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Abstract. In this paper, we study the superconvergence of the error for the discontinuous
Galerkin (DG) finite element method for linear conservation laws when upwind fluxes are used. We
prove that if we apply piecewise kth degree polynomials, the error between the DG solution and the
exact solution is (k+2)th order superconvergent at the downwind-biased Radau points with suitable
initial discretization. Moreover, we also prove the DG solution is (k + 2)th order superconvergent
both for the cell averages and for the error to a particular projection of the exact solution. The
superconvergence result in this paper leads to a new a posteriori error estimate. Our analysis is valid
for arbitrary regular meshes and for Pk polynomials with arbitrary k ≥ 1, and for both periodic
boundary conditions and for initial-boundary value problems. We perform numerical experiments to
demonstrate that the superconvergence rate proved in this paper is optimal.
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1. Introduction. In this paper, we apply the discontinuous Galerkin (DG)
method to one-dimensional linear hyperbolic conservation laws

ut + ux = 0, (x, t) ∈ [0, 2π]× (0, T ],
u(x, 0) = u0(x), x ∈ R,

(1.1)

where the initial datum u0 is sufficiently smooth. We will consider both the periodic
boundary condition u(0, t) = u(2π, t) and the initial-boundary value problem with
u(0, t) = g(t). We use piecewise kth degree polynomials to approximate the solution
in each cell and prove that, under suitable initial discretization, the rate of convergence
for the error between the DG solution and the exact solution is of (k + 2)th order
at the downwind-biased Radau points. Moreover, we also prove the (k + 2)th order
superconvergence of the cell averages as well as the error between the DG solution
and a particular type of projection of the exact solution.

The DG method was first introduced in 1973 by Reed and Hill [17], in the frame-
work of neutron linear transport. Later, Johnson and Pitkäranta applied the DG
method to a scalar linear hyperbolic equation and proved Lp-norm error estimate in
[15]. Subsequently, Cockburn et al. developed Runge–Kutta discontinuous Galerkin
(RKDG) methods for hyperbolic conservation laws in a series of papers [12, 10, 9, 13].
In [18], Zhang and Shu explicitly gave the formulae of the DG solution in the case
of piecewise linear functions for the linear convection equation on uniform meshes.
The leading error term is shown to be of a constant magnitude independent of time
t. This motivates the division of the numerical error into two parts, one being the
leading term and the other being a superconvergent term.
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SUPERCONVERGENCE OF DG METHOD 3111

In [2, 3], Adjerid et al. proved the (k+2)th order superconvergence of the DG solu-
tions at the downwind-biased Radau points for ordinary differential equations. Later,
Adjerid and Weihart [4, 5] investigated the local DG error for multidimensional first
order linear symmetric and symmetrizable hyperbolic systems of partial differential
equations. The authors showed that the projection of the local DG error is also
(k+2)th order superconvergent at the downwind-biased Radau points by performing
a local error analysis on Cartesian meshes. The global superconvergence is given by
numerical experiments. In [4, 5], only initial-boundary value problems are considered,
and the local DG error estimate is valid for t sufficiently large. Subsequently, Adjerid
and Baccouch [1] investigated the global convergence of the implicit residual-based a
posteriori error estimates, and proved that these estimates at a fixed time t converge
to the true spatial error in the L2 norm under mesh refinement. In [7], Cheng and
Shu proved (k+ 3

2 )th order superconvergence of the DG solution towards a particular
projection of the exact solution. The authors considered the case of piecewise linear
polynomials (k = 1) on uniform meshes with periodic boundary conditions for the
linear conservation laws. Later Cheng and Shu [8] also proved the same (k + 3

