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Abstract. This paper is concerned with superconvergence properties of discontinuous Galerkin
(DG) methods for 2-D linear hyperbolic conservation laws over rectangular meshes when upwind
fluxes are used. We prove, under some suitable initial and boundary discretizations, the (2k + 1)-
th order superconvergence rate of the DG approximation at the downwind points and for the cell
averages, when piecewise tensor-product polynomials of degree k are used. Moreover, we prove that
the gradient of the DG solution is superconvergent with a rate of (k + 1)-th order at all interior left
Radau points; and the function value approximation is superconvergent at all right Radau points with
a rate of (k+2)-th order. Numerical experiments indicate that the aforementioned superconvergence
rates are sharp.
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1. Introduction. In this paper, we present and analyze the discontinuous Galerkin
(DG) method for the two-dimensional linear hyperbolic conservation laws

ut+ux+uy :Oa (xvyat) € [0527‘-] X [0527‘-] X (OvT]a
u(z,y,0) = uo(z,y),

(1.1)

where u is sufficiently smooth. We will consider both the periodic boundary condition
u(0,y,t) = u(2m,y,t), u(x,0,t) =u(x,2m,t),
and the Dirichlet boundary condition

U(O, yvt) = gO(yat), U(JJ, 0, t) =0 (,T, t).

This paper is the fourth in a series ([10, 11, 13]) devoted to the study of su-
perconvergence phenomena of the DG method for time-dependent partial differential
equations. Superconvergence phenomena of finite element methods (or continuous
Galerkin methods) were discussed as early as 1967 by Zienkiewicz and Cheung [38].
Since then the superconvergence behavior had been studied intensively. For an in-
complete list of references, we refer to [7, 8, 15, 16, 21, 24, 25, 26, 27, 28, 29, 37| for
finite element methods (FEM), [9, 12, 14, 20, 31] for finite volume methods (FVM),
and [4, 5, 6, 18, 19, 23, 30, 32, 36] for DG methods.

In [10] and [13], we considered the discontinuous and local discontinuous Galerkin
method for 1D hyperbolic conservation laws and parabolic equations when upwind
fluxes (for hyperbolic conservation laws) and alternating fluxes (for parabolic equa-
tions) were used. For piecewise polynomials of degree k, these methods were shown
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to be superconvergent for the numerical traces at all nodes of the mesh, with a con-
vergence rate of (2k + 1)-th order (in an average sense). A pointwise (k + 2)-th order
superconvergence rate for the function value approximation and (k+1)-th order super-
convergence rate for the derivative approximation at the (left or right) Radau points
were also proved. Later, we provided in [11] a proof of (2k + 1)-th order supercon-
vergence rate for the cell averages and the pointwise error at nodes (downwind points
for hyperbolic equations and numerical traces at nodes for parabolic equations).

In this paper, we continue our study of DG method applied to the 2-D linear
hyperbolic conservation laws (1.1). To the best of our knowledge, there was not any
global superconvergence result for these problems in the literature. Some previous
works are based on local error estimates [1, 2, 3, 4, 5, 6], where the numerical fluxes are
given as a projection of the boundary condition. Our contribution of this paper is to
establish the superconvergence theory of DG methods for liner hyperbolic equations in
two space dimensions. To be more precise, we shall provide a rigorous mathematical
proof of the (2k + 1)-th order superconvergence rate of the DG approximation at
the downwind points and for the cell averages. We also prove the DG solution is
superconvergent with a rate of (k 4+ 2)-th order at the right Radau points (function
value approximation) and a rate of (k + 1)-th order at the interior left Radau points
(gradient approximation). As the reader may recall, these rates are the same as the
counterparts in the 1D case. In other words, all superconvergence results in 1D can be
extended to 2D. However, the analysis is by no means a trivial extension. Moreover,
there are some new phenomena in the 2D situation, which are not shared by the 1D
case.

A key step of our superconvergence analysis is the construction of a correction
function. We have successfully applied the correction function idea to the DG method
for 1D hyperbolic and parabolic equations (see, e.g. [10, 13]). However, when it
comes to the 2D case, the procedure of constructing the correction function is more
sophisticated. More special cares are needed. Especially for the Dirichlet boundary
conditions, to achieve our desired superconvergence rate, e.g. (2k + 1)-th order, both
the (numerical) initial and boundary conditions need to be adjusted. This is very
different from the 1D case, where only the initial condition needs to be adjusted. Our
approach here is to construct a correction function w to reduce the error between
the DG solution uj and the truncated Radau expansion P, u of the exact solution,
such that the errors up — P, u + w at the initial time and at the boundary are
both convergent with order 2k + 1. By doing so, we prove that the DG solution
uy, is superclose (with order 2k + 1) to P, u — w, which yields the superconvergence
properties for the cell averages and at downwind points and Radau points.

To end this introduction, we would like to point out that in principle it is straight-
forward to generalize the methodology we adopt in this paper to linear transport
equations in higher dimensions. However, it requires very tedious and lengthy ar-
guments to carry on the argument for 3D, 4D, etc.... in a mathematically rigorous
way. On the other hand, one of our on-going project is to extend the investigation to
nonlinear cases, where we require locally sufficiently smooth solution and nonlinear
flux function, which will rule out possible shockwave regions.

The rest of the paper is organized as follows. In section 2, we present DG schemes
for two-dimensional linear hyperbolic conservation laws. Section 3 is the most techni-
cal part, where we design a special correction function to reduce the error between the
DG solution and the truncated Radau expansion of the exact solution. Section 4 is
the main body of the paper, where the superconvergence results are proved with suit-
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able initial and boundary discretizations. Some numerical examples are presented in
section 5 to support our theoretical findings. Finally, we provide concluding remarks
in section 6.

Throughout this paper, we adopt standard notations for Sobolev spaces such as
W™P(D) on sub-domain D C Q equipped with the norm || - ||,,p, p and the semi-norm
|| m.p,0. When D = 2, we omit the index D; and if p = 2, we set W™ P(D) = H™(D),
I lmp.0 =l - lm,ps and | - | p,p = - |m,p. Notation A < B implies that A can be
bounded by B multiplied by a constant independent of the mesh size h.

