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Abstract In this paper we analyze the explicit Runge-Kutta discontinuous Galerkin (RKDG) methods for
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condition, we obtain L? stability for general solutions and a priori error estimates when the solutions are smooth
enough. The theoretical results are proved for piecewise polynomials with any degree k£ > 1. Finally, since the
solutions to this system are non-negative, we discuss a positivity-preserving limiter to preserve positivity without
compromising accuracy. Numerical results are provided to demonstrate these RKDG methods.
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1 Introduction

Aggregation and coordinated movement are common behaviors that can be observed in many species
such as schools of fish and flocks of birds, as well as in some cell populations. These behaviors lead to a
variety of forms and patterns and they serve different purposes. For example, the school of fish moving
in a highly organized way is considered a strategy against predation [15], and under starvation conditions
the cells aggregate and form stalks to become fruiting bodies [17]. There are two kinds of factors which
play important roles in influencing these behaviors. One is external signals, such as chemicals, light,
temperature and humidity. The other is interaction between individuals (self-organized movements) that
causes group formation. In this paper we focus on models describing self-organized movements.
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For such movements, the simplest hyperbolic model is the classical Goldstein-Kac theory for correlated
random walk [10,14] when the turning rates are constants:

{ U+ yuy = §(v —u)

v — YU = 5(u—0)

(1.1)

This model describes two kinds of particles moving in opposite directions on a line, where u(z,t) and
v(z,t) are the densities of left-moving and right-moving individuals respectively. The particles move in a
constant speed v and change their directions with a constant rate 5. In stochastic processes this means
that the probability they do not change their directions in time [0, ¢) is e_%t, where & is the rate param-
eter of a Poisson process. Since most of biological populations live in limited areas, the mathematical
models are often defined on bounded domains. Three types of boundary conditions (Dirichlet, Neumann
and periodic) to (1.1) on bounded domains are discussed in [13]. It is pointed out that the solutions
are as smooth as the initial conditions and singularities are transported along the characteristics for
both Neumann and periodic boundary conditions, while for Dirichlet boundary conditions singularities
disappear and the solutions are regularized in finite time.

Consider the total population density p = u + v and the flux ¢ = uw —v. Then from (1.1) we obtain the
following equations

T = 0
{ Pt + g (1.2)

Gt + VPe = —Hq

For periodic or Neumann boundary conditions the total density is preserved. Differentiating the equations
8%q

of (1.2) with respect to x and t and eliminating = and % (Kac’s trick in [14]), we get the scalar

telegraph equation

Pet + 1Pt = ¥ Pra (1.3)

The relationships among (1.1), (1.2) and (1.3) are investigated in [11].

Since biological phenomena such as splitting, merging and population increase of groups are compli-
cated, the assumption of a constant speed and constant turning rates may not always be true. Often,
individuals in a group change their directions when interacting with their neighbors locally or globally.
These interactions can be direct through neighbors’ densities [7,8,12,15,17], or indirect through the
chemicals produced by their neighbors [16]. With a constant speed and very simple turning rate func-
tions, it is possible to find exact analytical solutions [12]. However, for general cases, only numerical
and qualitative results (such as existence and asymptotic behavior) are shown [7,8,15,17]. Numerical
results in these works consider alignment, attraction and repulsion between individuals and obtain a
variety of patterns by using first order upwind and second order Lax-Wendroff schemes. To improve
on the efficiency and reliability of the numerical simulations, in this paper we develop high order accu-
rate explicit Runge-Kutta discontinuous Galerkin (RKDG) methods to a semilinear hyperbolic model
and provide theoretical supports to these methods including L? stability, a priori error estimates, and
positivity-preserving properties.

The DG method was first introduced by Reed and Hill [18] in 1973 to solve the neutron transport
equation, which is a linear hyperbolic conservation law. Later it was developed into RKDG methods
by Cockburn et al [2-6]. They combine the DG discretization in space with explicit total variation
diminishing (TVD) Runge-Kutta method [19] in time and successfully solve nonlinear conservation laws.
The RKDG method has advantages of high-order accuracy, high parallel efficiency and the flexibility in
handling complicated geometry. Stability results for RKDG method applied to linear hyperbolic equations
are obtained in [21], and a priori error estimates for hyperbolic equations without the global source terms
are given in [20,21]. The analysis in this paper is generalization to the semilinear systems for correlated
random walk.

This paper is organized as follows. In Section 2 we introduce our model and its properties including
its energy-boundedness and positivity-preserving property. In Section 3 we introduce some notations and
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preliminary results to prepare for the analysis later. In Section 4 we first construct the semi-discrete
DG scheme, and prove its L? stability. We then discuss third order TVD Runge-Kutta discontinuous
Galerkin scheme and, using the energy method, we obtain L? stability and error estimates under suitable
CFL conditions. The stability result holds for arbitrary solutions and the error estimates are obtained
when the solutions are sufficiently smooth. In Section 5 we first discuss a first order upwind scheme to
serve as building blocks for our higher order DG schemes, and prove its positivity-preserving property
under a suitable CFL condition. We then discuss a positivity-preserving limiter to guarantee positivity of
the numerical solution of higher order DG schemes without compromising its accuracy. In Section 6 we
present some numerical results to demonstrate these numerical methods. Concluding remarks are given
in Section 7. Some of the technical proofs for several lemmas are given in Section 8 which serves as an
appendix.

2 The model and its properties

In this paper, we consider a correlated random walk model in [8]. It is a nonlocal one-dimensional
hyperbolic system with a constant speed v and density-dependent turning rate functions. The system is
given as

Uy + YUy = —Mu+ v, (z,t) € Rx [0,T]

— YU, = Mu— v, (x,t) €R % [0,7] (2.1)

U(I,O) :’UJO(I)a U(.I,O) ZUO(x)v rzeR

We will study system (2.1) on interval [0, L] with periodic boundary conditions
u(0,t) = u(L,t), v(0,t) =v(L,t)

with the solution u, v extended periodically on R with period L. A1, A2 are the turning rate functions
defined as follows

A= a1+ azf(yilu, v]) = a1 + a2 f(0) + az(f (y1[u, v]) — f(0)) (2.2a)
A2 = a1 + az f(y2[u, v]) = a1 + a2 f(0) + az(f (y2[u, v]) — f(0)) (2.2b)

where ay, as are positive constants and aj + a2 f(0) is the autonomous turning rate, and as(f(y1[u, v]) —
£(0)) and as(f(y2[u,v]) — f(0)) are the bias turning rates considered to be influenced by three social
interactions: attraction (y1,q, Y2,q), repulsion (y1 ,, y2,) and alignment (y1 41, ¥2.ai)-

f(y) =05+0.5tanh(y —yo), p=u+v,
u

y1[u, ] = Y1, 0] = y1.alu, o] + y1,alu, ),
Yalu, v] = ya,r[u, 0] = y2,a[u, v] + y2,au, v,
ylruv—qT/ K. (s)(p(z + s) — plx — s))ds,
ylaUU—Qa/ Kq(s)(p(z +s) — p(z — s))ds,

Y1,au, v] = Qal/o Ka(s)(v(x 4+ s) —u(z — s))ds,
v [, ] = 4 /0 T K (s)(p(a — 5) — pla + 5))ds,
vl v] = da / " Ka(8)(ple — 5) — pla + 5))ds,

Y201, V] = qa /000 Ka(s)(u(z —s) —v(x + s))ds,
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K;(s) = ﬁ exp (—(s — 5;)?/(2m?)), i=r,a,al, s€][0,00)

Here the parameters are taken as in [7], listed in Table 1. We assume L > 2s; for i = r, a, al. We remark
that this is just one of the models for the turning rate functions. The global Lipschitz continuity helps
to simplify the analysis, however the analysis in this paper can be easily generalized also to models with
only locally Lipschitz properties.

Table 1 List of the parameters in the model

Parameter Description Units  Fixed value
vy Speed L/T No
a1 Turning rate 1/T No
as Turning rate 1/T No
Y0 Shift of the turning function 1 2
Ga Magnitude of attraction L/N No
Qal Magnitude of alignment L/N No
qr Magnitude of repulsion L/N No
Sa Attraction range L 1
Sal Alignment range L 0.5
Sp Repulsion range L 0.25
Ma Width of attraction kernel L 1/8
Mal Width of alignment kernel L 0.5/8
my Width of repulsion kernel L 0.25/8
A Total population size N 2
L Domain size L 10

2.1 Energy boundedness

By the expressions of A\; and Az in (2.2) and the definition of the function f(y), we clearly have
O<ar <N <ar+as, =12 (2.3)
Multiplying the two equations in (2.1) by uw and v respectively, we obtain
g + YUty = — Au? + Auv
VU — YUV =AUV — Aov?

Adding them up and then integrating on [0, L], by using (2.3), Cauchy’s inequality and the periodic
boundary conditions, we get

1d [* L
5 [ (W Fv)de </ (=A1u? = Xov® + (A1 + Ao)uv)da
0 0
ag L
é—/ (u? + v?)dx
2 Jo
Through Gronwall’s inequality we can get

lu( I + [l 1 < e (uoll* + [lvo]|*) (2.4)

which is the boundedness of the L? energy.
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2.2 Positivity-preserving property

We will not discuss in detail the existence, uniqueness, smoothness, and positivity of solutions to (2.1),
and refer to, e.g. [9]. For our purpose, the positivity-preserving property for the densities u and v is
important, hence we will discuss this property through a first order upwind scheme in Section 5.

3 Preliminaries

We divide the domain [0,L] into n, cells, which are I; = [a:jfé,xﬂ%], J=1Lny, 0 =21 <3 <
- <, 11 =L Denote hj = x; 1 —x; 1, h=maxhj, p=minh;, and let h < 1. Assume the mesh
J J

is regular, i.e. there exists a positive constant v such that
vh<p<h (3.1)
We take the finite element space as
Vi =V ={p:ol, € P(I);1<j<ng} (3.2)

The L? norm in L*([0, L]) in this paper is denoted by || - || .2((0,}): | - [|22(jo,)) = /(-+ ) where (-, ) is the
inner product on L?([0, L]). For simplicity, we also write || - || instead of || - ||z2(jo,z))- For any function
RS th defined in (3.2), the jump at the element boundary point is denoted by [¢] = ¢* — ¢~, and the
L? norm on T'j,, which is the union of all element boundary points, is denoted by

16117, = > (6], + (97,4))

J

Here Y. = >
J 1<jsne
Following [21], we introduce two notations to denote the DG spatial operators

BYow) = [ a0uds - 165, 07, 4207 07,

I;

B26.0) == [ aovede 4207, 05, —07 0T

I,
3.1 Gauss-Radau projection error

Suppose Ry, is the Gauss-Radau projection into th, i.e. for any function w, the projection Ryw € th
satisfies

ﬁww@%w@www=m Ve € PFU(L)

+

with a value assigned to an endpoint such as Rpw(z

j+%) =w(z; 1) or Rpw(z? 1) =w(z;_1), then

Rpw is unique in th.
For any function w € WA*1([0, L]) , the projection error ) = w — Ryw has following estimate [1].

