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ABSTRACT. In this paper we present an a priori error estimate of the
Runge-Kutta discontinuous Galerkin method for solving symmetrizable con-
servation laws, where the time is discretized with the third order explicit total
variation diminishing Runge-Kutta method and the finite element space is
made up of piecewise polynomials of degree k > 2. Quasi-optimal error esti-
mate is obtained by energy techniques, for the so-called generalized E-fluxes
under the standard temporal-spatial CFL condition 7 < vh, where h is the
element length and 7 is time step, and -y is a positive constant independent of
h and 7. Optimal estimates are also considered when the upwind numerical
flux is used.
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1 Introduction

In this paper we would like to continue the works in [29-31] and present error estimates
of the Runge-Kutta discontinuous Galerkin (RKDG) method for smooth solutions
of symmetrizable systems of conservation laws. For simplicity of presentation, we
consider the model equation in the spatial domain I = (0,1) and the time interval
[O’ T]?

u+ f(u), =0, (x,t) €l x(0,7T], (1.1)

with the initial solution ug(z). Here u(z,t) : R x R™ — R™ is the unknown vector-
valued solution, and f(u) : R™ — R™ is the given smooth flux function. We will,
however, point out similarities and differences when the analysis is generalized to
multiple space dimensions. Furthermore, we do not pay much attention to boundary
conditions in this paper; hence the solution is considered to be periodic or compactly-
supported. Generic solutions to (1.1) will contain discontinuities, which are much
more difficult to analyze, see [5,32] for some preliminary results in this direction. In
this paper we consider only smooth solutions, therefore, we assume the initial solution
uo(z) is smooth and we consider only a short time interval before discontinuities
develop.

The symmetrizable system of conservation laws has a wide background. Well-
known examples are the shallow water wave equations and the Euler equations of
compressible gas dynamics. As is well known, a conservation law system (1.1) is sym-
metrizable if and only if it has a convex entropy function [14]. Due to the symmetriza-
tion theory [14,25], one can seek a mapping u(v): R™ — R™ applied to (1.1), so that
when transformed, uv; + f,v, = 0, the Jacobian matrix u), = (Ou;/ 8%){:11:2 is
symmetric positive definite and the Jacobian matrix f, = f,u., is also symmetric.

In this paper we consider the numerical method to solve directly (1.1) by using
the RKDG method. The first version of discontinuous Galerkin (DG) method was
introduced in 1973 by Reed and Hill [23] for the steady linear neutron transport.
It was later developed into RKDG methods by Cockburn et al. [6-10] for nonlinear
hyperbolic conservation laws, which use a DG discretization in space and combine it
with an explicit total variation diminishing Runge-Kutta (TVDRK) time-marching
algorithm [26]. Later, this method was developed to solve equations with higher
order derivatives. It is well known that the DG method has strong stability and
optimal accuracy to capture discontinuous jumps and/or sharp transient layers, and
it combines the advantages of finite element and finite volume methods. For a fairly
complete set of references on this methods, we refer to the review papers [4,12].

However, up to now there has been relatively few work on stability analysis and
error estimates for the fully discrete RKDG methods with the explicit TVDRK time
marching to solve (1.1). The method of line version (continuous in time) of the DG
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scheme for linear equations has been considered in [11,18,20], and has been proved
to maintain good L?-norm stability and optimal error estimates. For nonlinear equa-
tions, there exists the well-known local entropy inequality [17] for the semi-discrete
DG scheme, as well as for the fully discrete DG scheme with some special time-
discretizations such as the backward Euler and Crank-Nilson algorithms. Recently,
RKDG method with explicit time-discretization for nonlinear conservation laws has
been analyzed in [2,29,31], where the (quasi)-optimal a priori error estimates are ob-
tained for the second order and the third order explicit TVDRK time discretization,
respectively, for scalar equations.

As to symmetrizable systems, error estimates are more difficult to obtain. In [30],
error estimates are obtained for RKDG methods with a second order TVDRK time
discretization, under a restrictive time step constraint in which 7 = o(h). This re-
striction is not surprising, as RKDG methods with a second order TVDRK time
discretization is linearly unconditionally unstable under the regular time step restric-
tion 7 < ch for any fixed constant ¢ > 0, when the polynomial degree k > 2 [12].
However, the time step restriction 7 = o(h) is not realistic in actual computation,
and we would like to use third order TVDRK time discretization under regular CFL
time step restriction. As far as the authors know, there are still no error estimates
for the symmetrizable system, when explicit Runge-Kutta time discretization is used
under regular CFL conditions. The RKDG3 method uses the third order explicit TV-
DRK time-marching combined with piecewise polynomials of arbitrary degree, and is
more popular because in practice it provides better linear stability and higher order
accuracy in time. However, the techniques used in [30] to obtain error estimates for
RKDG2 under the more restrictive time step constraints are not applicable to RKDG3
methods under regular CFL conditions. In a recent work [31], a new technique which
explores the specific dissipation natures of third order TVDRK time discretization is
developed to analyze the scalar equations. The extension of this technique to sym-
metrizable systems is the purpose of this paper. This extension is non-trivial, as we
must carefully study the numerical fluxes (referred to as the generalized E-flux) in
the system case and their influence towards the errors. We can no longer use mono-
tonicity of the fluxes in the scalar case. Our result is a quasi-optimal or optimal error
estimate depending on the numerical flux, similar to that in [31] for the scalar case,
under the standard temporal-spatial CFL condition 7 < vyh. Here h and 7 are the
element length and time step, respectively, and the positive constant v is independent
of h and 7.

The main line of analysis in this paper follows that in [30,31], by using energy
analysis as the main tool. It is rather straightforward to generalize the error estimates
in [31] from the scalar case to symmetric systems. However, as we will see later in this
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paper, it is significantly more difficult to carry out the above error estimates for the
symmetrizable systems. In this development, we need to pay more attention to several
issues owing to the symmetrizable theory, for instance, the suitable norm with local
rotational matrix in each element, and Lipschitz continuity of the rotational matrix
and the Jacobian matrix of the flux. In this process, many issues about vector-valued
functions need to be addressed.

The essential difficulty in this paper is how to describe the numerical viscosity re-
sulting from the DG spatial discretization. We have considered the RKDG2 method
in [30], where the explicit second order TVDRK time-marching is used, for the sym-
metrizable system, and a description on this issue has been given there. However,
the stability mechanism in the RKDG3 method is completely different from that of
the RKDG2 method, where the additional stability provided by the explicit third or-
der TVDRK time-marching plays an important role. As we have done in section 3.3
of [31], we need to use the Lipschitz continuity of the numerical viscosity quantity to
maintain the structure of this stability term in the time direction. This property is not
needed in the analysis for the RKDG method with the second order time-marching,
as in [29,30]. This new property demands that we have to modify the analysis in a
suitable way for the symmetrizable system.

To this end, we firstly try to propose a careful classification of the necessary
properties for the numerical fluxes used in the symmetrizable system case. This kind
of numerical flux is defined as the generalized E-fluz in this paper, where we relax the
demand than that in [30]. For example, we only need two inequalities related to the
two states under consideration, and we add the freedom on the rotation position and
the adjusting matrix. Thus this new definition is more easily verified than that in [30].
Then we establish an important matrix termed generalized numerical viscosity matriz,
to describe the total numerical stability coming from the jumps at every element
interface. In order to ensure the Lipschitz continuity of this matrix, the definition in
this paper is different from that in [30]. We carry out this idea through the generalized
Newton difference quotients. Furthermore, we present three typical assumptions on
the generalized numerical viscosity matrix, which are enough to obtain good error
estimates. The details are given in section 2.2.

An outline of this paper is as follows. In section 2 we present the RKDG3 scheme
for the symmetrizable system of conservation laws. The so-called generalized E-fluz
and the generalized numerical viscosity matriz are presented. Some assumptions on
the numerical viscosity matrix and the smoothness of the exact solution are also given
here, which yield the main conclusion about the quasi-optimal error estimate. In the
remaining part of this paper, we would like to present the detailed proof to this main
conclusion. In section 3 we obtain the error representation and the corresponding
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error equations, and in section 4 we provide some elementary discussions on the error
functional in detail. In section 5 we carry out the energy analysis and complete the
error estimate, with some technical proofs left to the appendix. Finally, a concluding
remark is given in section 6.

2 RKDG3 scheme and the main conclusion

In this section we present the detailed implementation of the RKDG3 method, fol-
lowing the notations in [30,31]. The generalized numerical viscosity matrix is defined
for the so-called generalized E-flux. Finally, we present the main conclusion on the
quasi-optimal error estimates in general, and on the optimal error estimate for the
upwind numerical flux.