2. DG schemes. Let 0 = r1 < ws < <yl = 2m and 0 = Y1 <ys <
< Yppl = 27r. For any positive integer r, we define Z, = {1,2,...,r}, and denote
by 75, the rectangular partition of 2. That is

T = {1 = [xi—laxi-',-%] X [yj—%vyj+%] 2 (4,J) € L X Ln}.

2

For any 7 € 75, we denote by hZ, hY the lengths of z- and y-directional edges of
T, respectively. h is the maximal length of all edges, and Ay, = min, (hZ, hY). We
assume that the mesh 7j is quasi-uniform in the sense that there exist constants
c1,c2 > 0 such that

h < Clhi, h < Cth V1 €Ty,
Define the finite element space
Vi =A{v: vz € Qu(z,y) = Pr(z) x Pe(y), 7 € Tn},

where P; denotes the space of polynomials of degree at most k& with coefficients as
functions of . The DG solution for (1.1) is to find wj € V}, such that

ar(up,v) =0 V7 € Tp,v € Vp, (2.1)

where

ar(up,v) = /(uhtv — up(vg + vy))drdy +/ Gpvds, (2.2)
T or

and for any 7 =7, ; € Tp, (4,§) € Ly X Ly,

A~ y]+l A~ — A
/a apvds = / ’ (uh($i+%,y)v(1?i+%,y) - uh(iﬂi_%,y)v(xi%,y)) dy
Ti,j Yy

i—

(2.3)

[N

"EI+ B R
[ (oo, ) = inlootel ) do.
x 1

-3

Here v(z_,,-),v(x; ,,-) denote the left and right limits of v across 1, respectively,
2 2

and 4y, is the numerical flux. In this paper, we consider the upwind flux
Up = uy, .

To complete the DG scheme, we still need to define the numerical flux at the boundary
(09)~, where

(09)” ={(x,y) € 9 : ng - n(x,y) <0}
3



with ng = (1,1) and n the outward normal unit vector at the boundary of a given
domain. For the periodic boundary condition, the numerical flux at the boundary
(09Q)~ is taken as

ah($%7y) = ’U,h(x 7y) = uh(‘r:n_;’_%ay) = ah(‘rm+%7y)u

) - Uh(x,y;+%) = ﬁh(xayn+%)'

While for the Dirichlet boundary condition, the numerical flux at (9)~ is some-
what sophisticated. For the purpose of our superconvergence proof later, we take the
numerical flux at (02)~ as

uh(x;ay) = (P}:u_ w)(x;y), uh(xay;) = (P};u - w)(xay;> (24)

Here P, u and w (defined in section 2) denote the truncated Radau expansion of u
and the specially constructed correction function, respectively.

REMARK 2.1. The special choice of the numerical flux at the boundary (0Q)~
for the Dirichlet boundary condition is to guarantee that the boundary errors of DG
approzimation are small enough to be compatible with superconvergence error estimate,
especially the (2k 4 1)-th superconvergence error at the downwind points. This choice
is very different from the traditional one, which is usually taken as the L* projection,
or the truncated Radau expansion, or the Radau interpolation function, of the exact
solution u. As we shall demonstrate in the numerical experiments, the numerical
fluzes at the boundary have a significant influence on the superconvergence at the
downwind points.

By denoting

a(u,v) = Z ar(u,v),

TETY
we obtain from a direct calculation
alwo)= )+ 2 [ iw Wyt | Zn:[v]z (@)de + | [v7]ds
) iy 2 0 P i*% y)ay 0 pt j*% 00 [ € s
(2.5)

where

[U]i—%(y) = U(.’L’;;l,y) - U(‘Ti—,lvy)u [’U]j—%(x) = ’U(xay;;l) - U(‘Tu y'_,l)

2 2 2 2

denote the jump of v across the points (:1:1-7% ,y) and (z,y;_1), respectively, and

1
2

27 2m
v? dSZ/ vz L, y) — vz, y dy+/ vz, y ) — 03 (x,yy) ) de.
| s = [ (e =g a) v [ (P ) - oey))

If v satisfies the periodic boundary condition

v(x 1,y =v(@s,y), viry 1) =v(z,y1), (2.6)
m+2 P) 71"1‘2 3
or
v(zy,y) =0, wlz,y,) =0, (2.7)
then
1
L L oll3 = (v0) < afov). (28)
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3. Correction function. To study the superconvergence properties of the DG
solution, we first construct a specially constructed interpolation function w; of u
such that u; is superclose to the DG solution uy. Then by using this super-closeness
between u; and up, we prove the superconvergence of the DG solution at some special
points as well as for the cell averages.

In light of (2.8), by choosing v = uj, — u; and using the orthogonal property
a(u — up,v) = 0,v € V},, we obtain

1d

2dtHuh UI||% < a(u—ur,up —uy).

Consequently, for all ¢ > 0, the error ||un — ur|lo(t) depends on two terms: a(u —
ur, up, — uy) and the initial error ||u, — urljo(0). Since we can control the initial error
by taking a special initial discretization, the superconvergence analysis of uj, — uy is
reduced to the estimate of a(u — ur, up —uy). Therefore, our next goal is to construct
a special interpolation function u; such that

alu —ur,v) Yv €V,
is of high order.
We begin the construction of u; with the truncated Radau expansion P, u € Vj,

of u. In each element 7; ;, (i,j) € Zy, X Zy, suppose u(z,y), for (z,y) € 7; ;, has the
following Radau expansion

