Dirichlet bound-
ary condition for the potential equation: ¢(0,t) = 0, ¢(1,t) = vpias. We will also consider
Dirichlet boundary condition for the first equation in section 6. The Poisson equation (3.2)
is the electric potential equation, F = —¢, represents the electric field.

In the system (3.1)-(3.2), the unknown variables are the electron concentration n and the
electric potential ¢. mg is the electron effective mass, k is the Boltzmann constant, e is the
electron charge, p is the mobility, Tp is the lattice temperature, 7 = ™2 is the relaxation
parameter, 0§ = mioT 0, € is the dielectric permittivity, and ny is the doping which is a given
function.

3.2 Weak form

The starting point of the LDG method is the introduction of an auxiliary variable
to rewrite the PDE (3.1) containing higher order spatial derivatives as a larger system
containing only first order spatial derivatives.

Let ¢ = v/70 n,, thus the equation (3.1) is rewritten as

ny — (pkn), — V70 ¢ = 0, (3.3)
q—V1in, =0, (3.4)
B, = —=(n—na), (3.5)
E=—¢,. (3.6)

We multiply equations (3.3)-(3.6) by test functions v, w, 7, z € V¥ respectively, and
formally integrate by parts for all terms involving a spatial derivative to get

/ nyvdx + / (LEn + V70q)v.da
I I

—(pEn + VTﬁq)j+%v;+% + (uEn + VTHq)j_%vj_% =0, (3.7)
/1 qudz + /I V1onw,dr — VTan+%w;+% + \/Tan_%w;’_% =0, (3.8)
_ - _g ot o =_t _

/I]- ErxdxthjJr%err% Ej*grjf% - /Ij (n — ng)rdz, (3.9)
/I' Ezdx — /I Qzpdr + ¢j+%z;+% — ¢j7%z;:% =0, (3.10)

where j =1,--- , N and v,w,r, z in V}*.



4 Semi-discrete LDG scheme and its error estimate

4.1 Semi-discrete LDG scheme

Replacing the exact solutions n, ¢, £ and ¢ in the above equations by their numerical
approximations ny, qn, En, ¢n in V¥, noticing that the numerical solutions ny, g, Ej and
¢p, are not continuous on the cell boundaries, then replacing terms on the cell boundaries by
suitable numerical fluxes, we obtain the semi-discrete LDG scheme: for any ¢t > 0, find the
numerical solution ny, qu, Ej,, ¢ € Vi¥, such that

/(nh)tvdx + / (uEpny, + \/ﬁqh)vxdx
I I

—(uEpny, + \/Tquh)jJr%Ujjr% + (uEpny, + \/Tedh)j—%v;:% =0, (4.1)
/ qrwdzx —|—/ VrOnyw,dr — \/T@(?ﬁzh)jJr%wj_Jrl + \/ﬂ9(f7,h)j_%w;,L_l =0, (4.2
I I 2 2
R - . e
. /I Byrade + (B)yayrs,y — (B)yyrty = =S /I (= ng)rdz. (4.3)
/ Epzdr — / Pnzzdx + (Q?)h)j-y%'z;_; - (ﬁgh)j—%zj_l =0, (4.4)
I I 2 2

where j = 1,--- , N and v,w, 1,z in V}¥.

The “hat” terms are the numerical fluxes. We choose the flux m = %((Ehnh)Jr +
(Epng)~) (we can also choose an upwind flux here, the analysis in later section can go
through as well), the alternating flux for n; and ¢y, that is,

i = (nn) ", Gn = (qn)~ or = (nn)", qn = (qn)™, (4.5)

and the alternating flux for QASh and Ej,, with an adjustment at one of the boundaries to take
care of the Dirichlet boundary condition, namely

= (QSZ)Jf J = 2a e ,N, (éh)NJr% = (¢Z)N+% = Ubias;

(¢n)1 1 1 1,]

(Bn)y = (BiDy +algls, (Bn)jy = (By)oy+coldl; o1 =2 N+1, (4.6)
or

(@n)1 = (@)1 =0, (@n)j_1 = ($)jo1,0 =2, N, (Gn)yss = (D) ns1 = Vbias,

(En)jor = (BD)_s+aldlond =1, N, (Ew)yys = (B )yser +coldlyrr  (47)

where ¢y > 0 is an arbitrary positive constant. We take ¢y = 1 in our numerical experiments.

Notice that the auxiliary variable ¢, or Ej can be locally solved from (4.2) or (4.4)
and substituted into (4.1) or (4.3). This is the reason the method is called the “local”
discontinuous Galerkin method and this also distinguishes LDG from the classical mixed
finite element methods, where the auxiliary variable ¢, or Ej must be solved from a global
system.



4.2 Error estimate

We denote [l sy = max [lullza, and [[ullizoras = (fy ullfagdt)? in the

following analysis of the semi-discrete scheme.

Theorem 4.1: Letn, q be the exact solution of the problem (3.7)-(3.10), which is sufficiently
smooth with bounded derivatives. Let ny,q, be the numerical solution of the semi-discrete
LDG scheme (4.1)-(4.4). Denote the corresponding numerical error by e,, = u—uy, (u = n,q).
If the finite element space Vi is the piecewise polynomials of degree k > 0, then for small
enough h there holds the following error estimates

I = n| |z 002y + |lg — anllr2mr2y < CRFH (4.8)

where the constant C depends on the final time T, k, C,, (in Lemma 4.3), the inverse constant
02, ’ |77,’ |L°°(O,T;Hk+l)7 ‘ ‘nx‘ ‘Loo and ‘ ‘E‘ ‘Loo .

Before the proof of the theorem, we give two lemmas first.

Lemma 4.2: Let E be the exact solution of the problem of (3.9)-(3.10), and E} be the
numerical solution of the semi-discrete LDG scheme (4.3)-(4.4). We have

1B = Ey|| < C(h" +[In — ). (4.9)

For a detailed proof of this lemma for the case of periodic boundary condition, we refer to
[2]. For our case with Dirichlet boundary condition for ¢, the result can be proved along a
similar line and is hence omitted.

We recall that we have taken the alternating fluxes for 7, and ¢y, that is, n, = (n,)™,
Gn = (qn)~. We write the error e, = v —uy, (u = n,q) as e, = &, — N, where &, = Ptn—ny,
=P n—n; & =P q—qn 1, =P q¢—q. Then we state the second lemma:
Lemma 4.3:
CN
VTl

[VhL[E]| < %(qu\\ + [11q]])- (4.11)

For a detailed proof of this lemma we refer to [27].