2 )th
order superconvergence when using piecewise kth degree polynomials with arbitrary k
on arbitrary regular meshes. Cheng and Shu also considered both periodic boundary
conditions and initial-boundary value problems. However, the convergence rate ob-
tained in [8] is not optimal. Numerical tests showed that the error of the DG solution
towards this particular projection of the exact solution is (k+2)th order accurate, even
on highly nonuniform meshes, when using a special initial discretization. Recently, in
[20] Zhong and Shu revisited the same problem and showed that the error between
the DG numerical solution and the exact solution is (k + 2)th order superconvergent
at the downwind-biased Radau points and (2k + 1)th order superconvergent at the
downwind point in each cell on uniform meshes with periodic boundary conditions for
k = 1, 2, and 3. The proofs in [7, 20] use Fourier analysis and work only for uniform
meshes and periodic boundary conditions. Moreover, such Fourier analysis is difficult
to perform for higher polynomial degree k since it relies explicitly on the structures of
algorithm matrices. In [8], a different framework for proving the superconvergence re-
sults that does not rely on Fourier analysis is provided and the result is valid for both
periodic boundary conditions and initial-boundary value problems. In this paper, we
improve upon the result in [8]. A new technique is adopted to obtain the optimal rate
of superconvergence. The proof works for arbitrary regular meshes and schemes of
any order. Even though the proof in this paper is given for the simple scalar equation
(1.1), the same superconvergent results can be easily obtained for one-dimensional
linear systems along the same lines.

The organization of this paper is as follows. In section 2, we introduce the DG
method under consideration and state the main result. In section 3, we present
some preliminaries, including the norms we use throughout the paper, some essential
properties of the finite element spaces, DG spatial discretization, as well as the error
equations. Section 4 is the main body of the paper where the initial discretization is
provided and the main result is proved. Moreover, we also study the application of
the superconvergence result in this section. Numerical evidences about the optimality
of the superconvergence estimates are given in section 5. We will end in section 6 with
some concluding remarks and remarks on future work.

2. DG scheme and statement of the main result. In this section we con-
sider the linear conservation law (1.1). Denote Ω = [0, 2π] to be the computational
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3112 YANG YANG AND CHI-WANG SHU

domain. First, we divide Ω into N cells

0 = x 1
2
< x 3

2
< · · · < xN+ 1

2
= 2π,

and denote

Ij =
(
xj− 1

2
, xj+ 1

2

)
, xj =

1

2

(
xj− 1

2
+ xj+ 1

2

)
,

as the cells and cell centers, respectively. hj = xj+ 1
2
− xj− 1

2
denotes the length of

each cell. We also define h = hmax = maxj hj and hmin = minj hj to be the lengths of
the largest and smallest cells, respectively. In this paper, we consider regular meshes,
that is, hmax ≤ λhmin, where λ ≥ 1 is a constant during mesh refinement. Clearly, if
λ = 1, then the mesh is uniformly distributed.

Define

Vh = {v : v|Ij ∈ Pk(Ij), j = 1, . . . , N}

to be the finite element space, where Pk(Ij) denotes the space of polynomials in Ij of
degree at most k. Moreover, we define

H1
h = {φ : φ|Ij ∈ H1(Ij) ∀j}.

By using an upwind flux, the DG scheme becomes the following: find uh ∈ Vh such
that for any vh ∈ Vh

((uh)t, vh)j = (uh, (vh)x)j − u−h v
−
h |j+ 1

2
+ u−h v

+
h |j− 1

2
,(2.1)

where (w, v)j =
∫
Ij
wvdx, and v−h |j+ 1

2
= vh(x

−
j+ 1

2

) denotes the left limit of the function

vh at xj+ 1
2
. Likewise for v+h . We also denote [vh]j+ 1

2
= vh(x

+
j+ 1

2

)−vh(x−j+ 1
2

) to be the

jump of vh across xj+ 1
2
. For simplicity, we define Hj(uh, vh) to be the right-hand side

of (2.1). Then the DG scheme can be written as ((uh)t, vh)j = Hj(uh, vh). Clearly,
for any p(x), q(x) ∈ H1

h,

Hj(p, q) = (p, qx)j − p−q−|j+ 1
2
+ p−q+|j− 1

2
(2.2)

= −(px, q)j − [p]q+|j− 1
2
.(2.3)

In addition, if k ≥ 1, we can define P−u to be a Gauss–Radau projection of u
into Vh such that

(P−(u), v)j = (u, v)j ∀v ∈ Pk−1(Ij) and P−(u)(x−j+1/2) = u(x−j+1/2).(2.4)

Notice that this special projection is used in the error estimates of the DG methods
to derive optimal L2 error bounds in the literature, e.g., in [19]. Like in [8], we will
prove that indeed the numerical solution is closer to this special projection of the
exact solution than to the exact solution itself.

