Discontinuous Galerkin method for hyperbolic equations involving

d-singularities: negative-order norm error estimates and applications !

Yang Yang? and Chi-Wang Shu?®

Abstract
In this paper, we develop and analyze discontinuous Galerkin (DG) methods to solve
hyperbolic equations involving d-singularities. Negative-order norm error estimates for the
accuracy of DG approximations to d-singularities are investigated. We first consider linear
hyperbolic conservation laws in one space dimension with singular initial data. We prove

that, by using piecewise k-th degree polynomials, at time ¢, the error in the H~(*+2)

norm
over the whole domain is (k 4 1/2)-th order, and the error in the H~**D(R\R;) norm is
(2k + 1)-th order, where R; is the pollution region due to the initial singularity with the
width of order O(h'/?log(1/h)) and h is the maximum cell length. As an application of
the negative-order norm error estimates, we convolve the numerical solution with a suitable
kernel which is a linear combination of B-splines, to obtain L? error estimate of (2k + 1)-th
order for the post-processed solution. Moreover, we also obtain high order superconvergence
error estimates for linear hyperbolic conservation laws with singular source terms by applying
Duhamel’s principle. Numerical examples including an acoustic equation and the nonlinear

rendez-vous algorithms are given to demonstrate the good performance of DG methods for

solving hyperbolic equations involving d-singularities.
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1 Introduction

In this paper, we develop and analyze discontinuous Galerkin (DG) methods for solving

hyperbolic conservation laws

uy + f(u). = g(z,t), (z,t) € R x (0,T],
u(x,0) = uo(f':“q), z € R, (1.1)

where the initial condition wug, or the source term g(z,t), or the solution u(x,t) contains
0-singularities. Such problems appear often in applications and are difficult to approximate
numerically. Many numerical techniques rely on modifications with smooth kernels and hence
may severely smear such singularities, leading to large errors in the approximation. On the
other hand, the DG methods are based on weak formulations and can be designed directly to
solve such problems without modifications, leading to very accurate results. We will provide
numerical examples in this paper to demonstrate this advantage. More importantly, we will
give rigorous error estimates for the DG methods on model problems involving d-singularities.

The DG method, first introduced in 1973 by Reed and Hill [24], was generalized by John-
son and Pitkaranta to solve scalar linear hyperbolic equations with LP-norm error estimates
[18]. Subsequently, Cockburn et al. studied Runge-Kutta discontinuous Galerkin (RKDG)
methods for hyperbolic conservation laws in a series of papers [10, 7, 8, 11]. In [9] Cock-
burn et al. proved high order superconvergence error estimates of DG methods including
their divided differences for hyperbolic equations with smooth solutions in negative-order
norms. They also demonstrated that the application of the post-processing techniques of
Bramble and Schatz [1] can yield superconvergence in the strong L?*-norm. Other related
works include [26, 29, 30, 25], where one-sided filter and local derivative post-processing were
considered.

It is well known that generic solutions of hyperbolic equations are not smooth. Discon-
tinuities or even d-singularities may appear in the solutions. The DG methods have been
shown to be L? stable for nonlinear hyperbolic equations with L? solutions which may contain

discontinuities [15, 14]. A simple example of non-smooth solutions for hyperbolic equations



is the following problem

ur + uy = 0, (x,t) € R x (0,77,
u(z,0) = up(x), r € R,

(1.2)
where the initial solution wuy(z) has compact support, has a discontinuity at z = 0, but is
otherwise smooth. Clearly, the exact solution of (1.2) is discontinuous along the characteristic
line = t and the numerical DG solution has spurious oscillations around this discontinuity
line, which we refer to as the pollution region. There are not too many works in the literature
studying error estimates of DG methods for problems with discontinuous solutions. The first
work in this direction seems to be that of Johnson et al. [17, 18, 19] for DG methods in both
space and time. They have shown that, with linear space-time elements, the width of the
pollution region is of the size at most O(h'/?log 1/h). More recently, Cockburn and Guzmén
[6] and Zhang and Shu [31] revisited this problem with the RKDG methods and obtained
similar results. Especially, in [6], the left boundary of the pollution region is shown to be at
most O(h%31og(1/h)) from the singularity for piecewise linear DG method with second order
Runge-Kutta time discretization on uniform meshes. The first problem we consider in this
paper is (1.2) with the initial condition ug(x) having a J-singularity at = = 0. We consider
semi-discrete DG method and use the result in [31] to prove the superconvergence results
estimated in negative-order norms outside the pollution region. Further, by convolving
the DG solution with a suitable kernel, the post-processed approximation is (2k + 1)-th
order accurate in a region slightly smaller than the one we mentioned above. The rate of
convergence agrees with that in [9], in which the initial datum wo(z) was assumed to be
sufficiently smooth.

Hyperbolic conservation laws with source terms have been analyzed by several authors

3, 12, 20, 28, 21]. In particular, in [12], the authors studied the following problem

w4 f(u)e = gz, t), (x,t) € R x (0,77,

u(z,0) = uo(), x € R, (1.3)

where f is a smooth convex function (f”(u) > 0 for all u) and g(z,t) = G.(x,t) with G being

a bounded, piecewise smooth function, and constructed L* stable Godunov-type difference
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schemes. In [27], Santos and de Oliveira studied hyperbolic conservation laws whose source
terms contain d-singularities, and investigated the convergence of numerical discretization by
using a finite volume scheme. Later, they also considered a class of high resolution methods
in [23]. In [22], Noussair studied the wave behavior of (1.3), where the source term also
depends on u but not on the time variable t. We note that all these previous works did not
provide any error estimates in the smooth region away from the singularities. In this paper,
we investigate a simpler case by assuming f(u) = u and g(x,t) = G'(z) in the source term in
(1.3), where G(z) is a step function which does not depend on the time variable ¢. We show
that by convolving the DG solution with a suitable kernel, the post-processed approximation
turns out to be (2k + 1)-th order superconvergent in the smooth region.