[1&n,all < —= ([l + [In4]); (4.10)

Proof of Theorem 4.1: Taking the difference of (3.7) and (4.1) and the difference of (3.8)
and (4.2), we have the following error equations

/ (n — np)vde + / w(En — Eyng)v,dz
I I
_M(En — Ehnh)ﬂ%vj;% + u(En - Ehnh)j_%UJ.r

1
2

" /f V(g — qn)vade — V70(q — @) 3074+ V0(g — d);yvf, =0 (412)
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/ (¢ — qn)wdz + / VT(n — np)w,da
I I
_\/ﬁ(n — ﬁh)j+1/2wj_+% + \/’7'_(9(77/ — ﬁh)j,l/gw;;% =0. (413)

If we choose v = &,, w = &, in the error equations (4.12)-(4.13), we have

/ (fn - nn)tfndx + / ,U(En - Ehnh)fn,xdx
I

j I
—pu(En — Ehnh)]+1§ Tt u(En — Ehnh) f+ _1 (4.14)
/ VTB(E — 1)~ VTOE — 1)y, 16 pyy +VTOE )16, =0,
and
/ (&g — mg)&qdz + / m(fn — 1) &g2dx
1 1
_ R +
VIO = M)}, 16p s 0+ VTOE =) 1 €F =0, (4.15)
Summing the above two equations, and summing over j, we have
N N
; f]j gn,tgndx + Zl f[]. fgdﬂc
J]T[ J=
= Z f]. nn,tgndx
+ Z f[ Nq&qd
]_
+ X_J (1, VTOnanade + [} V7O ada = V70 160
+\/_ q,j ;§+ - \/_77: _1_15_ 1 +\/_7] 15—1— )
+ fI \/_fqgnxdx f[ ffnqudx—i—\/if ]+1€n]+2
+ + - + +
_\/_gq,j—%5 i—3 + \/_én J+1£q j+i \/_gn 15(1,3 1)
N
+ > (- f]- w(En — Ehnh)¢, dx
=1 !
+u(En — Ehnh)j+%§;j+% — w(En — Ehnh)j_%f:’j_%)
:T1+T2+T3+T4+T5. (416)

Next, we estimate T; term by term. From the property (2.3) of the projection and the
Schwartz inequality, we can get

N
T = Z/ Mn,t§ndr < C/ni,tdl’ + C/fidx < Ch?+2 CanHQ (4.17)
=171 ! !



T, = Z/ Neqdr < 0/n2dx+e/5§dx < CR*H2 4 gl |1 (4.18)

Obviously, from the projection (2.2), we have

/ npvdx = 0, / ngvdr = 0, Yu € Pk_l(lj),
I I

J J

Jr
4l = =0, then we get

andn ., =0, n

ity
T3 = 0. (4.19)

We also have
N
o= (- / VTO(yEn)edr + VTOE 1€
j=1 7L
N Rty 14—x/__§+ £

¢,j—3 >n,j— nj+3 >q.j+3
N

= D VTOEE) ]y — VIO, +VTOE,

@.+3 n.j+3
j=1

VTS &8 Vg 6~ VTOET e )

¢:Jj—35 "N, n,j+s5 nJj—5>¢j— 2

= Z\/_( n]+1/2§q]+1/2 fn] 1/2€q] 1/2) 0. (420)

The above estimate of T used the periodic boundary condition for n, ny, ¢ and ¢,. About
the last term T5 of (4.16), since we have chosen Eyny = 5((Epny)t + (Epng) ™), we have

Ts = — /M(En — Epng)én dx — Z u(En — %((Ehnh)Jr + (Ehnh)_))j_% €nlj—1/2 (4.21)

I =

For the integral part of T, we treat it as following

— /,u(En — Epng)é, de = — /uE(n —np)épdr — /,u(E — Ep)npé, de
I I

1

For the time being, we make the a-priori assumption
lln — np|| < Ch. (4.22)

We will verify the reasonableness of this a-priori assumption later. The a-priori assumption
implies that ||ng||r~ < C. With the Young inequality, (2.3), and Lemma 4.2, we have

/ W(En — Bynn)énadz < C|l&nl[2 + CR22 1 2|60 1 (4.93)
I



For the boundary part of Ts, we have

_ ]: pu(En — %((Ehnh)Jr + (Ehnh>7))j—%[§n]j*1/2

7j=1

I

|
M=
=

(AE(n— (n)*) + S(E — (B (i)
n = (n)7) + 3 — (B)7) ) )y [€alyrye

pk; 1 (& +& —my — W;)j—% [€nlj-1/2

+
= N,

S

|
M=

N[ =

W(E = (En)*);_a (i) [&aljm1/2 — 5 30 (B — (En) ™) ;-1 (nn)

1 1
2 j=1 )73

[En)i—1/2

<
Il
-

Using the Young inequality and ||ng||~ < C, we get

< Ch(||&all? + 1l [F + 1B = En[[}) + Eh7"[€n]?

_ iu(En - %((Ehnh)Jr + (Ehnh)i))j—% [571]3’*1/2

Then from the inverse inequality (2.4), together with (4.9), we can obtain

- u(En - %((Ehmf + (Bunn)7))j2l€alj—1re < O+ [[6a]1°) + ERT1[6]7 (4.24)

j=1
Substituting (4.23) and (4.24) into (4.21), we have
Ty < O|&]” + Ch* 2 4 &[0 0| |” + ER &) (4.25)
Then substituting (4.17)-(4.20) and (4.25) into (4.16), we get
1d
2dt
Using Lemma 4.3, together with the property of the projection and the Gronwall inequality,
we can obtain the theorem.

To complete the proof, let us verify the reasonableness of the a-priori assumption (4.22).
For k > 0, we can consider h small enough so that Ch*+! < %Ch, where C' is the constant
in (4.8) determined by the final time 7. Then if t* = sup{t : [|n(t) — ny(t)|| < Ch}, we
should have |[n(t*) —n(t*)|| = Ch by continuity if ¢* is finite. On the other hand, our proof
implies that (4.8) holds for ¢ < ¢*, in particular ||n(t*) — ny(t*)|| < Ch**! < 2Ch. This is a
contradiction if * < 7. Hence t* > T and the assumption (4.22) is then valid.

[1al1? + 1€l I* < ClIEall” + Ch* 2 + &l |60 all* + ERTHEA]* + ]I, I*. (4.26)

5 IMEX Runge-Kutta fully discrete LDG schemes and
their error estimates

In this section we would like to consider the LDG spatial discretization coupled with
three specific IMEX Runge-Kutta schemes up to third order which are presented in [1, 27].
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The idea is to treat the linear diffusion part implicitly and to treat the nonlinear, coupled
drift term explicitly, in order to save computational cost, while still aiming for unconditional
convergence in the sense that the time step and the spatial mesh size do not need to be
related when both of them go to zero.

5.1 Fully discrete schemes

Let {t™ = mAt}M_, be the uniform partition of the time interval [0, 7], with time step
At. The time step could actually change from step to step, but in this paper we take the
time step as a constant for simplicity. Given nj', hence ¢, E}", ¢}, we would like to find the
numerical solution at the next level t™*! maybe through several intermediate stages t™,
by the following IMEX RK methods.
For simplicity of notations, we will denote

H;(Ey,np,v) = —(uBEpnn, vg) 1, + (uEhnh)j+%v;+% - (uEhnh)j_%v;L_%, (5.1)
H]:'t(uhav) = TV Te(uhavit)fj + v Te(u}:i:)]+%vj_+% -V Te(ufj;)j—%v;—_%7u =n,q, (52)
where j =1,---, N and (-,-);, is the usual inner product in L*(Z}).

