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Abstract. In this paper, we study the superconvergence of the error for the discontinuous
Galerkin (DG) finite element method for linear conservation laws when upwind fluxes are used. We
prove that if we apply piecewise kth degree polynomials, the error between the DG solution and the
exact solution is (k+ 2)th order superconvergent at the downwind-biased Radau points with suitable
initial discretization. Moreover, we also prove the DG solution is (k + 2)th order superconvergent
both for the cell averages and for the error to a particular projection of the exact solution. The
superconvergence result in this paper leads to a new a posteriori error estimate. Our analysis is valid
for arbitrary regular meshes and for P*¥ polynomials with arbitrary k& > 1, and for both periodic
boundary conditions and for initial-boundary value problems. We perform numerical experiments to
demonstrate that the superconvergence rate proved in this paper is optimal.
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1. Introduction. In this paper, we apply the discontinuous Galerkin (DG)
method to one-dimensional linear hyperbolic conservation laws

ug +ug =0, (x,t) € [0,27] x (0,71,
(1.1) u(z,0) = up(x), z € R,

where the initial datum wug is sufficiently smooth. We will consider both the periodic
boundary condition u(0,t) = u(27,t) and the initial-boundary value problem with
u(0,t) = g(t). We use piecewise kth degree polynomials to approximate the solution
in each cell and prove that, under suitable initial discretization, the rate of convergence
for the error between the DG solution and the exact solution is of (k + 2)th order
at the downwind-biased Radau points. Moreover, we also prove the (k + 2)th order
superconvergence of the cell averages as well as the error between the DG solution
and a particular type of projection of the exact solution.

The DG method was first introduced in 1973 by Reed and Hill [17], in the frame-
work of neutron linear transport. Later, Johnson and Pitkédranta applied the DG
method to a scalar linear hyperbolic equation and proved LP-norm error estimate in
[15]. Subsequently, Cockburn et al. developed Runge-Kutta discontinuous Galerkin
(RKDG) methods for hyperbolic conservation laws in a series of papers [12, 10, 9, 13].
In [18], Zhang and Shu explicitly gave the formulae of the DG solution in the case
of piecewise linear functions for the linear convection equation on uniform meshes.
The leading error term is shown to be of a constant magnitude independent of time
t. This motivates the division of the numerical error into two parts, one being the
leading term and the other being a superconvergent term.

*Received by the editors December 2, 2011; accepted for publication (in revised form) August 6,
2012; published electronically November 29, 2012. This research was supported by DOE grant DE-
FG02-08ER25863 and NSF grant DMS-1112700.

http://www.siam.org/journals/sinum/50-6/85764.html

TDivision of Applied Mathematics, Brown University, Providence, RI 02912 (yang_yang@
brown.edu, shu@dam.brown.edu).

3110

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/09/12 to 128.148.252.35. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SUPERCONVERGENCE OF DG METHOD 3111

In [2, 3], Adjerid et al. proved the (k+2)th order superconvergence of the DG solu-
tions at the downwind-biased Radau points for ordinary differential equations. Later,
Adjerid and Weihart [4, 5] investigated the local DG error for multidimensional first
order linear symmetric and symmetrizable hyperbolic systems of partial differential
equations. The authors showed that the projection of the local DG error is also
(k + 2)th order superconvergent at the downwind-biased Radau points by performing
a local error analysis on Cartesian meshes. The global superconvergence is given by
numerical experiments. In [4, 5], only initial-boundary value problems are considered,
and the local DG error estimate is valid for ¢ sufficiently large. Subsequently, Adjerid
and Baccouch [1] investigated the global convergence of the implicit residual-based a
posteriori error estimates, and proved that these estimates at a fixed time ¢ converge
to the true spatial error in the L? norm under mesh refinement. In [7], Cheng and
Shu proved (k -+ 2)th order superconvergence of the DG solution towards a particular
projection of the exact solution. The authors considered the case of piecewise linear
polynomials (kK = 1) on uniform meshes with periodic boundary conditions for the
linear conservation laws. Later Cheng and Shu [8] also proved the same (k + 3)th
order superconvergence when using piecewise kth degree polynomials with arbitrary &k
on arbitrary regular meshes. Cheng and Shu also considered both periodic boundary
conditions and initial-boundary value problems. However, the convergence rate ob-
tained in [8] is not optimal. Numerical tests showed that the error of the DG solution
towards this particular projection of the exact solution is (k+2)th order accurate, even
on highly nonuniform meshes, when using a special initial discretization. Recently, in
[20] Zhong and Shu revisited the same problem and showed that the error between
the DG numerical solution and the exact solution is (k + 2)th order superconvergent
at the downwind-biased Radau points and (2k + 1)th order superconvergent at the
downwind point in each cell on uniform meshes with periodic boundary conditions for
k=1, 2, and 3. The proofs in [7, 20] use Fourier analysis and work only for uniform
meshes and periodic boundary conditions. Moreover, such Fourier analysis is difficult
to perform for higher polynomial degree k since it relies explicitly on the structures of
algorithm matrices. In [8], a different framework for proving the superconvergence re-
sults that does not rely on Fourier analysis is provided and the result is valid for both
periodic boundary conditions and initial-boundary value problems. In this paper, we
improve upon the result in [8]. A new technique is adopted to obtain the optimal rate
of superconvergence. The proof works for arbitrary regular meshes and schemes of
any order. Even though the proof in this paper is given for the simple scalar equation
(1.1), the same superconvergent results can be easily obtained for one-dimensional
linear systems along the same lines.

The organization of this paper is as follows. In section 2, we introduce the DG
method under consideration and state the main result. In section 3, we present
some preliminaries, including the norms we use throughout the paper, some essential
properties of the finite element spaces, DG spatial discretization, as well as the error
equations. Section 4 is the main body of the paper where the initial discretization is
provided and the main result is proved. Moreover, we also study the application of
the superconvergence result in this section. Numerical evidences about the optimality
of the superconvergence estimates are given in section 5. We will end in section 6 with
some concluding remarks and remarks on future work.