2.1 RKDG3 scheme

Let J, = {I; = (zj_1/2,Tj11/2) } =1 be a partition of I = (0,1), with each element
length being h; = w412 — 7j_1/2. The maximum length of this mesh is denoted by
h = max; h;. In this paper we assume the partition is quasi-uniform, namely, there
exists a positive constant v such that h < vh; for all j = 1,2,..., N, as h goes to
zero. The discontinuous finite element space is defined as

Vi = {v e [L*0,1)]™ o], € [P*I)]",j=1,....,N}, (2.1)

where P*(1;) denotes the space of polynomials in I; of degree at most k. Note that
the function p € V), is allowed to have discontinuities across element interfaces. Two
limits from the left- and the right- directions are denoted by p~ and p*, respectively.
Furthermore, the jump and the mean, respectively, are denoted by

[p] =p" —p~, and {p} = %(p+ +p7). (2.2)

We discretize the time interval [0, 7] with the time step 7, which could actually
change from step to step but is taken as a constant in this paper for simplicity. In the
RKDG3 method, we would like to seek successively the numerical solution, denoted
by u}(z) = up(z,n7), in the discontinuous finite element space.

The initial solution u) is taken as the approximation of ug(z), for instance, the
standard L2-projection Ppug(x). It is defined as the unique function in Vj such that

(Phug(x) — up(z),vy) =0 Yo, € V. (2.3)

Here (p.q) = || p'qdx is the inner product as usual in the space [L?(0,1)]™. Note
that this projection is locally defined on each element and hence we will also refer to
it as the local L2-projection later.



For each n > 0, the numerical solution of the RKDG3 method from the time nr
to the next time (n + 1)7 is defined as follows: find u}"', u}"* and u}*! in the finite
element space Vy, such that for any v, = v,(x) € V;, there hold

(uZ’l, vp) = (uy,vy) + TH(up, vy), (2.4a)
n, 3, . 1
() = S )+ 0+ THC ), (2.40)
1 2, . n
(uptt vy) = g(UZ, vp) + g(uh’ ,vp) + EH(“’;{ ) Un)- (24c)

Here H(p, q) is the DG spatial discretization, expressed compactly in the form

Z/qm dx+z

1<j<N 1<j<N

)j—i—%a vpa q, (25)

MI)—-

since the numerical solution is periodic or compactly-supported.

In (2.5), f(p~,p*) is the numerical flux to ensure the good stability and high-order
accuracy. In general, it depends on the two vectors along the left and right directions
at the element boundary point. The well-known examples include the global (local)
Lax-Friedrichs flux, the Roe linearization flux function [24] with or without Harten’s
entropy fix [15], and those fluxes constructed by the flux vector splitting [27]. They
can be looked upon as exact or approximate Riemann solvers. For more details, we
refer to [27,30].

To ensure numerical stability, the time step should satisfy a temporal-spatial re-
striction. The detailed CFL condition will be given later; see (5.1) and (5.25). We
have now completed the definition of the RKDG3 method.

2.2 Numerical flux

In this subsection we would like to recall some issues for the numerical fluxes used
in practice. Then an important matrix will be defined to describe the numerical
viscosity for symmetrizable systems.

2.2.1 Some important matrices in the symmetrizable theory

It follows from the symmetrizable theory that fI, has a strong relationship with an
important symmetric matrix, since

Q1/2f Q 1/2 Q1/2f Q1/2 — (26)

where Q = Q(u) = v, is the Jacobian matrix of the transformation v = v(u).

Note that K is a symmetric matrix with the same spectrum as f,. Thus there
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exists the eigenvector decomposition K = X 'K X, where K = diag{\;}™,. Let
K+ = diag{max(\;,0)}, and K~ = diag{min(\;,0)},. The positive and negative
parts of K are then defined as K* = X ' K* X . The standard absolute value matrix
of K is defined as |[K| =K+ — K.

In this paper, we will use another important matrix and its generalized absolute
value matrix, respectively,

H=v,f,=Q"KQ" (H)=QV*K|Q". (2.7)

Note that (H) is a symmetric positive semidefinite matrix.

Furthermore, in this paper we will use || - [\ to represent the length of a vector,
or the spectrum norm of a matrix, respectively. Namely, ||pl|ly = (Y, p?)'/? for
any vector p = (p1,...,pm) ", and ||C||y = maxp),=1 [|Cp||m for any matrix C. If
the matrix C' is symmetric, then ||C||y is equal to the spectral radius of this matrix,
denoted by p(C'). We will also use the following inequalities

p"Cal < [Clulplllaln. [p7Ca| < (p7IC) " (aICla) " @8)

for any matrix C' and any vectors p and g. Note that C = |C| if C is positive
semidefinite. Both inequalities in (2.8) are named Cauchy-Schwarz inequalities in
this paper.

2.2.2 Generalized numerical fluxes

Now we would like to recall some elementary properties of numerical fluxes for sym-
metrizable systems.

In general, the numerical flux f (a,b) is locally Lipschitz continuous with respect
to each argument, and consistent with the true flux f(p), namely, f (p,p) = f(p).
Furthermore, successful fluxes used in practice should satisfy certain conditions to
ensure stability and convergence of RKDG schemes.

In this paper we would like to present an abstract framework to describe these
conditions, suitable for further analysis. This abstract framework is naturally defined
for the scalar case (when m = 1) in terms of monotonicity, where the numerical
flux f (p~,pT) is assumed to be a nondecreasing function of its first argument and
a nonincreasing function of its second argument. Such fluxes are called monotone
fluxes. Following [22], a more general class of fluxes are termed as entropy fluxes

(E-fluxes), namely, there always holds for any ¢ between p~ and p™, that

A~

[pI(f(q) = f(p~,p")) > 0. (2.9)

However, this description is not trivial to extend to the system case.
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For symmetric systems of conservation laws, an important concept along this line
is the so-called generalized E-flux, proposed in [16]. That is to say that

[pl"{f(r) - f(p~.p")} >0, (2.10)

for any 7 standing on the straight-line segment with two endpoints p*. However, this
condition can not describe desirable numerical fluxes when solving symmetrizable
(but not symmetric) systems of conservation laws.

Thanks to (2.6), we would like in this paper to propose an extension of the gen-
eralized E-fluxes to symmetrizable systems, by the help of the local rotation matrix

Q.

Definition 2.1 The numerical fluz f(p~,p") is called a generalized E-fluz, if we
have a rotation position s, and a positive semidefinite matrixz Y., such that

[p]" Qs ){f(re) — f(p,p")} + [p] Yalp] 20, k=1,2 (2.11)

forry =p~ and ro = p*. Here s, = s,.(p~,p") lies in the standard super-rectangle
with two vertices p~. Furthermore, each element in'Y,, = Y.(p~,p") has the order
O([pllla), with the common bound depending only on the local Lipschitz constant of
Q in the above super-rectangle.

Note that the adjusting matrix Y} is introduced to overcome the trouble in [30]
on how to seek a reasonable rotation position s,. It is easy to seek a good rotation
position for the scalar case and for symmetric systems; in such cases we can take
Y. = 0. In general, with the help of the new freedom Y, we can take the rotation
position s, as an arbitrary point along the straight line between p~ and p*. Hence,
this definition enlarges the class of generalized E-fluxes, given in [16,30].

Many numerical fluxes can be verified easily to be generalized E-fluxes. A detailed
example will be given in the appendix, for the (global/local) Lax-Friedrichs flux. More
examples can be found in [21].

2.2.3 Generalized numerical viscosity matrix

It is well-known that the numerical viscosity in the semi-discrete DG method comes
from the square of the jumps at element boundary points. Below we would like to
define an important matrix for the generalized E-flux, to describe the strength of the
numerical stability in space. Similar quantity has been defined and analyzed for the
scalar case; we refer to [29].

To extend to the system case, we would like to use the following notation. Let
g = (91,92,---,9m)" be an m-dimensional vector-valued function with respect to
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the m-dimensional variable. For any given two vectors a = (a1, as,...,a,) and
b= (by,bs,...,by)T, define a® = a, a™ = b, and
a(j) :(bl,...,bj_l,bj,aj+1,...,am)T, j:1,2,,m—1 (212)

Note that g(a)—g(b) = 3.7 ,[g(aV ") —g(a'?)]. The generalized Newton difference

j=1
quotient is an m-dimensional matrix, denoted by Dgla, b], with the element in the
(1, 7)-entry being

(Dg[a, b]) _ gi(aV™V) - Qi(a(j)). (2.13)

i a; — bj

If the denominator is equal to zero, the term should be understood as the limit when
the denominator goes to zero.

Definition 2.2 Let f(p‘,p*) be a generalized E-fluz, locally Lipschitz continu-
ous and consistent with f(w). The generalized numerical viscosity matriz A(f;p) is
defined at each element boundary point, in the form

~

A(f;p) = %Al(f;p) + %A2(f;p)
- %Q(Sl)pf(l)[f’_’?ﬂ - %Q(Sz)Df(z) "], (2.14)

where fO(r) = f(r,p*) and fO(r) = f(p~,r). Here s, and sy are the two rotation
positions, stated in Definition 2.1.

We would like to mention that the above definition confirms the result for the linear
constant system, with f(u) = Au and A being a constant matrix. In this case, all
upwind numerical fluxes used in practice are equal to f (p-,p7)=A"p + A p".
Due to the symmetrizable theory, there exists a symmetric positive definite matrix
Ay such that AA is symmetric. A tedious stability analysis [21] for the semi-discrete
DG method will give the total numerical viscosity,

3 3 [l A ] (2.15)

i1
1<<N Ak

The generalized numerical viscosity matrix given by (2.14) is the same as the above
involved matrix, namely, %(Aa 'A). From this viewpoint, Definition 2.2 is nicer than
that in [30].