Obviously, for smooth E, n,u, we have
Hi(E,n,v) = —(pubn,ve)r, + (,uEn)H%vjjr% — (uEn), vt |,
Hji(u,v) = —V70(u,ve)1; + \/THujJr%v];% —V7hu, v

<
|
ol

First order scheme

The LDG scheme with the first order IMEX time-marching scheme, where the coupled
nonlinear part of the concentration equation is treated by the forward Euler method and the
diffusion part is treated by the backward FEuler method, is given in the following form using
the notations in (5.1) and (5.2): find the numerical solution n]"™", ¢/"*' € V}*, such that

np =g 1
( A7 ), = Hi(Ey, ny',v) + Hj’(q,’f“r ), (5.3)
(g, w), = H;’(n;l”“, w), (5.4)
where j =1,--- ;N and v, w in V}*.

The LDG scheme of the electric potential equation is: find E™, ¢ € V¥, such that

m m — m + € m
_/Ij Ej'rydx + (E) )j+%7“j+% — (B} )j_%rj_% = /Ij(nh — ng)rdz, (5.5)
[ Brade = [ peda s (6,007, - @), g2, =0 (5.6)
I; I; 2 2

where j =1,---,N and r,z in V}\.
As in the semi-discrete case, the “hat” terms are the numerical fluxes and are still chosen
as (4.6) or (4.7).
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Second order scheme
Using (5.1) and (5.2), the LDG scheme with the second order IMEX time-marching
scheme given in [1] is: find the numerical solution n}"™' ¢ € V¥, such that

m,1 m
n" —n o Cm,
(—2 A7 h ) = yH (B, ny',v) +vH; (g, 1,1}), (5.7)
n?:Jrl B ”?f m .m m,l _m,1
( At 7U)Ij - 6Hj(Eh7nh7U)+(1_5)Hj(E )y Iy, 7”)
+(1—=~)H; (g, v) +vH; (gt v), (5.8)
(g w), = Hf (' w), 1=1,2, ¢ =g, (5.9)
where j =1, - Nandeth’“,and'y—l—i (5:1—217
The LDG scheme of the electric potential equation is: find ™', ¢/ € V}¥, such that
m,l Fm,l — Fm,l + o € m,l
_/Ij Erpdx + (B} )j+%7"j+% — (B )j*%rjfé = /I]-(nh —ng)rdx, (5.10)
/ EM zdx —/ o zpdr + (AZZ’Z)#%Z;_% - (A;Zn’l)j_%z;'_% =0, (5.11)
where j=1,--- ,Nand r,z in V¥, and [ = 0,1, ™" =u™.

The “hat” terms for the numerical flux are chosen as before.

Third order scheme
The LDG scheme with the third order IMEX time-marching scheme given in [1] is: find

the numerical solution n}**!, ¢"*' € V¥, such that
nZLI - nzﬁb 1 m ,m j— m,1
(T,U)Ij = éH](Eh ,nh,v)+§Hj (qh ,’U), (512)
nhm2 _n;zn 11 m ,.m 1 m,1 m,1
(T?U)Ij = 1_8Hj(Eh>nh>v)+1_8Hj(Eh s Uy 77})
| . 1.
+6H] (Qh ’17U)+§Hj (Qh 7271])7 (513)
nZL’g B n;zn ) m ,.m b m,1 ~m,l 1 m,2 ~m,2
( At ) = EHJ(Eh a”hav)—gHj(Eh I, >U>+§Hj(Eh NS
1 _ m 1 — m 1 — m,
_iHj (q, ’1,v)+§Hj (g, ’2,1))—1—5]-[]- (g, 3 ), (5.14)
nytt — pm 1 o 7 ml m
( b At g ’U)Ij = ZHJ(Eh » N, ’U) + ZHJ(Eh 71’nh 71’1))
3 7
+H, (B2 ni? v) — ZIjrj(E;j%?’,nh’"’?’,u)
3. . m 3. m
+§Hj (qh ’1av) - §Hj (qh 72av)
1 1
+§H-‘( ,v) + 3115 (4 (g, v), (5.15)
(g w), = Hf(mp' w), 1=1,2,3,4, ¢ =g, (5.16)
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where j =1,--- , N and v,w in V}¥.
The LDG scheme of the electric potential equation is: find ™', ¢/ € V}¥, such that

m,l Fm,l — Fm,l o € m,l
_/Ij E"ryde + (E) )j+%7"j+% — (B} )jfér;i% = /I]-(nh —ng)rdz, (5.17)
m,l . m,l Tm,l - (am]l +

where j=1,--- ,Nand r,z in V}}, and 1 = 0,1,2,3, u™° = u™.
The “hat” terms for the numerical flux are chosen as before.

5.2 The error estimate of the first order IMEX LDG scheme

M 1.
Denote [[ul[p=.riz2) = max [[u™|z2p), and [Julls2rie) = (mgo |[u™|[72(ryAt)2 in the

following analysis of fully-discrete schemes.

Theorem 5.1: Let n™,q™ be the exact solution of the problem (3.7)-(3.10) at time level m,
which is sufficiently smooth with bounded derivatives. Let nj', q;" be the numerical solution of
the first order IMEX LDG scheme (5.3)-(5.6). If the finite element space V¥ is the piecewise
polynomials of degree k > 0, then for small enough h, there exists a positive constant C'
independent of h, such that the following error estimate holds

||7L — nh||Loo(O’T;L2) + ||q - qh||L2(07T;L2) S O(hk-H + At) (519)

where the constant C' depends on the final time T, k, C,,, the inverse constant Cy, ||n|| oo 1 me+1y,
|1z and || E||ee.

Proof: To get the error equation of the first order IMEX LDG scheme, we first rewrite (3.7)
and (3.8) at time level m or m + 1 as the following

n™tt —nm m, m m -
( AL ) = —(RE™" v) + (RE nm)j-l—%vj_,_% - (MEmnm)j—%U;L_%
—(VTOg" " v )+ (VPO vy — (V700" sl
nerl —n" m / m—+1 m
+(T — Ny ﬂ))lj + (V70(q —dq )7%)1]-
—V7(g™ — qm)ﬂ%vjjr% + V1h(g" T — qm)jfév;:%, (5.20)
(qmﬂ,w)lj — —(\/Tenerl,wx)[j + (V TOnm“)jJr%w];l — (Vv 79nm+1)j7%w;i(_5..21)
2 2

Taking the difference of (5.20) and (5.3), and the difference of (5.21) and (5.4), we have the
following error equation
W ) — ()

(( A7

Wy = —GE = uB )
+(uEmn™ — uE}fnZl)jJr%vj:L%
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—(HE™™ — NEm”h )j— %U;r_%
—VTO(g" ! — gt vgc)zj
VT = )
2
i/ (qm+1 Am—i—l)J %U %
nm—f—l nm L
+( At nin7v)1] + ( Vv qum+ qu U$)Ij
—VTO(g" " = ") v VT =) 0]
(qm+1 . q;TJrl,w)Ij - _ /Tg(nerl nzwrl,wgg)[]
+V7o(nmt ﬁf*l)ﬂ%w;%
- /7'6 nerl ﬁerl ',le.r
h J—3