2. DG scheme and statement of the main result. In this section we con-
sider the linear conservation law (1.1). Denote © = [0,27] to be the computational
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domain. First, we divide €2 into N cells
OZCC% <wy << Tyl = 2m,

and denote

1
Ij:(a:j_%,xj+%), szi(xj_%—l—xﬁ%),

as the cells and cell centers, respectively. h; = x; N denotes the length of
each cell. We also define h = hyax = max; hj and Ay, = min; h; to be the lengths of
the largest and smallest cells, respectively. In this paper, we consider regular meshes,
that is, hmax < Ahmin, where A > 1 is a constant during mesh refinement. Clearly, if
A =1, then the mesh is uniformly distributed.

Define

Vi ={v:vl, € PFI;),j=1,....N}

to be the finite element space, where P* (I ;) denotes the space of polynomials in I; of
degree at most k. Moreover, we define

Hy, ={: ¢l1, € H'(I;) Vj}.

By using an upwind flux, the DG scheme becomes the following: find u, € V3 such
that for any v, € Vj,

(2.1) ((un)esvn); = (un, (vn)a)j — wp vy L4 +up v -1,

where (w,v); = flj wvdz, and v, |j+% = Uh($;+%) denotes the left limit of the function

up, at v, 1. Likewise for v;". We also denote [vh]ﬂ% =y, ($;r+;) _Uh($;+l) to be the
2 2

jump of vy, across Tig1. For simplicity, we define 7 ;(up, vy) to be the right-hand side

of (2.1). Then the DG scheme can be written as ((up)¢,vn); = H;(un,vs). Clearly,

for any p(x),q(x) € H,i,
(2:2) Hi(p.a) = (P.ga)i =P q jra+p a0 |y
(2.3) =—(pe,0); — [Pla"];-s-

In addition, if £ > 1, we can define P_u to be a Gauss—Radau projection of u
into V}, such that

(2.4)  (P_(u),v); = (u,v); YveP"(I;) and P—(u)($;+1/2) = u(x;+1/2)'

Notice that this special projection is used in the error estimates of the DG methods
to derive optimal L? error bounds in the literature, e.g., in [19]. Like in [8], we will
prove that indeed the numerical solution is closer to this special projection of the
exact solution than to the exact solution itself.

For the initial discretization, we would like to require

(2.5) upy =P_(uz) and  ||P_u — upllq = O(RFH2).

The exact way to discretize the initial data to achieve the property (2.5) will be given
in section 4.1. We can now state our main theorem.
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THEOREM 2.1. Let u(x,t) € C**t* be the evact solution of the linear hyperbolic
equation (1.1) and let up be the numerical solution of the DG scheme (2.1). The
finite element space Vj, is made up of piecewise polynomials of degree k > 1 on reqular
meshes, i.e., the ratio of the length of the largest cell to that of the smallest is bounded
during mesh refinement. Then at the time t =T there holds the estimate

1
2

N
1
(2:6) 7 2w —un) @) | < OO+ T fuis o,
j=1

where §) is the computational domain, and x; is any one of the downwind-biased
Radau points in the cell I;. The constant C' does not depend on h, T', or u.

Remark. Theorem 2.1 is valid for both periodic boundary condition and initial-
boundary value problems.

COROLLARY 2.1. Suppose the conditions in the above theorem are satisfied. Then
we have

(2.7) [ =unllr20) < C(L+T?)F2(ul|jra.0,

(2.8) 1B_u — unllzz) < C(1+ T2 fulipag,
where u — uy, denotes the cell average of u — up, and the constant C' does not depend
on h, T, or u.

3. Preliminaries.

3.1. Norms. We begin by presenting some norms that will be used throughout
the paper.

Denote ||ullo,z, to be the standard L2-norm of u on I;. For any natural number
¢, we consider the norm and seminorm of the Sobolev space H*(I;), defined by

1/2

1/2
(2J,1,~ s uler, = {Z ||Dau||g71j} .
a=/{

laller; =4 > I1D%u|

0<a<t

For convenience, we use |u|/r; to denote ||ulfo,z;.
We also define the L*°-norm and seminorm by

k 4
lulleoe.r, = o D" ullory  fuleoe.s, = 1D ulloc, 1,

where ||u||oo,1; is the standard L*-norm of u on I;. Clearly, the L>-norm is stronger
than the L2-norm, and we have

1/2
(3.1) lullz, < 7y llulloo, -
Moreover, we define the norms on the whole computational domain as follows:

2

2 —
) lulleses = max el

N
lulleo = [ D llul
j=1
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3.2. Properties of the finite element space. In this subsection, we study
the basic properties of the finite element space. Let us start with the classical inverse
properties.

LEMMA 3.1. Assuming u € Vy,, there then exists a constant C > 0 independent
of h and u such that

(3:2) 15 ulls, < Chy®lully,, a1,

(3.3) < Ch 2|l

+ ’uJT 1
=3

U
‘ its

In addition to the projection P_ defined in (2.4), we also introduce the similar
Gauss—Radau projection P, of u given on I; by

(34) (By(w)v); = (uv); YweP (L) and Po(u)(a) ) =u(r], ).
as well as the standard L? projection P, by
(3.5) (Pr(u),v); = (u,v); Yve PHI;).

The projections P, and P_ are distinguished from the exact collocation at different
end points of each cell.

Suppose Py, is a projection, either Py, Py, or P_. Denote the error operator by
]P’ﬁ = 1 — P, where I is the identity operator. By the scaling argument, we obtain
the following lemma [6].

LEMMA 3.2. Suppose the function u(z) € C*¥T1(1;). Then there exists a positive
constant C independent of h and u such that

(36)  Prully, < CHS uliprs, and  [Piul.r, < CRE ule i,

Moreover, one can also prove the following superconvergence property [2].
LeMMA 3.3. Suppose u(z) € C*2(I;), and x; is one of the downwind-biased
Radau points in the cell I;. Then

3.7) |(u—=P_u)(z;)] < OB ulkra,c0,1,-

However, if u is highly oscillatory or discontinuous, we can hardly obtain any
useful estimate of ||PFul| by using the two lemmas above. Therefore, we consider the
following estimate.

LEMMA 3.4. Suppose u(x) is a bounded function. Then

(3.8) IPhulloc,r; < Cllulloo,r;  and  |[Pyullo,r; < Cllulloo,r,-

Proof. For the simplicity of presentation, we will prove only for the P_ projection.
We consider the projection on the reference cell T' = [—1, 1] and define a special norm
in P*(T) as

mmn=nmx{wunj/ivwﬁmk

:0<p<k—1}.