9] + Bllnall + 22 nllr, < LA (3.3)
Here (1 is a positive constant independent of h.
3.2 Inverse inequalities

We list some inverse inequalities here. For more details one can refer to [1].

6ol < MihTH@ll, Vo € Vis (3.4)
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Table 2 Inverse constants for piecewise polynomials of degree k

M, | VIZ~346 | VB0 ~7.75 | /2(45 + VIG05) ~ 13.04
(Ms)? 6 12 20
Igllr, < Mah™Y2(0]l, Y € Vi (3.5)

The constants M7 and M5 are dependent of k but independent of ¢ and h. We denote
M = max{M;, (M)?*} (3.6)

The values of M; and (Ms)? in Table 2 are cited from [21].

3.3 Properties of DG spatial operators

Denote

(@) = ZB (é,%) = Z[Wﬁl[[w]hw/wwxdz}

J

232 (6, 0) = Z ['Y(b +1[[¢ j+1 +/1j ’7¢1/11d1‘}

J

Two lemmas are presented as follows. For more details we refer to [21].

Lemma 3.1. V ¢, ¢ € V},, we have

(V2+ D)yMh g (],
(V2+ 1)yMh7 ¢ |||

1B (6, 9)]
|B*(¢, )|

<
<

Lemma 3.2. V¢, € V},, we have

BY(¢,9) + B'(¢,¢) = Zw[{qﬂ]ﬁl[{m

B*(¢,9) + B*(,¢) = waﬂﬁl[{w] 1

4 Stability and error estimates

4.1 Semi-discrete DG scheme

The semi-discrete DG scheme is a scheme of discretization in space by using discontinuous Galerkin
method, but is kept continuous in time. The semi-discrete DG scheme of (2.1) is defined as follows.
Vo € Vi,

/(uh)tnpd:c:B]l-(uh,tp)—/ (Al)huhtpd:c—l—/ (A2)puppdx (4.1a)
I I I
/(vh)t<pda::B]2-(vh,tp)+/(Al)huhnpd:c—/()\Q)hvhtpd:c (4.1b)
I I I

where (A1)n = M (y1[un, vr]), (A2)n = Aa(y2[un,vr]). The integrals in the numerical evaluation of (A1)
and (A2), can be computed by a numerical quadrature of sufficient accuracy.
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Taking ¢ = uy, € V}, in (4.1a) and ¢ = v, € V}, in (4.1b), adding them up and summing them over j,
we can get

1d [t L

241 J, (u} 4 v} )dx =B (up,upn) + B2 (vp,vp) —l—/o (=1 (y1 [un, va])ui — Xa(y2[un, vi))vi
+ (M (yi[un, vn]) + A2 (y2[un, vi]))Junvn)de

From Lemma 3.2, (2.3) and Cauchy’s inequality, we get

1d

L L
az
24t J, (up + vj)de < 7/0 (up + vjp)dz

Through Gronwall’s inequality we then get

lJun (-, )% + fon (- 17 < e (Jun(0)1? + lon(0)]?)
which is the the same boundedness of the L? energy as in the continuous case (2.4).
4.2 Fully discretized RKDG schemes: introduction

We now discuss fully discretized RKDG schemes using the DG method for space discretization and third
order TVD Runge-Kutta method for time discretization. Assume the ODE system from the semidiscrete
DG scheme is

us = Lp(u)

where Ly, is the spatial DG operator independent of the partial derivative of u with respect to ¢. Then
the third order TVD Runge-Kutta method [19], from time n7 to time (n + 1)7, is

uM) =y + 7Ly (u™)

3 ., .1 1
u® = Zur 4 2ul) 4 27 Ly () (4.2)
1,2 2
W= st 4 Su® 4 el (u®)

4.3 Third order RKDG schemes

For k = 0 the DG method is the same as the first order upwind method which we considered in Section
2.2. In the following we consider k£ > 1 only. Assume uj, vj are the numerical solutions at time ¢ = nr.
The scheme from time n7 to time (n + 1)7 is defined as follows. V¢ € Vj,, we have

/Iuh gpd:c_/ uhgpd:c—l-T[Bl-(uZ,gp)—/I (/\1)Zu2<pdar+/l (AQ)ZU}?@dCC} (4.3a)
/ vy godx—/ Uhgodx—i-T B (Uh,cp)—i—/ (Al)Zngodx—/I (Ag)ZU,’fcpd:v} (4.3b)
3 1 n,1 n,l

up P pds _Z uhcpd:v+4 uy’ cpdx+4[B (up', @) — (Al)h uy pdx
I I
/()\2)2 1’021()065,@} (4.3¢)
I

J

/Ivh’ngdx :Z/ v}fcpdw—i—z/l vy cpd:zc—i— [32( ,cp)—i—/l()\l)hluhlcpd:v

j 1; ' j

/ o)t 1<pdx] (4.3d)
I

J

/ uptlode :—/ upspdr + —/ upy pda + o [Byl (up?, ) — / (M) *upy pda
I 3 J1, 3 J1, 3 I

J
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—|—/ ()\Q)Z’Qv,?’apdz} (4.3¢)
1;
1 2 2
/ vzﬂgodx 25/ v,’fcpdac—i-g/ vZ’chd:v—i—?T BJZ(UZQ,QD)—F/ ()\1)2’2’(1,2’2(,06[,@
I; 1; I; 1;
_ / (o) 2op % pda] (4.3)
1;

Here A1)y = A [uy ", 03 ']), (A2 = Na(walugy s o)), i = 0,1,2 () = (A7, (A2)i® = (M)
4.4 L2 stability of the RKDG scheme (4.3)

Denote A = yM7/h and assume 7/h is bounded. For simplicity, we take v7/h < 1, and we can get
A < M immediately.
Similar to [21], V¢ € V},, we define

Di(¢) = ¢™! —¢", Da(g) = 26™2 — 6™ — 6", Dy(@) = ¢+ — 26" 4 "

We have three lemmas in the following. The proofs of them are given in the Appendix (Section 8).

Lemma 4.1.

L
/ (M) uy pde| <(ar + az)lluy||[lell, i=0,1,2
0
/ o) ode| <(ar + an)llol gl i=0,1,2
0
Here uZ’O =up, UZ’O =y
Lemma 4.2.
,1 ,1
up || < eallup |l + azllopll,  llop |l < ea v || + azlup]]
,2 ,2
up?ll < Csllupll + Callvpll, il < Csllvpll + Callunll

D1 (un)ll < (@1 + Dluill + azllopll,  [D1(va

3
1 (a1 + Dfop]l + azflugll
D2 (un)l| < Cslluill + Collvgll,  [Da(vn

<
< Gsllop || + Gl

—_ —

Here an = 1+ (V2 + )M + (a1 + a2)/v, a2 = (a1 + a2)/y, C3 = § + {(af + a3), C4 = Fanas,
Cs=2C5+a1+1, Cg =2C) + as.

Lemma 4.3.

Da(un), 9) <TB it 9) + a1 + a2) (| + o Dl (452
(D1(on), ) <TBAR, ) + (ar + a2)r(ug | + g )] (4.5b)
(Do), ¢) <5 BB un) ) + 2 (]l + o) (450)
(Da(en), 9) <5 B2(Dr(wn), 9) + <ol + o) ] (4.50)
(Ds(r), ¢) <2 B (Ba(un), ) + o ([l + o) (45¢)
(Ds(un), ) <Z B Da(on), @) + 2 (ull + ok Dol (4.5%)

Here C; = (04 + CLQ)(al + ag + 1), Cs = (04 + CLQ)(203 + 20y + a1 + as + 1).
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We are now ready to prove the following theorem.

Theorem 4.4. If yM1/h < 0.39, where M is the constant defined in (3.6), then for the numerical
solutions to scheme (4.3) we have, for any n,

gy 4+ o2 < e lupll* + Nl 1),

where C' is a constant independent of T, h,up, vy,.

Proof. Taking ¢ = u}} in (4.3a), ¢ = v} in (4.3b), ¢ = 4u)"" in (4.3¢), ¢ = 4v;"" in (4.3d), ¢ = 6u}"? in
(4.3e), p = 6112’2 in (4.3f) and adding them up, then summing the result over j, we obtain

/0 " 1z —r(Sy 4 83) (4.6)
Here
S1 = — 2ufult — (up)? + 4up o — (uph)? 4 6ul Pt — 20l — A(u)?)?
= 2003t — () + v o — (o) + Gt — 2va2 * = A0
=3((up ™) + (o)) = 3((uh)? + (v))?) — [(Dz(uh))z + (D2(vn))?
—3(Dy + Dy + D3)(up) - D3(up) — 3(Dy + Da + D3)(vs) - D3 (vp)

So =B (uf, up}) + B*(vjl, o) + B! (up ' up ') + B (o o t) + 4B (uy? up )
+4B%(v)"? u?)