Choosing v = £, w = &', summing the above two equalities
we get

and summing j over [,

Ert =& e + ArE e
m+1 _ nm
= (= ) A € + AT — )

m+1
n,T

AU RE™ ™ — uB, €

j=1

)~ A€

m+1 m+1

n,x

—AtVTO(EM — —(

Mlq

N
— At Z(,uEmnm - uE}TnZl)j_% [SKans P

m+1

(NI

)7 )j-alen

[N

_}_At\/E(qm—l—l . qm m+1 + At\/_z m+1 qm))J__[gm—i—l] _%
—ATOEGT =t ) — AtV76 Z((ﬁﬁ”l) — () male
j=1
Noting that
1
(Gt —gr et = \lfm+1\|2 ||§TH2 + 5”52”1 &1,
we have
1 m—+1]|2 1 m||2 1 m+1 m||2 m+1|2
&I = SHENE + lIEr™ = &7 + Atflgg ]
< (m’l‘“ n ,é’m“)
HA (L €
m+1 nm m emad
sar g

14



<At\/_( m+1 m+1)—|—At\/_( m+1 m+1)
+AVT0 Z ()

l
i3

[em+1] -,%+At\/_z me1y+ '71 €m+1]j7%>

( At\/_ (et ety — AtV7T6 (6’”“,6’”“)

AT At\/_z (&) 6 ,-y)
j=1

+<At\/ﬁ(qm+1—q any At\/iz mil m)J__[ﬁmH]-_%)

N
(= AUpE " — pE €)= A (WE™ 0™ — uEf),

j=1

7
- Z Ty
i=1

%[&TH]]’*

)

(5.22)

N|—=

Now, we estimate 7}; term by term. From the property (2.3) of the projection, and the

Schwartz inequality or Young inequality, we have

1 1
Ty < §Ath%+2 + §At||§’?“||2-

Tio < CALR 2 + A€,

Noting that

we can get
1 1
Tig < 5(A0)° + SAHIE
Obviously, from the property (2.2), we have
T14 == O

We have also

+ (g

1
2 J

N
S e
i1 2

= —AtVr0 Z (S M (S I (i MY (S

j—

)

N|=

= 0.
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(5.23)

(5.24)

(5.25)

(5.26)

)

1
2
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The above estimate of T5 used the periodic boundary condition for n, ny, ¢ and gj.
Noting that ¢™! — ¢™ = O(At), using the Young inequality, we get

Tie < C(AL)? + EAL|ET )P + C(AL) R + eh P ALET. (5.28)

n,T

About the last term 777, we need the a-priori assumption similarly to (4.22)
|In™ = np'|| < Ch. (5.29)

From the above assumption, we can get ||n}*||r~ < C. Then we estimate 7}7 similarly as
T5 of the semi-discrete scheme, using Ej'ny’, &' Uand [¢7] instead of Eyny, &, and [&,]
respectively to obtain

Tir < CAH|EM| | + CAth* 2 4 aAt| €712 + eh L At[g )2, (5.30)

n,T

Substituting (5.23)-(5.30) to (5.22), we have

1 1 1

SHEr 2 = Sllgl® + Sllens! — &P + Aty
CAtE*+2 + CAL(||EG P +116711%) + eAd]jey )
+(A)? + EAHE™H I + C(AL)’h + ERTTAL[E )2

n,x

IN

Summing the above inequality over the time step m, using the discrete Gronwall inequal-
ity and Lemma 4.3, we get

M
161117+ ALY [IE711P < (161 + Ch*2 + O(At)?. (5.31)

m=0

To complete the proof, let us verify the a-priori assumption (5.29). For m = 0, we choose

ny as the projection of n°, so obviously, the assumption (5.29) holds. If (5.29) holds for

m=1,---, M —1, then for m = M, we can get (5.31), that is, (5.29) holds also for m = M.

5.3 The error estimate of the second order IMEX LDG scheme

Theorem 5.2: Let n™,q™ be the exact solution of the problem (3.7)-(3.10) at time level m,
which is sufficiently smooth with bounded derivatives. Let n}', q;" be the numerical solution
of the second order IMEX LDG scheme (5.7)-(5.11). If the finite element space V¥ is the
piecewise polynomials of degree k > 0, then for small enough h, there exists a positive
constant C' independent of h, such that the following error estimate holds

I = np| |z orp2y) < C(RF + (At)?) (5.32)

where the constant C' depends on the final time T, k, C,,, the inverse constant Cy, ||n|| oo 1 e+1y,
|1z and [|E||ee.

Proof: First, we rewrite the scheme (5.7)-(5.8) as the following
(nzﬁ”’1 —ny' ), = YALH;(ER, ny',v) + ’yAtHj’(q,T’l, v), (5.33)
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(gt =yt o), = (8 = ) ALH (B i, o) + (1= ) ALH (Bt )
+(1 = 29)ALH; (g, v) + YALH; (gt v), (5.34)

To get the error equation, we need to define n™?, ¢™!

= Y(E™™ )@ + VT,

qm,l — /,renm,l’

T

where n™ is the exact solution n at the m-th time level. Then we get the weak forms

(n™t —n™, v), = YAtH;(E™,n"™ v) +yAtH; (g™ v), (5.35)
), = (6 —)AtH;(E™, 0™, v) + (1 — ) AtH;(E™', n™" v)
(1= 29)AtH; (g™, v) + 7 AtH; (¢ v) + (¢, v), (5.36)

(qm’l,w)fj = H;L(nm’l,w), [=1,2, (5.37)

where (™ is the truncation error and ||¢™|| < C(At)3. The weak forms of the electric potential
equation are

m — m € m
— /Ij E™lr dr + Eﬂ_’l%?“ﬂ_% - Ej_’l%r;'_% = /1]- (n™! — ng)rdz, (5.38)
/ E™lydy — / o™ 2 d + ¢Zillzj_+l — ¢T_’llz;,’_l =0, 1=0,1. (5.39)
Ij Ij 2 2 2 2

Denote em™! = y™! —uf’l = ¢l —pml oy =n, q. Here, &,, 1, &4, Mg are the same as before.