It is not difficult to show this is indeed a norm. Since all norms in P* are equivalent,
we have ||v] s 7 < C|||v||| for any v € P¥(T'). Therefore, for any bounded function u,

IP—t]loo,r < ClIP-ufl| = Clllufl| < Cllullco, -
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This proves the assertion on the reference cell. The general case follows from a stan-
dard scaling argument.
By using (3.1) and Lemma 3.4, we obtain

1 1/2 L 1/2
IPiulls, < by |Pirulloc,r; < OB} lulloc, 1, -

Now, we move on to the projection of functions depending not only on the spatial
variable z but also on the time variable ¢. Suppose u(z,t) is a function differentiable
and integrable with respect to t, and ¢; and to are two real values such that t; < ts.
Then we have

(39) Py (ue(e,t)) = (Pru(z,t), and Py < /j%@;,t)dt): /t2(Phu(a:,t))dt.

ty

3.3. Properties of the DG spatial discretization. In this subsection, we
present some basic properties about the bilinear form H;. The definitions of H; and
the two Gauss—Radau projections lead to the following lemma.

LEMMA 3.5. Suppose vy, € Vi, and q(z) € H}. The two Gauss-Radau projections
satisfy the following properties:

(3.10) H;(PLg(x),vn) =0 and H;j(vn,Prq(x)) = 0.

Moreover, we define (up,vn) = >, (un,vn); and H(p,q) = >_,; H;(p, q) to obtain
the following corollary directly.
COROLLARY 3.1. Suppose q(z) € H} and vy, € V},. There holds

(3.11) H(PLq(z),vn) =0 and H(vn,Prg(x)) = 0.

3.4. The error equation. In this subsection, we proceed to construct the error
equations. Denote the error between the exact solution and the DG numerical solution
to be e(t) = u(t) — up(t). As the usual treatment in finite element analysis, we divide
the considered error into the form e(t) = n(t) — £(t), where

n(t) =u(t) —P_u(t) and &(t) = up(t) — P_u(t).

From Lemma 3.5, we obtain the error equations of the DG scheme. Suppose
vp, € V. Then

(er,vn); = H;(e, vn)

= _HJ (57 Uh)
(3.12) = (& vna)j +E v Ly — €0 |y
(3.13) = (& vn)j + [Evy ;-1

Equations (3.12) and (3.13) are fundamental in our analysis later.

Let us finish this section by proving the following lemma.

LEMMA 3.6. Suppose € is the cell average of &, that is, € = éj = h—1J flj &dx in cell
I, forany j =1,...,N. Then we have

(3.14) 1€ = &ll7, < Chyll€allr, < ChylPred|lr, < Chyllel|s,-
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Proof. The right inequality is trivial and the left one follows from the Poincaré
inequality. So we need only prove the middle one.

Suppose @ is the Legendre polynomial of degree k in [-1,1], and define P =
(—=1)*Q. Then P satisfies the following three properties:

(1) P is uniformly bounded: ||Pl[sc [—1,1) < 1.

(2) P evaluated at the left boundary is 1: P(—1) = 1.

(3) P is orthogonal to any polynomials with degree no greater than k — 1:
f_ll PRdz = 0 for any R(z) € P*~1([-1,1)).

Define Pj(z) = P(z(mh—;m])) Then P; also satisfies the corresponding three prop-
erties in the cell I;. In (3.13), we take vy = & — aP;, where a = £f|;_1/2 is a real
number, to obtain

€017, = (Prer, & — aPy);
< Iseel, (g, + lal 1P ]1,)
< IPreclls, (g, +Chy 2 leallshy’?)
(3.15) < ClPretllz €1,

where the constant C' does not depend on j, h or u. Here, for the second step we use
the Cauchy—Schwarz inequality, for the third one we use (3.1) and (3.3), and the last
step is trivial. We finish the proof by dividing both sides of the above equation by

€21z -

4. Proof of the main result. This section is the main part of this paper. We
first discuss how to discretize the initial datum, then prove the main result, Theo-
rem 2.1, and finally briefly discuss the application of the superconvergence results.
The proof can be divided into several steps. Briefly speaking, by using the triangle
inequality, we separate |(u —up)(x;)| into two parts, |(u —P_u)(z;)| and |{(z;)|. The
superconvergence of the first term is given by Lemma 3.3 while the second one is more
difficult to deal with and we separate this process into two steps. In the first step, we
consider the estimate of e; as well as e;. In the second step, we use the quadrature
formula and consider the dual problem of (1.1). Besides the main theorem, we also
prove Corollary 2.1 in this section.

4.1. The initial discretization. In this subsection we consider the suitable
discretization of the initial datum. As mentioned in section 2, we would like to have
the initial solution satisfy & = 0 and ||¢[lq < CRh¥*2; see (2.5). We start from
the requirement § = 0 and check whether a special numerical initial solution can
be constructed which also satisfies the second requirement ||¢]|q < Ch**2. Taking
vp, = 1 in (3.12), we have the following lemma

LEMMA 4.1. flj erdr =0V 1< j <N if and only if {j.jrl is a constant which
does not depend on j. ’

Denote the constant mentioned in the previous lemma as S. Clearly, such a
constant gives us freedom to control ||£||7;, and this is shown in the following lemma.

LEMMA 4.2. Suppose ||e;||;, < ChEYY2. Then S < CRE?? if and only if ||€]|;, <
Chl?+5/2
e,
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Proof. Suppose |[£]|7, < Ch§+5/2. Then by Lemma 3.1 we have S < Ch¥™?. On
theother hand, suppose S < Ch;’-”z. Then by Lemma 3.6

&=~ =&
< S+Ch; 2= &,
< 8+ Ch?|led|s,
< Chi*2,

Therefore,

€Nz, < 1€z, + IIE = &llz, < CRYT2.

Remark. The condition [|e:||7; < Cth/2

& = 0. Actually, we can show ||e;||r; < Ch?+1|u|k+2,1j. We will also use this estimate
of e; later in this subsection.

There is a straightforward corollary of the above lemma.

COROLLARY 4.1. Suppose the initial solution satisfies & = 0 and S < Ch*+2.
Then ||€||q < ChF*+2,

Now let us proceed to construct the initial solution u; from & = 0.

LEMMA 4.3. Suppose flj er = 0. Then &, s uniquely determined by Prey in the
cell I;.