L L L
So=- [ OWRRPdr— [ OaRRPde+ [ (O07+ Oa)puieids
OL ’ L ’ L
- [t e = 0w 0P[O+ e e
L L L
— 4/0 (Al)Z’Q(uZ’z)zdz - 4/0 ()\2)2’2(0272)26156 + 4/0 (()\1)2’2 + ()\Q)Z’Q)UZ’QUZ’2d:c
We note that S; and Sy are similar to those defined in [21], and S3 is from the source terms. Define

Ay =[D2(un)|I? + [D2(vn))[|* + 3(D1 (un), D3(un)) + 3(D1(vh), Ds(vn))
Ay =3(D2(up), D3(up)) + 3(D2(vn), D3(vs))
A3 :3(D3(uh),]]])3(uh)) + 3(D3(vh),]]])3(vh))

Then (4.6) can be written as
B(lluy M2 + Il %) = 3(lup | + 1R %) = Ax + Az + Ag + 7(S2 + S3) (4.7)

From Lemma 4.3 we get

Ax = = [IDun) | + D3 (0n)]1?] + 2 (Da(wn), Da(un)) + (Da(en), Da(on) ]
+ 3[(D1(uh)7D3(uh)) + (Dl(vh)v]D)B(vh))}
- [||D2(Uh)||2 + ||D2(uh)||2} + 7(B' (D1 (un), D2 (un)) + B (D2(un), D1 (un)))

+7(B*(D1(vn), Da(vn) + B (D2 (vh), D1(vn))) + Cor(llull + [z ]])
(Do (un) || + (D2 (wr)l) + Co([lup | + [log (D1 (wn) | + (D1 (or)]])
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From Lemma 3.2 and Cauchy’s inequality, we get

T(Bl(Dl(Uh), Dy (up)) + B (Do (ur), D1 (un))) + T(Bz(Dl(’Uh), Dy (vr))
+ B2(D2(1}h),D1 (Uh)))
=-77 Z[[Dl(uh)]]qu% [D2(un)ljpr — Z,[[Dl (n)]j41 - [D2(vn)] 51

J J

g% Z (Hﬂ)l(uh)]];r% + [[Dl(vh)]]?+%) + T”YZ (ﬂDz(uh)]]iL% + [[Dg(vh)]]?+%)

From Lemma 4.2 and Cauchy’s inequality, we get

Crr([lugll + llog D D2(un)|| + D2(oa)ll) + Csr([[ugll + [[or D (D1 (wn) | + D1 (va)]])
<(2(Cs + Cg)Cr + 2(a1 + az + DCs)r(Jlup|® + [[op]1?)

Define Cy = 2(C5 + C)C7 + 2(a1 + as + 1)Cs. We get

A1 < = [IDaen) [ + Do) ] + T 30 (02 ()2 + D1 (0], )

+ 7y Z (D2 (un)l74 1 + D2(0n)]74 1) + Cor(llupll® + v ll*) (4.8)

J

From Lemma 3.2, Lemma 4.2, Lemma 4.3 and Cauchy’s inequality, we have

T/y n n
Ap <=5 ) ([P2(un)lfy g + [D2(on)]5, 1) + Cror(llui|* + [lvg %) (4.9)

J

where Cqg = 2(05 + Cg)Cg.
From Lemma 4.3, Lemma 3.1, Cauchy’s inequality and Cauchy-Schwarz inequality, we get

D3 (un) 1 + D3 (wn)|> <%(31(D2(Uh)aD3(Uh)) + B*(D2(vn), D3(vn)))

+ %(Ilu’ﬁll + R D UMDs ()l + D3 (vn)]])
dif Sy MR (D o) D3 )] + (Do) D5 (o))

+ %T(Iluﬁll2 + IR I2) Y2 (I3 (wn)|1* + D3 (v) %)
<\/§+ 1)\ 9 o\ 1/2 2 o\ 1/2
S5 A2 n)[* + [D2(0) %) (D3 () [* + [ID3(wn) %)

205 .\ N
+ (gl + o 12) 2 (s un) | + D3 (wn) 1)1/

When ||D3(up)||? + ||D3(vn)||? # 0, we have

12 _V2+1 1/2
(IDs )2 + 23 (wn) [2) 7 <= A (D2 ()| + [D2(wn) [2)
208 i n n
+ (i + [lop %)

Clearly, this inequality holds for ||D3(up)||? + |Ds(vs)||* = 0 as well.
Through Cauchy’s inequality and 7 < 1/, we get

A =3 (IDs () |2 + ||D3(Uh)||2)1/2r

2v/2+3
9

205
3

<3 5 2[ 2N (s ) 2 + [P (on) ) + (S520) (a2 + 1op )
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8(Cs)?
3y

<oN? (|ID2(un) | + [D2(vn)[%) + T(lluhl* + lvp1*) (4.10)

Here o = (4v/2 +6)/3.
From (4.8), (4.9) and (4.10), we have

Ar 4+ As + A (0N = D (|ID2(up)[|? + D2 (vn)[I*) + Crar([lug||* + g [*)
Ty T
+ I Z ([[]D)l(’uh) ?_,_% + [[Dl(’l)h) ?4—%) + 7 Z ([[]D)z(’u,h)]]?_i_%
J J

T (D202, )

Here C11 = Cg + C1g + @.
Through Cauchy’s inequality we get

7-'7 7-'7 n n n,
7 2 (Din)lfy g + D1 a)l3, ) <5 > (Rl + [RT5, g + [up T2,
J

Through Cauchy’s inequality and the inverse inequality (3.5) we get
™
> > (Do (un)]Z, 3 + D2(0n)]2, 1) <Tv(ID2(un)lIE, + ID2(vn)7,)
J

SA(IID2(un)[|* + [Da(va)[?)
We therefore have
Ai+ Az + As (0N 4+ X = D([[D2(un)l® + [D2(vn)|1?) + Crur([lup|* + o7 [1%)

T n n n,1 n,1
+7ZWM@+MKthﬁgwhﬁg (4.11)
J
From Lemma 3.2, we get

Y n n n,l n,1
S2=-—3 > [[[uh]]§+% + [[Uh]]?.;_% + [up ]]§+% + oy ?+%

J
+4Lup * T340 +40op 715 (4.12)
From Lemma 4.1, Lemma 4.2 and Cauchy’s inequality, we have
Ss <CL—22(||U’;§II2 A ORI+ N 112+ o 1P + Al )1 + 4oy 1)
<Crz(lup | + [lvp %) (4.13)
Here C12 = aa((a1 + a2)? + 4(Cs + Cy)? + 1) /2.
When A < %W ~ 0.39, we have 0A? + X — 1 < 0. Hence from (4.11), (4.12) and (4.13) we
can get

A1 + A2 + Ag + T(SQ + Sg) § (Cll + Ou)T(H’UJZHQ + ||1)Z||2) (414)

Through (4.7) and (4.14), we get

n+1 ”2 + ||Ul?+1 ||2

[h (1 + Crs7)(lupll® + v ll*)

<
<D (|lup|* + [lop]I*) (4.15)

Here C13 = (C11 + C12)/3 is independent of 7, h. Thus we have obtained the L? stability of the scheme
(4.3).
O
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4.5 Error estimates

For smooth solutions we can obtain the following a priori error estimates.

Theorem 4.5. Assume uu,v € W2 ([0, T]; H**1([0, L])) are solutions to (2.1) and up, vy, are the numer-
ical solutions to the scheme (4.3). Let Vi, be the finite element space defined in (3.2). If yM7/h < 0.39,
where M is the constant defined in (3.6), then we have the following error estimate

n__ ,n n_ ,n < k+1 3
ma (o = | + 0" = o} ) < OO+ 7%)

where C' is a constant independent of T, h, up, vp.

. . . . 1 1 n2 n2
First we introduce reference functions which are parallel to )", vy"!, w;"?, v)"?, wf ™t ot

u™t =u" — Ty + 7'( — ATu" + )\gv")
ot =" 4+ Tyvy + T(Xfu” — ng")

3 1
un,Q =2+ _un,l _ %,Yug,l + %(_ )\;l,lun,l + )\721,1,077,,1)

4 4
3 1 " n
"2 :Zvn + Zvn 1 47 n 1 i()\l,lun,l _ /\Q,lvn,l)
n 1 n 2 n 27' n, 27' n,2 n n,2 n
U+1:§’UJ +§’U: ’2—?”)/ 2+?(—/\1 u’2—|—/\2 U’2)+51
1 2 2 2T
oL :gvn + §vn,2 + ?T’Y + ?(/\n 2,,n:2 )\721’21;"’2) +&

Here A" = Xy (y1[u™%, v™]), AD" = Xa(ya[u™?,v™]). We have the estimates for & and & due to the
properties of the third order Runge-Kutta method.

[€1(2, )| < Crar?,  [|E2(x, )] < Crar? (4.16)

Here C14 depends on wu, v and their partial derivatives. We require ||ug]] and ||vg| to be bounded
uniformly in [0, 7]. For more details we refer to [20].
Multiplying these equations with the test function ¢ € V}, then integrating them on I;, we get

/ u"’lgad:c*/ u Sﬁd:c—FT[B (u na@)_/ ?Un%’dz"'/ gv"gpd:c} (4.17a)
I; I I; L
[ omtgdn = [ oo+ o (B2 o)+ [ Nurpde - [ agoneds] (4.17b)
I, I, L I;

1
/ u™?pdx :Z/ u"pdr + Z/ u™odr + % [le»(u"’l, ) — / Al Lum Loda
I; I; I I

J

+ / Ag’lv”’lwdz] (4.17¢)
I
n,2 3 n n,l T 2/, n,l n,l n,1
v pdr =1/ v edr+ - [ v cpd:v—l—Z[BJ( , ) A wdx
I I I I
- / )\g’lvn’lcpd:v} (4.17d)
I
1 2
/ u"odr ——/ uodr + —/ u™?pdr + [Bl( ™2 ) / A2 "2 odx
1. 3 1. 3 1. 3 J 1.
J J J J
+ /1 PV chd:v} . Erpdx (4.17¢)
i i
1 2
/ V" opdr ——/ v odx + —/ v odr + — {32( ™2 0) +/ A2 2pd
J J J J

_/ Ny 2" pda] + /Eggad:c (4.17f)
I;
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For any function w, define
™I (w) = Rpw™? — w;:’j, N (w) = Ryw™ —w™, ™ (w) = €™ (w) — ™ (w)
J=0,1,2,3. Here £™°(w) = £"(w), &% (w) = " (w), n™°(w) = n™(w),n™*(w) = n"+tH(w), e"*(w) =

e™(w), e™3(w) = " (w). When w € WiT1([0, L]), we have the estimate of 7 in (3.3). A result cited
from [21] is the following. When w; € W4T ([0, L]) for any ¢ € [0, 7],

1Y dim™(w)| < CoshF 7, VY dyj=0, Vnr<T. (4.18)
0<i<3 0<y<3
Here (5 is independent of h.
Subtracting (4.17) from (4.3), we can get

/5”1( sodw—/ &"(u sodw+/( "1(U)—n"(u))wderT[B}@"(U)ﬁp)

I I

- / 0 — () o + / (g0 — Qo)ief)ode] (4.19a)
I

j I

[ & ete= [ ewpes [ o - @)ed v [BE0). 9

L

+ /I( Tu™ — (M) pup)pde — /I‘(/\gv" — (/\g)Zvﬁ)gad:c} (4.19b)
[ €t es =3 [ e wee s g [ &gt [ 12w - G0 G )gds

J

+ 2 [BHE w0 - / T — ) e

J

+/ Ay o™t — (Ag) o 1)<pdac} (4.19¢)
I
| epae =3 [ ewiee s g [ @0t t [ 0720 = J0) - G @)eds

I

3 [Bf(gn,l(v)7(p) +/1 APt = ()ptup ) pda
J

—/ (Ap Tyt —(Ag)zlvgl)cpdx] (4.19d)
1

J

/I§n+1( w)pdz == /g" Yodx + = /5"2( )gpd:c+/l(77"+1(U)—%W"(U)ﬂL;W"’Q(U))WﬁF

J J

+ BN w0~ [ 04h - e )eds

J

+ /Ij(Ag 2072 (Ag) %;}ﬁmz} + /Ij Erpda (4.19¢)
[ et =5 [ e+ 3 [ @@t [ 00010 g0 0) - Hrte)eds
SR [BEre.0+ [ 0pte - oot s
/I]‘(A”2 "2 (o) pde | + /Ij Erpda (4.191)

The proofs of following three Lemmas are given in the Appendix (Section 8).
Lemma 4.6.