Through observation on many numerical fluxes, we would like in this paper to
make some elementary assumptions on the generalized numerical viscosity matrix,
for the convenience of analysis. They read
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A1l The matrix A( f ;p) is nearly positive definite, in the sense

[p]" A(f;p)[P] = —Lup[P1I%, VP (2.16a)
A2 The matrix A( f: p) is Lipschitz continuous, in the sense,
IA(f;p) — A(f; D)l < Lupll [P, V. (2.16b)

A3 The matrix A(f;p) is upper consistent with T(H({p})), in the sense: there
exists a positive semidefinite matrix U = O(f, f; p), such that

" (U {p)) + 0~ AFip))Ip]| < Ll Pl ¥p. (2160

Note that the above three bounding constants are all independent of ||[p]||m, but may
depend on the local Lipschitz constants of the true flux f(wu) and/or the numerical
flux f(p~,p").

The assumption Al is provided directly from Definition 2.1. Actually, it follows
from (2.11) and (2.14) that

[p]"A(f;p)pl = =[Pl " Q(s){f(P") — f(p~,p")} + %[[p]]TQ(Sz){f(p‘) —fp~.p")}
> — [p]"Yi[p] — [p] Ya[pl,

where ||Yi|lm < Li||[p]llm for k = 1,2. The remaining two assumptions can be

DN —

verified easily for many numerical fluxes. An example is given in the appendix, for
the local/global Lax-Friedrich flux (7.1).

It is worthy to point out that the generalized numerical viscosity matrix satisfies
the kernel property

A F5 PPl = Q(sy) | (o) = Fo~.pY)] (2.17)

for kK = 1,2, where 71 = p~ and 7, = p*. This property will play an important
role in our analysis, as in [30], in order to express explicitly the numerical viscosity
provided by the numerical flux. Detailed discussion can be found in section 4.4 and
in section 7.4 on the proof of Lemma 5.4.

Remark 2.1 In the above discussion, we do not pay attention to whether the
generalized numerical viscosity matriz A(f;p) is symmetric or not.

Remark 2.2 Assumption A3 can be verified easily for the upwind numerical fluxes
(namely, one-sided numerical fluxes for each characteristic variable after suitable lo-
cal characteristic decomposition, see section 5.6 for more details), for example, the
upwind numerical fluz for a linear flur and the Steger-Warming flux [27] for Euler
equations. In such cases, we can take G = 0, and consequently there holds A(f;p)
tends to 5(H ({p})) as [p] goes to zero.
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2.3 The main conclusion

In this paper, some standard norms will be used. Let p be a vector-valued function
and/or matrix-valued function. The [L?*(I)]™ norm and the infinity norm, respec-
tively, are denoted by

1/2
ol = ([ Iptltan) ™ Il = ess s ol 219
I x€(0,1)
We also use || - ||s to denote the standard norm in the Sobolev space [H*(I)]™, in

which the function and its derivatives up to s-th order are all in [L?(I)]™.

In order to obtain the a priori error estimates to the RKDG3 method, we would
like in this paper to assume that the exact solution wu(x,t) to problem (1.1) is suffi-
ciently smooth. Namely,

H1 Both ||w||gs1(t) and ||wyy||/(t) are bounded uniformly by a constant for any
time t € [0,7]. Furthermore, the exact solution is continuous and bounded.
For the purpose of optimal error estimate, we assume that w has a higher order
smoothness, i.e.; ||ul/x42(t) is also bounded uniformly for any time ¢ € [0, 7.

H2 Each component of f(p) and f,,(p) is bounded for all p € R™. Moreover, f.,(p)
is Lipschitz continuous with the bounding constant CT!,

H3 The rotation matrix Q(p) is symmetric positive definite uniformly, namely,
there exist two constants ~, and 7*, such that 0 < v, < [|Q(p)|]m < 7* holds
for all p € R™. Furthermore, Q(p) is Lipschitz continuous with the bounding
constant CRet,

As a consequence, the bounding constants in the assumptions A1-A3 can be simplified
by three common constants, respectively.

A remark is given here. Due to the boundedness of the exact solution, the last
two assumptions H2 and H3 are reasonable with a cut-off modification on f(u) and
u(v). We refer to [29] for more details.

Now we present the main conclusion in the following theorem.

Theorem 2.1 Let uy, be the numerical solution of the RKDG3 scheme (2.4), us-
ing piecewise polynomials with arbitrary degree k > 2, defined on any quasi-uniform
triangulations of I = (0,1). The numerical fluz is a generalized E-flux associated with
the generalized numerical viscosity matriz satisfying assumptions A1-A3. Let u be
the exact solution of problem (1.1), which satisfies the above smoothness assumptions
H1-H3. Then we have the following error estimate

max [[u(r, ") — uf| < O +7°), (2.19)

11



under a standard CFL condition 7 < ~vh with a suitably fized constant v > 0, where
the bounding constant C' > 0 is independent of h and 7. Here o = % for generalized
E-fluzes; and o = 1 for upwind numerical fluzes.

The proof is technical and long, which will be given in several steps in the sub-
sequent sections. To show the main ideas clearly, we focus our attention on the
quasi-optimal error estimate (o = %) for generalized E-fluxes. The optimal error es-
timate for upwind numerical fluxes can be proved in a similar line; a sketch will be
given in section 5.6.

3 The error equations

To obtain the error estimate, we have to first establish the error equations. This
process is similar to that in [30, 31].

3.1 Reference stage solutions

Following [31], three reference functions are defined as the local time discretization of
the third order explicit TVDRK algorithm for the exact solution of the conservation
law (1.1). Let u® = u, and
1) _ 4O © @_3,0 1,0 L o0
u =u” —7f(u"),, wu =Y +Zu —ZTf(u )a- (3.1)

Owing to the Sobolev embedding theory [1], it follows from the smoothness assump-
tions H1-H3 that the above reference values are all continuous and bounded in the
whole domain I x [0, 7.

A simple manipulation yields the local truncation error in time, denoted by &£ (z, t),
such that

w (2t 4 7) = éu@ (2.1) + §u<2>(x,t) _ gf[ Fu® (a0, + E@ ). (32)

There holds uniformly ||E(x,t)|| = O(7?) for any time, due to assumption H1. Similar
discussion can be found in [31] for the scalar case.

Define u™’ = u¥) (2, ") to be the reference stage solution. Here and below we may
drop the index ¢ if £ = 0. For convenience of notations, we denote three differences

1
Eru™ = u™! —u", Eju" = 4u™? —u™ —3u", Eju" = 5(311,"*1 —2u™? —u"), (3.3)
to describe the evolution of the solution at each time stage.
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Multiply the test function v, € V;, on both sides of equations (3.1) and (3.2), re-
spectively. Let t = t™ and then integrate them in each element. Due to the consistency
of the numerical flux, this process yields a set of equalities for ¢ =0, 1, 2,

(E?H'u", ’Uh) = TH”’Z(’U,H’Z, ’Uh) + (gn’é, ’Uh), Y, € Vi, (34)

which are almost the same as the RKDG3 scheme (2.4). In this paper we would like
to denote £™?% = £(z,t"), and denote £" = ™ = 0 just for simplicity.

3.2 Projection properties

Define the stage error €™ = u™* — uZ’Z. As the usual treatment in a finite element
analysis, we divide the stage error in the form

¢
en,e _ Whun,é . uz, } o [Whun,ﬁ o un,é = €n,€ o nn,é’ (3‘5)

where 7, is a suitable projection. The projection error n™*

can be estimated easily.
It is enough to take m, = P, as the standard L2-projection (refer to (2.3)), in
order to obtain the quasi-optimal error estimate. Since wu(x,t) is smooth enough, a

standard scaling argument [3,20] yields that the projection error n™* satisfies
™|+ Al |+ B2 ™, < Cib**E, - Vs ST 0=0,1,2, (3.6a)

Here I, is the union of all element interfaces, and, for any function p, we denote

1 1, _ 1/2
ol = (32 Sl i3+ 5w %)

1<j<N
It follows from the interpolation theory [3] that
7"l < Coh¥T2, Wninr <T,0=0,1,2. (3.6b)

Since the projection P, is linear and independent of the time, Ejn" is also the pro-
jection error of Eju"™ under the same projection. Thus we also have the estimates

IEr 0" || 4 A2 B g ||n, < Csh*r, Yn:nr <T,0=1,2,3. (3.6¢)

Note that the above bounding constants, C, Cy and ('3, depend solely on the smooth-
ness of the exact solution.
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3.3 The error equations

The remaining work in this paper is to estimate the errors in the finite element space,
namely £™* = m,e™’ € V,,. To this end, we need to set up the error equations as
follows. Subtracting (3.4) from (2.4) gives the error equations for £ =0, 1,2,

(EF11€",vn) = 7K™ (v3)
= (Ef 0" + &M vp) + TH(u™, vp) — TH(u vy, Yo, € Vi (3.7)

Here K™¢(vy,) is called the error functional at each time stage. To state it more clearly,
we would like to separate it into four parts with different meanings, through a simple
re-arranging process and using consistency of the numerical flux. Namely,

IC"’Z(vh) = £”’£(e”’£, vp) +./\/’"’Z('vh) + V"’Z(vh) + ’T"’Z(vh). (3.8)

The terms on the right-hand side are named the linear part, the nonlinear part, the
viscosity part, and the time-marching part, respectively, which are defined below.