For the initial discretization, we would like to require

uht = P−(ut) and ‖P−u− uh‖Ω = O(hk+2).(2.5)

The exact way to discretize the initial data to achieve the property (2.5) will be given
in section 4.1. We can now state our main theorem.
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Theorem 2.1. Let u(x, t) ∈ Ck+4 be the exact solution of the linear hyperbolic
equation (1.1) and let uh be the numerical solution of the DG scheme (2.1). The
finite element space Vh is made up of piecewise polynomials of degree k ≥ 1 on regular
meshes, i.e., the ratio of the length of the largest cell to that of the smallest is bounded
during mesh refinement. Then at the time t = T there holds the estimate⎛⎝ 1

N

N∑
j=1

|(u − uh)(xj)|2
⎞⎠

1
2

≤ C(1 + T 2)hk+2‖u‖k+4,∞,Ω,(2.6)

where Ω is the computational domain, and xj is any one of the downwind-biased
Radau points in the cell Ij . The constant C does not depend on h, T , or u.

Remark. Theorem 2.1 is valid for both periodic boundary condition and initial-
boundary value problems.

Corollary 2.1. Suppose the conditions in the above theorem are satisfied. Then
we have

‖u− uh‖L2(Ω) ≤ C(1 + T 2)hk+2‖u‖k+4,Ω,(2.7)

‖P−u− uh‖L2(Ω) ≤ C(1 + T 2)hk+2‖u‖k+4,Ω,(2.8)

where u− uh denotes the cell average of u− uh, and the constant C does not depend
on h, T , or u.

3. Preliminaries.

3.1. Norms. We begin by presenting some norms that will be used throughout
the paper.

Denote ‖u‖0,Ij to be the standard L2-norm of u on Ij . For any natural number
�, we consider the norm and seminorm of the Sobolev space H�(Ij), defined by

‖u‖�,Ij =
⎧⎨⎩ ∑

0≤α≤�

‖Dαu‖20,Ij

⎫⎬⎭
1/2

, |u|�,Ij =

{∑
α=�

‖Dαu‖20,Ij
}1/2

.

For convenience, we use ‖u‖Ij to denote ‖u‖0,Ij .
We also define the L∞-norm and seminorm by

‖u‖�,∞,Ij = max
0≤k≤�

‖Dku‖∞,Ij , |u|�,∞,Ij = ‖D�u‖∞,Ij ,

where ‖u‖∞,Ij is the standard L∞-norm of u on Ij . Clearly, the L
∞-norm is stronger

than the L2-norm, and we have

‖u‖Ij ≤ h
1/2
j ‖u‖∞,Ij .(3.1)

Moreover, we define the norms on the whole computational domain as follows:

‖u‖�,Ω =

⎛⎝ N∑
j=1

‖u‖2�,Ij

⎞⎠
1
2

, ‖u‖�,∞,Ω = max
1≤j≤N

‖u‖�,∞,Ij .
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3114 YANG YANG AND CHI-WANG SHU

3.2. Properties of the finite element space. In this subsection, we study
the basic properties of the finite element space. Let us start with the classical inverse
properties.

Lemma 3.1. Assuming u ∈ Vh, there then exists a constant C > 0 independent
of h and u such that

‖∂αx u‖Ij ≤ Ch−α
j ‖u‖Ij , α ≥ 1,(3.2) ∣∣∣u−

j+ 1
2

∣∣∣+ ∣∣∣u+
j− 1

2

∣∣∣ ≤ Ch
−1/2
j ‖u‖Ij .(3.3)

In addition to the projection P− defined in (2.4), we also introduce the similar
Gauss–Radau projection P+ of u given on Ij by

(P+(u), v)j = (u, v)j ∀v ∈ Pk−1(Ij) and P+(u)(x
+
j−1/2) = u(x+j−1/2),(3.4)

as well as the standard L2 projection Pk by

(Pk(u), v)j = (u, v)j ∀v ∈ Pk(Ij).(3.5)

The projections P+ and P− are distinguished from the exact collocation at different
end points of each cell.