Proof. Let v;" j—1 =01in (3.13). Then we have

in Lemma 4.2 is true because we require

(4.1) (Pret, vn)j = (&osvn);-

Since the equation above is linear, we need only prove the uniqueness. That is, suppose
(Pres,vn); = 0 ¥ vy € Vi and vyl |;_1 = 0. Then we need to show & = 0. To prove
this, let p(x) be an arbitrary polynomial of degree no more than k and v, = p— p;r_l
Then

(Pketv )J - (Pket)p p; _%) = 0
This implies that Pre; = 0. By Lemma 3.6, we obtain &, = 0.

Remark. The expression of u; can be obtained by the PDE; therefore, it is not
difficult to obtain Pre; from & = 0.

Now, the only thing left is to determine the value of the constant S = f
By Corollary 4.1 we can simply take S = 0. However, such S does not batlsfy the
conservation of mass. If we consider periodic boundary condition, then we can select
a special S such that fQ§ = 0. We first prove that such S satisfies the property

S < ChF+2. Actually,

N N
e =360 =30 (5 - € =07, ) b
j=1

which yields

N

(4.2) 510 = 326~ 65, 4 by

Jj=1
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Then we obtain

1/2
N /

c I / c
3/2 k
(43) S > ledln i < pen | SORH
j=1

fulszg < —=
42,0 < ———
NG

In the first inequality in (4.3) we use Lemma 3.6 and (3.3). For the second inequality
we use Cauchy—-Schwarz inequality and the estimate [[e;|;;, < C’h?+1|u| k+2,1;, Which
is obtained in the remark after Lemma 4.2. The last inequality follows from the fact
that >~ h; =|Q] and h; < h.

Now we summarize how to implement the initial discretization. We divide the
process into the following steps:

(1) Let & = 0, then compute the value of e; with the help of the PDE.

(2) Use Lemma 4.3 to find out &,.

(3) Compute & — € in each cell from the expression of ¢, and the fact that flj (&—
&)dx = 0.

(4) Work out S by using (4.2) or simply by taking S = 0.

(5) Calculate & from the expressions of S and &,.

(6) Figure out up =& +P_u.

From the process mentioned above, we can observe that the initial solution is
uniquely determined by the requirements & = 0 and fQ &dx =0 or f;_ 1= 0.

W2 |ul ka0

4.2. Step 1. Now, we proceed to prove Theorem 2.1. The estimates of |le:||q
and |lex|lq follow from Lemma 2.3 in [8] with some minor changes, so we skip the
proof and only state the results in the following two equations:

(4.4) lew(®)llo < CR" M ulkis,o + CthF ulkra 0,
(4.5) lec(®)lla < Ch* Mulkya,0 + CtA M ulpys 0.

Therefore, by Lemma 3.6 we have
(4.6) 1€ =&l < CL+ R |lullp+3,0-

Before proceeding to the optimal error estimates of |||, we use the following
superconvergence result to prove the optimal error estimate of ||e||oo,0 to end this
subsection.

Following [8], we can easily prove

lE@®lle < O+ P2 |lulljss.0.
Since £ is a polynomial of degree at most k in each cell, we have
€@ 0,1, < CRT2ED1, < CRTV2E@) 0 < O+ )R ullt,0-

Notice that the right-hand side of the above equation does not depend on j. We can
therefore take the maximum on both sides to obtain

€@l < O+ R ulpss.0.
Finally, by Lemma 3.2, we obtain

le®)lloo.0 < CL+ R oo k43.0-
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4.3. Step 2. Now, we proceed to estimate e(z;). By Lemma 3.3, only &(z;) is
considered. Denote the downwind-biased Radau points of the cell I; as x;'-, 0<i<k.
Also denote z/J;'- to be a polynomial of degree k in cell I; such that
i

0 $z7é$§-.

1 zy==x

(4.7) Wi (ze) = {

By the Gauss-Radau quadrature §(z%) = %hj(f ,9%), where the constant w; is the
weight of the quadrature at the ith downwind-biased Radau point on the reference
interval [—1,1]. Based on this quadrature, we need only estimate (§,w§) for any
0 <i < k. Clearly, Hw;HOO < C, where the positive constant C does not depend on ¢,
j, or h. Motivated by [11], we consider the dual problem of (1.1). For convenience,
below we denote by C' a generic positive constant that does not depend on h, T, or
u, but may depend on A, recalling that A is the ratio of the length of the largest cell
to that of the smallest.

We begin by considering the solution to the dual problem:

(1) For the periodic boundary condition, find a function ¢% such that ¢%(-,t)
satisfies

¢, + 05, =0, (z,t) € R > (0,T],
(4.8) ¢ (z,T) = ¥ (), z € R,
¢.(0,t) = ¢i(2m,1), t €[0,7].

(2) For the initial boundary value problem, find a function ¢} such that ¢%(-,t)
satisfies

¢, + % =0, (z,t) € R x (0, T],
(4.9) ¢h(2, T) = Pi(), z € R,
¢4 (2m,t) =0, te0,7).

For convenience, we drop the subscript j as well as the superscript ¢ and denote ¥ to
be ¢ and ¢ to be ¢} in this section. Following [11]

T
(e(T), ) = (e, )(0) + / (2 6)sdt

T
(4.10) — @0+ [ [ler.6)+ (e, a0t

0
We apply P, to deal with the term (e, )+ (e, ¢¢), with the definition of the projection

given in (3.4). Recalling that e = n — £, where the notations of £ and 1 can be found
at the beginning of section 3.4, we have

(eta (b) + (ea ¢t) = (et,]P’i@ + (et7P+¢) - (67 (bac)
= (et,]P’i@ + H(67P+¢) - (777 ¢$) + (ga ¢w)
= (et,Pigb) - H(fv]P)-i-(b) - (Tlv (bz) + H(f? (b)

N
=D Ml HE S vy €Ty
j=2
N
(4.11) = (et,P1o) = (0,00) = Y €7 [0];_4 +€ ¢ Iy — € 071y,
j=2

where for the last equality we use Corollary 3.1.
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For the periodic boundary condition, the above turns out to be

(4.12) (ct: @) + (e, 91) = (er, PL) - Zg

m\»—A

Integrating in ¢ and noticing the fact that

/;if‘[ I

since [¢(t)];_1 = 0 except for at most finitely many t, we have

I
o

S

T T T
(4.13) /O [(er, &) + (e, d0)]dt = /O (et PLo)dt + /O (0, &)t

For the initial boundary value problem, keeping in mind the fact that £; = 0,
2
(4.11) becomes

(4.14)  (e1,0) + (e, 1) = (er, P10) — )= Y &l +E S s

Jj=2

Integrating the above equation in ¢, and noticing the fact that

T N T
A;f_[¢]j_%:0 and /0£_¢_|N+%:0

since [¢(t)];_ 1 = 0 except for at most finitely many ¢, and ¢~ ()13 =0 whent < T,
we again obtain (4.13).
We use integration by parts on the second term of the right-hand side of (4.13),

T T
(4.15) / (. d)dt = (1, 0)(T) — (1, 6)(0) — / (e, 0.