The linear part is defined as a bilinear functional with respect to w and vy, with
the given Jacobian matrix f/ (u™*). It reads in the form

En’z<w7 Uh) = Emain(f;(un’z)§ w, 'Uh)

= 3 [l fulw ) fw}]

1<j<N

+ /I(vh)lf;t(u"’e)w dz. (3.9a)

it+s

Here and below the integration on I means the sum of those integrations on every
elements I;. The remaining three parts are linear functionals with respect to v,. The
nonlinear part is given in the form

N ) = 37 [ond ]y [ Fl) — {5 ()} = fulw) e}

1<j<N

+ /I (on)] | F(w™) = F(up) = fu(w)e™| da. (3.9b)

it+s

If f(u) is a linear flux, the nonlinear part disappears. Further, the viscosity part
solely depends on the numerical solutions, defined as

Vi) = S Tl ((F i) - Fwi) (3.9
5 2 Jt3
1<j<N
The time-marching part is defined as
T vp) = 77H(¢™ on), (3.94)

where (™ = Ky n" +&™* representing the evolution of the projection error and the
local truncation error in time.
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Remark 3.1 In the splitting of the error (3.8) above, we have introduced the ref-
erence vector at each element boundary point, which depends on the specific projection
being used. For the local L?-projection Py, the reference vector is taken as the sim-
ple average {ul"}. This corresponds to three terms, namely, fw} in (3.9a), and
(£ ()Y in both (3.9b) and (3.9¢).

To obtain the optimal error estimate for the upwind numerical flux, we will use the
local Gauss-Radau projection. In this case, we would need to introduce a different ref-
erence vector at each element boundary point, and make corresponding modifications;
see section 5.6 for more details.

4 Elementary estimates

In this section we would like to set up some basic discussions on the error functional.
For notational convenience, in this section we will drop the super-index, n and /¢, for
the reference stage solutions, the numerical solutions and the operators.

4.1 Preliminaries
4.1.1 Notations

In this paper we will use notations C, K, ¢ to denote generic positive constants inde-
pendent of h, 7 and n. Here ¢ is a small positive constant, and K depends solely on the
inverse constants, to be specified in section 4.1.3 below. To emphasize the nonlinear-
ity of the flux f(wu) and the transformation u(v), we would like to use C, to denote
a nonnegative constant which vanishes, i.e. C, = 0 for a linear flux f(u) = Auw.
Furthermore, for any function p, we would like to use a macro notation

C(p) = C+ Ch M plle + Coh™?|IplI2- (4.1)

If the bounding constant depends on e, we will denote it by C(e;p). Note that the
above notations may have a different value in each occurrence.

In this paper we use the notations u. and wu, to denote the evaluation of the
reference solutions at the element center points and the element boundary points,
respectively. Recalling @ = v.,, we define the piecewise constant rotation matrix as

Q. = Q(u,.), (4.2)

which is equal to the evaluation of the matrix at the center point in each element.
Also we denote Q, = Q(uy) at every element boundary point.
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4.1.2 Local focus shifting

Let C be one of the matrix-valued functions f/, Q, Q'/?, H and (H). Their focus
shifting (i.e. change of the vector at which this matrix-valued function is evaluated)
causes many complexity in the following analysis. Due to the Lipschitz continuity
and the famous Wielandt-Hoffman Theorem [13], we have

|C(a) = C(b)|lm < Cilla = b, (4.3)

where a and b are two considered focuses. Furthermore, we will use the inequalities
1f(a) = £(b)[lm < Clla — bl and

| #(a) ~ £(6) ~ Fulb)(a— )l < 5Ca — b, (44)

in the local linearization process. We refer to [19] for more details.

The focuses considered in this paper will be taken from the reference solutions u..,
up, and u(z), or the numerical solutions {u,}} and s; = s;(uy,) in the definition of
generalized E-flux, in the same cell or in adjacent cells, at the same time stage level,
or at different time stage levels in the same time-marching step. In all these cases,
we have

la =blly < C(h+7) + llellln < C(h+7) + le]lo, (4.5)

since the reference solution w is Lipschitz continuous and thus
[un] = [n] — [€] = —le]. (4.6)

at each element boundary point. Note that (4.5) simply gives a very crude bound.
In many cases, we do not have all the terms on the right-hand side of this inequality.

4.1.3 The inverse properties

Some inverse properties will be used in this paper. For any function v, € V},, there
exists a positive constant u, independent of v, and h, such that

) ll(wn)all < ph™Hwnll; (i) [lonlln, < @20 2llonll; (i) oalloo < ph™2val].

For more details of these inverse properties, we refer the reader to [3].
To cope with the local moving of focus near the element boundary, we will use
the following inequalities

1@y vl < K2 [h 21 QU 2w + Ch ]|, (47a)
1Q 2 (fwhyonll, < K@y v, + Cub el fon? (4.7b)

for any v, € V. These can be obtained from the application of focus shifting and
the elementary inverse properties.

16



4.2 The linear part

Starting from this subsection we will discuss separately the four parts in the error
functional. Let Sy = max o(f,,(u)), representing the maximum of the flow speed;
here o(f1) is the spectral radius, and the maximum is taken over all vectors in R™.

Lemma 4.1 The linear part is a bounded bilinear functional in Vi, x V. Namely,
there exist bounding constants K and C, independent of h and 7, such that

|L(wh, Qevn)| < K Smaxth™ | QY *wil|[| QY *vnl| + Cullwn ||| v (4.8)
holds for any wy,, v, € V.

Proof. For any point x in the interior of each element, we move the focus
of the rotation matrix @ from wu, to w(x). Then from (3.9a) we get a splitting
L(wh, Q.vp) = 5(1)(’wh7 vp) + £(2)('wh7 vp,), where

LD (wy, vy) = /(vh);jﬂ(u)whdwr > [[[vh]]TH(ub){{wh}]ﬁl,

1

0w ) = (@) M@ @ends 3 (Mol fuw)fwd] .

I 1<j<N

where M (u) = Q(u.)—Q(u). Note that M (u) may be discontinuous at the element
interface, and hence M (uy) has two limits from different directions.

Now we consider the first term £ (wy,,v,). The two terms involved here are
denoted by £ and £ | respectively. Recall that H(u) = Q/2(u)K (u)Q/*(u),

bry»
and K (u) is a symmetric matrix satisfying || K (u)|m = p(f,(u)). Noting (2.8), a

simple application of the inverse property (i) yields that

0 < | /I (). H (| + | /I (). [ EL ) — HE ()|, |

<K () oo Qe 0n) 2 1 1Q2 Pl + 1 H () — H (we) ool (0ol
< Suaxith”™ | Qe *wil|[| Q2" *vn | + Cul|vnl||wall, (4.10)

since ||H (u) — H(u.)|lm < C,h holds for all z, due to (4.3) and the smoothness as-
sumption H1 on w. Also we can use (4.7a) and the boundedness of Q.. (see assumption
H3), to get

L6 ] < Sunax| Q3 [on] I, Q5 {awn } I,
< K Spmaxith ™| Q1w ||| QY| + C.||wn| ||| (4.11)
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Since ||M (u)|m = O(h) also holds for all z (as we have discussed on the focus
shifting), using Cauchy-Schwarz inequality, as well as the inverse properties (i) and
(ii), we achieve

1LP (wh, vn)| < Collwnll[|on]- (4.12)
Hence, collecting up the above inequalities completes the proof of this lemma. O

In this paper the following conclusion plays an important role. The two inequal-
ities reflect the approximate skew-symmetric and negative semidefinite properties,
respectively.

Lemma 4.2 For any functions wy, and vy, in Vy,, there holds
|L(wn, Qcvn) + L(vh, Qewp)| < Cy||wy||[|vsll- (4.13)
As a corollary, we have |L(vy, Q.vp)| < Cyllvnl?.

Proof. We just need to estimate £V (wy,, v;,) again, which is defined in the proof
of Lemma 4.1. By H,j(u) we denote the piecewise linear interpolation of H (u).
Since this matrix is symmetric, we can have

(wn)] Hyngon + (00)] Hpgon, = |w] Hyon| = 0] (Hiys)oon, (4.14)

where (Hyyj).|, = [H(ujJr%) — H(uj_%)]/[:ijr% - zj_%]. As we have discussed in
section 4.1.2, we know that ||(H )z |lm is bounded for all z.

Since the solution is periodic or compactly-supported, we can solve the integration
in each element and obtain

E(l)('wh, ’Uh) + £(1)(Uh, 'wh) = Ebry + Eint, (415)
where
Sy = > |fn] "H () {ond + [oi] H (w) fund — [(wn) Hw)wi]] .

1<<N
= /I {(wh);[ [H _ Hpm} o + (vn)] [H . Hpm} w), — w;(Hprj)wfuh} da.