Subtracting the above weak forms of the electron concentration equation from those
second order IMEX LDG scheme of the electron concentration equation, that is, (5.33)-
(5.35), (5.34)-(5.36) and (5.9)-(5.37), we get the following error equation

(&t = &), = YAUH(E™, ™, v) — Hy(EB}',nj, v))
+(pmt — V), + vAtHj_(fff’l,v) — vAtHj_(n;”’l, v),
(Ertt—grtv), = (6 —ALH(E™ 0™, v) — Hj(E',nj",v))
+(1 = &) At(H;(E™ , n™ v) — Hy (B! n)" v))
+(1 = 29)AtH; (€ v) — (1 — 2y)AtH; (g, v)
FYALH (67 v) = yAtH] (™ v) + (™ =t o) + (7o),
€Ly, = ), + HFEM, w) - B 0 w), 1= 1,2

Noting that H; (n7*!,v) = 0 and H; (n»',w) = 0 from the projection, taking v =
gttt w = g M in the above equalities, we get

(Gt —&r &y, = YAUH(E™ n", &) — Hy(B} it €)

(et =l &) g, A Y ALH (T Emh, (5.40)
(Ertt =gt ety = (06— ) ALH;(E™, 0™ ) — Hy(Ey ny, &04Y)
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+( 6)At( (Eml ml)gm—i—l) —H (Eml m1,£m+1))

n n

(1= 29)ALH (&1, 67 + yALH (€, 604

+(77ZL+1 7721717€7T+1)Ij + (<m7621+1)1j’ (541)
(&6 = O G+ HE (G 60, (5.42)
€L = e + H ) (5:43)

If we choose w = ! instead of w = ! in (5.43), we get
(&6 = O g+ H (6. (5:44)

Taking (5.42) x YAt 4 (5.43) x yAt + (5.44) x (1 — 2y)At, then summing them together
with (5.40) and (5.41), and summing j over I, we have

SIETP = SRR + Sller+ — e + Slier — P
AP+ A€ + (1 - 2 Ak )

S (AR R U AN )

(VAT + (1= 29)ALH (), E) + A AL (g, )
FYALH (€ €) + (1= 29) AL (4, €) + y AL (€4, ) )

(€7 &) A ) + e € + (1= 29) At )

+ (YAUH(E" €Y — HE, nif, €0))
+(6 - 7)At(H(Em> nm’ ggﬂrl) - H(Eh y Ty >€m+1))
(1= OALH(E™ ™ €0 — BB o, €)))

4
— Z T;. (5.45)
=1

Next, we estimate the term T5; one by one. Obviously, from the property of the projection
(2.3) and the Schwartz inequality, we can get

Toy < CAtRM2 4+ CAL(||& |12 + 1167 1%).- (5.46)
From the periodic boundary condition, we have
Ty = 0. (5.47)

To estimate Th3, we denote &) = (£, &""). Using the property of the projection (2.3), the
Schwartz inequality and the Young inequality, we have

Tys = C(AL)® + CAH[E™)? + CALh** 12 - At / £re,da. (5.48)
1
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Similarly as the estimation of the term 737 in the first order IMEX LDG scheme, we have

’YAt(H]( é'm 1) (Eh , I, 75771 1))
< OAH(R*F2 H&TH )+ E(AL P+ AthTHEM ).

(6 = NALH;(E™, 0™, &) — Hy (B, &71))
< CAR 4 Ig1?) + E(At & |12 + Ath~HET ).

( 5)At( (Eml m,1 §m+1) H](E}Tl §m+1))
< CAMER 1 ) + IR P + Atk ),

Noting that for both pairs of (7!, f;“’l),l = 1,2, we have the similar result as Lemma
4.3

C
m,l m,l m,l
ezl < e+ )
—Llrom C m m
pHEM < g+ (5.49)

Then we get

C
+ e AP (5.50
Nz €117 (5.50)

_Cy
Toy < CALRT2 + [N + ll&n(17) + 25\/_9

Substituting (5.46)-(5.50) to (5.45), we get

16w H I = NN + 2y At &g 17 + 2y At jegH]* + 2(1 — 29) At(gg ™, €7)
< C(AL) + CAth 2 + CA([|ENN* + e 11” + (1€ 1%)

C C
+2~At/ T ~ Yp m,1(|2 ~ Y
€ I€q€q \/7__0 gq || m

We can choose € small enough that 55—:—9 < 1—167, so we have

e,

(5.51)

e 12— €I + SyAtler P + Sy Atler R +2(1 - 29) At )

< C(ALP + CAP2 £ CAL([EM? + [J€mY? + [[€m]2) + 22t / €7¢,d.
I
(5.52)

If we denote the last three term of the left hand as S, that is,
3 m 3 m m m
S = AU + Sy AU + 200 = 29) AU, M)
= At / EXME, dx,
I
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where

3 1—27)
M= 2 .
<1—2”y %”y
Cu

It is easy to check that M is positive definite. So if we choose € satisfying not only £ 7& < 5~
but also [, €7(M — 2¢)§,dx > 0, we can get

&P = 111 < C(A? + CALth™ 2 + CAL(IE1” + 11E 1 + (1€ 7). (5.53)

The estimate for the stage values ||€™!|| can be obtained along the similar argument as the
result of (5.53), so we omit the details and only state it in the following inequality

& 112 < CUIEN + (A1) + Ath*+2). (5.54)

Combining (5.54) to (5.53), summing ¢ over (0,7") and using the discrete Gronwall inequality,
we obtain

&l oo, 752217y < C(AL)? + CR* (5.55)

5.4 The error estimate of the third order IMEX LDG scheme

Theorem 5.3:  Let n™,q™ be the exact solution of the problem (3.7)-(3.10) at time level m,
which is sufficiently smooth with bounded derivatives. Let n}', q;* be the numerical solution
of the third order IMEX LDG scheme (5.12)-(5.18). If the finite element space V¥ is the
piecewise polynomials of degree k > 0, then for small enough h, there exists a positive
constant C' independent of h, such that the following error estimate holds

17 — nal|erize) < C(RF + (AL?) (5.56)

where the constant C' depends on the final time T, k, C,,, the inverse constant Cy, ||n|| oo 1 e+1y,
|1z [ Lo and [|E|| .

Proof: For the convenience of analysis, we would like to denote
Diu™ = 2u™? — 3u™!, Dou™ = u™3 — 2u™? 4 2u™!,

then introduce a series of notations

Flum™ = y™! — ™, Fou™ = Dyu™ + u™,
Fsu™ = Dou™ —u™',  Fyu™ = 2u™! 4+ Dju™ — Dou™,
F41um = Uerl + Dlum, F42um = uerl — Dgum.

We sum j over [ and rewrite the scheme (5.12)-(5.15) into the following compact form:

{ (Fingr,v) = Su(ER, n, ) + Ui(gy,v), 1 =1,2,3,4, (5.57)

m,l _ 4l _
(qh ,U}) - H (nh 7U)7l_172773747
m m ,.m,l m2 m3 m __ m,l m2 m,3 _m-+1
where nj' = (ng', " " ), @t = (q, s a, T a, a ), and

1
OBy g v) = SAtH(EL, ny,v),
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CI)?(E}T7 nhm7 U)
®3(E217 n?? U)

®4(E}77:n7 nhm7 U)

and
Vi (gy'sv)
Ua(gp',v)
Us(gy',v)

‘114(q}7znv U)

5 1
— g AH(EL nfl v) + GAH (B i v),

1 17

§AtH(E,T,n}?,v)—TSAtH(E,T’l,nhm’, v) + AtH(Em2 ny? v),
7 41

_TSAtH(E,T,nhm,U)—i—?AtH(E,T’l,n L)+ AtH(E 0] v)
7

_iAtH(E}?%ga nhm73> U),

1
§AtH_(qZ%1, v),

1 1

gAtH*(q,’j“, v) + S AtH (Digy, v),
7 m 1 — m 1 — m

_EAtH_(qh 17/(]) + ZAtH (quh ,U) + §AtH (D2qh 7/0),
1 1 1

——AtH‘( ) — ZAtH‘(quZI, v) + iAtH_(ng,T,v)

+AtH (g, v).