Plugging (4.15) into the second term on the right-hand side of (4.13), then plugging
(4.13) into the right-hand side of (4.10), we obtain

T T
(e(T), $) = (e, 6(0)) + / (e PE)dt + (1.)(T) — (1, $)(0) / (e, &),
0 0
Noticing the fact that P_u — up = e — 1, we have
(P_u — up, ) (T) = 11} + 11, 4 113,
where

I = (P_u — un, )(0),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/09/12 to 128.148.252.35. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SUPERCONVERGENCE OF DG METHOD 3121

For the first term, notice the fact that at ¢ = 0, the support of ¢; is of length
at least hmin. Therefore, each cell contains at most [A] + 1 such ¢;, where [A]
denotes the smallest integer no smaller than A. In section 4.1 we obtain the estimate
1€0)]le < CR**2|ulj42,0. Then

N N
Do) =D (Pou—up, ¢;)%(0)
j=1 j=1
< OR[N+ D)g)3
(4.16) < Ch2k+5|u|k+2 Q-

4.3.1. The estimate of Hg. In this subsubsection, we proceed to estimate I} =

_ L[OT(]P’fut,@. For simplicity, only the periodic boundary condition is considered;
however, the estimate of the initial-boundary value problem can be obtained in exactly
the same way. We extend our meshes onto the whole real line periodically, so the
domain under consideration in this and the next subsections is R x [0,T]. Clearly,
the characteristic line which passes through (;1cj_%,T)7 denoted by l;,ist =2+ T —
zj_1, 0 <t <T. Wealso assume that [; and the cell boundary z; 1 x [0,T] intersect
att = tf Denote the support of ¢ in Rx [0, 7] as ©;. Then the boundaries of the cells
separate €2, into several pieces, as shown in Figure 4.1. Denote Q) = Q; N I; x [0, 7]
and k; = min{i : Q7 is not empty}. Also define A; = {k;, k;j +1,...,7} to be the
index set which contains the subscripts of all the nonempty pieces. Then we can easily
figure out the following properties:

(1) © = Uiea, Q] and [Aj] = j —k; + 1 < [T + 1.

(2) Denote A; = {i € A ;197 is not a parallelogram}. Then |A | <Al +2 and
Jj€E A

(3) Among those which are not parallelograms, Qj is a triangle which lies in the
region R x [T — h,T], and by denoting €, = = UeR, \JQ we have Q; € R x [0, 2h].

(4) Suppose € is a parallelogram. Then the vertices are (951—%7751')7 (x i+%,ti+l),
( +1 ’terl) and ( z”atfﬂ)

Now we can proceed to the estimate

T
/ ]P) uta
0

Consider the parallelogram Q{ . Noticing the fact that

1 Jj+1 _ iR Jj+1
/tz+1 (P,ut(ti ),qs) dt = <Put(ti )’/tg+1 ¢ dt)
) (waif“% J,v d"”)
I;

(4.17) =0,

=Y / PLu, ¢ dadt.

€A
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t=T

t j

i+1

| j+1
ti+1

Fic. 4.1. The support of ¢: black polygons along the dashed line.

we then have

J J
i i

ti,
/ Ptu, ¢ da:dyz/ " (PLuy, ¢)dt
ol P

o, |
:/ T (PLu(t) — Pruy(HFY), ¢)dt
t

Jj+1
i

t, t
= / Pf / Ut (T)d'?' 5 ¢ dt
tz+1 t{+1

th gt
= /t_+1 /'+1 (]P)J:’U,tt(T), ¢) drdt
7 t;

(4.18) < O uli43,00,0-

Now, we consider Q; and ﬁj. By using the third property of the partition of the
support of €);, we have

/ _ Pfut ¢ dxdt < Ohk+3|u|k+27oo79
Q

J
J
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and
/ PLu; ¢ dedt < ChF3|uli19,00.0-
Combining the above, we obtain

T
/ (PLug, ¢) < ChF 3 ulisg,00.0 + CTR* 3 uli13 00 0
0

4.3.2. The estimate of H_?;. In this subsubsection, we still consider periodic
boundary conditions and follow the procedure in the previous subsubsection. However,
there are two differences:

(1) The support of P+¢, denoted as T}, is different from €;.

(2) We do not have the local estimate of ||es||7; or |[es]|r,.

To deal with the first one, we define T/ = T;N1I; x (0, T). Clearly T/ is a rectangle
covering QZ and can be written as Tl-j = I; x (to,t1), where t; = inf{t : 3z € I;
such that (s.t.) (z,t) € Q/} and ¢, = sup{t : 3z € I; s.t. (z,t) € Q/}. Clearly,
if Q) is a parallelogram, then to = ;7" and ¢; = t],, (see Figure 4.2). We also

denote T = U, gj\jTij . Then T; = Usen, T?. Moreover, it is not difficult to obtain

1y i+
ti+1

Fia. 4.2. The support of Py ¢: the black bozes along the dashed line.
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Tj C Iix(T—h,T)and Tj C Rx(0,2h). Consider T/ such that €7 is a parallelogram.
Notice the fact that

/ " (e(€), PLg)dt = <et<tz.“>,1@¢ / ' ¢>dt>
t t

Jj+1 Jj+1
i i

_ J+1y plL
_ <edtz ),P+tzi¢)dx>

J
0.