=3 upg(Lip — Lip-1)(@)(Ljg — Ljg-1) (), (3.1)

p=0¢=0

where L; ,(z), L;,(y) denote the Legendre polynomial of degree p on the interval

7 =lz;_1,2;1] and 7] = [j—1,Y;4 1], respectively with L; _1(z) = Lj—1(y) = 0,
and
@+ 1)(@2r+ 1)
i = 0l 4 07, ZZT/ (e, ) Lia() Ly (y)ddy
2 -
241 [Ted B e WAL
L5 A dw—z / g,y ) )l
= i—g Yy -3

with hf = x; 1 —x
defined as

,hy =Yl — Y1 . Then the Radau truncation P, u of u is

k k
Pru(w,y) = > upg(Lip— Lip-1)@)(Ljq — Ljg1)(®)-
q=0

p=0g=
A direct calculation yields

u— P, u=E"uw+ EYu — E*EYu, (3.2)
5



where

Efu(z,y) = Z Zup,q(Li,p — Lip-1)(2)(Lj,q — Lj,q-1) (W), (3.3)

p=k+1 q=0

Efu(z,y) = Z Z Up,q(Lip — Lip—1)(@)(Lj,q — Ljq-1)(y), (3.4)

p=0 g=k+1

E EYu(z,y) = Y Y tpg(Lip—Lip-1)(@)(Ljq = Ljg-1)(y).  (3.5)
p=k+1 g=k+1

The property of Legendre polynomials gives

I'L 1
E””u(:b;r%,y) =0, / o Euv,dr =0, v e Py(x), (3.6)
:Ei7%
Yy - Yty oy
EYu(x, ijr%) =0, EYuvydy =0, v e Pi(y), (3.7)
v

i1
772

E*EYu(z, 1 ,y) = E*EYu(z, yj_+l) = O,/ E*EYuN -vdxdy = 0,v € V},. (3.8)
2 2 Tij

If we choose u; = P, u, then a straightforward analysis using the standard ap-
proximation theory yields

la(u — P, u,v)| S Y v eV,

which is far from our need for superconvergence. To achieve our superconvergence
goal, we need a properly designed function w to correct the error between u and P; u
such that

a(u — Py u+w,v) <A wo eV,

for some [ > 0. Once the correction function w is designed, by letting u; = P, u —w,
we finish the construction of the interpolation function u;.

To construct the correction function w, we first study the term a(u— P, u,v),v €
Vh. By the decomposition of v — P, u in (3.2), we have

a(u — P, u,v) = a(E*u,v) + a(EYu,v) — a(E*EYu,v). (3.9)
3.1. Correction function for a(E®u,v). We begin with some preliminaries.

First, we define, for any v(s) € L'[—1,1], a special Gauss-Radau projection P~ by

P~ o(1) =v(1), / (P~v—v)(s)p(s)ds =0 Vo € Py_q,

—1

and an integral operator D! by

Define

Fi(s) = P D 'Ly(s), Fi(s)=P D 'F,_y(s), 2<i<k,sec[-1,1], (3.10)
6



where Li(s) denotes the Legendre polynomial of degree k on [—1,1]. It is proved in
[13] that F;(s) has the following representation

k

Fi(s) = Z bp(Lp — Lp-1)(s) (3.11)

p=k—i+1

with b;s being bounded constants. By the properties of Legendre polynomials, we
obtain

F(1)=0, |F|<1, FilPy_,_y, i€ Zy. (3.12)

Second, we define a special operator ()7 along the z-direction as follows: for any
smooth function v, Qpu(@, )|+ € Pr(7y), 7 = [z;_1, ;1] and

L)

Qﬁv(x:r_%, )= v(x:r_%, ), Qflv(x;%, )= v(x;%, ), (3.13)
/ 0= QFo) (@, Ypdz = 0 Vo € Py_o(rF), k > 2. (3.14)

Note that in the case k = 1, Q7 v only satisfies the condition (3.13). It is easy to show
the existence and uniqueness of Q7v. Moreover, we have the following error estimate
(c.f., [14, 17])

lv = Qivllpoo,re S () Pllvllipt,00, 1<P <L (3.15)

Similarly, we can define the special operator @} along the y-direction.
For all 7 = 7,; € Tp, recalling the definition of a-(-,-) in (2.2)-(2.3), we have,
from (3.6) and the integration by parts,

ar (E®u,v) = / (E*u); + (E®u),) vdzdy + / gy

(z)v(x, y;;%)d:r.

[V

j_
i1
2

Since the function E¥u(x,y) is continuous about y, we have

[Emu]j_% (x) = E*u(z,y

i—

) — Emu(x,yj__l) =0,

2

=

which yields

ar(E*u,v) = / ((E*u) + (Eu)y) vdedy = /Ew(ut + uy ) vdzxdy.

T

Consequently,
a(E%u,v) = / E®(uy + uy)vdedy Yv € Vi, (3.16)
Q

In light of (3.3), E”(u;+u,) has the following representation in each element 7; ;, (4, j) €
Ly, X Doy,
E*(uy + uy) = (9 + 0y) E"u = Z (Or + 0yt p(y,t)(Lip — Lip-1)(2),
p=k+1
7



where

p—1
2 1

ai,p(yﬂf) - ’LL 17y7 E he / ($7y7t)Lz7l($)d$ (317)
=0 zi,%

3

Then
ar, ,(E%u,v) = / (O + 0y) E*uvdzdy = —/ (O + 0y)U; g1 Li pvdady.  (3.18)

Now we are ready to construct the correction function corresponding to the term
a(E*u,v). We define, for any positive integer [ with 1 <1 <k,

1l ° Zwl py Wip —( f)p(QZGp)(yat)Fp(S)v (3-19)

where h? = h¥/2 = (IEH_% —xi_%)/Z, 5= (2x—xi+% —:Ei_%)/hf and
Gp = (=1)P"1 (0 + 8y Ui k1, p>1.

Note that u; x+1 = 0 when u(x,-) € Px(7), we obtain from Bramble-Hilbert lemma
and (3.17)

||Gp||0,oo,n,j = ||(6t + ay)pﬂi7k+1||070077'i,j S hk+1||u||k+l+p,oo,n,j' (3'20)

THEOREM 3.1. Let u € WFHH22(0) 1 <1 <k be the solution of (1.1), and w}
be the correction function defined by (3.19). Then

wll(x;_%vya t) =0, ”wl,p”O,oom,j s hk+1+p”u”k+l+p,oo,n,j- (3-21)
Moreover, there holds for all v € V},

|a(wh,v) + a(B*u,0)| S Bl krigz,00][v] 0,10 (3.22)

Proof. From the definition of (3.19), the first equation of (3.21) is a direct conse-
quence of (3.12). On the other hand, the standard approximation theory and (3.20)
give

10 Gollo.corr.; S Gnllocor, S B ullkt14p.00.m -

Then the second inequality of (3.21) follows.
Now we consider (3.22). For all 7 = 7; j, by (2.2)-(2.3), the fact that w} (T 1.7) =
2

0 and the integration by parts, we derive

T, 1

it i

ar(uh0) = [ (b = wlos + @hye) dody + [ ud), (0o o

1
= / ((0r + Oy)wiv — whv, ) dady = Z/ (0 + 0y) w1 pv — w1 pvy ) dady.
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Here in the second step, we have used the fact that G, (y, t), for p > 1, is a continuous
function about y, which yields

[wll]jfé(‘%t) = wll(x7y;r_%v

t) —wh(z,y ,,t)=0.