The organization of this paper is as follows. In section 2, we present preliminaries, includ-
ing a brief introduction of the DG methods under consideration, some essential properties
of finite element spaces as well as the post-processing technique. Sections 3 and 4 are the
main body of this paper where we investigate the negative-order norm error estimates for
hyperbolic conservation laws with singular initial condition and source term respectively.
In section 5, we provide numerical evidences to validate our theoretical results. Moreover,
additional numerical results for more general nonlinear equations will also be given to demon-
strate the good performance of DG methods for problems containing d-singularities. We will
end in section 6 with some concluding remarks. A few technical details are contained in the

appendix.

2 Preliminaries

In this section we consider the conservation law (1.1) on the interval [0, 27].

2.1 The DG scheme

First, we divide the computational domain Q = [0, 27] into N cells

0:$%<$%<~-~<IN+%:27T,
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and denote
1
;= <93j_%,95j+%) ) Ti=35 (%-% +5Ej+§> ;
as the cells and cell centers respectively. h; = z;, 1= denotes the length of each cell.
We also denote h = max; h; as the length of the largest cell.

Next, we define

Vi={v:vl, € P*(;),j=1,---,N}

as the finite element space, where P*(I;) denotes the space of polynomials in I; of degree at
most k. We also define
Hé = {¢ : ¢|Ij S Hl(]j>7 VJ}

The DG scheme we consider is the following: find u; € V},, such that for any v, € V},

(nesvn); = (Fn)s (00)a); = Frosvilios + Fravilyos + (9@t on)yy (21)

2

where (w,v); = flj wvdz, and v}:|j+% = Uh(l";rl) denotes the left limit of the function v, at
2
Tt Likewise for v;. Moreover, the numerical flux f is a single valued function defined at

the cell interfaces and in general depends on the values of the numerical solution u; from
both sides of the interfaces
fis

1= f(uh(f;_%%uh(f;:_%))

In general,we use monotone fluxes. For the linear case f(u) = wu, we consider the upwind

fluxes f = uj, then the numerical scheme (2.1) can be written as

((un)esvn); = (un, (va)2); — vy [jr +u v s + (9(2, 1), vn); (2.2)

= —((un)a, va); — [unlvy [;—1 + (g(z, ), v);, (2.3)

where [uh]j_% = uh(x;r_l) — Uh(ifj__;) is the jump of u), across ;1. We use the above two
2 2

equations in sections 3 and 4 for the error estimates. We also define

H(uns on) = (f(un)s (0n)a); = Fiesvi Lies + frosof s, (2.4)
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then the DG scheme can be written as ((us)e, vn); = H;(un, vn) + (9(x,t), vp);. If we consider

linear equations, (2.4) can be written as

Hj(un, vn) = (Un, (Vn)a); — W vy, 12 + wy vy w e (2.5)
2.2 Norms

We now define some norms that we use throughout the paper.
Denote [|ullo,7, as the standard L*-norm of u on cell I;. For any natural number ¢, we

also define the norm and seminorm of the Sobolev space H*(I;) as

1/2
uller; = {Z ||Dau||01} o uler, = 1D o1,

0<a<t
For convenience, if / = 0, the corresponding index will be omitted.

We also define the L*°-norm and seminorm by

|ulle,00,1;, = OifgazHDkUHoolﬁ ule0,1, = |1 DUl

where [|u[/oo,r; is the standard L>°-norm of u on cell I;. Clearly, the L>-norm is stronger

than the L*mnorm, and in one cell I;, we have
1/2
lullz; < 1y ulloe. (2.6)

Moreover, we define the norms on D = Ujep[l; for some index set A as follows:

1/2
[ulle,p = (Z IIUII?,1j> + ulleco,p = maxfluflec.r;.

jEA
For convenience, if D = Q = [0, 27], the corresponding index will be omitted.
Finally, the negative order Sobolev norm can be defined as

|lu||—e.p = sup fDu(ff)Cb(ﬂf)dx
7 secrm) 9llen




2.3 Properties of the finite element space

We use the classical inverse property.

Lemma 2.1 Assume v € V},, then there exists a constant C' > 0 independent of h and v
such that
> (lory
i€

where D can be either the single cell I; or the whole computational domain 2.

+ ‘UJT
J

_1
2

) < Ch o], (2.7)

We define P;(p) as the (-th order L? projection of p into V}, such that

(Pe(p),v); = (p,v); . Vv € PYI,). (2.8)

In addition, if £ > 1, we can also define two Gauss-Radau projections P, and P_ as:

(Py(p),v); = (p,v); , YveP™ (L), and PL(p) (2] 5) = p(] 1 0), (2.9)
(P_(p),v); = (p,v); , YoeP™ (L), and P_(p)(@;y1/0) = P(T 4 )0)- (2.10)
For the projection P, which is either P, P, or P_, we denote the error operator by P; =
I — P, where I is the identity operator. By the scaling argument, we obtain the following
property [4].
Lemma 2.2 Let P, be a projection, either Py, P_ or P,. For any sufficiently smooth func-

tion p(x), there exists a positive constant C independent of h and p, such that
IPypllo + hllx(Byp)llp + B2 Pypllec,o < CR*plis,p, (2.11)
where D can be either the single cell I; or the whole computational domain €.

Now, we consider the projection of functions depending not only on the spatial variable
x but also on the time variable ¢. Suppose u(z,t) is a function differentiable and integrable

with respect to t, also assume ¢, and t, are two real values such that ¢; < t5, then we have

Py (w(2,1)) = (Pau(z,t)),,  and Py ( /:u(x,t)dt): /tQ(Phu(x,t))dt. (2.12)

t1

Because of this, we do not need to distinguish P (u¢(x,t)) and (Ppu(z,t)):, and can simply

denote them as Ppu;.



2.4 Properties of the DG spatial discretization

In this subsection, we present some basic properties about the bilinear form H; and the L?

stability condition [5]. We consider the linear case, namely (1.1) with f(u) = u.