(4.19)

Then we have

tz

/_et P~¢ dzdt = /++1(etapi¢)dt
T/

Jj+1
ti

ztlﬂ+1GQU)—exﬂ+1LPi¢)dt

Jj+1
i

t, t N
:L“ Aﬂwmwmm dt

#

+1
(4.20) < Ch?/? / lleet| 2. dt.
ti 1!

i

Observe that sup{t : (z,t) € T;} < 2h and inf{t : (z,t) € TJJ} > T — h; therefore,

T
/ e PLo dudt < Ch}”/ e[ 7, dt
T T—h

J
J

and
2h
[ertoaazc [ S elina
B 0 i€A;\j
1/2
2h
(4.21) <on’ [T 3 fels | o
O \ied,\

Combining the above, we obtain the following estimate:
II3 < CI'{ + CI'y + CT%,

where

r.dt,

Fjl = n*? Z / lles
~ Jyitt
€A \A; T
j 2 [T
m:@l/ lealls, dt
T—h

1/2
4 2h
v :h1/2/0 ST lled | at.

i€A;\j
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As mentioned at the beginning of this subsection, we do not have the local estimate

of ||les|| or ||ex]|, so we need to consider the summation with respect to j.

First, we consider I'}. Keeping in mind the fact that, for any ¢t € (0,7) and

1 <4 < N, the information of ||e;(t)
we then have

N N i 2

. T\ it+1
YBISEED IS [—A(/ ||ett|hdt)
j=1 j=1 i

'eA-\Z-

<CTh3Z Z/ llex|3 dt

I=lien\A; b

T
< CT(IN] + DI / lex| Bt
0

T
< TR+ / (ulissg + tlulisan)’dt
0

(4.22) < Ch2kts (T2|U|i+3,9 + T4|U|i+4,ﬂ) .

The second term is easy to deal with:

N ) N T
SOy < th/ leal2 dt
= T—h

T
e / leql[dt
T—h

T
< Ch2k+4/ ([ulkr2,0 + tulprs,)’dt
T—h

(4.23) < OO (Julfyp.0 + T?lulfys,0) dt.

The third term is also not difficult. Noticing the fact that for fixed ¢, f02 4 |

contained in at most [A] + 1 many of I'}, we have
N N 2h
OITEED DU A SR AT
j=1 =1 70 ieAN
2h
< (N R [ el
0
2h
< Ch2k+4/ (lulks2.0 + tlulrrso)’dt
0
(4.24) < Ch?+e (|U|i+29 + h2|“|i+3,9) dt.

Combining the above we obtain

Z 2 < cz (ITd12 + 32 + 1Y) < O+ THR5 |l 0.

[A] + 1 many of T,

lel|r, is
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Remark. By the same method mentioned in this subsection, we can also derive
that

N
Z 1° < O+ TR |ullf 40
=1

Here the upper bound is of T? instead of T since ||n:||q and ||n¢lo do not grow in
time.

4.4. Final estimate. Now we proceed to the final estimate of |{(x;)|. We simply
sum up all the previous estimates and obtain

N
Sl <337 (I + TP + [15)2)

j=1 Jj=1

< Cp2k+s (|U|i+2,ﬂ + (1 + T2)|\u|\i+479 +(1+ T4)||“||i+4,ﬂ)
(4.25) < ORP* (1 4+ T ul a0
Therefore,

< Ch*H4(1+ T |l a.0-

By Lemma 3.3,
1
(4.26) N D o —un)(@)* < CRFAL+ T ulf 4 00,0
j=1

We have now finished the proof of the main theorem.

Noticing the fact that, throughout the whole proof, we have not used any special
property of ¥, we can then take 1) to be the indicator function of the cell I;, which
yields the estimate of (2.7). Finally, (2.8) follows from (4.6) and (2.7).

4.5. Applications. In section 4.2, we proved the optimal error estimates in the
L*>-norm by using the superconvergence of £ = up — P_u. This can be considered
as an application of the superconvergence result. We also briefly discuss another
application in using the superconvergence of the cell averages for a new a posterior
error indicator, in the same spirit as in [16] where the jump sizes at cell interfaces are
used as an a posterior error indicator. For simplicity of notation, we denote v as the
numerical solution instead of uy, in this section and consider the cell I; only. Due to
the superconvergence result, the cell average of the numerical solution 7j; is superclose
to that of the exact solution @j;. If we construct another numerical cell average v;
which is not superconvergent, then the difference v; — 75 is a good a posterior error
indicator of the local error. We construct v; in the following steps:

(1) Extend the polynomial numerical solution from the two neighboring cells,
denoted by v;_; and v;41, to the cell I;.
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(2) Compute the cell averages of v;_1 and v;41 in the cell I;, and denote them
by v;21 and v;41, respectively.
(3) Define

5 = 05,71 + (1 - )i,

where 0 < 6 < 1. In general, the new cell average v; is only (k + 1)th order accurate.
(4) The a posterior computable quantity v; — 7; is asymptotically equal to the
error v; —u; (where ; is the cell average of the exact solution) and is therefore a good
indicator of the local error between the exact solution u and the numerical solution v
in cell I;.
Numerical evidence will be given in Example 1 in section 5.

5. Numerical tests. The purpose of this section is to verify our main result,
Theorem 2.1 as well as Corollary 2.1, and to present numerical evidence suggesting
that the rate of superconvergence proved in this paper is optimal. In most cases, we
consider random meshes (that is, each cell boundary point is randomly and indepen-
dently perturbed from a uniform mesh up to a given percentage) and use A to denote
the ratio of the length of the largest cell to that of the smallest one.

Example 1. We solve the following equation:

ur +uy =0,
(5.1) u(z,0) = esn@)
u(0,t) = u(2m,t).

The exact solution to this problem is
u(x,t) — esin(mft).

We use ninth order strong-stability-preserving (SSP) Runge-Kutta discretization in
time [14] and take At = 0.05hp,in to reduce the time error. Nonuniform meshes which
are obtained by randomly and independently perturbing each node in a uniform mesh
by up to 40% are used, and the example is tested with both P! and P? polynomials.
The special error in Theorem 2.1 at different downwind-biased Radau points at ¢t = 1
on random meshes of N cells is computed. In Table 5.1, we can observe (2k + 1)th
order superconvergence at the downwind point and (k + 2)th order superconvergence
at other Radau points. The initial solution is obtained by exactly the same way as

TABLE 5.1
The error e at the Radau points for (5.1) when using P! and P2 polynomials.