It is easy to see that =y, = 0, since the term in the bracket is equal to zero.
Further, we have |Zi,| < C.||wy||||vn|| by the inverse property (i), since the former
two matrices involved here are of the size O(h). Finally, by collecting up the above
analysis and (4.12) we complete the proof of this lemma. O

In this paper we would like to use the following compact notations to denote the
collection of jumps on the element boundary, like

Pl (H)lal = Y [l (H@)lal] . vpva @)

1<j<N

This kind of compact notations will also be used to the matrices A, S, etc..
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Lemma 4.3 There exists a constant C' independent of h and T, such that
1L(m, Qevn)| < efvn] " (H (wp))[vn] + eljvn||> + Ce'h*F Vo, € V. (4.18)
Here € 1s any given positive constant.

Proof. Similar to what we have done in Lemma 4.1, we move the focus of the
rotation matrix in definition (3.9a). This yields £(n, Q.vy) = L®)(vy,) + LW (vy,),
where

L) = Y [[[vh]]TH(ub){{n}L X

1<j<N 2

LW (v),) = /(’Uh)IQc[fq/L( ) — fu uc]ndx—l— Z [Mb'vh 1" f.. (ub){{n}}]

I 1<j<N

The first term is bounded by Cauchy-Schwarz inequality (2.8) and Young’s inequality.
The projection property (3.6a) yields that

1L (vy)] < e[vn] T (H (uy))[vp] + Ce R+, (4.20)

Since || fl,(w) — fl,(u.)|[m = O(h) holds for all x, as we have discussed in section 4.1.2,
we can bound the second term in the form

LD (wn)| < O lwnll? + [|nl* + h||n||%h] < eflwn|* + Ce7 R, (4.21)

using the inverse properties (i) and (ii), as well as the projection property (3.6a).
This completes the proof of this lemma. O

Remark 4.1 In the above discussion, the average {n} comes from the setting of
the reference vector and the local L?-projection. When the local Gauss-Radau projec-
tion is used to obtain optimal error estimate for upwind numerical fluzes, this term
will be changed into the new setting along the upwind direction. See section 5.6 for
details.

4.3 The nonlinear part

Now we turn to show that the nonlinear part does not cause serious trouble in the
error estimate. The conclusion is stated in the following lemma.

Lemma 4.4 There exists a constant C, > 0 independent of h and T, such that

N(Qeon)] < Cullonl? + O el [I€]? +122], Ven eVl (122)
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Proof. Noticing (4.4), we can bound the nonlinear term N (Q.vy) in the form

M@l <0 Y |(Ifodlllfed ) / I on)elellells de]

1<j<N
< Cullelloo 1 onl I, N ellls, + lwn)a el

< Cullelloo |21 2 onll |20 211E] + il ] + s~ ol €]+ imI)]
< G~ ellllonl | €]] + A1),

Here we have used the inverse properties (i) and (ii), together with the projection
property (3.6a). This and Young’s inequality complete the proof of this lemma. [

4.4 The numerical viscosity part

In this subsection we consider the numerical viscosity part, which is an important
feature of the DG method.

4.4.1 A few propositions

The generalized numerical viscosity matrix A( f ;uy,) is not guaranteed to be positive
semidefinite, causing some inconvenience to the analysis. However, it follows from
assumptions Al and A2 that there exists a positive semidefinite matrix M(f; p) such
that

S(f;un) = A(f; un) + M(F;up) (4.23)
is a symmetric positive semidefinite matrix, and
IM(F; wn) e < Cull[an] |- (4.24)

The total numerical viscosity in the DG spatial discretization can be shown ex-
plicitly in the form

[wn) "STwn] = > [l S(fswn)[wi]

1<j<N

: (4.25)

it+s

Note that this treatment is not essential, but only for the analysis. For example, the

second Cauchy-Schwarz inequality in (2.8) holds for S(f;uy), but not for A(f; uy).
Associated with this issue, we will encounter another expression [uy] " (H (up))[us].

Below we would like to present some useful propositions between them.

Proposition 4.1 There exists a bounding constant C, such that
1
5[[Uh]]T<H(Ub)>[[Uh]] < [un] " Slun] + C(e)([|€]1* + h***?).

Note that the notation C, is included in C(e); see (4.1).
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Proof. Noticing (4.23), a simple manipulation yields

& Fun] B (o)) ] + [e] "OFoun] = ] STows] + A + A, (4.26)

where O is the symmetric positive semidefinite matrix given in assumption A3, and

A = Sl (L () = (L) = MUFs ) [
A= Tl " (SO () + 5 — AGF ) ) ]

We can bound easily |As| by using (4.3), (4.5) and (4.24). The bound of |A4] is given
by assumption A3, (4.6) and the inverse property (ii). Together with (4.6) again, we
have completed the proof of this proposition. O

Proposition 4.2 Let € be any given positive constant. There holds

%[[ﬁ]]T<H(ub)>[[£]] < (1+¢€)[un] " Slua] + C(es e)(I€]* + 1), (4.27)

Proof. Since (H) is a symmetric positive semidefinite matrix, we can use Cauchy-
Schwarz inequality and Young’s inequality to get

[€]7 CHE (wy)) [€] = [ — wn] " (H () [1 — wa]
< (1 +e)[un] " (H (up)) [un] + (1 + ™) [l " (H () [n].  (4.28)

Then we can finish the proof of this proposition by using the projection property of
the finite element space, together with Proposition 4.1. O

4.4.2 Boundedness

Let Frax = max | QY2(s)A(f; s, s)Q/2(s)||m represent the maximum strength of
the numerical viscosity. Here the maximum is taken over all vectors in R™. Due to
the smoothness assumptions H1-H3, we know that F},., is a finite number.

The next lemma will show a rough amplification in each time-marching, for any
functions in the finite element space.

Lemma 4.5 Let ¢ <1 be any positive constant. For any v, € Vy,, there holds

V(Qevn)| < eFuaxpth™H|Q 2 on* + Ke™" [u] " S[us]
+C*h_1||€||oo[lléll2+ lon|* + h25+2 ). (4.29)

21



Proof. Recall that r; = u;{ and ry = wu, , with the local rotation positions s; and
89. It follows from the definition (2.14) that V(Q.vy,) = VI (vy,) + VP (v},), where

VO (vy,) = [[’Uh]] A(f ) [wa], (4.30a)
VO () = — = Z Z [M'vh (F(ry) — f(up)) " (4.30D)

Here M,, = Q(u.) — Q(s,) describes the focus shifting of the local rotation matrix.
Below we will estimate these terms one by one.

Noticing (4.23), an application of Cauchy-Schwarz inequality to the first term
yields the estimate

VO (vp)| < |[wa] " STun]| + [[va] " M[uy]|
< Ke Yua] " S[un] + e[vn] " S[vn] + [[vn] T M[usi]). (4.31)

The second term is equal to the sum of V() = e[v,] T A(f; fur})[vn] and
VO = o] [AF w) — AP )+ M(Fown) ol (432)

which are bounded by the inverse property (4.7b), and by assumption A2 and (4.24),
respectively. This gives

e[vr] " S[vn] < K Fraxpth™|Q: >0 1> + Cuh ™ [l€]loo | wnl*, (4.33)
since € < 1. The last term can be bounded by using (4.24) and (4.6), which reads
[on]" Mual| < Ch7 lelloo [llonll* + €)% + h%”]- (4.34)

As we have shown in section 4.1.2, we know that both ||M|xm < Ci(h + ||€]/)
and || f(u)) — f(u;,,u))|]m < C|Jus]||m hold at every element boundary point. The
inverse property (ii) and the projection property (3.6a) yield

VO (un)| < Conlelloo (€N + A [[onll (4.35)

Finally, summing up the above estimates completes the proof of this lemma. For
convenience we use a new notation ¢ instead of e K in the final conclusion. O

Furthermore, for a special test function v, = &, we can show explicitly the total
numerical viscosity in the DG discretization. It is stated in the following lemma.

Lemma 4.6 For any given positive constant € < 1, there holds

V(Qu€) < —(1— &) [ua] STl + Ces e) [l + 121 (430)
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Proof. At this time, we still use the splitting (4.30), and need to pay more
attention to the first term. It reads

V(&) = [€]" Alun] = [n] " STun] — [€]" Mun] — [un] " Slus], (4.37)
following (4.23) and (4.6). The first two terms on the right-hand side are denoted by
A; and A,, respectively.

The definition (2.14) implies that every component in A are bounded uniformly,
owing to assumptions H2 and H3. Hence we have ||S||y < C + C.l|e]|oo, due to (4.24)
and (4.6). Employing Young’s inequality, we get

M) < elou] "STws] + ]8Tl < eloud "STow] + 7 [+ Cullellc] Nl

Using (4.24) and (4.6), as well as the inverse property (ii), we have

8] < Ml el e, < Cobello {111 + RIRDIE, ]

Substituting the above inequalities into (4.37) yields
V() < (1 — ] ST + ) [+ 1%42], (@.38)

where the projection property (3.6a) has been used.
The next term V(&) can be bounded by (4.35). This completes the proof of this
lemma. U

Remark 4.2 Actually the numerical viscosity of the DG method can be shown by
another process. For example, if we use the reference vector along the upwind direction
at each element boundary point, the numerical viscosity can be shown explicitly by the
quantity [u,] " (H (up))[un]. When the local Gauss-Radau projection is used, the
numerical viscosity is shown to come mainly from the linear part. This complex line
of analysis is only necessary to obtain the optimal error estimate, when the upwind
numerical flux s used. In this case, the new viscosity part will basically disappear.
See section 5.6.