Lemma 2.3 Suppose uy, is the DG numerical solution which satisfies (2.2) in each cell with

g = 0. By using the upwind flux, we have

||Uh(T)||2+/0 Y [un(®) e dt < Jun(0)]*. (2.13)

1<j<N

Lemma 2.4 Suppose vy, € V}, and q(z) € H}, the two Gauss-Radau projections satisfy the

following properties
H;(PLq(z),vn) =0, and H;(v, Pig(z)) =0. (2.14)

If we define (up,vn) = >_;(un, vp); and H(p, q) = >, H;(p, q), then

Lemma 2.5 Suppose p(x) € H} and vy, € V;, there holds
H(PLp(x),vn) =0, and H(vy,Pip(x)) = 0. (2.15)
2.5 Post-processing

Now, we proceed to describe the type of post-processing to be considered, following Bramble
and Schatz [1]. Let x be the indicator function of the interval (—3, 1), We define recursively

the functions ¥ as
P =y, YD = ™ W for n > 1.

We post-process the numerical solution by convolving it with a kernel K ) (x) which satisfies
the following properties:

(1) It has a compact support.

(2) It reproduces polynomials p of degree v — 1 by convolution: K@V % p = p.

(3) It is a linear combination of B-splines and is of the form

K@ () = kW (z — ).

YEZ
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The weights k%! € R are chosen so that (2) is satisfied. See [1, 9] for more details. We also
define K}}/’l) () = K®)(z/H)/H and w}!) (z) =¢®(x/H)/H and it is not difficult to verify
that

D)) s v = f_a) * OY,

where Oyv(z) = & (v(z+2H) —v(z — 1H)). In general, we take H = nh, n=1,2,--- . This
property is really important because it allows us to express derivatives of the convolution

with the kernel in terms of simple difference quotients.

2.6 An approximation result

2k+2,k+1
Kh+7+

In this subsection, we investigate the relationship between u— xuy, and the negative-

order norm estimates of divided differences of the error u — wy,.

Theorem 2.1 (Bramble and Schatz [1]) Suppose the kernel K" satisfies the properties
listed in section 2.5. Let v be a function in L*(Qy), where 0y is an open set in 2, and u be a
function in H"(Q). Further assume S to be an open set in Qy such that Qo+2supp(K") ccC
Q. Then we have
= K5 oy < 22 Chlulugy + G S 108 (= )1,
V! =

where Cp = > \k,’;l| and Co only depends on g, 1, v, and l.

YEZ
There is a straightforward corollary.

Corollary 2.1 Suppose the conditions in theorem 2.1 are satisfied. Further assume that

uUu—v)||—10 < 15 valid for all oo <[ and v > u. en we have
H@,‘f( )H o < Ch* lid f Il [ and w. Th h
lu — K3 5 vl|a, < ChY,

where C' only depends on g, Qq, v, and [.



3 Singular initial condition

In this section we consider problem (1.2) and use upwind fluxes. We first state the main
results in theorem 3.1 and then give the proofs. We provide the negative-order norm error

estimates in the whole space as well as in the region away from the singularities.

3.1 Main results

The following lemma is the semi-discrete version of the result in Zhang and Shu [31]. For

completeness we will give its proof in the appendix.

Lemma 3.1 Let u be the exact solution of the initial value problem (1.2), where the initial
condition ug(x) € C**2 except for one singularity at x = 0. Let uy, be the solution of the
DG method (2.2) at time T, where the finite element space Vj, is made up of the piecewise
polynomials of degree k > 1. Suppose h is the maximum cell length. Then there holds the
following error estimate

[w(T) = un(T)lo\r, < CRM, (3.1)

where Ry = (T — Ch'?1og(1/h), T + ChY?1log(1/h)), and the bounding constant C' > 0 does

not depend on h.
We will use lemma 3.1 to prove the following theorem.

Theorem 3.1 Suppose u € C**2 and the conditions of Lemma 3.1 are satisfied. Then by

taking Qo + 2$upp(K}2Lk+2’k+l) cC O cC O\ Ry, we have

[w(T) = un(T)[| - 41y < CR*, (3.2)

[u(T) = un(T)|| (k1) < CR*FY2, (3.3)

[u(T) = un(T)|| - 41,0, < CH*E, (3.4)
Ju(T) — K2R s (T) || gy < ChZHL, (3.5)

where the positive constant C' does not depend on h. Here the mesh is assumed to be uniform

for (3.5) but can be regular and non-uniform for the other three inequalities.
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Remark 3.1 To obtain equation (3.5), we have to assume the mesh is uniformly distributed,
that is hj = h, ¥ j. This is because of the negative-order norm estimates of the divided
differences. Actually, we denote w = Opu and wy = Opuy. Clearly, w satisfies equation
(1.2) with initial condition w(z,0) = dyu(x,0). If we shift the mesh by &, then wy satisfies

numerical scheme (2.2). By the same analysis for the proof of equation (3.4), we obtain
100 (u = wn)l| - e41),00 = [0 = wal| (41,0, < CR*FL.

The estimates for higher order divided differences can be obtained by exactly the same line

in this remark. Therefore, equation (3.5) follows directly from Corollary 2.1.

Remark 3.2 The error estimates in —(k + 1)-th order norm are used for problems with
singular initial conditions while the estimates in —(k+2)-th order norm are used for problems

with singular source terms.

3.2 A proof of Theorem 3.1

In this subsection, we give the initial discretization and prove the first three estimates in

Theorem 3.1.
3.2.1 Initial discretization

From now on, we assume the d-singularity of the initial datum is contained in cell I;. For
simplicity, we also assume the singularity is concentrated at 0, denoted as d(x). We apply
the L? projection P, to discretize the initial condition to obtain ||u,(0)| < Ch™Y/2. At t =0,

for any function ¢ € C§°(€2), we have, for the cell I; which contains the d-singularity,
(u—un, @) = (u—up, ¢ —Pro);
= (u> ¢ - Pk¢)z

< ¢ = Peglloo.

< Chk+%\¢\k+1,1i-
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In other cells, following the same analysis above, we have
(u—up, ¢); = (u—Pru, ¢ — Prd); < CH* 2 gy, 1|0l s1,1,- (3.6)
3.2.2 The —(k+ 1)-th order error estimate on (2

In this subsection, we proceed to prove equation (3.2). The proof mostly follows [9]. We

begin by considering the solution to the dual problem: Find a function ¢ such that ¢(-,t)

satisfies
¢t+¢x:07 (,’,U,t) GQX (07T)7 (3 7)
¢z, T) = ®(x), x €. '
Assuming @ is an arbitrary function in C§°(£2), we have, following [9],
T
(W(T) = un(T), @) = (u = Pyu, $)(0) —/O [((un)e, @) + (un, dr)]dt (3.8)

— =P )0 - [ Shulo Py, (3.9

T /N 1/2
< CH 210 gy + CHF21D)1 gy / (Z[uh]§_1> dt.
0 2

j=1
Using Cauchy-Schwarz inequality and lemma 2.3, we have

N 1/2

/OT (Z[Uh]f_%> i dt < T2 (/OTé[uh]i_%dt)

j=1
< TY2||un(0)]

< CTY2p-1/2.