-3
Noticing that 6;Q} G, = Q1.0;Gp.1 < p <l and
6szGp =0,Gp + O(hlip)||agl/+17pGp||0,oo,n,j
= Q70,Gp + O(h'™ )0, P Gpllo,00mi 5
we have
(0 + 8,)Q1Gp = Q1 (D1 + 0,)Gy + O(WP)|0," 7P Cylo,00,7:,
= —Q)Gpi1 + O D) [ullksigo,00,m -
Then for all 1 <p <<k,
/ v(0 + Oy)ws pdrdy = (Bf)p/ v(0 + 0y) Q1 Gy Fpdady
Ti,j Ti,j

— =) [ QG Fydady + OW ) ullsrrar [0l

(2%

|v||011>7'i,j

= (7&?)”1/ 0@} Gpr1 D™ Fydady + O™ ) [l jsiv2,00,m

%)

:/ wi pi10zdrdy + O(W ) [ullkyii2.00,m, 100,07 5
Ti,j

where in the third step, we have used the integration by parts and the fact that
D 'F,(1) =D 'Fy(~-1)=0, 1<p<i<k.

Summing over all p,p=1,...,1 gives
1
ar(wh,v) = Z/ (0 + 9y w1 pv — w1 pv, ) dzdy
p=1"T

= [ (@ + 0 pwr 0~ wro)dody + OB ) [ullsrsa e 0l

T

On the other hand, we have from (3.18)
ar(E*u,v) = —/Liykledxdy = }_L;-E/DilLiykledeCdy

- / wi 1 vzdrdy + O(W ) [kt 112,007 0]]0,1.7-
Then
a‘r(wll + E*u,v) = /(8’5 + ay)wl,lvdwdy + O(hk+l+l)||u||k+l+2,oo,‘r||U||0,1,‘r- (3.23)

Substituting the second inequality of (3.21) into (3.23) and summing up all elements
7 € T3, we obtain the desired result (3.22) directly. O
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3.2. Correction function for a(EYu,v). Since EYu is a continuous function
about z, and EYu(x, yj;l) = 0, by the same arguments as we did for a(E®u,v), we
2

obtain
a(EYu,v) = / EY(us + ug)vdzdy Vv € Vi, (3.24)
Q

By (3.4), we have, in each element 7; j, (¢, j) € Zy, X Zy,

BY(uy+ug) = (0 + ) EYu =Y (04 + 0n)itj p(@,8)(Ljg — Lig-1)(¥),
q=k+1
where
p—1
- _ 20+ 1 [Yi+d
uj-,P(I’t) = ’U,(:E,ijr%,t) - By / : U(Iayvt)LjJ(y)dy' (325)
1=0 J Y1

Then a direct calculation from (3.24) yields

Qr; ; (Eyua U) = / (at + 6m)Eyuvdxdy = _/ (615 + aﬂc)ﬂ%k-i-le,kvd/xdy'

Ti,j Ti,j

The construction of the correction function wh, 1 <1 < k for a(EYu,v) is similar
to w!, which is defined as:

l
Whlr,, = wap, way = (W) (QFGy)(x, ) Fy(s). (3.26)
p=1

Here Bg =hY/2= (yj_,_% - yj_%)/2, s=(2y — Yirs — yj_%)/hg and
Gp= ()P0 + 0u)Pitipy1, p> 1.
Following the same line as in Theorem 3.1, we obtain
wé(:c,yjjr%,t) =0, ”w?,p”O,oo,n,j < hk+p+1”u”k+p+l,oo,n,ja (3'27)
and

|a(ws, v) + a(B¥u, )| £ B ullkgsz,0[v]o,1. (3.28)

3.3. Estimates. For any given [, where 1 < [ < k, we now define the final

correction function w' as

w = wh 4 wh. (3.29)

Here w!,i = Zy are defined in (3.19) and (3.26), respectively. We have the following
estimates for the correction function w'.
THEOREM 3.2. Let u € WrH+2:0(0) 1 <1 < k be the solution of (1.1), and w'!

be the correction function defined by (3.29), (3.19), and (3.26). Then

t)=0, [juw'|
10

0,00 S hk+2HuH/€+l+l,oo' (3.30)

1/ — _
w (xi-l-%’yj—i-%’



Moreover, there holds for all v € Vj,
law', ) + a(u — P, 0)] S A ullsrgsoololon (3:31)
Proof. First, (3.30) is a direct consequence of (3.29), (3.21) and (3.27). By (3.9),
(3.22) and (3.28),
|a(w',v) + a(u = Py u,v)| S B fullisira,collvllon + a(BTEYu,v)| . (3.32)

Now we estimate a(E*EYu,v). A direct calculation from (2.3) and (3.8) yields
/ E*EYuvds = 0,
or
and thus

a(E®EYu,v) z/(EzEyut)vdxdy, v € V. (3.33)
Q

Since u = E¥u when ul|,» € Py(7]"), by Bramble-Hilbert lemma, we obtain

T < xT\T $i+% r+1
|E u||070077.iz < (hY) ‘896 u| de, 1<r<k.

mif%

Similarly, there holds

Yits
15 wllo,00,ry S (h?)r/ oy ttuldy, 1<y <k

~

[N

Y,
Then

Ii+%

Ii 1
000m; S h’“/ o BV o = h’“/ |EY (0 u)| de (3.34)
T 1

xZ.

i— i—

ol
[N

S hHlil/ 10,05 u| dady S P |ull kit 00,m, (3:35)

7

which yields

|a(E*EYu,v)| =

/Q(EzEyut)wady’ S I | e g2,00 0] 0,1 (3.36)

Plugging (3.36) into (3.32) yields the desired result (3.31). O
REMARK 3.3. From (3.36), the term a(E*EYu,v) is of high order, which means
that a correction function for a(E*EYu,v) is not necessary.