L
/0 AT ™ = () "up " pdar| < Cre (€™ ()|l + €™ () D)ll¢ll + 2C16C1A ],
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L
/0(/\5”1)’” A2y oy pder| < Cre (€™ ()| + lE™ () Dllll + 2C16C1A" ]|

1= 0,1,2. Here Clﬁ = aoM1(¢-Cr + quCo + quiCai/2) + a1 + az, |Ju™?|, |v™| < Mz, Vt € [0,T],
1/2 1/2 1/2
i=0,1,2. (fy (Ko()2ds) " < Co (Jf (Ka(9)ds) " < Cay (o (Kual9)?ds) < Car

Lemma 4.7.

€% (W)l <BE™ (W)l + B2ll€™(v)]| + Bsh* T r

€™ (@) <BIE™ )] + Ball€™ (w)|| + Bsh*+r

€72 ()| <Cizl|€" (w)]| + Cus]|€"(v)]| + Croh™ 7

€2 ()| <Ciz||€"(0)]| + Casl|€" (W) ]| + Croh* 7
D1(E@)]| <Br + DIIE @) + Ball€" (0)|| + Bsh* 7
D1 (€@ By + DIIE @) + Ball€™ (w)]| + Bsh* 7
IDa(&(w))]| <Caoll€™ (w)|| + Car[|€"(v)]| + Caah™*'r
D2 (&(0))[| <C20lI€™ (0)I| + Car[|€” (w) || + Caoh™*'r

Here B1 = 14+ (V2+1)M +2C16/7, B2 = 2C16/7, B3 = C15+4C16C1, C1r = 3+ 1(67463), C1s = 3615-,
Cro = (81 + B2+ 1)B3, Ca0 = 2C17 + B1 + 1, Co1 = 2C15 + B2, Ca2 = 2C19 + f5.

Lemma 4.8.

(D1(&(w)), @) <TB'(E" (u), ) + 2C167([[€" ()| + I€" (W) IDlle ]l + Bsh* 7ol
<

©) <TB*(E"(v), ) + 2C167([[€" (w)l| + 1€ (W) DIl el + Bsh* ool
023

(D2(£(w)), ) <%Bl(D1(§(U)), ) + (U™ @)l + lig™ @)Dl

+ Cosh* 7|

(D2(6(v)), ) <5 BAD1(E(v)), ) +

+ Cosh* 7|

<%Bl(Dz(§(U)),w) (U™ @)l + llg™ @)Dl
+ Cosh™ 7] + 014T4||<P||

(D3(£(v)), ) <§32(D2(§(0))7<ﬂ) (™ @) + [1€™ @) DNl
+ Cosh* 70| + 014T4||<P||

0237'

(™ W)l + g™ @)Dl

0257'

(D3(£(w)), )

0257'

Here Cy3 = 2C16(01 + B2 + 1), Cas = 2C1603/7 + B3, Ca5 = Ca3 + 8C16(Cr7 4 C1g), Cos = 4C16((83 +
2019)/’7 + 401)/3 + C1s5.

We are now ready to prove Theorem 4.5.

E"(u) in (4.19a), ¢ = £"(v) in (4.19b), ¢ = 4™ (u) in (4.19¢), ¢ = 4£™1(v) in
) in (4.19¢), ¢ = 6£™2(v) in (4.19f), summing them over j and adding them up, we

Proof. Taking ¢ =
(4.19d), ¢ = 6£™%(u
can get

1
/ Sldx = T(Sg + Sg) + S4 (4.21)
0
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Here

§1 = — 26" (W)E™ () — (€"(w))? + 4E™ (W)™ () — (€7 (w))? + 66" (W™ (u)
26" ()" () — A€ (w))? — 2" (W)E™ (v) — (€"(0)) + 4E™ (W)E" ()
— (€ () + 6 ()" (v) — 27 (0 >s“<> <“<v>>
S3((E W) + (€T (0))2) - 3(E" W) + (€7 (1)) — (D2(6@)))? + (D2(€(0))?)
~ 3(Dy + Dy + D) (€(w)) - D (E(u)) - 3(Dr + Dz +D3><s<v>> D3 (£(v)

S2 =B (€" (), £" () + BX(€" (v), €"(v)) + B (€™ (u), €™ () + B (™! (1), €™ (v)
+ABN (™ (u), € () + AB* (™% (u), £ (u))

L L
Ss = —/ (APu"™ — (M) pup)E™ (uw)da + AZ0"™ — (A2)pop )€™ (u)dx
0 0
(v)dx —

( | oo = )

L L
+ [ 00 = Qopape e - [ 080" - Ow)je)e (e
OL 0 L
- / At — ()Rt e (u)da + / 3™ = Q) o) (u)da

L L
[ ortamt = gt et ds - [T OgT = Q) 0)ds

0 0

L L
4 / NP2 — (A2 D)En2 () dar + 4 / (L2m2 — ()m 20 2)em2 ()

L L
O = QR A )de — 4 [ O50 — ) et ) da
0 0

Sy :(n"l(u) €"(u) + ( €"(v) + (4n™*(w) = 3" (u)
™ (u) 5”1 ) (4n™ —377 ( ) ™ (v), 6”1( )) +2(377"“(U)
n”(U) — 20" (u), €% (u)) +2(3 P ) =0 (v) - 20 (vu), €72 (v)

L L
+6/ 815"’2(u)dx+6/ Eol™? (v)da
0 0
Denote

=[ID2(E@)I? + IDa(E@I?] +3(Br(E(w)), Ds(€(w))) +3(Dr(E(w)), Ds(€(w)
Ry =3(Da(€(w)), Da(£(w)) +3(D2(E(v)), Dy (€(v)
Ry =3(Ds(€(w)), Da(€(w))) +3(Da(E(0)), D (€(v)

Then (4.21) can be written as
B(1E™ ()12 + 1€ (@)[12) = 3(E™ @)1 + 1E" ()11%) = Ay + Az + As +7(82 +83) + &4
Using Lemma 3.2 and Lemma 4.8, we get
Au <= [IDa(E@)I + IDa(e() 2] + 7 Z [D1 (€2, , + [Py E@)TE, )
+mz [D>(E)]2, , + [Da(€(v))] 4+%> + Cas([I€" ()| + €7 ()1

(ID2(g ( NI+ ID2(E@))I) + 2C2ah™ (| D2(€(w))]| + ID2(&(v))I])

15

(4.22)
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+ Cos7([1€" ()| + 1€" @)D E @D + D1 (E@)]) + 3C26h (D1 ((w) ]
+ D@D + 3C1ar* (D1 (€(w) + D1 (E())I)

From Lemma (4.7), 7 < 1/ and Cauchy’s inequality, we have

Cosr (€7 ()] + €7 (0) DD E @) + Do)
<Cis(Coo + Con)r (€ ()| + €™ @)])? + %W%(nsn(u)n e

022 Cas

<2023(Ca0 + Can)7 (€7 () |* + €7 (0) 1) + ———(I€" @)II* + [[€" (v) |* + 21***7)

LCorr([I€" (W) + (1€ (0) 1) + Cash® 27

Here Co7 = 2(C3o + Ca1)Ca3 4 C22C53 /7, Cag = 2C22C23/7.
Similarly we have

2™ 7 (D2 (€ (w)) || + ID2(E(W))I]) < Caor (€™ (W)||* + 116" (v)[*) + Czoh+27
CosT(l€" () + 116" (@) NP1 ()l + D1 (E@))I) < Car7 (€™ (w)|* + [I€" (v)|*) + Ca2h®+27
3Ca6h" (D1 (E () + [D1(€()]) < Cas([l€" (W) + 1€ (0)|1*) + Caah® 27

|

3C1m (D1 ()| + D1 (E@))) < CasT(|€" (W) I” + [[€7(v)[|?) + Caeh™ 7% + Carr”

Here Cag = (C20+C21)Ca4, C30 = 2C29+4C52C24 /7, C31 = 2(f1+F2+1)Cas+3C35 /v, Cs2 = 2(33C25/7,
Cs3 = 3(B1+ P2 +1)Cog, Csq = 2C33+603C56/7, Cs5 = 3(B1+ P2 +1)Cha, Css = 603C14/7, Cs7 = 2Cs5.
So we get

Ru <= [IDa(@) 2 + Do @) + ”Z (I (@)L, + [Pr(E@DIZ, )
+mz [Da(€@)2, 5 + [Da(&(w m]ﬁ%) + Casr([l€" ()| + [1€"(0))

oA h2k+27__|_0 shFHIrt & G (4.23)

Here C3g = Co7 4 Cag + C31 + C33 + Cs5, C39 = Cag + C30 + Cs + C3y.
Using Lemma 3.2 and Lemma 4.8, we get

Ao <= TS0 (26D, + [B2(6@IE, ;) + Casr(€" W) + 16" )
(ID2(E )] + D2 (E@)]) + 3Cash* 7 (IB2(E ()] + [IDa(E )]
+3Cur (IDa(6@)]| + D2