Combining the above, we can see

(u(T) — un(T), ®)

[(T) = un(T)|~(ks1y = sup

DeCse(Q) [P |41
Ch**Y2| 3|,y + CTYV2R* @4y
< sup
PeCSe(Q) ||(I’||k+1

S CTl/th —|—Chk+1/2.

Now, we consider the extension to higher dimensions. The proof of the following corollary

is straightforward and is similar to the one-dimensional case, and is thus omitted.
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Corollary 3.1 Let Q be an open set in R?, and u be the exact solution of the following
initial value problem

ut+2j:1uxj20, (x,t) € Q x (0,7,
u(z,0) =0(f(x)), x €Q,

where f(x) : R — R is a smooth function. Denote I', = {K} as a reqular triangulation
of R, whose elements K are open and have diameter hi less than or equal to h. In each
K, denote OK_ and 0K, as the inflow and outflow edges respectively. Let uj, be the DG

approzimation which satisfies

d d

d
(Une, vn) K = Z(Uh, (vh)z) K + Z(UZ,UZF)M, - Z(U;}Uﬁ)afq, vp € Vi,
i=1

i=1 i=1

where the finite element space Vj, is made up of the piecewise polynomials of degree k > 1.
Suppose the total measure of the cells which contain 0-singularities initially is mh, then there

holds the following estimate
|w(T) — up(T)||—p1 < C/mTY2RF 4 CRF+2, (3.10)
where the bounded constant C' > 0 does not depend on h orT.

3.2.3 The —(k + 2)-th order error estimate on (2

In this subsection, we prove equation (3.3). To do so, we apply P, to estimate the term

(tung, @) + (up, ¢¢). By using equation (2.4) and lemma 2.5, we obtain
(uht> ¢) + (uh> ¢t) = (uhta Pi¢) + (uht> ]P)+¢) - (uh> ¢:c)
= (uhta Pi¢) + H(ufw ]P)+¢) - H(ufw ¢)

= (uns, PL ). (3.11)

Integrating in ¢, we obtain

/0(uht,¢)+(uh,¢t)dt=(uh,IP’icb)(T)—(uh,IP’icb)(O)—/o (un, Py )dt. (3.12)

Applying lemma 2.3, we have

T

/0 (tne, ) + (un, dp)dt < [un(0)] (II(Pi@(O)H+||(Pi¢)(T)H)+/0 un (O)I] 1Py (£) |t
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T
scmuamn(w*wémﬂ+l/ M*wémwﬁ)
0

< C(1+ DR un(0) [ @]lk2-

From the above we can see

(u(T) — un(T), P)

[(T) = un(T)||~(r42) = sup

BeCE(Q) [
< sup CHTE®l + OO+ TYR @l
< u

PECE(Q) [P ]5+2

< C(1+T)h*2.

3.3 The negative-order error estimate on 2; CC Q\Rr

In this subsection we proceed to prove equation (3.4). To estimate the negative-order norm
of u— uy, at time 7" on €, we need to assume ¢ € C§°(2) instead of C§°(2). Moreover,
we also assume the exact solution u € C'(€2), this is because we are allowed to modify the
exact solution in the cell which contains the d-singularity, keeping the numerical solution
up, untouched. More details of this assumption can be found in [31, 6] or Appendix A.2.

Therefore, in equation (3.9), we have

N N
D [unl(¢ = Bug) " l;or = > un — Pru+ Pru — (¢ — Prg)*];_s
j=1 j=1
< ChF (lu = Prulla, + [Pru — unlla, ) [6]xs1
< Ch* (lu — Prullo, + llu — unllo,) |¢les

< Ch** |1,

where, we use lemmas 2.1 and 2.2 in the second inequality and lemma 3.1 in the last one.

Plugging the above estimate into (3.9), we have

(w(T) = up(T), @) < (u —Pyu, $)(0) + CA**|¢]g41. (3.13)
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By using equation (3.6), we obtain the estimate we want

(u(T) —un(T), ®)

[(T) = un(T)|[~(k41),00 = sUD

PeCE () [P k41
CP" 1 @|lgga + CR* 2Dl
< sup
DeCE (1) P[5+
< Ch2k+1

where the constant C' > 0 is independent of h.

4 Singular source term
In this section, we briefly discuss a linear inhomogeneous evolution equation of a function
u(z,t) : @ x (0,00) = R

of the form

{ wg(x,t) + Lu(z, t) = f(x,t), (x,t) € Q x (0,00), (A1)

u(z,0) =0, x € (),
with L being a linear differential operator that does not involve time derivatives. If we
multiply the above equation by a smooth function ¢(x,t), then integrate over space and

time, we obtain

/OOO /QWWCZ’L“] drdt = /0 ) /Q F 2, 6)6(x, ) dadt.

Integrating by parts and assuming zero boundary condition, we have

/OOO/Q[U@JruL*cb] d:rdt+/000/9f(x,t)¢(x,t)dxdt:0, (4.2)

where L* is the dual operator of L.

Definition 4.1 The function u(x,t) is called a weak solution of the equation (4.1), if (4.2)
holds for all functions ¢ € C3(Q2 x RT).
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4.1 Duhamel’s principle

Now, we consider linear hyperbolic conservation laws with source terms. To deal with such
problems we apply Duhamel’s principle, which is applicable to linear parabolic and hyperbolic
partial differential equations (PDE) and yields an integral representation in terms of the

solutions of more tractable PDEs.