4. Superconvergence. In this section, we shall study superconvergence proper-
ties of the DG solution, including superconvergence for the cell averages and at some
special points: downwind points and left and right Radau points.

We begin with the analysis of the super-closeness between the interpolation func-
tion u4 = P, u — w! and the DG solution wuy,.

11



THEOREM 4.1. Let u € WFHH22(Q) 1 <1 < k and uj, € Vj, be solution of
(1.1) and (2.1), respectively. Suppose ul = P, u—w' € Vj, with w' defined by (3.29),
(3.19), and (3.26). Then for both periodic and Dirichlet boundary conditions,

luy = unllo(t) < lluf — unllo(0) + th* " lullktis2,00, ¥ > 0. (4.1)

Proof. For the periodic boundary condition, we have from (3.12) and (3.19),

wll(x;Jr%ayvt) = U}ll(I;,y,t) = O vyat

Since wu satisfies the periodic boundary condition, then P, u satisfies the periodic
boundary condition (2.6). Moreover, by (3.17),

Uiet1 (¥ 151) = Uik (y3, 1) V20,
which yields

QZGZD(y;Jr%’t) = Gp(y/,:Jré?t) = Gp(y;a t) = QZGZD(y;a t)
Then
wi (2,9, 5, t) = wh(z,y5,1) Vot

Consequently, w! satisfies the periodic boundary condition (2.6). Similar result holds
true for the correction function wh defined by (3.26). Since P; u,uy, and w' all satisfy
(2.6), then (2.6) is valid for v = u! —uy,. For the Dirichlet boundary condition, due to

the special choice of the numerical fluxes at the boundary, it is easy to see that (2.7)

holds true for v = u} — uy. Therefore, (2.8) is valid for both periodic and Dirichlet

boundary conditions with v = u} — . Then

d
= unllo=llur = unllo < a(un — uf, up — )|
= ‘a(u—ull,ull—uh)’

SR g g2, 000 — unllo,

which yields

d
s = wnllo S Bl 2.0

Then (4.1) follows. O

REMARK 4.2. To guarantee the superconvergence rate of (k+ 1+ 1)-th order for
|lul — upllo, we know from Theorem 4.1 that the initial error should reach the same
convergence rate. Namely,

lun (-, 0) = uz (-, 0)llo S A fu[kt42,00- (4.2)
To obtain (4.2), a natural way of initial discretization is to choose

uh(xayuo) :’U,ll(,’E,y,O) (43)
12



REMARK 4.3. For the Dirichlet boundary condition, if we choose

ﬁh(xay) = Phu(xay)v (Iay) € (89)7

instead of the choice of the numerical fluz (2.4), where Pyu = Rpu, P u, Inu with
Ryu and Inu denoting the L? projection and the Radau interpolation function of u
respectively, then the standard approximation theory yields

/ (ulh — up)?ds
19)

where p = k41 for Pyu = Ryu, and p = k+2 for Pyu = P, u, Ipu. This means that
the boundary error of ut — uy, can not be ignored. Therefore, we have from (2.5),

/aQ(UZI —up)?ds

SR | g 2,00 [0 — unllo + RP.

S Py w = Prull§ oo + I10'lff 00 < 17,

d !
||U1_UhH0 H“J_Uh”O < |a(un — up, uf —un)| +

Thus, the choice of numerical fluxes at the boundary has an influence on the super-
convergence rate for the Dirichlet boundary condition.

4.1. Superconvergence for the cell averages. We have the following super-
convergence results for the cell averages.

THEOREM 4.4. Let u € W2k+2:2(Q) be the solution of (1.1), and uy be the
solution of (2.1) with the initial value up(-,0) chosen such that (4.2) holds with | = k.
Then for both the periodic and Dirichlet boundary conditions,

1
2

1 1 2
_ _ < 2k+1
Cuc Gaz(mﬂuumﬁm>~““m lulloniz.oo-  (4.4)

7T
Proof. Let e, = u — up, and uy = u’} = P u— wh. By the special initial
discretization, we have from (4.1),
lar = unllo(®) S (1 + Al ok 2.0 (4.5)

On the other hand, the orthogonal property of (3.12) gives

/wkd:vdy = / (w’f + wg) dxdy = / (w1, +wo k) dedy, T € Th,.

T

Then

/ endxdy = / (u— Py u+ wk) dzdy + / (ur — up) dady

T

z/(wl,k+w27k)dxdy+/(ul—uh)d:vdy.

In light of the estimates in (3.21) and (3.27), we derive

(| | / exdrdy)” S Wl r + 171 g —
13



Since 7}, is quasi-uniform, we have
1
— |77t S 1.
nm
Then
Cue S llur = unllo + P ull2e11,00 S (1 + 8P Jul|2k4.2,00-

The proof is completed. O

4.2. Superconvergence at the downwind points. We are now ready to
present our superconvergence result of the DG solution at the downwind points.

THEOREM 4.5. Suppose all the conditions of Theorem 4.4 hold. Then for both
the periodic and Dirichlet boundary conditions,

2

Z (u— uh)Q(x;r% , yj;% )| S A+ R |ul|akso,00. (4.6)
1j=1

m
1
Cu,d =
mn —

3

Proof. For any fixed ¢, ur — up, € V4 in each 7,5, (4,j) € Zy, X Z,,. Then the
inverse inequality holds and thus,
|ur = wn) (@, 7,y D) < Ml = unllo.r,, (1)
S h_lHU‘I - uh”Oﬂ'i,j(t)'

Then

3 B 2 h,72 m n B
(wr = un)* (@7, gy t) |5 | 5 D0 D ur = unlE (1)
1 i=1 j=1

S llur = unllo(t) < (14 )R |l 2r+2,00.