From Lemma (4.7), 7 < 1/ and Cauchy’s inequality, we have

CosT(l€" () + 116" (@) N (ID2(E ) + ID2(E@))I) < CaoT(I€™ (w)|* + [I€" (v)|*) + Carh®*+27
3Ca6h" (D2 (&(w)) | + ID2(E(W))I]) < Caar (€7 (W)|* + 16" (v)|*) + Cash®+27
3C1a! (|[D2(Ew) + ID2(E())I1) < Casr (€ @)II* + [1€"(@)]1%) + Cash** 7 + Cugr”

Here Cyo = 2(Cao + C21)Cas + C22Cas/7, Cay = 2C22C55/7, Caz = 3(Ca0 + C21)Cas, Caz = 2Cuz +
6C22C26/7, Caa = 3C14(Ca0 + Ca1), Cas = 6C14C22/7, Cag = 2C4y.
So we get

R - Z [D2(E(u)IF, 1 + [D2(E @)1 1) + Car (€7 @)I* + €7 (0) 1) + Cash® 27

i 045hk+17_4 T Cyer” (4.24)
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Here Cy7 = Cyp + Cyo + Cyy, Cug = Cy1 + Cys.
From Lemma (3.1), Lemma (4.8), Cauchy’s inequality and Cauchy-Schwarz inequality, we get

(D3(&(u)), D3(&(w)) + (Ds(£(v), D3(£(v)))
< \/5; EAIDa(E)I? + [Da(E@)2)V2(IDs ()] + [Ds(E))]2)2

+ ﬁ(%T(II&”(U)II + €M @) + Ca6h™ 17 + Crar*) (ID3(E(w)) 1> + D5 (E(0)) )2

When ||D3(&(w))||* + [D3(£(v)) || # 0, we have

2L (Daf() P + [Da(e)I)

+ \/—(%T(Ilén(wll + € W)II) + Coh™ 7 + Crat?)

(D5 (€ ()I* + IDs(£(0)) %) <

which also holds for |Ds(£(u))||? + [|D3(£(v))||* = 0.
Using Cauchy’s inequality and 7 < 1/, we get

V2+1
3

Ry <3 2[ (2D @) + P2 72) + (VE(Er (e ()]

+ ||§n(’U)||) + 026h7€+17. + 0147'4)>2]
<o’ [HDz(é(U))II2 + IIDz(é(v))IIQ} + Caor (€ (W) + 1€ (0)[*) + Csoh® 27 + Car7” (4.25)

Here Cy9 = 8(C25)? /7, Cs0 = 36(Ca26)? /v, C51 = 36(C1a)? /7.
From (4.23), (4.24) and (4.25), we can get

Ao+ Bo + A <(0)? — 1>[||D2<§<u>>||2 - ||D2<§<v>>||2} + LY (a2,

J
+ [D1 (@), ”Z (D23, 5 + D2, )
 Coarr (I @I + €7 + Coghr 4 Coah 174 1

Here Csp = Csg 4+ Cyu7 + Clg, Csz = Csg + Cug + Cs0, Csa = C36 4 Cus, Cs5 = C37 + Cye + Cs1.
Through Cauchy’s inequality, we have

o Z (D1 (€2, 5 + D1 E@DIE, )
”Z (6" I,y + [ @2,y + [ @Iy + [ 02,

Using Cauchy’s inequality and the inverse inequality (3.5), we have

il Z [Da(E@)IZ, y + [D2(€DIZ, ) <ry(ID2(E@)IE, + ID2(EW)IR,)
D)) + [Da(Ew))]1)

So we have

Ri+ Az + Ao <007+ A = ) [ID2(¢() 2 + ID2(6NI?] + T 3 [1€" w12,

J

@,y + [ W, + € O, | + Coar(len ()
+ 1€ (W)II?) + Cssh® 27 + Coah* 7% + Cs577 (4.26)
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From Lemma 3.2 we get

S == I3 [l @Iy + [ @R,y + €7 @I,y + [ @y + 4 @2,

AL (4:27)

From Lemma 4.6, we get

783 <2C167(II€" (w)|| + 1€ (0)I)? + 4C16CLh* (|67 (w) | + [1€" (v)11)
+2C167 (€™ (@)l| + 1€ (0)[1)? + 4C16CLA* (€™ ()| + (1™ ()]])
+8C167 (€™ (W)l + 1€ (v) ) + 16C16CLA" 7 ([I€™ (w) | + [1€™2(v)I])

By Lemma (4.7), 7 < 1/ and Cauchy’s inequality, we have

2C167([I€" (W)l| + [I€" (v)[)? + 4C16CLh* 7 ([[€" (w) || + (16" (v)])
<Cser(l€" (W)II* + 16" (v)[1*) + Corh® 27,
20167 ([[€™ ()| + (1€ ()])? + AC16CLh* (€ (w) | + 1€ (v)]])

<Oss7([I€" (W) + [1€"(0) 1) + Cooh® 27,
8C167([I€™2 (w)l| + [I€™2 (0)[1)? + 16C16C A" T (€2 (u)[| + €2 (v)]))
<Coor(I€" W)II* + 16" (v)II*) + Corh**+27.

Here Css = 2C14(2 + C1), Cs7 = 4C16C1, Css = 2C16(2(B1 + B2)* + 2(B1 + B2)83/7 + (B1 + B2)Ch),

Cso = 4C16(2(B1 + B2)Bs/v + 2(B3/7)? + (B1 + B2)C1 + 285C1 /7), Coo = 8C16(2(Cr7 + Cis)? + 2(Ch7 +

C18)Cio/v+ (Ci7+ Ci5)C1), Co1 = 16C16(2(Cr7 + C15)Cig /v + 2(Cr9/7)* + (Cr7 4+ C18)C1 4 2C1Cho /7).
So we have

7S5 < Coar(I€" (W)l + 11€" (0)[1%) + Cosh® 27 (4.28)

where Cgo = Cs6 + Css + Cgo, Cgz = Cs7 + Cs9 + Co.
From (4.16), (4.18), Cauchy’s inequality, 7 < 1/ and Lemma 4.7 we get

Sa KCish* (167 ()| + 1€ @) + 6™ (@) + 1€ ()| + 201€™2 ()| + 2]|€™>(w)]])
+6C1T (€M ()| + (1€ (0)]])
<Coat (€ (W)[I” + [1€" (W)[1) + Cosh™ 21 + Cogh™* 't + Corr’ (4.29)
Here Cgq = C15(Ci7 + Cis + 2 (81 4 B2 + 1)) + 3C14(Cir7 + Cis), Co5 = C15(2(Cr7 + Chs) + B1 + B2+ 1+

(285 +4Ch9)/7), Cos = 12C14C19/7, Co7 = 6C14(Cr7 + Cis).
From (4.26), (4.27), (4.28), (4.29) and let A < 0.39 such that cA? + A — 1 < 0, we obtain

Ay +As + Ag +7(S2 +S3) + 84 < Cosr([|€™ (W)[|? + [|€7 () |12) + Coo (BF+! + 73)%7 (4.30)

Here Cgs = Cs2 + Co2 + Coa, Coo = max{Cs3 + Coz + Cos, 5(Csa + Cos), Cs5 + Cor}-
From (4.22) and (4.30), we can get

lE™H @)II* + 16" )1 (1 + Cost/3)(NIE" W)I|* + 16" (W)II*) + Coo (" + 7°)7
<Ol (W) |P + (1€ (0)I7) + Coo (W +7%)27
<

TR W) [P+ 1€ @)I17) + Coo(BFH 4 7%)27(1 + e“157)

1— ngg(n—i—l)‘r/S

Cos(n+1)7/3 10, V|2 0(1\]2 k+1 4 332
<e 68 ( )T/ (||§ (u)” —|—||§ (’U)” )—i—ng(h + 7 ) T 1 — ¢Ces7/3
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By Taylor expansion and L? projection error estimates, we have

60687'/3 _ 1

> Ces/3
. 68/

I1€°@)[I* + 11€°(0) 1> < Croh®*+2
Here Crg is independent of h. From (n+ 1)7 < T', we get
€™ @)* + [1€" T (@)]1* < Cra(BFF +72)?

Here C'71 = 0706068T/3 + 3C%9 (6068T/3 — 1)/068-
Therefore finally we get

le"H@)II* + e ()]|* < (Cru +2C)(RFF + 1)

where C7; 4+ 2C1 is independent of 7, h, up, vp. This finishes the proof.

5 Positivity-preserving RKDG schemes

The positivity-preserving property for the densities v and v is important, and we would like to have this
property for our DG schemes. We start this section with a discussion of this property for a first order
upwind scheme.

5.1 First order upwind scheme

Lemma 5.1. If the initial condition ug(x), vo(x) are nonnegative, then the first order upwind scheme

um u —ul

J = I 4yl h]—l :—(Al)?u?—i—(/\g)?v;‘ (5.1a)

k n no_—
j i Vi T Y A)2ut — (Ao) il (5.1b)

T h

where uj and v} are approzimations to the solution u(x;,t") and v(zx;,t") at the grid point x; = jh and

time level 1" = nt, (M)} = M (y1[u], 07]), (A2)] = Aa(y[u], v}

?,07]), can maintain positivity under the time

step restriction
7 < 1/(a1 +az +v/h). (5:2)
The integrals in the numerical evaluation of (A1)} and (X2)} are obtained by trapezoidal rules.

Proof. Denote £ = 7v/h. We can rewrite (5.1a) as

u;H'l =ul — k(u] —ui 1) —7(A)jul + (A2)jv]

:(1 ki T(Al)y)u; +Rul 4 ()0
By (2.3) and the time step restriction (5.2), we have

1—!%—7’()\1)?20, K}O, T()\Q)?}O

Therefore, uj', v > 0,V¢ implies u;.”l > 0. Similarly we can prove v;-”l > 0. The positivity is thus

preserved. O
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5.2 High order DG schemes

In [22], a simple scaling limiter is shown to be able to make the numerical solution satisfying the maximum
principle while maintaining the original high order accuracy of DG or finite volume schemes for solving
scalar conservation laws u; + u; = 0. The result holds for both Euler forward time discretizations and
for TVD Runge-Kutta methods which are convex combinations of Euler forward steps, such as the third
order TVD Runge-Kutta method (4.2).