Lemma 4.1 (Duhamel’s principle) The solution to equation (4.1) is

t
u(et) = [ (PG00,
0
where P*f is the solution of the problem

{ Py(x,t) + LP(z,t) = 0, (,t) € @ x (s,00), (4.3)

P(x,s) = f(x,s), x € Q.
Notice that P*f is the solution to the homogeneous PDE with the source term f serving
as the initial condition at time ¢t = s. To prove the lemma, we can simply check that the
expression of u in the lemma satisfies equation (4.1). More details and a proof can be found
in [16], in which the PDE is a second order wave equation. The above lemma requires
suitable regularity of u, however, the Duhamel’s principle is also valid in the following weak

sense.

Lemma 4.2 Suppose u(x,t) is the weak solution of equation (4.1), then

t
ulet) = [ (P00
0
in the sense of distribution, where P°f is the weak solution of equation (4.3).

The proof directly follows from the definition of the weak solution and the proof of the
Duhamel’s principle, so we omit it here.
Finally, we extend the Duhamel’s principle to the DG schemes. For simplicity, we only

consider the following equation

{ () + gz, 1) = o(x), (z,t) € 2x (0,7), (4.4)

u(z,0) = up(x), x €,



with ug = 0. For general smooth wg(z), the same result can be obtained by superposition.

We define the finite element approximation wuy : [0,7] — V}, as the solution to

(uht> X)] = Hj(uha X) + (5(1')7 X)ja \V/X € Vha

un(0) = 0, (4.5)

where H,(+,-) is the same DG bilinear form as we defined in (2.5). Then the semi-discrete

version of Duhamel’s principle is given in Lemma 4.3.

Lemma 4.3 The solution of equation (4.5) can be written in the form u, = f(fps(:c,t)ds

where p®(z,t) is the solution of the following scheme: find p € V}, such that

(Pt x); = Hj(p. x), Vx € Vi,

p(s) = Pyd(x). (4.6)

The proof is straightforward, since uy, in (4.5) and fot p*(z,t)ds share the same initial condi-
tion and the same system of ODEs, noticing the fact that (Pyd, x) = (, x)-

In what follows, we would like to rewrite the inhomogeneous equations (4.4) and (4.5)
into homogeneous ones (4.11) and (4.6) by using lemma 4.2 and lemma 4.3 respectively.
Then we apply the estimates of P®f — p®, which have been given in theorem 3.1, to prove

the main result in this section, theorem 4.1.

4.2 FError estimates

In this subsection, we first state the main result theorem 4.1 and then give the proof.

Theorem 4.1 Suppose u is the exact solution of equation (4.4), and uy, is the numerical
solution which satisfies (4.5). Denote Ry = I; U (T — Clog(1/h)hY?, T + Clog(1/h)h/?),
where I; is the cell which contains the concentration of the d-singularity on the source term.

Then we have the following estimates

[u(T) = un(T) ||~ k1) < CR”, (4.7)
[w(T) — up(T) || g2y < CHFFY2 (4.8)
= up||—er1y,0, < CRFFY, (4.9)
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lu(T) = KR s un(T)llg, < CHH, (4.10)

where €y + QSupp(K%Jr2 k“) CC Q CC R\Ry. Here the mesh is assumed to be uniform

for (4.10) but can be regular and non-uniform for the other three inequalities.

Remark 4.1 As mentioned in remark 3.1, equation (4.10), which requires uniform meshes,
follows from equation (4.9). Moreover, we also skip the proofs of equations (4.7) and (4.8),

since they follow easily from equations (3.2) and (3.3) in theorem 3.1.

Now we proceed to prove equation (4.9). Denote v* as the exact solution of the following

equation
U + uy = 0, (x,t) € Qx (s,T],

u(z,s) =o0(x), x € €, (4.11)

and v as the solution of the numerical scheme (4.6). For convenience, if s = 0, the superscript
will be omitted. We consider the dual problem defined the same as equation (3.7). By lemma

4.3 and lemma 4.2, we have

(u—up, ®)(T) = /0 (v° — vy, ®)(T)ds. (4.12)

By using equation (3.8) and equation (3.11), and noticing the fact that vy, is the L? projection

of v at t = 0, we obtain

(v° — 05, B)(T) = (v — va)(0), PE(s)) — / (vnelt — s), PEo(t))dt

which further yields
(u—up, @)(T) =11y — 1,

where T, = [ (v — va)(0), PLo(s))ds, and Ty = [ [T (vp,(t — 5), PL(t))dtds. We first
consider the second term,

I, = / / vp)s(t — ), Pro(t))dsdt
= / (n() = va (0), PL (1))t

0
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Therefore,

We claim G; = 0. Actually, for any 7 € I, fTTJrT ®(z)dx does not depend on 7, since ®(x)

vanishes in the neighborhood of = 0 and x = T'. Therefore,

G, = (5(@,19& /OT o(z, s)ds) = (5(:6),191 /;+T q)(y)dy)i =0.

Now, we only need to estimate G,. Since
(vn (1), Pyo(t)) = (vn(t) — v(t) +v(t) — Prorv, Pyo(t)),
by lemma 3.1 and lemma 2.2, we have Gy < Ch**1|¢|,1. Finally, we obtain
[ — up||—(er1).0, < CRFH!

and complete the proof of theorem 4.1.

5 Numerical examples

In this section, we provide numerical experiments to demonstrate our theoretical results for
the post-processor in the first two subsections and to illustrate the good performance of the
DG schemes for nonlinear rendez-vous algorithms which involve §-singularities in the last one.
We denote by d the distance between the singularities and the region under consideration. In
all the figures, if not otherwise stated, the numerical solutions are plotted using six Gaussian

points in each cell.

5.1 Singular initial condition

Example 1. We solve the following problem

Uy + uy =0, (x,t) € [0, 7] x (0, 1],

u(z,0) = sin(2z) + 6(z — 0.5), z € (0,7, (5.1)
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with periodic boundary condition u(0,t) = u(w,t). Clearly, the exact solution is
u(z,t) = sin(2z — 2t) + 0(z — t — 0.5).

We use ninth order SSP Runge-Kutta discretization in time [13] and take the time step
At = 0.1h. We test the example by using P* polynomials with & = 1, 2, 3 on uniform meshes,
and compute the L?-norm of the error after post-precessing in the region away from the
singularity at ¢t = 0.5. By taking d = 0.2, the region under consideration is [0,0.8] U [1.2, 7].
In table 5.1, we can observe at least (2k + 1)-th order convergence. Moreover, we observe
that the rate of convergence settles to the asymptotic value when the total number of cells

d 4N _ 0.2x500
™

is aroun = === =~ 30, no matter which degree of polynomials we use. The initial

discretization is obtained by taking the L? projection.