(S
[N

1
mmn 4

m
1=

n
1j=

By (3.30) and the fact that u(:v;r%,y;r%,t) = Ph_u(x;r% , yj_Jr% ,t), we have

ul(x;r%?yjjr%ut) = u(xi_+%7yj_+%7t) V(7’7j) € Zm X Zn

Then the desired result (4.6) follows. O

4.3. Superconvergence at the Radau points. Let RL,R;,p € Zi be the

k interior left and right Radau points in the interval [—1, 1], respectively. Namely,

Ré,p € Zy, are zeros of Lyi1 + Ly except the point s = —1, and R, p € Zj, are zeros
of Lgt1 — Ly, except the point s = 1. Then for all 7 =7, ; € Ty, (i,5) € Zy, X Ly,
RL={P:P= (R RY),p,g € Zi}, R} ={Q:Q = (Ryy, RY),p,q € i},

sy T.p’

constitute k2 interior left and right Radau points in 7, respectively. Here

1 1
Lo _ z pl Ly __ 1
Ry, = g(xif% +x 1+ Ry R,), Ry, = 5(1/-,% +yiL+ hiR,),
and RI:7, R7Y are defined similarly. We denote by R" = (J ., R} the set of right

Radau pointé on the whole domain, and

£ :{(x,y):szﬁ.’_z,yE [e,d],p € Zi, 7 € Tp,}
14



and

£ ={(z,y) 1y = RMY,x € [a,b],p € Zp, 7 € Tn}

TP’

the set of vertical and horizontal edges of all interior left Radau points along the z-
direction and the y-direction, respectively. We have the following estimates for P, u
at the Radau points.

LEMMA 4.6. Let u € W*+22(Q) be the solution of (1.1). Then

(= Pru)(P)| S W 2jullioe VP ER, (4.7)
and

102 (u = Py u)(P)| + [0y (u = Py u)(Q)) S W ullkszoo YP € EL,QEE,.  (48)

Proof. Recalling the decomposition of u — P, u in (3.2) and the estimate for
E®EYu in (3.35), we have for all P € R, 7 € T,

|(w = Py u)(P)| < |E*u(P)| + [EYu(P)| + h*[[ull 42,00+

In light of (3.3), we have E®u(P) = 0 when u(z,-) € Pyy1. By Bramble-Hilbert

lemma, we obtain

it |

T
P SH [ 0k s S B ulsae, VP ERE,.
xT

Similarly,
|EYu(P)| S h**2|ulls2,00,m, VP ERY, .

Then the desired result (4.7) follows.
Now we consider (4.8). Since it is shown in [35] that

(L1 — Li)' (Ry) = (k + 1) (Lit1 + Li)(Ry)/ (R, +1) =0, p € Zy,
then for any P = (RL%,y) € EL,7 = 7, ; € Tj,, we have 9, E“u(P) = 0 when u(z,-) €
Pj.+1, which yields

T
0, E"u(P)| < h* / * 108 2ulde S W ullisz,oor -

mi7%
On the other hand,
0. EYu(P)| S |1 BYualloco,rm s S P ullkra,00,m -
Consequently,
|02 (u — B u)(P)| S 0 E%u(P)| + |0 EYu(P)| + || 0: E* E¥ull0,00,r, ,
S thrl ||u||k+2>00,7'7;,j )

where in the last step, we have used the fact that

||81E1Eyu||07007ﬂ,j 5 h_IHEwauHO,OO,Ti,j 5 hk+l||u||7€+2>00>ﬂ,j'
15



Following the same line, we obtain
10y (u — Pru)(@Q)] S WM ulleszoor  VQ = (2, REY) € &

Then (4.8) follows. O

Now we are ready to present the superconvergence properties of the DG solution
at the Radau points.

THEOREM 4.7. Let u € W*t4°(Q) be the solution of (1.1), and uy be the
solution of (2.1) with the initial value up(-,0) chosen such that (4.2) holds with | = 2.
Then for both the periodic and Dirichlet boundary conditions,

eur = max |(u—un)(P)] S (14D [ullera 00, (4.9)

and

ey, = max |0y (u—up)(P,t)]+ max |0y (u—up)(Q, )] S (1+t)hk+1||u||k+4,oo. (4.10)
Pegl Qe

Proof. First, choosing | =2 in (4.1) and (4.2) gives
llun = uillo S (14 ER" 2 |ullj+4,00-
By (3.30) and the inverse inequality, we arrive at

2lloce + A7 lun — uFllo S (1 + R 2 uflisace,  (4.11)

l|un —
and
lun = Pyl o S 0 lun = Prullos S (14 OF fullrsoc.

Then (4.9)-(4.10) follow directly from (4.7)-(4.8) and the triangular inequalities. O
REMARK 4.8. By (4.10) we know that, the x partial derivative of the numerical
approximation 1s superconvergent at all the edges x = Rl;;, and the y partial derivative
approzimation is superconvergent at the edges y = RTp, for allp € Zy,7m € Tp,. As
a special case of (4.10), the gradient approximation is superconvergent with an order

k+ 1 at all interior left Radau points, that is,
IV (u—up) (P S L+ O ullkraoe VP = (R, RYY).

T,p7

REMARK 4.9. We observe from (4.11), that the DG solution up, is superconvergent
with a rate of (k + 2)-th order to the truncated Radau projection P, wu.

4.4. Initial and boundary disretizations. To end this section, we would like
to demonstrate how to implement the initial and boundary discretizations. Since
Ut + Uy + uy = 0, we have for all integers p > 1,

(O + 0 )Pu(z,y,0) = (=1)POhuo(w,y), (O + 9y)P u(z,y,0) = (=1)POuo(z, y).
Therefore, by (3.17) and (3.25), we have the derivatives
Gp(y,0) = (=1)P~ (8, + 9, )puz k+1(y,0)
21 + 1 [T+l

= —35110(33;%,24) 8pu0 (z,y)Li(z)dz,

Gp(z,0) = (=1)P"1(0y + 0.)" Ui,k+1($70)

k

_ 2041 [Yi+d

= —85U0($7 ijr%) + ; T /y : 851140(.@, y)Lj)l(y)dy
16
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Now we divide the process of the initial discretization into the following steps:
1. Compute F),, p € Z; from (3.10) .
2. In each element 7; ;, (i, j) € Zy X Zy, calculate G,(y, 0), G,(z,0) and choose

wll = Z(ﬁf)?Fp(s)QhG (y,0), s=(2z— Ti_1— xH%)/hf,

l
wh =" (R Fy(5)Q5Gp(,0), 5= (2y —y; 1 —y;,1)/hY.