Suppose Ph is a projection, either Pk, P+, or P−. Denote the error operator by
P
⊥
h = I − Ph, where I is the identity operator. By the scaling argument, we obtain

the following lemma [6].
Lemma 3.2. Suppose the function u(x) ∈ Ck+1(Ij). Then there exists a positive

constant C independent of h and u such that

‖P⊥
h u‖Ij ≤ Chk+1

j |u|k+1,Ij and ‖P⊥
h u‖∞,Ij ≤ Chk+1

j |u|∞,k+1,Ij .(3.6)

Moreover, one can also prove the following superconvergence property [2].
Lemma 3.3. Suppose u(x) ∈ Ck+2(Ij), and xj is one of the downwind-biased

Radau points in the cell Ij . Then

|(u− P−u)(xj)| ≤ Chk+2
j |u|k+2,∞,Ij .(3.7)

However, if u is highly oscillatory or discontinuous, we can hardly obtain any
useful estimate of ‖P⊥

h u‖ by using the two lemmas above. Therefore, we consider the
following estimate.

Lemma 3.4. Suppose u(x) is a bounded function. Then

‖Phu‖∞,Ij ≤ C‖u‖∞,Ij and ‖P⊥
h u‖∞,Ij ≤ C‖u‖∞,Ij .(3.8)

Proof. For the simplicity of presentation, we will prove only for the P− projection.
We consider the projection on the reference cell T = [−1, 1] and define a special norm
in Pk(T ) as

|||v||| = max

{
|v(1)|,

∣∣∣∣∫ 1

−1

v(s)spds

∣∣∣∣ : 0 ≤ p ≤ k − 1

}
.

It is not difficult to show this is indeed a norm. Since all norms in Pk are equivalent,
we have ‖v‖∞,T ≤ C‖|v‖| for any v ∈ Pk(T ). Therefore, for any bounded function u,

‖P−u‖∞,T ≤ C‖|P−u‖| = C‖|u‖| ≤ C‖u‖∞,T .
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This proves the assertion on the reference cell. The general case follows from a stan-
dard scaling argument.

By using (3.1) and Lemma 3.4, we obtain

‖P⊥
h u‖Ij ≤ h

1/2
j ‖P⊥

h u‖∞,Ij ≤ Ch
1/2
j ‖u‖∞,Ij .

Now, we move on to the projection of functions depending not only on the spatial
variable x but also on the time variable t. Suppose u(x, t) is a function differentiable
and integrable with respect to t, and t1 and t2 are two real values such that t1 < t2.
Then we have

Ph (ut(x, t)) = (Phu(x, t))t and Ph

(∫ t2

t1

u(x, t)dt

)
=

∫ t2

t1

(Phu(x, t))dt.(3.9)

3.3. Properties of the DG spatial discretization. In this subsection, we
present some basic properties about the bilinear form Hj . The definitions of Hj and
the two Gauss–Radau projections lead to the following lemma.

Lemma 3.5. Suppose vh ∈ Vh and q(x) ∈ H1
h. The two Gauss–Radau projections

satisfy the following properties:

Hj(P
⊥
−q(x), vh) = 0 and Hj(vh,P

⊥
+q(x)) = 0.(3.10)

Moreover, we define (uh, vh) =
∑

j(uh, vh)j and H(p, q) =
∑

j Hj(p, q) to obtain
the following corollary directly.