Table 5.1: L?-norm of the error between the numerical solution and the exact solution for
equation (5.1) after post-processing in the region away from the singularity.

P! polynomial | P? polynomial | P? polynomial
N | d error order error order error order
200 | 0.2 | 6.88E-05 - 8.40e-07 - 1.48E-09 -
300 | 0.2 | 1.41E-05 | 3.92 | 3.56e-10 | 19.2 | 3.98E-13 | 20.3
400 | 0.2 | 5.89E-06 | 3.02 | 1.98e-11 | 10.1 | 4.42E-16 | 23.7
500 | 0.2 | 3.01E-06 | 3.01 | 6.13e-12 | 5.25 | 7.49E-17 | 7.95
600 | 0.2 | 1.74E-06 | 3.00 | 2.37e-12 | 5.21 | 1.76E-17 | 7.94

Figure 5.1 shows the numerical solution with and without post-processing. We use P?
polynomials and take h = 0.01. From the figure we can observe some localized oscillations
near the discontinuity and the post-processor does not smear the singularity too much.

Example 2. We consider the following two dimensional problem

Up + Uy + Uy = 0,

(x,y,t) € ]0,27] x [0,27] x (0, 1],
u(x,0) =sin(z +y) + d(x +y — 2m), (

‘5) € [0, 27] x [0, 27], (52)

with periodic boundary condition. Clearly, the exact solution is

uw(z,t) =sin(r +y—2t) + 6(x +y — 2t) + §(x +y — 2t — 27).
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Figure 5.1: Numerical solution for (5.1) at ¢ = 0.5 with (right) and without (left) post-
processing.

We use QF polynomial approximation spaces with k& = 1 and 2, where QF is the space
of tensor product polynomials of degree at most £ > 0. We also apply the same time
discretization as in example 1 and compute the L2-norm of the error after post-precessing
in the region away from the singularity at ¢ = 0.5. Moreover, we take d = 0.4. In table 5.2,

we can observe (2k + 1)-th order convergence.

Table 5.2: L?-norm of the error between the numerical solution and the exact solution for
equation (5.2) after post-processing in the region away from the singularity.

Q! polynomial | Q2 polynomial
N | d error order error order
400 | 0.4 | 2.60E-05 - 3.23e-08 -
500 | 0.4 | 1.24E-05 | 3.32 | 2.47e-10 | 20.0
600 | 0.4 | 7.16E-06 | 3.01 | 1.19e-11 | 16.6
700 | 0.4 | 4.50E-06 | 3.01 | 5.11e-12 | 5.47
800 | 0.4 | 3.01E-06 | 3.02 | 2.53e-12 | 5.29

It appears that similar results are valid in two dimensions. However, the technique of
proof in this paper, in particular the part related to the special projections in (2.9) and

(2.10), does not seem to be easily extendable to two dimensions.
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Moreover, figure 5.2 shows the numerical solution by plotting the numerical cell averages.
We use Q% polynomials and take N = 100. From the figure we can observe two lines of J-

singularities.

z

iy

Figure 5.2: Numerical solution (left) and the cut plot along x = y (right) for (5.2) at t = 0.5.

Example 3. Even though the theory in this paper is given only for scalar linear equations
for simplicity, it generalizes to linear systems in a straightforward way. We solve the following

linear system

up — v, = 0, (x,t) €10,2] x (0,0.4],
Ve — tty = 0, (z,) € [0,2] x (0,0.4], (5.3)
u(z,0) =d(x — 1),v(x,0) =0, x € 0,2].

Clearly, the exact solution (the Green’s function) is
1 1 1 1
u(z,t) = ié(x —1—-t)+ 55@ —1+1t), o(z,t)= 55(1’ —14+1t) — 55(1’ —1-—1).

We use third order SSP Runge-Kutta discretization in time [13] and take the time step
At = 0.1h. Figure 5.3 shows the numerical solutions at ¢ = 0.4 with P3 polynomials and
h = 0.01. We observe that the numerical solutions capture the profiles of the exact solutions
quite well. Since we have not used any limiter, there are some localized oscillations near the

singularities.
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Figure 5.3: Solutions of u (left) and v (right) for (5.3) at t = 0.4.

5.2 Singular source term

Example 4. We solve the following problem

up + Uy = 0(xr — m), (x,t) € ]0,27] x (0, 1],
u(z,0) = sin(z), x € |0, 27],
u(0,t) =0, t € (0,1]

Clearly, the exact solution is

u(@, 1) = sin(z — 1) + Xprnt4],

(5.4)

where X[q denotes the indicator function of the interval |a,b]. We use the same time dis-

cretization as in the previous example, and use both P! and P? polynomials to approximate

the exact solution on uniform meshes, then compute the L?-norm of the error after post-

precessing in the region away from the singularities at t = 0.5. In this example, we also take

d = 0.2, and the region under consideration is [0, 7 — 0.2] U [1 + 0.2, 7 4+ 0.3] U [7 + 0.7, 27].

In table 5.3, we can observe (2k + 1)-th order convergence. The initial discretization is again

obtained by taking the L? projection.

Moreover, figure 5.4 shows the numerical solutions with and without post-processing. We

use P? polynomials and take h = 0.01. From the figure we can observe the post-processor
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Table 5.3: L2?-norm of the error between the numerical solution and the exact solution for
equation (5.4) after post-processing in the region away from the singularity.

P! polynomial | P? polynomial
N d error order error order
401 | 0.2 | 1.74E-06 - 4.29E-08 -
801 | 0.2 | 5.92E-09 | 8.22 | 6.80E-13 | 15.9
1601 | 0.2 | 7.36E-10 | 3.03 | 1.34E-17 | 12.3
3201 | 0.2 | 9.19E-11 | 3.01 | 3.86E-18 | 5.13
6401 | 0.2 | 1.15E-11 | 3.01 | 1.16E-19 | 5.07

does not smear the singularity too much and it can effectively damp out the the oscillations

near the left singularity.