Assume m = minug(z), M = maxug(z), then for scalar conservation laws, the entropy solution
satisfies m < u(x,t) < M. Assume pj(x) is the numerical DG solution on I = [x;_1/2,%;1/2], which is
a polynomial of degree k. Denote by p; the cell average of p;(z). If m < p; < M, then the scaling limiter
can be defined to replace p;(z) with p;(z) where

m—ﬁj
m;j — Pj

— P
_ﬁj,

() = 0030 + (1= O)py(a), 0 =min {7 1 (53)

Here m; = ;rengl pj(x), M; = MaX pj (z), and S; = {z, ;}Y_, are the Gauss-Lobatto quadrature points on
J J

I;, with the requirement that the Gauss-Lobatto quadrature is exact for all polynomials of degree k, i.e.
2N —3 > k. As we can see, the limiter does not change the cell averages. It is proved in [22] that, under
suitable CFL condition, the numerical solution that is modified by the scaling limiter (5.3) will guarantee
m < p; < M for all time steps, will satisfy the maximum principle at the points in S; for all time steps,
and will maintain the original high order accuracy of the unlimited scheme. If the exact solution of the
PDE has only one bound, for example the lower bound zero for the density and pressure of compressible
Euler equations, then a similar scaling limiter, with the term involving the irrelevant bound M and
M; removed from the list of the minimum in the definition of ¢ in (5.3), can maintain this one bound
while keeping the order of accuracy. See for example [23] for the positivity-preserving DG scheme for
compressible Euler equations. In the following we will adapt this strategy to obtain positivity-preserving
DG schemes for the system (2.1).

~n,1

We convert u, ™, v, to @, 0, by the positivity-preserving limiter

At =i gupt + (1= 0ua)ay’,  Gra;=mind |2 ) 1 (5.4a)
mi,; — uh’
’[)Z’i = 9271'13"0}?71. =+ (1 — 92,i,j)521i7 9271”- = min m- vhini s 1 (54b>
ma,i,j — Uy’
Here m =0, mi;; = Iniép uZl(:zr), M2 = migl vZ’i(x), 1=0,1,2,and j =1, -+ ,ng.
TES; TES;
As a result, the scheme (4.3) is modified as follows.
y, =01,0,up + (1 —b1,0,5)uy, O = 020;v, + (1 —020,5)0; (5.5a)
[ witeds = [ wea v o (Bl - [ Gopigeds+ [ Gopitieds] (5.5b)
I; I, I; I,
/ UZ’lgodx :/ Uppdx + T[Bf-(ﬁ,?, ®) —|—/ (;\1)Z&Z¢dw — / (Xg)ﬁﬁ,’fcpd:v} (5.5¢)
I; I; I; I;
ﬁ,Z’l :9171_’]‘114271 + (1 — 9171_0-)112’1, 172’1 = 02-,17]-1}211 =+ (1 — 9271&)52’71 (55d)
n 3 ~ 1 ~n ~n I \n,l~n
/ uh’2godx :—/ Uy pdr + —/ uh’lcpdac—i— Z[B}(uh’l,go) —/ (Al)h’luh’lgodx
J J
+ / (Xz)z’lﬁ,’;lcpdx} (5.5¢)
IV

n 3 ~ 1 ~n ~n I \n,1~n
/Uh’Qsodw :Z/ vﬁwdwrz/ vh’lwdw+ﬂBf(vh’17<p)+/(Al)h’luh’lcpd:v
I I i

3J J 1 L

_/ (}2)211@,’;71@1:} (5.5f)
I,
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i =0y o jupt 4+ (1= 010)up %, 5502 = 00 057 + (1= 022,5)05° (5.5g)

1 2 n 2 ~n Y \n,2~n
/ up pdr =3 / Uhpde + 3 / i % pdz + 5| B (@7, ) - / (M) iy pda
I I; I, I

J J J

+ / (5\2)2’262’2<pdz} (5.5h)
IV

J

n 1 ~n 2 =T 27 o A )2 A
/ ’Uthl@dCC :g / thdllf + g / ’U}L72<sz + ? |:B32‘(vh12’ 90) —+ / ()\l)h’zuh’zwdz‘
I 1 I !

J J

- [ Ga)pep®pds] (5.5)
I
Here (M) = M (yi @), 577]), ()" = Xa(yol@) ", 50]), i = 0,1, 2.

We have the following result for the positivity-preserving property of the limited RKDG scheme.

Lemma 5.2. The modified scheme (5.5) is positivity-preserving under the time step restriction

wWN

T —M——
T+ (a1 +an)

(5.6)
Here, {wo}Y_1 > 0 are the weights of the Gauss-Lobatto quadrature for the interval [—1/2,1/2]. The
integrals for the source term are computed also by the same Gauss-Lobatto quadrature.

Proof. Assume @} (zq,;) = 0, 0 (2q,;) = 0, and therefore also @}’ > 0, v} > 0. Taking ¢ = 1/h; in (5.5b),
and using the Gauss-Lobatto quadrature, (2.3) and (3.1), we get

il = TV, ems s T S e T S e
L __=n g T 0 ) d o o)™ d
wy =up + hj( U (4 9) TR (254 5)) I /Ij( 1)hUpde + I /Ij( 2)}, Oy dx
N Ty Ty N
2 QZ:lwaﬂZ(xa,j) - y_hﬂZ(xj_J,_l/g) + 7112(?5;_1/2) - (al + QQ)T;WQ’&Z(I&J)
N
+ a7 Zwaﬁ,’f(x%j)
a=1
N-1 TV
=D (Wa = (a1 +a2)7)aj (za5) + (W = 5 = (a1 + az)T)ah (7,4 )
a=1
Ty al
+ 7&2(%;_1/2) + a7 Z WaOp (Ta,j)
a=1

Notice that w1 = wny = minj<a< N Wa, hence, under the condition (5.6), we have

wa—(al—kag)T}O, a=1,--- N —1, wN—%—(al—l—az)T}O.
v
Therefore, since @} (zqj) = 0, 9 (xa) = 0, Ya, §, a1 = 0, {wa}N_; > 0 and 7y/h > 0, we get @) > 0
and 17,?’1 > 0. This is the crucial conclusion needed in the positivity-preserving limiter [22]. The scaling
limiter (5.5d), which does not change the cell averages of u}"" and v}"", further guarantees @} (4,;) = 0,

o (%a,;) = 0, Yo, j. Similar arguments then apply to the remaining Runge-Kutta stages for @) and
~n,1

0, with ¢ = 2,3, hence finishing the proof of the positivity-preserving property of the limited RKDG
scheme.

O

We remark that the same proof as in [22] ensures that the scaling limiter does not destroy the original
high order accuracy of the DG scheme.
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6 Numerical results

In this section we present some numerical tests using the first order upwind scheme (5.1) and third order
RKDG method (4.3). In the tests we use uniform mesh and periodic boundary conditions. From Table 1,
we have s, = 0.25, s, = 1, sq; = 0.5 and m; = s;/8 (i=r, a, al), L = 10. We also take v = 0.1, a3 = 0.2,
as = 0.9 during the experiments. The infinite integrals are approximated by finite integrals on [0, 2s;],
with 7 = r,a,al, for the reason that the mass of the kernel functions mostly concentrate on [0,2s;]. In
fact, we have

Ki(s)ds <2x107'° i=ra,al.
28»;

In the scheme (4.3), y1, y2 are computed by the Gauss-Lobatto quadrature with four points. In scheme
(5.1), y1, y2 are computed by the trapezoidal rule. The CFL number is 0.6 for the scheme (5.1) and we
take 7 and h satisfying the CFL condition in Theorem 4.5 for the scheme (4.3).

Example 1. Firstly we will test the system without the source term

ug +yuy =0, (x,¢) €[0,L] x [0,T]
v — v, =0, (z,t) €[0,L] x [0,T] (6.1)
ug(x) = 1+ sin(27x), vo(x) = 1+ cos(2mx), x € [0, L]

with periodic boundary conditions
w(0,t) = u(L,t), v(0,t) =v(L,t).

Since the source term is removed, we can find its exact solutions u(z,t) = 1 + sin(27(z — ~t)) and
v(x,t) = 14 cos(2n(z+~t)), which indicates u(z,t) > 0 and v(x,t) > 0. We will show the results of both
RKDG scheme and positivity preserving RKDG scheme.

Take L = 10, k = 2, t = 1 and the same CFL condition as in Theorem 4.2. The errors and orders of
accuracy are listed in Tables 3.

Table 3. Errors and orders of accuracy and average percentage of cells affected by the positivity-

preserving limiter for the equations (6.1) without source terms.

without positivity-preserving limiter with positivity-preserving limiter
n L? error  order | L™ error order | L? error order | L* error order | percentage
20 | 1.32E-01 - 3.62E-01 - 1.91E-01 - 4.38E-01 - 35.7%
40 | 2.11E-02  2.64 | 4.86E-02 290 | 2.87E-02 2.73 | 9.89E-02 2.15 15.4%

80 | 2.67E-03 298 | 8.29E-03  2.55 | 3.29E-03  3.12 1.23E-02  3.00 10.0%
160 | 3.34E-04  3.00 | 1.00E-03  3.05 | 3.42E-04 3.27 | 1.00E-03  3.62 2.50%
320 | 4.16E-05  3.00 1.26E-04 299 | 4.17E-05  3.03 1.26E-04  2.99 1.52%
640 | 5.21E-06  3.00 1.58E-05  3.00 | 5.21E-06  3.00 1.58E-05  3.00 0.78%

Then we will modify the system (2.1) with an additional source term so that we have an explicit exact
solution to test accuracy. Denote

gz, t) = M (y1fuo(x — vt), vo(x + vt)Juo(x — vt) — X2 (y2[uo(x — 7t), vo(x + vt)])vo(z +t)

where
ug(x) = 1+ sin(27x), vo(x) = 1+ cos(2mx).
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We consider the modified system

U+ yuy = —Mu+ v +g, (x,t) €[0,L] x[0,T)
Ve — YU, = Mu— Nv — g, (x,t) €[0,L] x [0,T] (6.2)
u(z,0) =1+ sin(2rz), wv(x,0) =1+ cos(2mx), x € [0, L]

with periodic boundary conditions
u(0,t) =u(L,t), v(0,t) =wv(L,t)

It is easy to verify that the exact solution is given by u(x,t) = 1 + sin(2n(z — 7t)) and v(z,t) =
1 + cos(2m(x 4+ ~t)), which satisfies u(z,t) > 0 and v(z,t) > 0. Consider this system on [0, 10]. Notice

that u(x,t) = 0 and min (x,t) = 0, we also expect this to be a stringent test

min i v
(z,t)€[0,L]x[0,T) (z,t)€[0,L]x[0,T]
case for the positivity-preserving limiter to maintain accuracy. We report numerical results both with
the positivity-preserving limiter and without it. Set the parameters ¢, = 0.5, ¢, = 1.6, qo; = 2 as Pattern
51in [8]. Take k = 2, t = 1 and the same CFL condition as in Theorem 4.2. The errors and orders of

accuracy are listed in Tables 4.