Corollary 3.1. Suppose q(x) ∈ H1
h and vh ∈ Vh. There holds

H(P⊥
−q(x), vh) = 0 and H(vh,P

⊥
+q(x)) = 0.(3.11)

3.4. The error equation. In this subsection, we proceed to construct the error
equations. Denote the error between the exact solution and the DG numerical solution
to be e(t) = u(t)− uh(t). As the usual treatment in finite element analysis, we divide
the considered error into the form e(t) = η(t)− ξ(t), where

η(t) = u(t)− P−u(t) and ξ(t) = uh(t)− P−u(t).

From Lemma 3.5, we obtain the error equations of the DG scheme. Suppose
vh ∈ Vh. Then

(et, vh)j = Hj(e, vh)

= −Hj(ξ, vh)

= −(ξ, vhx)j + ξ−v−h |j+ 1
2
− ξ−v+h |j− 1

2
(3.12)

= (ξx, vh)j + [ξ]v+h |j− 1
2
.(3.13)

Equations (3.12) and (3.13) are fundamental in our analysis later.
Let us finish this section by proving the following lemma.
Lemma 3.6. Suppose ξ̄ is the cell average of ξ, that is, ξ̄ = ξ̄j =

1
hj

∫
Ij
ξdx in cell

Ij, for any j = 1, . . . , N . Then we have

‖ξ − ξ̄‖Ij ≤ Chj‖ξx‖Ij ≤ Chj‖Pket‖Ij ≤ Chj‖et‖Ij .(3.14)D
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3116 YANG YANG AND CHI-WANG SHU

Proof. The right inequality is trivial and the left one follows from the Poincaré
inequality. So we need only prove the middle one.

Suppose Q is the Legendre polynomial of degree k in [-1,1], and define P =
(−1)kQ. Then P satisfies the following three properties:

(1) P is uniformly bounded: ‖P‖∞,[−1,1] ≤ 1.
(2) P evaluated at the left boundary is 1: P (−1) = 1.
(3) P is orthogonal to any polynomials with degree no greater than k − 1:∫ 1

−1 PRdx = 0 for any R(x) ∈ Pk−1([−1, 1]).

Define Pj(x) = P (
2(x−xj)

hj
). Then Pj also satisfies the corresponding three prop-

erties in the cell Ij . In (3.13), we take vh = ξx − aPj , where a = ξ+x |j−1/2 is a real
number, to obtain

‖ξx‖2Ij = (Pket, ξx − aPj)j

≤ ‖Pket‖Ij
(‖ξx‖Ij + |a|‖Pj‖Ij

)
≤ ‖Pket‖Ij

(
‖ξx‖Ij + Ch

−1/2
j ‖ξx‖Ijh1/2j

)
≤ C‖Pket‖Ij‖ξx‖Ij ,(3.15)

where the constant C does not depend on j, h or u. Here, for the second step we use
the Cauchy–Schwarz inequality, for the third one we use (3.1) and (3.3), and the last
step is trivial. We finish the proof by dividing both sides of the above equation by
‖ξx‖Ij .

4. Proof of the main result. This section is the main part of this paper. We
first discuss how to discretize the initial datum, then prove the main result, Theo-
rem 2.1, and finally briefly discuss the application of the superconvergence results.
The proof can be divided into several steps. Briefly speaking, by using the triangle
inequality, we separate |(u−uh)(xj)| into two parts, |(u−P−u)(xj)| and |ξ(xj)|. The
superconvergence of the first term is given by Lemma 3.3 while the second one is more
difficult to deal with and we separate this process into two steps. In the first step, we
consider the estimate of et as well as ett. In the second step, we use the quadrature
formula and consider the dual problem of (1.1). Besides the main theorem, we also
prove Corollary 2.1 in this section.

4.1. The initial discretization. In this subsection we consider the suitable
discretization of the initial datum. As mentioned in section 2, we would like to have
the initial solution satisfy ξt = 0 and ‖ξ‖Ω ≤ Chk+2; see (2.5). We start from
the requirement ξt = 0 and check whether a special numerical initial solution can
be constructed which also satisfies the second requirement ‖ξ‖Ω ≤ Chk+2. Taking
vh = 1 in (3.12), we have the following lemma

Lemma 4.1.