4.5 The time-marching part

By using the approximation property (3.6c), and the estimate of the local truncation
error in time, we can easily get the following conclusion.

Lemma 4.7 There exists a constant C > 0 independent of h and T, such that
1T (Q.vn)| < Clljvop|® + W2 + 75, Vo, € V. (4.39)

Proof. The proof is a simple application of Young’s inequality, so it is omitted.
O
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5 Proof of the theorem

In this section we come back to prove Theorem 2.1, under a standard CFL condition
maX{SmaX> FmaX}MTh_l S )\maxa (51)

where Sp.x and Fy.. have been defined in the previous section. Note that . <1
is a suitable CFL number, independent of h and 7.

5.1 Three useful differences

The following energy analysis depends strongly on three important differences, which
have been presented in [31] for the scalar case. They read

G?én — én,l - €n7 G;Lén — 2£n,2 . én,l - €n’ Ggﬁn — €n+1 - 2£n,2 4 én (52)

It is worthy to point out that the group {E}&"}i—1 23 and the group {G}&€"}i—123
can be linearly expressed by each other.

It is convenient to understand Gj as an operator acting on different objects defined
on time stage levels, for example, on matrix-valued functions, or on linear functionals.
If the object is the error in the finite element space, we would omit the object and
use a simplified notation G} = G}£", in this section and in the appendix.

The following conclusion shows that the above differences G} have a strong rela-
tionship to approximations of time derivatives.

Lemma 5.1 For the RKDG3 method (2.4) and ¢ =0,1,2, we have

-
(G, vn) = H—lG?IC"(’Uh), v € V. (5.3)

Here G} is just the identity operator, namely G{K™ = K.

The proof of this lemma is trivial by the suitable linear combinations of those
error equations in (3.7). The detailed process is omitted; we refer to [31]. Based on
this lemma, we can achieve easily a crude estimate for each stage in L2-norm within
one time step. The proof of the following lemma is given in the appendix.

Lemma 5.2 Let n be any time level and { = 0,1,2. Assume ||€™"|» < h holds
for any k < £. Then there holds

e iE < ¢ 30 lEnnP + ChARE 4 O, (54)

0<k<t

under the CFL condition (5.1), where the bounding constant C' is independent of n, h
and 7. Here &3 = €1 for notational convenience.
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5.2 The energy equation

To carry out the energy analysis, we need to establish the energy equation. To this
end, we take three test functions Q"€", Q™'¢™! and Q™*¢™? in (3.7), for £ =0, 1,2,
respectively. Recall that the piecewise constant rotation matrix is given as

QM =Q(ul), (=0,1,2. (5.5)

A simple manipulation yields the energy equation in the form
BI(Qu)Y2 €™ = 3[1(Q)'/2€"||* = Ty + I, + 1L, (5.6)

which are used to reflect the DG discretization, the TVDRK time-marching, and the
variation of the rotation matrix in time, respectively. In details, they read
I, =7[K™(Qr€") + K™H(Qr'E™) + 4K™*(Qr?€™)), (5.7a)
Il = (G, QLG3) + 3(GY, QLGE) + 3(G3, QLGy) + 3(G5, QUGE), (5.7b)
H3 — 3(€n+1’ ég,3£n+1) . (En,2€n’ ég,lﬁn,l) . 4(En,3€n7 é?,2€n,2>. (57C)
Here @Zl = Q" — Q" for { = 1,2,3, reflect the focus shifting, with the notations
Q"3 = Q" and u™® = u™! for convenience.

Below we will estimate the above three terms one by one. For notational conve-
nience, we would like to use a macro notation

V= D C(e"”)[ DN 3 R S ol B (5.8)

0<0<k1 0<0<Ks

where r; and ky are either 2 or 3, and the notation C(e™*) has been given in (4.1).

5.3 Estimates to the first term and the third term

The estimate to II; is straightforward, since the test function and the error functional
are taken at the same time stage level. Namely, we use Lemmas 4.2 and 4.3 for the
linear part, Lemma 4.4 for the nonlinear part, Lemma 4.6 for the viscosity part, and
Lemma 4.7 for the time-marching part. All the test functions are taken as v, = &™°.
Then we use Proposition 4.2 and obtain

Tlcn,Z(QZ,Zﬁn,Z) < _(1 - 8) [[’LLZ’Z]]TS“’Z[[’LLZ’K]]T + C(é?; en,f) ’|£n,f||2 + h2k+1 + 7_6 T,
for £ = 0,1,2. By taking € small enough, we achieve the estimate

3 n mn n, n
< -5 > Jup TS [up ) + U5, (5.9)

0=0,1,2
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Note that the last term gives a very crude bound.

The estimate to Il, is more complex, so we present the detailed discussion in the
next section. As for the third term, a simple application of Cauchy-Schwarz inequality
yields

I3 < O|[I€"1° + €™ + 1™ + ||€"+1||2] T (5.10)

since || Qc|lv = [|Q™ — Q" |l = O(7) holds for all z, as we have discussed before.

5.4 Estimate to the second term

The four terms involved in I, are denoted by Hg“) for kK = 1,2, 3,4. The estimates to
them are a little long and technical, depending strongly on the three differences (5.2)
and the relationships among them.

One main trick used here is that we consider the first two terms HS) and Hg)
together. By taking the test functions QIG} and Q7 GY, respectively, in Lemma 5.1
for £ = 1,2, we have

) + 15 = — (Gy, Q'GY) + 2(Gy, Q"G}) + 3(G, QUGY)
= —[IGE|? + TG (QIGY) + TG (QIGY)
= =G + T1 + To+ T3+ Ta. (5.11)

Note that the new norm |Jwy||,, = ||(Q")"/?wy|| is used for convenience. Here the last
four terms represent respectively the linear part, the nonlinear part, the numerical
viscosity part and the time-marching part. For example,

T, =7GYL"(QLGY) + 7GLL™(QLGY). (5.12)

We will estimate them separately below.

The term T; can be bounded along the same line as that for the linear part at
the given time stage. However, we need an additional treatment to deal with the
variation of the Jacobian matrix f/,(u™*) and the local setting of the local rotation
matrix Q™. This again involves many applications of local shifting of the focus. A
key point in the technique is to fully use the approximate skew-symmetric property
(see Lemma 4.2). The complete proof is given in the appendix, and we just present
the conclusion here.

Lemma 5.3 There exists a bounding constant C, such that

1
1T, | < S > fup TS [up ) + CU5 7. (5.13)

¢=0,1
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Each term in T5 is bounded easily by using Lemma 4.4. Together with the triangle
inequalities to the norms ||G}|| and ||GY%||, we have

ITy] < CUL,T. (5.14)

There are some minor troubles to estimate T3, since the generalized viscosity
matrix A™¢ involves different time stages. Thanks to assumption A2, we have the
following result to dig out the complete information about ||G%||,,. The proof is again
postponed to the appendix.

Lemma 5.4 There exist bounding constants K and C, such that

]' n n n n
Tol < Kl G512+ 5 D [ 178 Ty Ir + O, (5.15)
0=0,1

The last term Y4 is easily estimated from Lemma 4.6. Together with the projection
property (3.6¢) and the triangle inequality, we have

74| < CUL,7. (5.16)

Next we turn to estimate separately the remaining terms, HS’) and Hgl). It follows
from Lemma 5.1, with different test functions Q7G5 and Q!G%, respectively, for
¢ = 2, that

1§ = 3(Gy, QIGy) = rGEK™(QIGY), T =3||Gy |2 = TGK™(QLGY). (5.17)

Both estimates depend on the boundedness of GYK™(Q"vy,) for any v, € V. This
property can be achieved along almost the same line as we have done in section 4.
However, in the discussion on the linear part, we will also encounter the trouble on
how to dig out the complete information about |G} ||,,. The final conclusion is stated
in the following lemma.

Lemma 5.5 There holds for any v, € Vy, that

TG (Qion)| < ellolls + D CohH e |ucllvnlT + O 57

0=0,1,2

F K D IGHE + Y [ T S™ [ )r], (5.18)

0=0,1,2

where ¢ s any small positive constant.
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We would like to postpone the proof to the appendix. Noticing (5.17), we take
v, = G} and € = 1/4 in Lemma 5.5. Therefore,

1
Y] < C07 + [+ K UGS + K. Y [ T S™ [T (5.19)

¢=0,1,2

Here the triangle inequality to |G || is used. The estimate to H§4) can be achieved by

using the same lemma with v, = G%, and small enough parameter €. Thus we can
get from this process that

5] < C0g + K IGSI2 + > [ 1" 8™ [ Tr|. (5.20)
0=0,1,2

Here we use the bigger bound V3, since Gy involves the information about [ 3any
Finally, we collect all of the above estimates, namely, identity (5.11), inequalities
(5.13)—(5.16), (5.19) and (5.20). This gives an estimate
3

1 n n n n
Mo < =[5 = Kidmae | IGEI2+ [+ Kodmax| Y [ ] 8™ [ I+ O3, (5.21)
£=0,1,2

where K7 and K solely depend on the inverse constant p. We have now estimated
every term on the right-hand side of the energy equation (5.6).