Table 4. Errors and orders of accuracy and average percentage of cells affected by the positivity-

preserving limiter for the equations (6.2) with source terms.

without positivity-preserving limiter with positivity-preserving limiter
n L? error  order | L™ error order | L? error order | L* error order | percentage
20 | 1.55E-01 - 4.50E-01 - 2.12E-01 - 5.24E-01 - 71.4%
40 | 1.99E-02 296 | 4.76E-02  3.24 | 2.64E-02 3.00 | 8.72E-02  2.59 15.4%

80 | 2.70E-03  2.88 | 8.33E-03  2.52 | 3.02E-03  3.13 | 1.10E-02  2.99 8.00%
160 | 3.33E-04  3.02 | 1.00E-03  3.05 | 3.40E-04 3.15 | 1.01E-03 3.44 2.75%
320 | 4.16E-05  3.00 | 1.26E-04 2,99 | 4.17E-05 3.03 | 1.26E-04  3.00 1.52%
640 | 5.20E-06  3.00 | 1.58E-05  3.00 | 5.21E-06  3.00 | 1.58E-05  3.00 0.79%

We can clearly see that the algorithm achieves its designed third order accuracy either without or with
the positivity-preserving limiter from these two tests. The last column in Table 4 and Table 3 records the
average (over all time steps) percentage of cells in which the positivity-preserving limiter takes effect. We
can see that the limiter has indeed taken effect although the original high order accuracy is maintained.

Example 2. We take the parameters ¢, = 2.4, ¢, = 2, ¢,y = 0 in system (2.1) as Pattern 1 in [8]. The
initial conditions are taken from a small random perturbation of amplitude 0.01 of spatially homogeneous
steady states, which are (u,v) = (u*,u**), u*,u** are constants satisfying u* + uv** = A, where A is the
total population density. For g, = 0, we have only one steady state (u,v) = (A/2, A/2). For g, # 0,
the system (2.1) can have one, three or five solutions. These solutions are obtained by the steady state
equation from (2.1),

—u* (a1 + a2 f(Agar — 2u" a1 — o)) + (A — u*) (a1 + a2 f(—Aga + 2u" a1 — o)) = 0.

From Table 1 we have A = 2 and we can see that (u,v) = (1,1) is the homogeneous steady state no
matter what value ¢, takes. In the following numerical tests we take (u*,u**) = (1,1). We generate
random perturbation data satisfying the above requirements and use them as our initial conditions. We
have tested several initial data and have observed no significant differences other than a shift among
them, so we report the result of only one choice of the initial data. The solution evolves into stationary
pulses (i.e. uy = v; = 0), in which high density subgroups emerge. In Figure 1 we plot the total density
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p = u + v from time ¢ = 900 to ¢ = 1000 using scheme (5.1) with n, = 600 and scheme (4.3) with
n, = 200 and k = 2. Note that we have used the same number of degree of freedom for both schemes.
In Figure 2 and 3 we plot u + v, u, v obtained by these two schemes at the time t = 1000. We find the
numerical solutions converge when refining the mesh for the scheme (5.1), starting at around n, = 1600.
Here we choose numerical solution of n, = 2000 as our converged solution.

1000

980

960

time

CRrNWRNON®O
time

940

920

900

(a) scheme (5.1)

time

(c¢) converged solution

Figure 1  Stationary pulses, v+ v from time t = 900 to t = 1000 of Example 2.

In Figure 1, we can see that the numerical solutions are stationary for both schemes (5.1) and (4.3). In
Figure 2 we can see that both numerical solutions generated by scheme (5.1) and scheme (4.3) perform
well comparing to the converged solution. In Figure 3, the converged solution shows that u = v at time
t = 1000. In Figure 3(a)-(d), u and v generated by the higher order scheme (4.3) almost overlap with
each other, while v and v generated by scheme (5.1) show a slight translation, when the same number of
degree of freedom is used.

Example 3. We take the parameters ¢, = 0.5, ¢, = 1.6, ¢o; = 2 in system (2.1) as Pattern 5 in [8]. The
initial conditions here satisfy the requirements described in Example 2. In Figure 4 we plot the total
density p = u + v from time ¢t = 1150 to ¢ = 1300 using scheme (5.1) with n, = 600 and scheme (4.3)
with n, = 200, £ = 2. In Figure 5 we plot u + v obtained by these two schemes at the time ¢ = 1300.
Here the numerical solution of n, = 2000 obtained by the scheme (5.1) is still taken as our converged
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] scheme (5.2)
A scheme (2.5)
. converged solution
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Figure 2 Stationary pulses, u+ v at time t = 1000 of Example 2.

solution.

In Figure 4 we can see that the numerical solutions are traveling for both schemes (5.1) and (4.3). In
Figure 5 we can see that the numerical solution obtained by the higher order scheme (4.3) is closer to
the converged solution than the lower order scheme (5.1), for the same number of degree of freedom.

7 Concluding remarks

In this paper we present an analysis of the RKDG scheme for a nonlocal hyperbolic system, describing a
correlated random walk model with density dependent turning rates. We construct a first order upwind
scheme and prove its positivity-preserving property under a suitable time step restriction. We then
describe the semi-discrete DG scheme and prove its L? stability. This is followed by the analysis on
the fully discretized RKDG method using the third order TVD Runge-Kutta time discretization and
discontinuous Galerkin spatial discretization with arbitrary polynomial degree &k > 1. By generalizing
the energy method in [21] to our current semilinear system, we obtain L? stability for general solutions
and optimal a priori L? error estimates when the solutions are smooth enough under a suitable CFL
condition. Finally, we discuss a positivity-preserving limiter which guarantees positivity of the solution
without compromising the accuracy of the RKDG scheme. Numerical results are presented to demonstrate
that the RKDG method performs well in several test problems.

8 Appendix

We collect the proof of some of the technical lemmas in this section, which serves as an appendix.

8.1 The proof of Lemma 4.1

Proof. From Hélder’s inequality and (2.3), we obtain

< (a1 + a2)up”

L
/ ) ode loll, i=0,1,2
0
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Similarly we can get

L
/ o) dz| < (ay + a) [0 gl i =0,1,2
0

This finishes the proof. O

8.2 The proof of Lemma 4.2

Proof. Taking ¢ = uZ’l in (4.3a) and summing it over j, we can get

L L
Hu;:lH2 :/0 uZuZ’lda:—l—T{Bl(uz,uZ’l) —/0 (Al)ZuZuZ’ld:c
L
+/ ()\Q)Z’UZU/ZJdI}
0
From Hélder’s inequality, Lemma 3.1 and Lemma 4.1, we can obtain

1 ,1 ,1 1
llun 1 <l 1+ (V2 4+ DA gl g |+ (a4 a2)r(laq |+ g 1D Fuy ™ |

n,l
If Jluy, |

0, through 7 < 1/v and 0 < A < M we have
# 0, g Y
1
[y || aa|lup || + azllvy]|

Here ay = 14 (V2 +1)M + (a1 +a2) /7, aa = (a1 +az) /7. I |u}"!|| = 0, the above inequality also holds.
Similarly we have

,1
lo, | <en[lvpll + czllup |
3 1
2 ,1 1
2l <2 g + 5 (@l + sl )

31 o1 N
<5+ S (af +ad)) lup || + Sarazllvy|

4 4 2
N 301 a1 N
o2l <(5 + 7 (03 + ad) gl + Saraluf]

Define C3 = % + %(a% +a3), Cy = %alag. From the triangle inequality and above inequalities, we get

D1 (un) || (a1 + D)fuill + czllvg]]
D1 (vn)[| <(e1 + D)o || + czlup|
(un) |l <Cslugll + Collvg |l

) <

Csllop |l + Collul

D2 (up
D2 (v,

Here C5 = 2C5 + a1 + 1, Cg = 2Cy4 + a3. Then we get the desired results. O
8.3 The proof of Lemma 4.3

Proof. Summing (4.3a) over j, we can get

L L
(Da(uwn)o) = 7[B' i)~ [ Ouugiode + [ Oofofigds]
0 0

From Lemma 4.1, we get (4.5a).
Subtracting  x (4.3a) from 2 x (4.3c), then summing it over j , we get

L L
(Do), ) =3 [B'Dstm). ) = [ Qoo+ [ Qo e
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L L
4 / ()ulipdz — / (Ao)fof o
0 0

From Lemma 4.1 and Lemma 4.2, we get

T T n n n,l n,l
(D2(un), #) <§B1(D1(uh)v¢)+§(a1+a2>(”uh”+th||+Huh I+ [lon " DIl

T T n n
<5B'(Di(un), ) + 5 (a1 + az)(er + az + D([[u | + i DIl

Define C7 = (a1 + a2)(a1 + as + 1), we get (4.5¢).
Subtracting 3 x (4.3c) and 1 x (4.3a) from (4.3¢), then summing it over j, we get

L

T mn, n, n, mn,

(D)) =5 [B'Datun). ) 2 [ Qe +2 [ Oali i s
0

L L L
+ / ()i uiy Hepda — / (o)t op pder + / (ADhuppde
0 0 0
L
- [ Oupogigaa]
0
From Lemma 4.1 and Lemma 4.2, we get

T ai + ag)T
(Ds(un). ) <2 B (Dafun).p) + 02T
+ gl + gD el

T CsT . "
<TB D), o) + (g + g )

)2 ,2 )1 1
2y, "N+ 2llo "+ gl + oy

where Cg = (a1 + a2)(2C3 4+ 2Cy + a1 + s + 1). We have therefore obtained (4.5¢). Similarly we can get
(4.5b), (4.5d) and (4.5f). O

8.4 The proof of Lemma 4.6
Proof. The function f(y) = 0.5+ 0.5tanh(y — yo) is Lipschitz continuous in (—oo, +00), i.e.
1
[f(@) = f)l < 5le =yl @,y € (—o0, +00) (8.1)
Denote p™* = u™' 4 v™ pi" =y 4 v"". From periodic conditions, we have

Lr[u
~g. /OO

nz ] Y1, T[uh 7vh ]

Ko ()™ (x + 8) — p™i(z — ) — g (@ + 5) + o ( — 5))ds
m+1)L ] ) ) )