Figure 5.4: Numerical solutions for (5.4) at ¢ = 0.5 with (right) and without (left) post-
processing.

Example 5. We solve the following problem

u+ (. +1Du), =d6(x —¢),  (x,t) €[0,1.5] x (0, 1],
u(w,0) =0, z € [0,1.5), (5.5)
u(0,4) = 0, t e (0,1].

The exact solution is

1
1+z

u(x,t) = [H(x —¢) — H(x +1— (c+ 1)e')],
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where H(x) is the Heaviside function defined as

0, <0,
H(x)_{ 1, >0.
We take ¢ = 55 and compute the solution at ¢ = 0.5 with P! and P? polynomials. Since

(x+1) is always positive, by using upwind fluxes, we always consider u, to be the numerical
flux at the cell interfaces. For time discretization, the classical fourth order Runge-Kutta
method is used with At = k2. In this example, we take d = 0.1, and the region under
consideration is [0, 35 — 0.1]U [55 +-0.1, (55 +1)v/e = 1.1JU[(55 +1)v/e — 0.9, 1.5]. In table 5.4,
we can observe (k+ 1)-th and (2k+ 1)-th order convergence before and after post-processing
respectively.

Table 5.4: L?-norm of the error between the numerical solution with and the exact solution
for equation (5.5) before and after post-processing in the region away from the singularity.

P! polynomial | P? polynomial
N d error order error order
before post-processing | 400 | 0.1 | 7.08E-07 - 1.10E-08 -
800 | 0.1 | 1.21E-07 | 2.56 | 4.37E-11 | 7.98
1600 | 0.1 | 3.02E-08 | 2.00 | 5.46E-12 | 3.00
3200 | 0.1 | 7.55E-09 | 2.00 | 6.83E-13 | 3.00
6400 | 0.1 | 1.89E-09 | 2.00 | 8.53E-14 | 3.00

after post-processing | 400 | 0.1 | 4.92E-07 - 8.65E-09 -
800 | 0.1 | 7.49E-11 | 12.7 | 4.54E-14 | 17.5
1600 | 0.1 | 7.43E-12 | 3.33 | 5.13E-19 | 16.4
3200 | 0.1 | 9.31E-13 | 3.00 | 1.76E-20 | 4.86
6400 | 0.1 | 1.16E-13 | 3.00 | 5.75E-22 | 4.94

Moreover, figure 5.5 shows the numerical solution with P2 polynomials and h = 0.01.
We use the cell averages to plot the left panel of the figure. From the figure we can observe
that the numerical solution agrees well with the exact solution away from the singularities.
Since we have not used any limiter, there are some localized oscillations near the singularity
on the right. It is interesting to observe that there are very few numerical oscillations near

the left singularity. In the middle panel of figure 5.5, we use six Gaussian points to plot, and
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the detailed zoom for the left singularity is given in the right panel. Clearly, the numerical
solution only oscillates in the cell [0.15,0.16]. No oscillation is observed in the left figure for
cell averages, and only one undershoot can be observed in the middle and right panels for
which six Gaussian points are plotted. This can be explained by the size of the pollution
region. In theorem 4.1, we have proved that, for such singularities, Ry contains only one
cell. This implies that the numerical solution will oscillate within that cell, which clearly

agrees with our observation.

1r 1r 1r
0.8F 0.8fF
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0.2F 0.2F
0 e 0
I 0% 0T os gE T I

Figure 5.5: Numerical solutions for (5.5) at ¢ = 0.5 plotted for the cell averages (left), six
Gaussian points (middle) and the detailed zoom (right). In the left panel, the solid line is
the exact solution and the symbols are the cell averages of the numerical solution.

5.3 Rendez-vous algorithm

Example 6. We solve the following problem

pi+ F, =0, xz € [0,1],t >0,
p(0,t) = up(z), t>0,

where p is the density function, which is always positive. The flux F' is given by
F(t,z) =v(t,x)p(t, x),
and the velocity v is defined by

olta) = [y =)l — Dt )y,
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where £(z) is a positive function and supported on a ball centered at zero with radius R. In [2]
Canuto et al. investigated the discretized version of the PDE and proved that when ¢ tends
to infinity, the density function p will converge to some d-singularities, and the distances
between any of them cannot be less than R. Some computational results are shown in [2]
based on a first order finite volume method. We consider ug(z) = 1 and {(x) = X[—r.g]
as an example. In figure 5.6, we apply the positivity-preserving limiter in [32] and use
P! polynomials, as well as the third order SSP Runge-Kutta discretization in time with
At = 0.1h. In each time level, we first compute the value of v at the cell interfaces, then
choose the numerical flux based on upwinding. Figure 5.6 shows the numerical approximation
of p(x) at t = 1000, with h = 1/400, R = 0.02 and zero boundary condition. We can observe
22 d-singularities, agreeing with the numerical result in [2]. The algorithm is quite stable
in this simulation. We observe that the P! solution in the middle panel is more accurate
than the PY solution in the left panel, since the heights of the J-singularities are almost
doubled, which means less smearing of these singularities because the scheme is conservative.
Moreover, we also plot in the right panel the detailed zoom of the middle one. We observe

that there is no oscillation near the d-singularities.
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Figure 5.6: numerical density p for (5.6) at ¢ = 1000 with h = 1/400 for example 4 when
using P° (left) and P! (middle) polynomials. The right panel is the detailed zoom of the
middle one.
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6 Concluding remarks

In this paper, we use the discontinuous Galerkin (DG) method to solve hyperbolic conserva-
tion laws involving d-singularities. We investigate the negative-order norm error estimates
for the accuracy of the DG approximations to linear hyperbolic conservation laws with singu-
lar initial data or singular source terms. We also obtain error estimates in the L?-norm after
post-processing in one space dimension. Numerical experiments demonstrate that the rates
of convergence we obtain are optimal. Numerical experiment with the nonlinear rendez-
vous problem illustrates the stability and good resolution of the DG method for nonlinear
problems involving d-singularities. The results in this paper give us evidence that the DG
method is a good algorithm for problems involving d-singularities in their solutions. In fu-
ture work we will apply the DG method to more nonlinear hyperbolic equations involving

0-singularities.
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A  Proof of lemma 3.1

In this appendix we prove lemma 3.1. The main line of proof is based on the idea in [6, 31].
For simplicity, we only consider d-singularity in equation (1.2), hence ug(z) = é(x) + f(x),
where f(x) is sufficiently smooth and has a compact support on the computational domain

Q.