To get the error equation, we need to define n™!, ¢! E™! ¢™! as the following:

nm™l — pm 1 1
Z(uE™mnm - ~\/ 9 m,1
nm™? —nm 11 1 1 1
T (uEmnm Eml m,1 ~\/ m,1 ~\/ m,2
nm™3 — nm 5 5 1
= Z(uEmn™). — = Em,l m,1 - Em,2 m,2
A G (RE™ ™)y — L (WE™ 0™ )y + S (LE™ ™),
1 1 1
—5\/7'8(];71’1 + E\M’qu%2 + 5\/7'0(121’3, (5.58)
nmtl —pm 1 7 3 7
—_ Em m . o Em,l m,1 . e Em,2 m,2 R Em,3 m,3 .
A JWET N ) 2 (B 0™ )y o (B TT)y = o (BT ™)
3 3 1 m
—i——\/Tqu’1 — 5\/7’0(]?’2 + 5\/7’9(] + \/ q””’1 + %
g™ = Vet 1=1,2,3.4,
and
Em,l —  _4ml
E™ o= —Smmi—ny), 1=0,1,2,3, (5.59)
€
where n™ is the exact solution n on time level m, (" is the local truncation error of the

third order IMEX RK method and [|¢™|] < C(At)*.

concentration equation

{(Flnm,v) = Q(E™,n™
(™ w) = H*(n™),

Then we get the weak forms of the

) + \Dl(qma U) + 6l(<ma U)>

), [=1,2,34. (5.60)
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Here, n™ = (n™,n™!, n™2 n™3) @™ = (¢™', ¢™?% ¢™°,¢"*), and 6, = 0 if [ = 1,2,3,
04 = 1. Now, we get the error equation

{ (Eggb?v) = CI)Z(Em7'n,m,U) - (I)l(Eg%nZL?U) + \I/l( ;n?U) + (FﬂhT + 5lCm7v)7 (5 61)

(Grlw) = HAEM )+ (g w), 1=1,2,3,4,

since the projection error related terms in W; and H* vanish by the property of the projection
(2.3). Taking v = ™, D&, Do&™ €M in (5.61), and writing Fy&™" = F &M + Fp&™, we
have
1 12, L o 1 2
_ m, _ F m _ m
e+ SIRE - Sler
= O (E™ n™ M) = (B, 1Y) + U (&7 &) + (B &), (5.62)
D&, I* + SR8, * - Slle I
= O(E™, n™, Di&y) — Q2 By, ny', Di&y) + Vo (&7, D&Y + (Fomy', D&y, (5.63)

1 " 1 " |
DRI + S FER P = Sl
= O3(E™,n", Dy") — ©3(Ey', ', Do) + V(€7 Dog,t) + (Famyy's Da&y'), (5.64)
1 1 1 1
g1 4 SlF€g 1P + 1Pl — DI — Do 1P
- ®4(Em7nm7£77?+1) - q)4(EiT7n;zn7§7T+l)
FUL(E) EMT) + (Faml &) + (O(AD)*, g, (5.65)
Adding them together, we have
e 12 = M1Em]|* + 8 = To + Tu + T, (5.66)
where S = S|G4 5 F2E0 1 + SIFER P 4 51 Ea&! 1 + 51| Fié?||?, and
To = O(E™ n™ M) — (B, np &) + ©(E™,n™, Di&)) — ®o( B}, my', Di&)))
+q)3(Em7 nm7 D25;,n) - q)?)(E}:,n? nzﬁba D2§;,n) + q)4(Em7 nm7§;:fl+1) - (I)4(El7zl7 nzlv 577?-1—1)7
Ty = \111(5271752171) + \112( ;n7 Dlé':ln) + \113(5217 DQé’ZZ) + \114(5217521—1—1)7
T, = (Fu &) + (Fan)y, Di&) + (Fanlyt, Do&) + (Famly, €00 + (O(AD)*, 7).

Easily from the Schwarz inequality and the property of the projection, we can get

4
T, < CALY || P + CAth* 2 + C(At). (5.67)
=1

To estimate Ty, from the definition of H* in (5.2) and the error equation (5.61), we first
have

H™(&,6n) = _H+(€n>€q) = _||€qH2 + (Mg, a); (5.68)

and
H™(&,,60) = —HT(&1,&,) = —(&, &) + (03, €,)- (5.69)
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Then we have Ty = T,, + T¢,, where

Ty = S0 & A+ S (Du', € AL + S (Dig', Dig At

12(D277 fg%l)At + Z(D277q 7D1§q )At + §(D277q ?D2§q )QAt
1 1 1 o
— g EAE = 0 DI AL+ S0 Do) A+ (g™ )AL
1 m,1]|2 1 m ¢m,l 1 m||2
Ty = —5llgg [IPAL = S (Dhg", & )AL — S| Dig[ At
12(D25m1 &AL — —(D2§ 1 DiEl AL — §HD2fq [>At
1 m m m
(5m+1 &AL+ — (5m+1 D" At — é(gq T Dy AL — € [PAt
= —At /I EXMEdx,
here, £ = (€™, D1&", Do&, €7, and
1 1 7 _1
2 6 24 24
1 1 1 _1
6 2 8 8
M pu—
_7 1 _1 1
24 8 2 4
1

It can be verified that M is positive definite by verifying the principle minor determinants
of M are all positive, so T¢, < 0.
And using the Young inequality, for V& > 0, we have

Ty < aAt/ngquJrC Atz ||,

=1

where Cf is a positive constant only depending on €. Then we have
Ty < —At / EL(M — eI)€ dx + C:Ath* 2. (5.70)
I

Finally we estimate Ty as follows:
4
Tq) = Z(q)l(Em, nm, Ul) — (I)l(E}T, ’I’LZL, Ul))
=1
= At Z Z o (H(E™ n™ vy) — H(E™ n)' wy)).
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1 T o0Jo]o
5 1
2 _1ﬁ §17 ? O
e Y
45wl 5 [1]—3

Here and below we use the notations
_ ¢m,l — D, gm — DM - D m—+1
v = fn , U2 = 1§n , Us = 2511 , Uy = 1§n .

And §;; are listed in the following table 4
For each H(E™" n™" v)) — H(E}"",n;"",v;) in Ty, from the definition of H, we have

H(E™" n™" ) — (Eml ny” ,vl)
M /\
= —(pE™n™" — uEmznZLZ,vm Z (WE™ ™" ,uEmZnZ“)j_

J=1

[Ul]j—l‘

1
2

[

Similar analysis as the term 777 in the first order IMEX LDG scheme, we get

3
[H(E™, 0™ ) = H(E ni o) < CQ GNP+ W) + (ol + b~ [u])(5.71)

1=0

Then we have

3
To < CAUY_|IEM1P +h*2)
=0
HEA( 117 + 1D + [1D2g 17 + 116 %)

FEALhTH([E™Y? + [Dyg™)? + [Dgé*;?] + [E7).