/ ™ @+ 5) — i — 5) — P (x4 8) + (- 8))ds

=qr Z /O Ko (s +mL)(p™ (x +5) = p™'(z — s) = p" (& + 5) + py " (x — 9))ds

o0
Since we assume L > 2s,., we have >, K,.(s+ mL) < 2K,.(s), s € [0, L].
m=0
From Hélder’s inequality and triangle inequality, we get

n,d U’Z,l”)

yl,r[unﬁi; vn,i] - yl,r[uz)i; vz,i] gqr

> Kol 2 -
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<4g:Cr (€ )| + ™ (W)l + 1€ )| + [ln™* (0)]])

Here (f, K ds) ” <o

Snmlarly we have

yralu™, 0" = yralup” op | <4gaCa(l€ ()l| + 0™ () || + €% (0) ]| + [In™* (0)]])
‘yl,az[um, 0" = yraluy ", op ]| <20 Car(l€ @)+ 0™ @)+ 1€ @) + g™ (0)]])
Y2 [u™ 0" = o fup o <4 O (1€ (W) (1™ ()| + 167 @) + 0™ (0)1)
yzalu™ 0" = yoalup op ]| <AgaCa(€™ ()| + 0™ () || + €7 (0) ]| + [In™* (0)]])

‘92,az[U"’iav" 7= y2aluy”,op | <20uCat(J€™ @) + 0™ @)l + 1€ @) + 7™ (v)1)

1/2 1/2
Here (fOL Ka(s)st) < Cy, (fOL Kal(s)zds) < Cy. So we get

ATERTE EE TR

n,i]

[, 0] = gl 0]

< }yl,r[un’ia v —Yi,r [u;zm’ U;zm]

n,i n,g n,t

o |yl 0" =yl o ]| gl 0" g [ o]

* ‘yla[un’ia 0™ = yaalupt op ]| + ‘ylal [ 0™ = yo,afug o]

<2(2¢:Cr + 20aCa + qarCat) (€™ (W) + 1€™ (W) + [ln™* (W) + [In™" (0)]])

From (8.1), (2.3), triangle inequality and the above inequality, we get

‘)\1 (y1 [un’i, Un,i])un,i _ )\1 (y1 [u;lm" UZ’i])uZ’i

<[ Ol ™) = N (g gy o )

Mg o D) @ )

ag|u™? i i n,i o mi n,i n,%
< 2|2 s 0] = ga g o 4+ (a4 el —
<a2(2¢:Cr + 2¢aCa + quCar) (I€™ () | + €™ (@)[| + [ln™* (w)[| + [l (v) ||} |u""]
+ (a1 + a2)([€"" (u)| + ™" (u)]) (8.2)

In the following we will estimate u™?% v™* in L? norm, ¢ = 0, 1, 2.
From the definitions of u™!,v™! 7 < 1/ and (2.3), we have

a1 + as

™Ml <[l + [l + ™+ o™ (1),
n,1 n n ay + az n n
o™ <llo™ || + vz ll + ———=llu" | + lv™])
Before estimating u™?2,v™2, consider %yl [u™,v"] first. The interchanging of the derivative and the

integral in the following are based on u,v € WFt([0, L]).
0
5 —y1[u", 0" qr/ K. (s)(p"(xz+s) —p"(x — 9))ds
6 s 'l
= qr/ ( K, 8+mL)> (py (x + 8) — py(x — s))ds
T oz 0
L
:qr/ ( K.(s+ mL)> (ph(z+s) — ph(z — s))ds
0 m=0
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From Holder’s inequality and periodic boundary conditions, we have
8 n n n n
|l ") <darCo(luzl + )
So we have

\ yi[u™, o™ \ <2(2¢,Cy + 2¢Co + quiCat) (Ju? ]| + [[07])

From (2.3), triangle inequality and periodic boundary conditions, we have

(A1 (g fu™, 0" )u™) || < + (a1 + a2)|lug ||

oo (nlu ") (oot )

a2(2¢-Cr + 2¢aCa + qaiCa) ([luz | + [[0Z DIlu"[l + (a1 + a2)Juz]]

Here |f’| < 1/2. Similarly we have

(A2 (y2lu™, v")o") || <a2(26:Cr + 2¢aCa + qarCar) (lu || + |02 D[[0" | + (a1 + az)l[v7 |

From above inequalities, the definitions of u™!, 7 < 1/ and triangle inequality, we have

g < g |+ [l ||+—||(A1(y1[u v"u ”)mll+l||(>\2(y2[un,v"])v”)zll

<l + o) + 2 (2qu +2¢0Ca + qarCar)([Jug || + [Joz D[ + [[o"])

ay+az ., n
+T(||uz|| + lloz )

From above inequality, the definitions of u™2, 7 < 1/7, (2.3) and triangle inequality, we have

a1 + ag
4y

3 1 1
2l <+ e+ gl )+ (™ =+ flo™ )

<+l gl + gl + 2+ )
+ 20 Cr +20,Ca+ auCan) (R + 2D (| + 071
+”1;“2<|| w2 + oz
Similarly we have
o2 <3+ gl + 3l + gl mn+%ﬁ<nu"vln+nv”’1n>
+ 20 Cr 4+ 20,Ca+ auCan) (2] + 2D+ 7))
+ 292 ) 4 o))

4y

From u,v € WaT([0, L]) for all ¢t € [0,T], we have the boundedness of ||u™|[,|v™?| < oo, i = 7,a,al.
We set Mr as their upper bound, i.e.

™|, [[0™ < My, i=0,1,2. (8.3)

From (8.2), triangle inequality, Holder’s inequality, (8.3) and (3.3), we get

L .
/ (g™, o™ )™ — A g [l ol Yo
0
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LCs([IE™ (W) + 1€ () [ll + 2C16CLh* |, i=0,1,2.

Here Ci6 = aaMr1(2¢,Cy + 29,Co + qaiCai) + a1 + a. Similarly we can get

/ (A2 (g2l 0™ Pu™" = Ao (ya[uy, s v Ty ) d
0

<C (€M ()| + 1€ () llll + 2C16CLh ]|, i =0,1,2.

8.5 The proof of Lemma 4.7
Proof. Taking ¢ = ™' (u) in (4.19a) and summing it over j, we can get
L L
e @I = [ € g wda+ [0 ) = )" (u)de + 7 [ B (€ ), €7 )

L L
= [ owr - upuiyeds + [ 0ge" - Qu)ioeds]
0 0

From Holder’s inequality, (4.18), Lemma 3.1 and Lemma 4.6, we can obtain

€ () <1+ (VB + DA+ 2Csn) € )€ ()] + 2Cer € )€™ ()]
+ (401016 + 015)hk+17—||§n71(u)”

When [|€™Y(u)|| # 0, from 7 < 1/y and A < M, we have

€™ ()| <BUIE ()| + Ball€™ ()| + Bsh™ 7

Here f1 = 1+ (V2 + 1)M + 2C16/7, B2 = 2C16/7, B3 = 4C1C16 + C15. The inequality also holds for
[ (w)[| = 0.

Similarly we can obtain
€7 )| <BE™ W] + Ball€” )] + Bah*+
3 1 1
el < (§+ 6+ 8) el + gamle o

(Br + Bo + 1)BshF 17

FNgr.

_l’_
3 1 1
el < (34162 + ) le©l + gamlewl
+ 708+ B+ )T

Define Ci7 = % + i(ﬁ% +32), C15 = %ﬁlﬁg, Cig = i(ﬁl + B2+ 1)B3. From triangle inequality and above
inequalities we get

D1 (€Dl <(B1 + DIE" W) + B2l (v)|| + Bsh™ 7

D1 (E@)I <(Br + DIIE™ @) + Ball€™ (w)]| + Bsh* 7

[D2(&(w))[| <(2C17 + B1 + DIE™(w)|| + (2C1s + B2)[I€" (V)
+ (2019 + B3)R* 1T

[D2(€()II <(2C17 + Br + D€ (V)] + (2C1s + B2) |€™ ()]
+ (2C19 + B3)R* 1

Define 020 = 2017 + 61 + 1, 021 = 2018 + 62, 022 = 2019 + 63. Then we get the desired results. O
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8.6 The proof of Lemma 4.8
Proof. Summing (4.19a) over j and using Holder’s inequality, (4.18) and Lemma 4.6, we get
(D1(¢(w)), ) <TB(E"(w), @) + 2C167 (€™ ()| + €™ () D[l pll + Bah* 17
Similarly we can get
(D1(¢(v)), ) STB*(£"(v), ) + 2C167([|E" ()| + € (@)Dl + Bsh 7

Subtracting 3 x (4.19a) from 2 x (4.19¢), then summing it over j and using Holder’s inequality, (4.18),
Lemma 4.6, Lemma 4.7 and 7 < 1/, we get

Da(g(w),¢) <ZB'@1(€" W), ) + (e W)l + 16" @))loll + Caah™17

2 2

Here Cy3 = 2C16(01 + 2 + 1), Cag = 2C1633/7 + Bs.
Similarly we have

0237'

5 (€ @I+ 1" @)Dl + CoahHir

(D2(6(v)), ) <5 BAD1(E"(v)), ) +

Subtracting § x (4.3¢) and % x (4.3a) from (4.3¢), then summing it over j and using Hélder’s inequality,
(4.16), (4.18), Lemma 4.6, Lemma 4.7 and 7 < 1/, we get

(Ds(E(w), ¢) <2 B (€ (w),0) + "2 (€ @)l + € @)D )

+ Cosh™ o] + Crarlle]

Here 025 = 2016(1 + ﬁl + 62 + 2(017 + 018))7 026 = 4016((63 + 2019)/’)/ + 401)/3 + 015. Similarly we
can get

(Ds(E(0),9) STBAE®),0) + 2L (@)l + I @) e

+ Cash™ 7| ol] + Crar| ol

Then we get the desired results. O
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(a) scheme (5.1)

(b) Enlarged view inside the rectangle in fig.(a)
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(c) scheme (4.3)

(d) Enlarged view inside the rectangle in fig.(c)
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(e) converged solution

(f) Enlarged view inside the rectangle in fig.(e)

Figure 3 Stationary pulses, u+ v at time t = 1000 of Example 2.
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~
time

(a) scheme (5.1)

(¢) converged solution

Figure 4 Traveling pulses, u + v from time t = 1150 to t = 1300 of Example 3.
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converged solution

Figure 5

Traveling pulses, u+ v at time t = 1300 of Example 3.
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