3. Figure out uy(z,y,0) = Py ug — wi — wh.

The implementation of the boundary discretization for the Dirichlet boundary
condition is similar to that of the initial discretization. Note that

- A+1 [5h
Gp(yéi):—@”glwtﬂLz + /+ g1 (z,t) Ly (x)da,

k
~ 2041 [Yi+s
Gylay.t) = =gy 1) + Y = / S 0bgo(y,t)Lj(y)dy.
J Y,

By replacing G,(y,0), Gp(z,0) with (_?p(y%,t) p(x1,t) in the process of the initial
discretization, we obtain w!(z,y 1 ,t) and wh(z T1,Y, t). Then the numerical fluxes of

up, at the boundary (9€2)~ are taken as
un(wy,y,t) = Py go —wh(zy,u,0), un(w,y3,1) = Py g —wi(w,yy,1).

5. Numerical results. In this section, we use numerical examples to verify the
theorems in section 4. Since all previous numerical tests in the literature (see, e.g.,
[1, 32]) are performed for lower order polynomials, e.g., Q; and Qs, in order not to
repeat, we only provide data for Q3 and Q4 in our numerical experiments. If not
otherwise stated, the initial and boundary discretizations are given by the same way
as in subsection 4.4.

Example 1. We solve the following problem

U + Uy + uy =0, (z,y,t) € ]0,27] x [0,27] x (0,0.1],
u(z,y,0) = sin(z + y), (x,y) € [0,27] x [0, 27],

with the periodic boundary condition
u(0,y,t) = u(2m,y,t) and wu(x,0,t) = u(x,2m,1).
Clearly, the exact solution is
u(z,y,t) = sin(x + y — 2t).

We use the ninth order SSP Runge-Kutta discretization in time [22] and take At =
0.001hmin to reduce the time error. Non-uniform meshes of m x n rectangles are
obtained by randomly and independently perturbing each node in the z and y axes of
a uniform mesh by up to 20%. The example is tested by using Qp polynomials with
k = 3,4. We compute the numerical solution at ¢t = 0.1. In table 5.1, we compute

17



TABLE 5.1
Various errors with periodic boundary condition for k = 3,4.

Cu,c Cu,d Cu,r Cu,l
k mXn error order error order error order error order
20 x20 | 2.48e-09 - 3.21e-11 - 5.45e-07 - 4.91e-05

3| 40 x40 | 1.92e-11 | 6.93 | 7.89e-13 | 5.29 | 1.76e-08 | 4.89 | 3.09e-06 | 3.95

80 x80 | 1.49e-13 | 7.01 | 6.92e-15 | 6.83 | 6.07e-10 | 4.86 | 1.97e-07 | 3.95

160x160 | 1.17e-15 | 7.07 | 3.77e-17 | 7.61 | 2.12e-11 | 4.90 | 1.33e-08 | 3.96

20 x20 | 8.89e-13 - 1.70e-14 - 9.20e-09 - 9.32e-07

4| 40 x40 | 1.68e-15 | 8.94 | 8.32e-17 | 7.59 | 1.36e-10 | 6.01 | 3.12e-08 | 4.93

80 x80 | 3.26e-18 | 9.02 | 1.80e-19 | 8.86 | 2.28e-12 | 5.90 | 1.01e-09 | 4.92

160x160 | 6.45e-21 | 9.09 | 2.39e-22 | 9.66 | 3.88e-14 | 5.95 | 3.25e-11 | 5.05

several errors between the numerical approximation and the exact solution, which are
given in Theorems 4.4-4.7.

Table 5.1 demonstrate superconvergence rates of (2k + 1)-th order for the nu-
merical cell averages and numerical approximation at the downwind points (e, . and
€u.d), (k+2)-th order for the numerical solution at the right Radau points (e, ), and
(k + 1)-th order for the partial derivatives of the approximation at the interior left
Radau points (e,,;), which confirm our theoretical results in Theorems 4.4-4.7.

Example 2. We solve the following problem

U + Uy + uy =0, (x,y,

t) € [0,2m] x [0,27] x (0,0.1],
u(z,y,0) = sin(z + y), (x,y) €0, ,

[0, 27] x [0, 27, (5.2)

with the Dirichlet boundary condition
u(0,y,t) =sin(y — 2t) and wu(z,0,t) = sin(x — 2t).
Clearly, the exact solution is
u(z,y,t) = sin(x + y — 2t).

We use the fourth order SSP multi-step discretization in time [22] and take At =
0.01h%2 to reduce the time error. The same quantities as in Example 1 on the same
kind of random meshes of m x n rectangles are computed. The example is tested by
using Qp polynomials with k = 3,4. We compute the numerical solution at ¢ = 0.1.
The computational results are given in Table 5.2.

From table 5.2, we can observe similar results as given in Example 1, which
confirm our theoretical results in Theorems 4.4-4.7.

We also discretize the boundary condition with the L? projection by using Qg
polynomials with & = 3,4, and the results are given in Table 5.3. We can hardly
observe any of the desired superconvergence properties for the four errors given in
Theorems 4.4-4.7. Actually, we can only observe the standard optimal rates of con-
vergence.

We also consider two more discretizations of the boundary conditions: P, pro-
jection and interpolation at Radau points, and the results are given in Tables 5.4-5.5.
The numerical approximations at the right Radau points and the derivative approxi-
mations at the interior left Radau points are now superconvergent with (k42)-th order

18



TABLE 5.2
Various errors with Dirichlet boundary condition for k = 3, 4.