A.1 The weight function

Let ¢(z) be a positive bounded function, which can be taken as a weight function. For any

function ¢ € H}, we define the weighted L?-norm as

1
2
lqlle.0 = </ q2sodx)
D

in the domain D. If ¢ =1 or D = (), the corresponding subscript will be omitted.

In this paper, we will consider two weight functions !(x,t) and ¢~!(z,t), respectively,
in order to determine the left-hand and right-hand boundary of the region Ry such that,
outside this region, we can resume the (k+1)-th order accuracy in the L?-norm. Both weight

functions are related to the cut-off of the exponent function ¢(r) € C': Q — R,

() = { 2_7 e, r<o,

e ", r >0,

and they are defined as the solutions of the linear hyperbolic problem,
of +¢g =0, (A1)
a(r — x.)
G 0) = S A2
Pa0) = o (L)), (A2)

where v > 0, 0 < 0 < 1 and x. are three parameters which will be chosen later. We always

assume vh°~! > 1 in this section.
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In [31], the authors have listed several properties about the two weight functions. Here,

we state some of them that will be used.

Proposition A.1 For each of the weight function p®(x,t), the following properties hold

1 <o*x,t) <2, alr—a.—1t) <0,

0 < pz,t) <h®, alr—x.—1t)>slog(l/h)yh.

(A.3)

(A4)

Lemma A.1 Let V be a Gauss-Radau projection, either P_ or P,. For any sufficiently

smooth function p(x), there exists a positive constant C' independent of h and p, such that

[VEpllp.p < CREH 05 Dl 0,
[VE(pon)|lp-1,0 < CY 'R | Jog |,

IV{pva)lle-1.0 < Cllonll,p-

where D is either the single cell I; or the whole computational domain €.

Lemma A.2 For any function v € V}, there holds the following identity

1

1
H('Ua SOU) = _5 Z Spj-i-%[v]?.;.% + 5(”7 prv)
J

A.2 The smooth solution

We consider the following problem

vy + v, =0,

v(z,0) = vo(x),

(A.5)
(A.6)

(A7)

(A.8)

(A.9)

(A.10)

where the initial condition vy (z), is a sufficiently smooth function modified from the original

initial condition ug(z) = 0(z) + f(x) such that it agrees with ug(z) for all € Q\/;, and

satisfies

|8§’Uo($)‘ < Ch_a_l, x € [i7
where I; is the cell containing z = 0.
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A.3 Error representation and error equations

Denote the error by e = v — uy, where uy, approximates to equation (1.2) or equation(A.9).
Clearly, e also satisfies the scheme (2.2) with g(z,t) = 0. We divide the error into the form
e =1n—¢&, where

n=v—-P_ov=Pv, and &=u,—P_v.

Then following [31], we obtain

d 2
o1 — 5 6 P(6) + 2 (0, P 0) + 2H(E.26) — (6.0
= 2II; + 2II, — 115,
where
I = (&,Py(0)), My = (m,Pi(pf)) Z‘Pﬁ ]+2-

First we estimate II;. Denote w = & — P,_1&. From the scheme (2.3), we have

(€t> ) (nta ) (6t> ) (nb ) [5]]

'LU+
J—

m\»—A

1
2

Plugging the above into II; and defining ¢ = |/, we obtain

lwlZ,

) <<(m,w>j et HwL”%,ma) |

(6, P (¢€)), = (“t’w)jwmi«og))

C
< ol (1m0l + W1 |) Il B0,
Chl=° Chl/2—o

<

(Ilmli2., + 11El3 ) + (ei1/2l€Pre + 12 ) -

Summing up with respect to j, we obtain

Chl—a Ch1/2—0
(&, Py(9€)) < 5 (HﬁtH?p + HgH?p) + 5 <Z %’—1/2[5]?—1/2 + Hngp) :
J

For Il,, it is not difficult to find out that

Iy < Climlly 1]l < CCImell5 + N1€11)-
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Then if v is large enough and o = %, we have
211, + 210, — I3 < C (|In]|2 + [1€]12) -

By Gronwall’s inequality,

T
(DI < C/O Inell gzt + ClIEO)IIZ- (A11)

A.4 The final estimate

This part is almost the same as in [31]. We will only discuss the left-hand boundary of Ry

since the discussion for the right one is similar. Denote z(t) =t + x. with
x. = —2slog(1/h)yh?,

where s and « are sufficiently large and 0 = 1/2. As we have mentioned before, the o-
singularity in the initial datum is contained in the cell I;. Then by proposition A.1, we

obtain 0 < ¢(z) < h® for any = € I;. We choose vy to satisfy Prvy = Prug = uy(0), then

€Ol < 16O, z2@\n) + 1Ol 2y < CR* | fllisz + Ch 2,

If s is large enough, then [|£(0)]], < Ch*1.

Define the domain R} = (x1(T), 00), then
lun = vllpgs < lun = vlloprs < Illorrs + 1€lle < CREH flls + 1€,
To estimate the second term on the right hand side, we need to use (A.11). Denote
1 .
w(t) =max{z; 12, 1 <t+ §SL’C,VJ},

and Ri(t) = (—oo,w(t)), Ra(t) = R\Ri(t) = (w(t),o00). If yh°~! is large enough, R;(t)

stays away from the bad interval [t — h,t + h] where v(x,t) # u(z,t), then we have

Inelle.micey < O fllis:
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Now we proceed to estimate ||7;||,z,(). Since Ry contains the whole bad region, we will
use the property of the weight function. By (A.4) we have ¢ < h® in this zone. Then we

obtain
1l Raey < CR [millRacey < CRPHFFOF 20| IRy < CRED2 4+ CRPPHFY £ ll1sa,m00)-

Similarly, we can estimate the right-hand side of the non-smooth region. If we take s large

enough, we have

lan — (. Dy = lin — 0@, Tllgages < CHF fllge + ChE372 < O,
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