∫
Ij
etdx = 0 ∀ 1 ≤ j ≤ N if and only if ξ−

j+ 1
2

is a constant which

does not depend on j.
Denote the constant mentioned in the previous lemma as S. Clearly, such a

constant gives us freedom to control ‖ξ‖Ij , and this is shown in the following lemma.

Lemma 4.2. Suppose ‖et‖Ij ≤ Ch
k+3/2
j . Then S ≤ Chk+2

j if and only if ‖ξ‖Ij ≤
Ch

k+5/2
j .
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Proof. Suppose ‖ξ‖Ij ≤ Ch
k+5/2
j . Then by Lemma 3.1 we have S ≤ Chk+2

j . On

theother hand, suppose S ≤ Chk+2
j . Then by Lemma 3.6

ξ̄j = ξ−
j+ 1

2

− (ξ − ξ̄j)
−
j+ 1

2

≤ S + Ch
−1/2
j ‖ξ − ξ̄j‖Ij

≤ S + Ch
1/2
j ‖et‖Ij

≤ Chk+2
j .

Therefore,

‖ξ‖Ij ≤ ‖ξ̄j‖Ij + ‖ξ − ξ̄j‖Ij ≤ Ch
k+5/2
j .

Remark. The condition ‖et‖Ij ≤ Ch
k+3/2
j in Lemma 4.2 is true because we require

ξt = 0. Actually, we can show ‖et‖Ij ≤ Chk+1
j |u|k+2,Ij . We will also use this estimate

of et later in this subsection.
There is a straightforward corollary of the above lemma.
Corollary 4.1. Suppose the initial solution satisfies ξt = 0 and S ≤ Chk+2.

Then ‖ξ‖Ω ≤ Chk+2.
Now let us proceed to construct the initial solution uh from ξt = 0.
Lemma 4.3. Suppose

∫
Ij
et = 0. Then ξx is uniquely determined by Pket in the

cell Ij.
Proof. Let v+h |j− 1

2
= 0 in (3.13). Then we have

(Pket, vh)j = (ξx, vh)j .(4.1)

Since the equation above is linear, we need only prove the uniqueness. That is, suppose
(Pket, vh)j = 0 ∀ vh ∈ Vh and v+h |j− 1

2
= 0. Then we need to show ξx = 0. To prove

this, let p(x) be an arbitrary polynomial of degree no more than k and vh = p−p+
j− 1

2

.

Then

(Pket, p)j = (Pket, p− p+
j− 1

2

)j = 0.

This implies that Pket = 0. By Lemma 3.6, we obtain ξx = 0.
Remark. The expression of ut can be obtained by the PDE; therefore, it is not

difficult to obtain Pket from ξt = 0.
Now, the only thing left is to determine the value of the constant S = ξ−

j− 1
2

.

By Corollary 4.1 we can simply take S = 0. However, such S does not satisfy the
conservation of mass. If we consider periodic boundary condition, then we can select
a special S such that

∫
Ω
ξ = 0. We first prove that such S satisfies the property

S ≤ Chk+2. Actually,∫
Ω

ξdx =

N∑
j=1

ξ̄jhj =

N∑
j=1

(
S − (ξ − ξ̄)−

j+ 1
2

)
hj,

which yields

S|Ω| =
N∑
j=1

(ξ − ξ̄)−
j+ 1

2

hj .(4.2)
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3118 YANG YANG AND CHI-WANG SHU

Then we obtain

S ≤ C

|Ω|
N∑
j=1

‖et‖Ijh3/2j ≤ C

|Ω|

⎛⎝ N∑
j=1

h2k+5
j

⎞⎠1/2

|u|k+2,Ω ≤ C√|Ω|h
k+2|u|k+2,Ω.(4.3)

In the first inequality in (4.3) we use Lemma 3.6 and (3.3). For the second inequality
we use Cauchy–Schwarz inequality and the estimate ‖et‖Ij ≤ Chk+1

j |u|k+2,Ij , which
is obtained in the remark after Lemma 4.2. The last inequality follows from the fact
that

∑
hj = |Ω| and hj ≤ h.