5.5 The energy estimate

In this subsection we would like to complete the proof of Theorem 2.1. To deal
with the nonlinearity of the flux function f(u), we would like first make the a priori
assumption that, for all n, if n7 < T, we have

€™ e < h, £=0,1,2, (5.22)

which holds for ~ small enough. We note that, for the linear flux f(u) = Aw with the
constant matrix A, this a priori assumption is not necessary. Later, we will verify
the correctness of this a prior: assumption for the piecewise polynomials of degree
k> 2.

The assumption (5.22) implies that C(e™*) < C for any n satisfying nT < T and
¢ =0,1,2, where the bounding constant C' is independent of n, h and 7. Substitute
(5.9), (5.21) and (5.10) into the energy identity (5.6). By employing Lemma 5.2, we
finally obtain for any n satisfying n7 < 1" that

BII(Qe™) € P = 3]1(Q2) €™ I + Ofkne < CIE™|IPT + Ch** 17 + O77, (5.23)
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where the bounding constant C' is independent of n, h and 7, and

hxoe = (5 = Kihma IGHIE + (5 = Kodmax) D [up 178 [ I, (5:24)
0=0,1,2

2
with the constants K; and K5 defined in (5.21). Suppose that the CFL condition
(5.1) holds under the restriction

Amax < min((2K7)7, (2K5) ™), (5.25)

there holds Ofkpg > 0 to reflect the numerical stability of the RKDG3 method.
Summing up the estimate (5.23) from 0 to n yields

le 2 < O N7 P + C[I€0F + h* +75), vninr<T,  (5.26)
n'=0
where the bounding constant C' > 0 is independent of n, h and 7. Here we have used
the uniform equivalence among the norms | - || and [|[(Q™)?- || = || - || for any n,
due to the uniform boundedness of Q7; see assumption H3.
It follows from the setting of the initial solution that £° = 0. An application of the
discrete Gronwall lemma yields the error estimate for the fully-discrete DG scheme
with TVDRKS3 time-marching, in the form

||£n+1||2 S Ch2k+1 + C’TG, Vn :nr < T’ (527)

where the bounding constant C'is independent of n, h and 7. This inequality together
with the projection property (3.6a) yields the conclusion of this theorem.

To complete the proof of this theorem for the generalized E-flux, we need to verify
the a priori assumption (5.22), by using an induction process, as well as the inverse
property (iii) and the projection property (3.6b). Obviously there holds ||€°|, < h,
owing to the setting of the initial solution. An application of Lemma 5.2 yields
€% < CR*L. Thus it follows that

el < ™ 2[€ 4 I0*! o < CHF2 <, (5.28)

if b is small enough, since k& > 2. Repeating this discussion shows ||e%?||o, < h. Next,
we will prove the a priori assumption (5.22) by induction. Assume it holds on all
time level from 0 to n. We can achieve the inequality (5.27) along the above analysis
line, which follows

€7 oo < Coti™ €+ [l < CHE+ 1727 < by (529

if h is small enough. As we have done for the initial time level, we can employ Lemma
5.2 to get [l€"tht| < h and [|e" 2| < h. Thus the assumption (5.22) is also true
for n + 1, and we complete the proof of the theorem.
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Remark 5.1 The main technique used in this paper is the energy analysis. The
enerqgy technique does not require a uniform mesh and can be easily generalized to
arbitrary triangulation in multi-dimensions and for linear equations with variable co-
efficients, as well as to some types of non-periodic boundary conditions. We have
discussed in [28] the inflow boundary condition for the scalar hyperbolic equation.

Remark 5.2 For linear conservation laws, the error estimates hold for any piece-
wise polynomials, if the exact solution is smooth enough. However, for nonlinear
conservation laws, the error estimates only hold for piecewise polynomials with de-
gree k > d/2 + 1, where d is the spatial dimension. This restriction is solely used to
ensure the a priori assumption (5.22). As a result, in this paper we do not consider
the piecewise linear polynomials, which are rarely used together with the third order
TVDRK time-marching.

5.6 Optimal error estimate for upwind fluxes

In this subsection, we would like to upgrade the error estimate to be optimal for the
upwind numerical fluxes, as we have stated in Theorem 2.1. Since almost the same
analysis line is used here, we would like in this subsection to only point out the new
techniques and main differences to the above.

To obtain the optimal error estimate, we would need to use some standard tricks
in the DG analysis, as we have done in [30,31]. These consist of two main ingredients,
both of which are carried out by the help of eigenvector decomposition. Let A;(u)
be the eigenvalues of the Jacobian matrix f,, (w), which has the left eigenvector I;(u)
and the right eigenvector 7;(w). It is assumed that \;(u),l;(v) and r;(u) are smooth
mapping which for strictly hyperbolic system follows from the regularity assumption
of f. Furthermore, we assume for any space point € I that \;(u(z,t)) does not
change its sign for any t € [0, 7.

The first one is the local Gauss-Radau projection, denoted by Q,u™’, instead of
the local L2-projection, where u™* is the reference stage solution as we have defined
in section 3.1. In each element I;, this process involves three steps.

1. Transform u™* to the characteristics fields. This is achieved by left multiplying
this by the matrix whose rows are the left eigenvectors of f,, (ul).

2. Apply the scalar Gauss-Radau projection to each of the components of the trans-
formed vector-valued function, which depends on the sign of the corresponding
eigenvalue of f, (u?). If the eigenvalue is not smaller than zero, we demand the
exact collocation of the corresponding component on the right boundary point.
Otherwise, we demand the exact collocation on the left boundary point.
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3. The result is transformed back to the original space by left multiplying the
matrix whose columns are the right eigenvectors r;(u”).

For this projection, the projection properties given in section 3.2 still hold. The
advantage of this projection is that we can correct the order reduction in the element
boundary.

The other one is the upwind setting of the reference vector for the numerical
solution at each element boundary point, denoted by (uZ’é)uPW, which is the so-called
upwind direction we have referred to before. This treatment is similar as the above
and use the eigenvector decomposition of the Jacobian matrix f;,(u}). At the element
boundary point x;;1/2, this process involves three steps.

1. Transform the two limits of "’ to the characteristics fields of f7,(u).

2. Apply the scalar upwind setting to each of the components of the transformed
vector, which depends on the sign of the corresponding eigenvalue of f (u}).
If the eigenvalue is not smaller than zero, we take the left limit. Otherwise, we
take the right limit.

3. The result is transformed back to the original space.

Then we change the definition of the linear part (3.9a), where {w} is replaced by
w"PY. It follows from the new linear part that the total numerical viscosity is shown
explicitly in the term [u‘]T (H (")) [u}""].

Also we change the definitions of the nonlinear part (3.9b) and the viscosity part
(3.9¢), where {{ f(u}"*)} is replaced by £((u"")""). Note that we do not need to use
the generalized numerical matrix. In this case, the new viscosity part is very small.
The corresponding result is modified from the conclusion in Lemma 4.5, where only
the last term on the right-hand side is left. It is worthy to point out that this new
viscosity part is equal to zero for the special cases that each eigenvalue keeps the
sign in the considered range for the exact solution and the numerical solution. If the
sign changes locally, there must exist locally a zero eigenvalue. We refer to [31] for
the detailed discussions for the scalar case. This is the key ingredient of the upwind
numerical flux.

6 Concluding remarks

In this paper we present quasi-optimal or optimal error estimates to the RKDG
scheme with the explicit third order TVDRK time discretization, to solve a sym-
metrizable system of conservation laws with sufficiently smooth solution. Symmetriz-
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able but not symmetric systems have several difficult issues. Although many nu-
merical fluxes have been used successively in practical computation, the theoretical
framework for error analysis has not been clear. In this paper we attempt to set an
abstract framework to handle these difficulties, and to establish the so-called general-
ized numerical viscosity matrix. Another difficulty is related to the local variation of
the numerical viscosity, which can be handled by the definition of the local rotation
matrix. We remark that this local rotation matrix causes complexity in the analy-
sis. The abstract framework established in this paper includes many commonly used
numerical fluxes and is flexible to use for our analysis.

In this paper the exact solution of the conservation laws is assumed to be suf-
ficiently smooth. However, generic solutions of nonlinear conservation laws contain
discontinuities. In future work, we will consider piecewise smooth solutions and at-
tempt to analyze the error in smooth regions away from discontinuities, extending
the preliminary results for one-dimensional linear equations in [32].

7 Appendix

7.1 Verification for the Lax-Friedrichs flux

In this subsection we would like to show that the (global/local) Lax-Friedrichs flux
is a generalized E-flux, and the corresponding generalized numerical viscosity matrix
satisfies assumptions A2-A3. The (global/local) Lax-Friedrichs flux is defined as
follows:

femp) = 5[ £) + S —alpl|. witha = maxe(fu(p).  (7.1)

N —

where the maximum is taken locally or globally.
Let s, be any point in the super-rectangle with the vertexes p*, and define

1

v = [ (@)~ Qo) sils) +anas

where T is the identity matrix, and s = p~ + s[p]. Every element in Y;"F is bounded
by O(||[p]llm), since v., is Lipschitz continuous and ||s — s1|lm < ||[p]|lm. A simple
manipulation yields

[p] vl (s1)(f(p") — fF(p . p")) + [P] Vi [p] = [p] Y [P] =0,  (7:2)

v =3 [ Quosuts) + ands,

32



is a symmetric positive semidefinite matrix, following (2.6) and (7.1). Similar discus-
sion can be done for k = 2. So the Lax-Friedrichs flux is a generalized E-flux.