Noting that for any pair of ( ,T’l,fg”),l = 1,2,3,4, we have the similar result as (5.49).
Moreover, by the linear structure of (5.61),(5.49) also holds for any linear combination of
any pairs of (£, ™). For example, for vy = D& = 267 — 3¢, we have

C m m m
v2]] < \/:—0(||2£q’2—3£q’1\\+||277q = 3|
h=2[Di)] < —\/:—Q(H%q 2= 3|+ 12072 = 30 ]).

Hence, from (5.49) (I = 1,2, 3,4), the above inequalities and the property of the projection
(2.3), we have

N

3
Tp < CALO IEM]7 + h*42) + At / £re da. (5.72)
1=0 I
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Substituting (5.67), (5.70) and (5.72) into (5.66), we obtain
4
16 1P = €17 +5 < CAtY (1617 + 1*F2) + C(At)T - At/EZ(M — 2eT)¢,dx.
1=0 I
We can choose € small enough, so that f[ £g(M — 2e1)€,dx > 0. Then we get

4
€7 = [1E711° < CALY [IEM]* + CAtR* 2 + O(A) . (5.73)

=0

Similar argument as the result of (5.73), we can get
€11 < CUISHT + Ath* 2 + (A1)T), 1=1,2,3. (5.74)

Combining the above two inequalities (5.73) and (5.74), using the discrete Gronwall inequal-
ity, we can obtain

|nll Lo, i22(ry) < C(AL)? + CRML. (5.75)

6 Error estimates of the LDG method with Dirichlet
boundary conditions

We have used periodic boundary condition for the concentration equation in the previous
sections to simplify the analysis. In practice, the boundary condition of the models of
semiconductor devices is usually Dirichlet. In this section, we discuss the error estimates of
LDG method with Dirichlet boundary conditions. We only give the detailed analysis for the
semi-discrete scheme, as the analysis for the fully-discrete schemes follows the same lines but
is more tedious.

The Dirichlet boundary condition is:

n(0,t) =n, n(l,t) =n, (6.1)

¢(O7t) = Oa ¢(17 t) = Ubias>
The semi-discrete LDG scheme is the same as (4.1)-(4.4), except that the fluxes nj, and gy
should be changed at one of the boundaries to take care of the Dirichlet boundary condition.

We choose the flux for i, and ¢, similarly to (4.6) or (4.7) as the following because of the
Dirichlet boundary condition

(ﬂh> - (n}:)% = ny, (ﬁh)j—% - (n}—i—)j—%vj = 27 T 7N7 (ﬂh)N-l—% = (n}—i—)N—f—% = Ny,

Nl= o)



(th)j—% = (Qf—l—)j_%aj =1,---,N, (éh)N+% - (qf:)N-i—%‘ (6‘4)
The fluxes Ej, and qgh are the same as before. Then we get the following error estimate.

Theorem 6.1: Letn, g be the ezact solution of the problem (3.7)-(3.10), which is sufficiently
smooth with bounded derivatives. Let ny,q, be the numerical solution of the semi-discrete
LDG scheme (4.1)-(4.4), and choose the fluzes of npn,qn as (6.3) or (6.4). Denote the
corresponding numerical error by e, = u — uy, (u = n,q). If the finite element space Vi¥ is
the piecewise polynomials of degree k > 0, then for small enough h there holds the following
error estimates

1
[In = n|Lo,r:02) + 1g = anll20,0:02) < ChFF2 (6.5)
where the constant C' depends on the final time T', k, C,,, the inverse constant Cs, ||n]| \LOO(O TaWEF)
|1z and || E||ee.

Proof of Theorem 6.1: Taking the difference of (3.7) and (4.1) and the difference of
(3.8) and (4.2), we get the same error equations (4.12) and (4.13). Taking the flux (6.3) for
example, we have

/ Ensvda + / VT0¢ v, dx
I; I;

+/ w(En — Eyng)v.de — u(En — ml)jJr%v;Jrl + u(En — Ehnh) v
I

J

- /1 T vds + VTOE s un — VT

/qudx+/ m&nwxdx

I; I;

= / wdx—i—\/_fJr W —\/ﬁgf ywl
I

njty gty nj—g J—3
J

forj=2,---,N—1, and

Envdr + | V710 v,dx
I

Iy

—i—/ w(En — Epng)vyde — p(En — Ehnh)% s +u(En— mz)
n 2

= /nmvdxjt\/%fw%—(\/?; vf — \/_77 )
I 2 2 2

v
2

1
2

lo\»—‘

cawdr + | VT wdr = / newdx + \M’«%rtgwg,

I I I

and

Envdx + VT da
In

In

26



NJ
(S

+/ w(En — Epnp)vede — p(En — Ehnh)N+ N+1 + pu(En — Ehnh)N 1

In

— /nntvdx+\/_§N+ N+ — VT éva e

In

Eawdz + m&nwxdx:/ nawdx — \/_§+an;\;7l
2

In In In

We get the above equalities for j = 1,--- , N by using the projection

/nnwxdx:O, nt =0,
nj—3

I;

/Inqvggdx 0, nq’ﬁ =0,

i
and (n —ng)L =0, (n — ﬁh)NJr% = 0.
Still choosing v = &,, w = £, and summing j from 1 to N, we get

jf:l Ji, &nnd + gjl Ji, &id
= %fpnn,tfndx
+ fo Ng€qd
+ Z Jo VTOEnada = [, V068 2dx)
Z(\/_ € a6

@j+3 Nty \/7—_‘95;3'—%5:7]'—%)
+\/_f er \/7_6;16:7%4‘\/7_97#;5:;%
Z(W §riabaiis —VTOET uEr )

+f5+353 Vg &

+ (— [, u(En— Ehnh)fn@dx
j=1 !

2\

—

Fu(En — Bab); 1€ — p(En — B'ib), 165 )

nJ—%
:ZTE—FJE—FJE-%TE. ai6)
We analyze T, 15 and T} as before. For T3, after a trivial deduction, we have
= \/Tean%gzé < Ohflynjéﬁ + Ch]fZ%\Q < CR*M 4 O)&)1P (6.7)

Then (4.26) is changed to be

5 dtanH2 +HIEll* < Cll&all® + CR* 1+ &l|6nol* + ERTHE +Ell& NP (6.8)
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Using Lemma 4.3, together with the property of the projection and the Gronwall inequality,
we can obtain the theorem.

Remark 6.2: If we choose the flux at the boundary as
(Gn)s = (g)1 + colnn]s- (6.9)
we can obtain the following optimal error estimate.

Theorem 6.3:  Replace the flur (Gn)
following optimal error estimates

in (6.3) by (6.9) in Theorem 6.1, we have the

1
2

|In = nnll 0,752 + 1g = anll20,0:02) < CHFH (6.10)

where the constant C' depends on the final time T', k, C,,, the inverse constant Cs, ||n| \LOO(O T
|2 and || E||Le-.

Proof of Theorem 6.3: Comparing with the proof of Theorem 6.1, we have

Envdr + | V710, dx
I

I

+/ w(En — Epng)vgde — p(En — Ehnh)% s +u(En— mz)
n 2

= /nntvdx+\/7§%%_ (\/7'_¢9§;

1
2

v

107
2 3

v; —VT7bn %v; — VT [nh]%v;).