Now we summarize how to implement the initial discretization. We divide the
process into the following steps:

(1) Let ξt = 0, then compute the value of et with the help of the PDE.
(2) Use Lemma 4.3 to find out ξx.
(3) Compute ξ− ξ̄ in each cell from the expression of ξx and the fact that

∫
Ij
(ξ−

ξ̄)dx = 0.
(4) Work out S by using (4.2) or simply by taking S = 0.
(5) Calculate ξ from the expressions of S and ξx.
(6) Figure out uh = ξ + P−u.
From the process mentioned above, we can observe that the initial solution is

uniquely determined by the requirements ξt = 0 and
∫
Ω ξdx = 0 or ξ−

j− 1
2

= 0.

4.2. Step 1. Now, we proceed to prove Theorem 2.1. The estimates of ‖et‖Ω
and ‖ett‖Ω follow from Lemma 2.3 in [8] with some minor changes, so we skip the
proof and only state the results in the following two equations:

‖ett(t)‖Ω ≤ Chk+1|u|k+3,Ω + Cthk+1|u|k+4,Ω,(4.4)

‖et(t)‖Ω ≤ Chk+1|u|k+2,Ω + Cthk+1|u|k+3,Ω.(4.5)

Therefore, by Lemma 3.6 we have

‖ξ − ξ̄‖ ≤ C(1 + t)hk+2‖u‖k+3,Ω.(4.6)

Before proceeding to the optimal error estimates of ‖ξ‖Ω, we use the following
superconvergence result to prove the optimal error estimate of ‖e‖∞,Ω to end this
subsection.

Following [8], we can easily prove

‖ξ(t)‖Ω ≤ C(1 + t)hk+3/2‖u‖k+3,Ω.

Since ξ is a polynomial of degree at most k in each cell, we have

‖ξ(t)‖∞,Ij ≤ Ch−1/2‖ξ(t)‖Ij ≤ Ch−1/2‖ξ(t)‖Ω ≤ C(1 + t)hk+1‖u‖k+3,Ω.

Notice that the right-hand side of the above equation does not depend on j. We can
therefore take the maximum on both sides to obtain

‖ξ(t)‖∞,Ω ≤ C(1 + t)hk+1‖u‖k+3,Ω.

Finally, by Lemma 3.2, we obtain

‖e(t)‖∞,Ω ≤ C(1 + t)hk+1‖u‖∞,k+3,Ω.
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4.3. Step 2. Now, we proceed to estimate e(xj). By Lemma 3.3, only ξ(xj) is
considered. Denote the downwind-biased Radau points of the cell Ij as xij , 0 ≤ i ≤ k.

Also denote ψi
j to be a polynomial of degree k in cell Ij such that

ψi
j(x�) =

{
1 x� = xij ,

0 x� �= xij .
(4.7)

By the Gauss–Radau quadrature ξ(xij) = 2
wihj

(ξ, ψi
j), where the constant wi is the

weight of the quadrature at the ith downwind-biased Radau point on the reference
interval [−1, 1]. Based on this quadrature, we need only estimate (ξ, ψi

j) for any

0 ≤ i ≤ k. Clearly, ‖ψi
j‖∞ ≤ C, where the positive constant C does not depend on i,

j, or h. Motivated by [11], we consider the dual problem of (1.1). For convenience,
below we denote by C a generic positive constant that does not depend on h, T , or
u, but may depend on λ, recalling that λ is the ratio of the length of the largest cell
to that of the smallest.