1st Radau point 2nd Radau point Downwind point
Polynomial N Rmax A Error Order Error Order Error Order
Pr 50 0.202 6.056 1.86E-04 - 1.34E-04 -
100 0.111 6.169 | 3.76E-05 2.64 2.87E-05 2.55
200 | 5.408e-02 7.339 | 3.89E-06 3.17 2.92E-06 3.19
400 | 2.781e-02 6.956 | 4.90E-07 3.12 3.80E-07 3.07
P2 50 0.202 6.056 1.11E-06 - 1.09E-06 - 2.13E-07 -
100 0.111 6.169 1.70E-07 3.09 1.42E-07 3.37 1.78E-08 4.10
200 | 5.408e-02 7.339 1.03E-08 3.93 7.94E-09 4.04 4.28E-10 5.21
400 | 2.781e-02 6.956 7.74E-10 3.89 5.81E-10 3.93 1.37E-11 5.18
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mentioned in section 4.1. The downwind-biased Radau points on the interval [—1,1]

are —% and 1 for P! polynomials, and are ’1%‘/6, %‘/6, and 1 for P? ones.

Table 5.2 shows the rate of convergence of the error £. We observe that the order
is k + 2, indicating that the estimate in (2.8) is sharp.

Moreover, we also test the superconvergence for the cell average. Table 5.3 shows
the result for example 1 by using the method mentioned in section 4.1 as well as with
L? and P_ projection for the initial discretization. From Table 5.3, we find that the
convergent rates are of order 2k + 1, k + %, and at least k + 2, respectively, for the
three different ways of numerical initial discretization.

TABLE 5.2
The error & for (5.1) when using P! and P? polynomials.

L? norm of ¢ Pl polynomial P2 polynomial
N hmazx A L2 error | Order | L2 error | Order
50 0.202 6.056 | 4.09E-04 - 1.85E-06

100 0.111 6.169 | 8.67E-05 2.56 2.93E-07 3.05
200 | 5.408e-02 | 7.339 | 8.84E-06 3.19 1.70E-08 3.99
400 | 2.781e-02 | 6.956 | 1.11E-06 3.12 1.29E-19 3.88

TABLE 5.3
The cell average of the error e for (5.1) when using P! and P? polynomials.

L? norm of the cell average of e Pl polynomial P2 polynomial
Initial discretization N hmaz A L2 error | Order | L? error | Order
Upy = P_uy 50 0.202 6.056 | 3.84E-04 - 5.18E-07

fﬂ (up, —u)dz =0 100 0.111 6.169 | 8.23E-05 2.54 4.70E-08 3.96
200 | 5.408e-02 | 7.339 | 8.42E-06 3.19 1.08E-09 5.29
400 | 2.781e-02 | 6.956 | 1.06E-06 3.11 3.33E-11 5.23

L? projection 50 0.202 6.056 | 3.87E-04 - 5.56E-06 -

100 0.111 6.169 | 1.19E-04 1.94 1.18E-06 2.56
200 | 5.408e-02 | 7.339 | 1.38E-05 3.02 1.11E-07 3.31
400 | 2.781e-02 | 6.956 | 2.02E-06 2.89 7.65E-09 4.02

P_ projection 50 0.202 6.056 | 3.35E-04 - 1.07E-06 -
100 0.111 6.169 | 7.38E-05 2.50 9.30E-08 4.03
200 | 5.408e-02 | 7.339 | 7.72E-06 3.16 3.47E-09 4.60
400 | 2.781e-02 | 6.956 | 9.81E-07 3.10 1.72E-10 4.52

Now we take the steps in section 4.5, and follow the same notation defined there.
0 is taken to be # = 1, i.e., we consider the extension from the downwind cell to the
right. We use P? polynomials on a uniform mesh with N = 100. Define piecewise
constants S(z) such that in cell I;
R

- —_— )
’Uj—Uj

where W; denotes the cell average of the exact solution w in cell I;. We compute and
observe that ||S]|sc,0 = 7.90 x 10~%, indicating that the computable quantity v; — v;
is a good estimate of the local error v; — ;. From Figure 5.1, we can see that the
computable quantity | — 0| captures the profile of the local error |u — v| (computed
at the middle point in each cell) well.
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Fi1G. 5.1. Comparison between |u — v| (solid line) and | — 0| (dashed line).

Example 2. We solve the following initial boundary value problem:

U +ug =0,
(5.2) u(z,0) = sin(zx),

u(0,t) = sin(—t).
The exact solution to this problem is

u(z,t) = sin(z — ).

We use third order SSP Runge-Kutta discretization in time and take At = 0.1h2
to reduce the time error, and test the example with both P! and P? polynomials.
The same quantities as in Example 1 on the same kind of random meshes of N cells
are computed. The initial solution is again obtained in the way given in section 4.1.
In Table 5.4 we can observe that the error between the DG solution and the exact
solution is (2k + 1)th order superconvergent at the downwind point and (k + 2)th
order superconvergent at the other Radau points.

Table 5.5 shows the (k + 2)th order superconvergence of the error ¢ in the L2
norm, demonstrating that the estimate in (2.8) is sharp.

As in Example 1, we also test the superconvergence for the cell average. Table 5.6
shows the result for Example 2 by using the method mentioned in section 4.1 as well
as the L? and P_ projections for the initial discretization. From Table 5.6, we observe
similar results as in the periodic case.
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TABLE 5.4
The error e at the Radau points for (5.2) when using P! and P2 polynomials.

1st Radau point 2nd Radau point Downwind point
Polynomial N hmaz A Error Order Error Order Error Order
Pt 50 0.202 6.056 | 6.06E-05 - 2.88E-05 -
100 0.111 6.169 | 8.92E-06 3.16 4.30E-06 3.14
200 | 5.408e-02 | 7.339 | 1.02E-06 3.04 4.73E-07 3.09
400 | 2.781e-02 | 6.956 | 1.25E-07 3.15 5.82E-08 3.15
P2 50 0.202 6.056 | 4.10E-07 - 3.11E-07 - 1.30E-08 -
100 0.111 6.169 3.20E-08 4.21 2.38E-08 4.24 5.51E-10 5.22
200 | 5.408e-02 | 7.339 | 1.84E-09 4.00 1.38E-09 3.99 1.45E-11 5.06
400 | 2.781e-02 | 6.956 | 9.36E-11 4.48 1.05E-10 3.87 4.31E-13 5.28

TABLE 5.5
The error & for (5.2) when using P and P? polynomials.