Then

N
T3 = Zl(_ \/[ m&qfn,xdx - \/[ mfnfq,xdx)

sy P
0.3+5 ity ﬂ%q,j—%gn,j—%)

N
+> (Ve &
j=1
+m5;;f:; - mf;r;f:; + mn;;éj; + Com[nh]%f;r;

+Z_Ws+ 1€ VT e )

n,j+; n,j—35>¢.J
Ji

= v79n;l§:l—|—cov¢9[nh]%§:l

2 Tha 2
= VT@U;;S:;+00V79((n_n}:)_(”‘”Z))%fi;

1) 1) 2
= VTQU;15:1_00VT‘9(5:1)27

g Tha 2

=0. So

- — (- -
since g = (ny, )1 and

(NI

1
2

T3 < 0‘77;:%‘2 +5~‘f:,%‘2 — CoV 7"9|5,t%‘2
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< CR*2 — (VT — 9)|¢T, .

Then (6.8) is changed to be
1d - o - .
57716l + 11l P < ClIGI + CP 4 &l I* + ERTE” + EI&|1* = (coV'T8 = E)IET L ”
(6.11)
We can choose € small enough so that cov70 — & > 0 to get the optimal error result in
Theorem 6.3.

7 Numerical simulation

In this section, we show the simulation results of the third order IMEX LDG scheme,
until a steady state is reached for our steady state diode test case. We also show the results by
the third order explicit total variation diminishing (TVD) Runge-Kutta time discretization
[26] for comparison. Since different choices of bases for V¥ do not alter the algorithm, we
choose locally orthogonal Legendre polynomial basis over [; = (x;_1/2, Zj11/2),

, . , 1
i @) =1 @) =2 a5 0@) = (@ - - A,

In our implementation, we use scaled Legendre polynomial basis over [—%, %],

1

WO =1 o =¢ O=6-5

where § =

x_j . The numerical solution can then be written as
J

k

Zugl)(t)vl(j)(x), for x€l; (u=mn,q).
1=0

ul(z,t)

We simulate the DD model with a length of 0.6um and a doping defined by ngy = 5 X
10Y7em ™3 in [0,0.1] and in [0.5,0.6] and ng = 2 x 10%em ™ in [0.15,0.45], and a smooth
transition in between. The lattice temperature is taken as Ty = 300°K. The constants k =
0.138 x 1074, ¢ = 11.7 x 8.85418, e = 0.1602, m = 0.26 x 0.9109 x 10731 kg, and the mobility

@ = 0.75, in our units. The boundary conditions are given as follows: ¢ = ¢y = %T In(24) at

the left boundary, with n; = 1.4 x 10%m =3, ¢ = ¢g + Vpias With the voltage drop vhies = 1.5
at the right boundary for the potential; 7' = 300° K at both boundaries for the temperature;
and n = 5 x 10'"em ™2 at both boundaries for the concentration.

Table 7.1 and Table 7.2 show the time step, the number of time steps, the time, and the
CPU time on the steady state for third order RK LDG and third order IMEX LDG methods
when we use 100 mesh cells and 200 mesh cells in [0, 0.6] respectively. Figure 7.1 plots the
simulation results of DD model with 100 and 200 mesh cells in [0, 0.6].

The numerical simulations show that the scheme is stable regardless of the choice of A
(100 or 200 mesh cells in [0,0.6]). The codes produce numerically convergent results during
mesh refinement (mesh refinement results not shown to save space), as can be anticipated

from the theoretical results shown in this paper.
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From Table 7.1 and Table 7.2, we can see that using the third order IMEX LDG scheme,
we can use much larger time step and hence save in CPU time significantly. The IMEX
scheme is thus a reliable and efficient tool for the study of suitability of models such as DD
to describe the correct physics.

Table 7.1: The time step At, the number of time steps Neps, the time t, and the CPU time
to reach the steady state for third order RK LDG and third order IMEX LDG methods with
100 mesh cells in [0,0.6].

Third order EX-RK Third order IMEX
At 1.688E-5 1.2E-3 | 1.8E-3 | 2.4E-3 | 3.0E-3 | 3.6E-3
Nsteps 44063 711 476 356 286 239
t 0.7436 0.8532 | 0.8568 | 0.8544 | 0.8580 | 0.8604
CPU time 58.8904 4.6332 | 3.4008 | 2.5272 | 2.0592 | 1.482

Table 7.2: The time step At, the number of time steps Ngieps, the time t, and the CPU time
to reach the steady state for third order RK LDG and third order IMEX LDG methods with
200 mesh cells in [0, 0.6].

Third order EX-RK Third order IMEX
At 4.22E-6 1.2E-3 | 1.8E-3 | 2.4E-3 | 3.0E-3 | 3.6E-3
Nsteps 176081 727 480 360 298 249
t 0.7431 0.8724 | 0.864 | 0.864 | 0.894 | 0.8964
CPU time 202.3957 7.5349 | 5.5224 | 4.3680 | 3.4476 | 3.276

8 Concluding remarks and future work

In this paper we study a unified local discontinuous Galerkin (LDG) spatial discretiza-
tion to the drift-diffusion (DD) model for semi-conductor device simulations, both in semi-
discrete form and in fully discrete form by the implicit-explicit (IMEX) Runge-Kutta time
discretization. Optimal a priori L? error estimates are obtained in both cases. The IMEX
method uses implicit time discretization only for the linear diffusion term and treat the
nonlinear drift term coupled with the potential equation explicitly, yet the method is still
shown to be unconditionally stable and convergent for smooth solutions in the sense that
the time step At only needs to be smaller than a fixed constant. The proof relies on an
important relationship between the gradient and interface jump of the numerical solution
polynomial with the independent polynomial numerical solution for the gradient in the LDG
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Figure 7.1: [0,0.6] with 100 or 200 mesh cells, At = 1.2E — 3. Left: density n (102em™3); right:
electric field E (V/um).
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methods, which was first obtained in [27], and also a careful study on different stages of the
IMEX discretization and the coupling between the potential equation and the concentration
equation. Comparing with the results in [21], this paper uses semi-discrete and fully-discrete
unified LDG method to approximate the DD model with periodic or Dirichlet boundary con-
dition and obtain optimal error estimate, while [21] used only semi-discrete semi-LDG (the
concentration equation was approximated by an LDG method, but the potential equation
was approximated by a continuous method) to approximate the DD model with periodic
boundary condition and obtained sub-optimal error estimate. Comparing with the results
in [28], this paper treats a model including a nonlinear coupling term of the concentration
and the electric field with Dirichlet boundary condition, while [28] treated an uncoupled
nonlinear equation with periodic boundary condition. Numerical results are provided to
verify the efficiency of the IMEX time discretization. There is in principle no difficulty in
generalizing the proof to higher order IMEX methods, especially to higher order multi-step
IMEX methods. The proof can also be easily extended to fully explicit Runge-Kutta meth-
ods, under the standard time step restriction At = O(h?), see [29] for such results for linear
convection-diffusion equations without coupling to the potential equation. In future work,
we plan to generalize the results to other models in semi-conductor device simulations.
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