Next we would like to verify assumption A2. We still consider k = 1 as an example.
In fact, it follows from the definition of the Lax-Friedrichs flux that

(]5,])4—04 5 i,jzl,?,...,m, (73)

)

(Df(”[p‘,pﬂ) = % [(%

where p;; is a mean point lying near {p}. Since s; = s1(p~,p") also lies near
{p}, it follows from the Lipschitz continuity of fI, and Q, that A;(f;p) is Lipschitz
continuous. Similar discussion for As(f;p) implies assumption A2.

To verify assumption A3, we take U = 1Q'?[al — K({p})|Q'/?, which is a
symmetric positive semidefinite matrix. Noticing (2.17), a simple manipulation yields

LHS of (2.16¢) = } - % S Ipl” [Q(sﬁ) — Q({{p]})} [f(m) — fLF(p‘,zﬁ)} ‘ (7.4)

k=1,2

Noticing the Lipschitz continuity of @ and fLF, we can complete the verification of
assumption A3.

7.2 Proof of Lemma 5.2

We can obtain this lemma by an induction process, to bound ||G}, || by ||G} || and the
others. This can be established by Lemma 5.1, with the test function v, = QL G}, ;.

The key here is to estimate the error functional G} K(Q"v;,) for any test function
in the finite element space. Similar analysis will been given in the proof of Lemma
5.5, so the detail is omitted here. The only difference is that after we bound the
numerical viscosity part by Lemma 4.5, we amplify deeply those jumps by the inverse
property (ii). Namely, for any v, € Vy,

[V {w; Qion)| < K Pt 211 (Q2) 20| + £7111(Q) 2]
+ b ello | I€]17 + flon 2 + 52+2). (7.5)

Here € is any given small positive constant.

Finally, we just need to use the CFL condition (5.1) and the assumption to simplify
the obtained conclusion. This will yield the conclusion of this lemma. U

33



7.3 Proof of Lemma 5.3

We can prove this lemma from the properties of the linear part and the equivalent
expression 11 = Ppg + Pp,yj + Pri, where

P06 = 7L Fulu"): GF. QUG) + 7L Fu(u"): G, QUEY).
Oprj = = TLmain (Fo(u"); G, QLGY) — TLmain (Fu(w"); Gy, QLGY),
Pric = TLonain (N1 €™, QPGY — QIGY) + 27 Loain (N €2, Q'GY).

Here N™* = f/ (u™*) — f! (u") for £ = 1,2. Below we will estimate them one by one.
It follows from Lemma 4.2 that

[Ppa| < GGG || < C*[HG?HQ + |G| 7 (7.6)

This is the key step in the proof. Each term in ®,,; can be bounded by Lemma 4.3
and Proposition 4.2. That is to say

ol <& D [GHT (Hup)[G)]r +2 Y Gy |*r + Ch* s
=12 =12
< Ke(l4e) Y [up T 8™ [upr+ Y Cls;em)(1g™)> + ), (7.7)

£=0,1 £=0,1

where the triangle inequalities are used for |G}|| and ||GE||. Since || N™|l\ = O(7) =
O(h) holds for all z, along almost the same line as that in Lemmas 4.1 and 4.3, we
have

|[Pri| < Cs [IIE"II2 €M A €™ + g TP + h# 2 0 (7.8)

Finally we collect up the above estimates and take small enough ¢ to complete
the proof of this lemma. O

7.4 Proof of Lemma 5.4

Recalling the definition of generalized E-fluxes, we need to move the focus of Q from
the element center u” to the rotation position s™, for k = 1,2. After this is done, the
term Y3 is changed to Y,. The difference between them is easy to bound. Since at
every element boundary point there holds ||Q(u”) — Q(s™") ||\ < Clh+ 7 + /€™ ),
as stated in Section 4.1.2, the inverse properties (i) and (ii) imply that

175 — T3] < CUg,T, (7.9)

due to 7 = O(h), where W3, has been given in (5.8). Hence we only need to estimate
the new term Y3, which has the decomposition T3 = T3(n) — YT3(uy). Here

Ts(q) = 7[G3q"] G (A" [wp]) + 7[Giq"]" Gy (A" [up]). (7.10)
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Below we will estimate them separately.

The typical term in Ts(n) is [[Gﬁn]]TA"’é[[uZ’g]], where Kk = 1,2 and ¢ = 0,1, 2.
Recall that all the elements in A™! = A(f; U,Z’Z) are bounded uniformly. Using the
Cauchy-Schwarz inequality and the inverse property (ii), it is easy to see that

Gl AT 1) < CUG i, [1€7 0, + ™l |7 < 1741 + 12447

due to 7 = O(h), where the projection properties (3.6a) and (3.6¢) are used also.
Hence we will have

1T3(n)| < C T < OUy,T. (7.11)

Z ||€n,6||2_|_h2k+2

0=0,1,2

In order to estimate sharply the term Tg(uh), we have to dig out the complete
information about Gs, and cope with the difficulties resulting from the changing of
At at different time stages. Define B = A" — A". A simple manipulation yields
that

Ts(uy) = T8 + 7P + 1§,

where

A1) T An T AnT,..n

Ty = 7up] A" [Gyuy] + 7[Ghuy] A" [uy], (7.12a)
TP = 7[Ghup] " A" [up '] + rlup '] A [Ghuyl, (7.12b)

T = 2r[Gru] B[] - 7IG ] B Tup ] - 7l '] B Gl (7.12¢)

The first two terms include every term in the same sup-index between the matrices
at least once. Here we do not use the symmetric property of A™¢.
Since A™! = S™* — M™¢, an application of Young’s inequality yields

TS| < e[up] ™S [up]r + Ke ' [G8] S"[Ga]r + Oy o7
5[[uZ]]TS [up]r + Ke ' pFmaxth | GH||? + CVy,T. (7.13)

IA

The above analysis is almost the same as that in Lemma 4.5. The second term Téz)
can be bounded similarly. It follows from assumption A2 and the continuity of the
reference stage solutions that

1B s < Cull’ = ) s < Cullle™ow + e +7), £ =12

Then the inverse property (ii) implies |T( | < CUg,T.
Finally, collecting up the above conclusions completes the proof of this lemma. [J
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7.5 Proof of Lemma 5.5

The proof is almost the same as that for the error functional with respect to the
single DG discretization; see section 4. The key here is the estimate to the linear
part, where the information about G} = G5£" will be found explicitly.

Along the same line as in Lemma 5.3, we fix the flow speed to be the same and
rewrite the linear part in the equivalent form G5 L™"(Q"vy,) = Q1 — Qg + Q3, where

Ql = Emain(fq/l,(un); Ggu Q?’vh)7 (714&)
Qy = ['main(f;(un)? 2N, Q?vh)a (7'14b)
Q3 = 2£main(N"’2; e"’z, Qlvy,) — ﬁmain(N"’l; e"’l, Qlvy). (7.14c¢)

Here N™* = f! (u™") — f!(u™) for £ = 1,2, as stated in Section 7.3. There holds
IN™ | = O(7).

Using Lemmas 4.1, it follows from Cauchy-Schwarz inequality and Young’s in-
equality, that

max

| < KeT' AL GE I + ellonlly + O IG5 117 + ||’vh||2]7- (7.15)

Along the same line, we can get |[7Qs| < ef|vp |2+ C.||vp]|*T+ Ch?**272. Furthermore,
we can estimate ()3 along the same line as that for Lemmas 4.1 and 4.3. Using
the inverse properties (i) and (ii), together with approximation property (3.6a), we
have |[7Q3] < C.(J|on]|® + [|€™* + |€™%]]* + h**2)7. Finally, the sum of the three
inequalities above gives the result to the linear part. Namely,

TG LY (QPvn) < ellvnlly + Ke AL NG IR + Cullon]|*r + O3, (7.16)

max

The next three parts are easy to estimate. Lemma 4.4 gives the estimate to the
nonlinear part in the form

TGIN™(Q"vy,) < Cllvp||*T + CU3,T. (7.17)

In order to estimate the viscosity part, the focus of the local rotation matrix @ will
be moved from u to uZ’Z, and then be moved back. Using mainly Lemma 4.5, we

have

rGRV(Qvn) < clonll? + O Fuarh™ S rlup ] 8™ [up]

£=0,1,2
+ Y G e | S0 NE I+ ol + 1] (18)
£=0,1,2 £=0,1,2
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Note that we have used a new parameter €. It is easy to bound the time-marching

part, in the form

TGET™(QMvy) < gl|lvp|*m + C(R*+2 + %1, (7.19)

Here we have also lost a factor 7, since 7 < 1 as we have assumed.

Finally, we collect up the above four estimates and complete the proof of this

lemma, since Apa < 1. O
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