L? norm of ¢ P! polynomial P2 polynomial
N hmaz A L? error Order L? error Order
50 0.202 6.056 | 1.24E-04 - 6.63E-07 -

100 0.111 6.169 | 1.87E-05 3.13 5.32E-08 4.17
200 | 5.408e-02 | 7.339 | 2.10E-06 3.06 3.03E-09 4.01
400 | 2.781e-02 | 6.956 | 2.58E-07 3.15 2.30E-10 3.88

TABLE 5.6
The cell average of the error e for (5.2) when using P! and P? polynomials.

L? norm of the cell average of e Pl polynomial P2 polynomial
Initial discretization N hmaz A L? error | Order | L? error | Order
Upy = P_uy 50 0.202 6.056 | 1.11E-04 - 3.75E-08 -
uh;+ 1 = P_u;+ 1 100 0.111 6.169 | 1.67E-05 3.12 1.63E-09 5.18
2 2
200 | 5.408e-02 | 7.339 | 1.90E-06 3.04 4.07E-11 5.16
400 | 2.781e-02 | 6.956 | 2.35E-07 3.14 1.14E-12 5.37
L? projection 50 0.202 6.056 | 1.86E-04 - 2.59E-06 -
100 0.111 6.169 | 5.48E-05 2.02 3.59E-07 3.26
200 | 5.408e-02 | 7.339 | 6.86E-06 2.91 3.11E-08 3.43
400 | 2.781e-02 | 6.956 | 1.02E-06 2.87 2.86E-09 3.59
P_ projection 50 0.202 6.056 | 1.01E-04 - 2.49E-07 -
100 0.111 6.169 | 1.53E-05 3.12 1.48E-08 4.66
200 | 5.408e-02 | 7.339 | 1.72E-06 3.06 5.73E-10 4.55
400 | 2.781e-02 | 6.956 | 2.06E-07 3.20 2.48E-11 4.72

Example 3. We solve the following two-dimensional problem:

(5.3) u(r,y,0) = sin(z + y)

{ut—I—uw—i—uy:O,

with periodic boundary condition on the domain [0, 27]. The exact solution is
u(a,y,1) = sin(x +y — 20).

We use a random rectangular mesh defined as

0=z

<"'<me+%:27r7 0=y <---<yNy+%:27r,

1 1
2 2
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TABLE 5.7
Superconvergence results for (5.3) when using Q' and Q2 polynomials.

o' polynomial 02 polynomial
Error Ny X Ny hmax A L? error Order L? error Order
P_w—un] 10 x 10 | 0.997 | 3.722 | 2.655-02 8.40E-04

20 x 20 0.552 4.809 | 4.41E-03 3.04 6.97E-05 4.22
40 x 40 0.270 7.339 | 5.12E-04 3.02 3.64E-06 4.13
80 x 80 0.133 6.326 | 6.33E-05 2.96 2.33E-07 3.89

o —unl 10 x 10 | 0.997 | 3.722 | 4.19E-02 - 6.47E-04 -
20 x 20 | 0.552 | 4.809 | 7.65E-03 | 2.88 | 5.26E-05 | 4.25
40x 40 | 0.270 | 7.339 | 9.12E-04 | 2.98 | 2.20E-06 | 4.44
80 x 80 | 0.133 | 6.326 | 1.14E-04 | 2.94 | 1.16E-07 | 4.17

max; ; |(u — un)(z, y)| 10 x 10 | 0.997 | 3.722 | 2.28E-02 - 1.56E-03 -
(x,y) is the downwind- 20 x 20 | 0.552 | 4.809 | 5.65E-03 | 2.37 | 1.35B-04 | 4.14
biased Radau points in I, ; | 40 x 40 | 0.270 | 7.339 | 6.39E-04 | 3.05 | 8.88E-06 | 3.81
80 x 80 | 0.133 | 6.326 | 1.01E-04 | 2.62 | 7.15E-07 | 3.57

max; j |(u — up)(z,y)| 10x 10 | 0.997 | 3.722 | 1.99E-02 - 3.72E-04 -
(x,y) is the downwind 20 x 20 | 0.552 | 4.809 | 2.79E-03 | 3.33 | 4.09E-05 | 3.74
point in I; ; 40 x 40 | 0.270 | 7.339 | 3.93E-04 | 2.74 | 1.49E-07 | 4.64

80 x 80 0.133 6.326 | 4.65E-05 3.02 1.34E-07 3.42

and
Li; = [fi—%affi-;-%] X [yj_%,yj_,_%].
We define the approximation space as

ViE = {up s unly,, € QXL ), 1<i< N, 1<j<N,},

where Qk(Im) denotes all the tensor product polynomials of degree at most k in x
and in y on I; ;. The Gauss-Radau projection IP_ is defined as follows:

/ (P_u —u)vpdrdy =0

L

for any vy, € thfl,
Yj+4

[ sty - oy p)un(udy =0
Y.

for any wy, € PF~1,
‘TH—%

[ Euley) — ule )en(e)ds =0
zi_%

for any zj, € P71, and

P_U(ZIIPF% ’ yJJr%) = u(miJr% ’ y]Jr%)

We also use upwind flux and ninth order SSP Runge-Kutta discretization in time
with At = 0.1hymin. We test the example with both Q' and Q? polynomials, and
compute & = up — P_u, the error of the cell average, as well as the error on the
downwind-biased Radau points and the downwind point. For simplicity, we do not
consider the Radau points one by one, but select the one which gives the largest error
in each cell. The initial solution is given by the P_ projection. The results are listed
in Table 5.7.
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It appears that similar superconvergence results are valid also in two dimensions.
However, the technique of the proof in this paper, in particular the part related to
the special projections, does not seem to be easily extendable to two dimensions.

6. Concluding remarks. We have studied the behavior of the error between
the DG solution and the exact solution for sufficiently smooth solutions of linear
conservation laws when upwind fluxes are used. We prove that under suitable initial
discretization, the error between the DG solution and the exact solution is (k + 2)th
order superconvergent at the Radau points. Moreover, numerical experiments show
the convergent rate is (2k + 1)th order superconvergent at the downwind point as
well as the L2 norm of the cell average. We also prove that the DG solution is
superconvergent with the rate k 4+ 2 towards a particular projection of the exact
solution.

In future work, we will attempt to prove the superconvergent property for general
initial discretization, and generalize the results to other types of PDEs and to multi-
dimensions.
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