Cu,c Cu,d Cu,r Cu,l
mXn error order error order error order error order
20 x20 | 2.48e-09 - 3.11e-11 - 5.45e-07 - 4.91e-05 -
40 x40 | 1.92e-11 | 6.93 | 7.83e-13 | 5.26 | 1.76e-08 | 4.89 | 3.09e-06 | 3.95
80 x80 | 1.49e-13 | 7.01 | 6.91e-15 | 6.82 | 6.07e-10 | 4.86 | 1.97e-07 | 3.95
160x160 | 1.17e-15 | 7.07 | 3.77e-17 | 7.61 | 2.12e-11 | 4.90 | 1.33e-08 | 3.96
20 x20 | 9.16e-13 - 2.16e-14 - 9.20e-09 - 9.32e-07 -
40 x40 | 1.71le-15 | 8.97 | 8.24e-17 | 7.95 | 1.36e-10 | 6.01 | 3.12e-08 | 4.93
80 x80 | 3.28e-18 | 9.02 | 1.79e-19 | 8.85 | 2.28e-12 | 5.90 | 1.01e-09 | 4.92
160x160 | 6.47e-21 | 9.09 | 2.40e-22 | 9.65 | 3.88e-14 | 5.95 | 3.25e-11 | 5.05

TABLE 5.3
Various errors with L2 projection of the Dirichlet boundary condition for k =3, 4.

Cu,c Cu,d Cu,r Cu,l
mXn error order error order error order error order
20 x20 | 5.57e-08 - 4.71e-07 - 3.04e-06 - 2.72e-04 -
40 x40 | 6.73e-10 | 6.31 | 2.17e-08 | 4.40 | 1.78e-07 | 4.05 | 3.53e-05 | 2.91
80 x80 | 1.38e-10 | 2.27 | 3.34e-09 | 2.70 | 1.26e-08 | 3.81 | 5.03e-06 | 2.79
160x160 | 1.09e-11 | 3.71 | 2.93e-10 | 3.55 | 7.79e-10 | 4.07 | 6.22¢-07 | 3.07
20 x20 | 3.70e-09 - 8.50e-07 - 8.50e-07 - 7.59e-05 -
40 x40 | 7.89e-12 | 8.78 | 2.51e-10 | 11.6 | 2.08¢-09 | 8.58 | 6.32e-07 | 6.83
80 x80 | 1.66e-13 | 5.57 | 1.05e-11 | 4.58 | 6.05e-11 | 5.11 | 3.94e-08 | 3.98
160x160 | 5.36e-15 | 5.01 | 5.66e-13 | 4.25 | 2.20e-12 | 4.84 | 2.68e-09 | 3.95

TABLE 5.4
Various errors with P,~ projection of the Dirichlet boundary condition for k = 3, 4.

and (k + 1)-th order, respectively. However, we cannot observe the (2k 4+ 1)-th order
superconvergence for the numerical cell averages or for the numerical approximation
at the downwind points.

€u,c €u,d Cu,r €u,l

mxn error order error order error order error order
20 x20 | 3.70e-09 - 1.81e-08 - 5.45e-07 - 4.91e-05 -

40 x40 | 1.43e-10 | 4.64 | 1.77e-09 | 3.32 | 1.88e-08 | 4.80 | 3.07e-06 | 3.95
80 x80 | 2.33e-12 | 5.94 | 7.92e-11 | 4.48 | 6.07e-10 | 4.95 | 1.97¢-07 | 3.95
160x160 | 8.93e-14 | 4.76 | 2.47e-12 | 5.06 | 2.12e-11 | 4.90 | 1.33e-08 | 3.96
20 x20 | 6.64e-11 - 1.06e-08 - 1.06e-08 - 9.93e-07 -

40 x40 | 6.19e-14 | 9.96 | 5.89e-12 | 10.7 | 1.36e-10 | 6.22 | 3.12e-08 | 4.94
80 x80 | 4.03e-15 | 3.94 | 9.69e-14 | 5.92 | 2.28e-12 | 5.90 | 1.01e-09 | 4.92
160x160 | 7.79e-17 | 5.76 | 2.93e-15 | 5.11 | 3.88e-14 | 5.95 | 3.25e-11 | 5.05

6. Concluding remarks. We have studied the superconvergence behavior of
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TABLE 5.5
Various errors with Radau interpolation of the Dirichlet boundary condition for k =3, 4.

Cu,c €u,d Eu,r €u,l

k mxn error order error order error order error order
20 x20 | 3.29e-09 - 1.74e-08 - 5.45e-07 - 4.91e-05 -

3| 40 x40 | 1.54e-10 | 4.37 | 1.61e-09 | 3.39 | 1.76e-08 | 4.89 | 3.09e-06 | 3.95
80 x80 | 3.14e-12 | 5.61 | 1.26e-10 | 3.68 | 6.07e-10 | 4.86 | 1.97e-07 | 3.95
160x160 | 9.40e-14 | 5.12 | 3.95e-12 | 5.06 | 2.12e-11 | 4.90 | 1.33e-08 | 3.96
20 x20 | 8.12e-11 - 1.76e-08 - 1.76e-08 - 1.37e-06 -

4 | 40 x40 | 6.57e-14 | 10.2 | 6.47e-12 | 11.3 | 1.36e-10 | 6.94 | 3.12e-08 | 5.39
80 x80 | 4.74e-15 | 3.80 | 1.64e-13 | 5.30 | 2.28e-12 | 5.90 | 1.01e-09 | 4.92
160x160 | 6.18e-16 | 2.96 | 8.42e-15 | 4.33 | 3.88e-14 | 5.95 | 3.25e-11 | 5.05

product meshes and tensor product polynomials of degree k. We prove that, with
suitable initial and boundary discretizations, the error between the DG solution and
the exact solution converges with the rate of (2k 4 1)-th order (comparing with the
standard optimal global rate of (k + 1)-th order) for the cell averages and at the
downwind points, and with rate of (k+2)-th order at all right Radau points. Moreover,
we prove that the error for the gradient converges with the rate of (k + 1)-th order
(comparing with the standard optimal global rate of k-th order) at all interior left
Radau points. Numerical experiments demonstrate that all the established error
bounds above are optimal.

Finally, we would like to mention that the superconvergence analysis for Py (z, y)
is much more complicated than that for Qg (x,y), where Px(x,y) denotes the space
of polynomials of degree no greater than % in each element 7 € 7;. Actually, this
subject has been discussed under the framework of the standard C° finite element
method for elliptic problems (see, e.g., [33, 34]), where the discussion is much more
involved, and actually, most of superconvergence properties are lost for Py (z,y). As
for the LDG method, our numerical examples indicate that the superconvergence
property will be lost without suitable initial and boundary discretizations. For Py
polynomials, constructing the correction function (to correct the initial and boundary
errors) is difficulty and thus it deserves a separate study.
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