We begin by considering the solution to the dual problem:
(1) For the periodic boundary condition, find a function φij such that φij(·, t)

satisfies

φijt + φijx = 0, (x, t) ∈ R× (0, T ],

φij(x, T ) = ψi
j(x), x ∈ R,

φij(0, t) = φij(2π, t), t ∈ [0, T ].
(4.8)

(2) For the initial boundary value problem, find a function φij such that φij(·, t)
satisfies

φij t + φijx = 0, (x, t) ∈ R× (0, T ],

φij(x, T ) = ψi
j(x), x ∈ R,

φij(2π, t) = 0, t ∈ [0, T ].
(4.9)

For convenience, we drop the subscript j as well as the superscript i and denote ψ to
be ψi

j and φ to be φij in this section. Following [11]

(e(T ), ψ) = (e, φ)(0) +

∫ T

0

(e, φ)tdt

= (e, φ)(0) +

∫ T

0

[(et, φ) + (e, φt)]dt.(4.10)

We apply P+ to deal with the term (et, φ)+(e, φt), with the definition of the projection
given in (3.4). Recalling that e = η − ξ, where the notations of ξ and η can be found
at the beginning of section 3.4, we have

(et, φ) + (e, φt) = (et,P
⊥
+φ) + (et,P+φ)− (e, φx)

= (et,P
⊥
+φ) +H(e,P+φ)− (η, φx) + (ξ, φx)

= (et,P
⊥
+φ)−H(ξ,P+φ)− (η, φx) +H(ξ, φ)

−
N∑
j=2

ξ−[φ]j− 1
2
+ ξ−φ−|N+ 1

2
− ξ−φ+| 1

2

= (et,P
⊥
+φ)− (η, φx)−

N∑
j=2

ξ−[φ]j− 1
2
+ ξ−φ−|N+ 1

2
− ξ−φ+| 1

2
,(4.11)

where for the last equality we use Corollary 3.1.
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For the periodic boundary condition, the above turns out to be

(et, φ) + (e, φt) = (et,P
⊥
+φ)− (η, φx)−

N∑
j=1

ξ−[φ]j− 1
2
.(4.12)

Integrating in t and noticing the fact that∫ T

0

N∑
j=1

ξ−[φ]j− 1
2
= 0

since [φ(t)]i− 1
2
= 0 except for at most finitely many t, we have∫ T

0

[(et, φ) + (e, φt)]dt =

∫ T

0

(et,P
⊥
+φ)dt +

∫ T

0

(η, φt)dt.(4.13)

For the initial boundary value problem, keeping in mind the fact that ξ−1
2

= 0,

(4.11) becomes

(et, φ) + (e, φt) = (et,P
⊥
+φ)− (η, φx)−

N∑
j=2

ξ−[φ]j− 1
2
+ ξ−φ−|N+ 1

2
.(4.14)

Integrating the above equation in t, and noticing the fact that∫ T

0

N∑
j=1

ξ−[φ]j− 1
2
= 0 and

∫ T

0

ξ−φ−|N+ 1
2
= 0

since [φ(t)]i− 1
2
= 0 except for at most finitely many t, and φ−(t)|N+ 1

2
= 0 when t < T ,

we again obtain (4.13).
We use integration by parts on the second term of the right-hand side of (4.13),∫ T

0

(η, φt)dt = (η, ψ)(T )− (η, φ)(0) −
∫ T

0

(ηt, φ)dt.(4.15)

Plugging (4.15) into the second term on the right-hand side of (4.13), then plugging
(4.13) into the right-hand side of (4.10), we obtain

(e(T ), ψ) = (e, φ(0)) +

∫ T

0

(et,P
⊥
+φ)dt + (η, ψ)(T )− (η, φ)(0)−

∫ T

0

(ηt, φ)dt.

Noticing the fact that P−u− uh = e− η, we have

(P−u− uh, ψ)(T ) = Πj
1 +Πj

2 +Πj
3,

where

Πj
1 = (P−u− uh, φ)(0),

Πj
2 = −

∫ T

0

(P⊥
−ut, φ)dt,

Πj
3 =

∫ T

0

(et,P
⊥
+φ)dt.
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For the first term, notice the fact that at t = 0, the support of φj is of length
at least hmin. Therefore, each cell contains at most �λ	 + 1 such φj , where �λ	
denotes the smallest integer no smaller than λ. In section 4.1 we obtain the estimate
‖ξ(0)‖Ω ≤ Chk+2|u|k+2,Ω. Then

N∑
j=1

(Πj
1)

2 =

N∑
j=1

(P−u− uh, φj)
2(0)

≤ Ch(�λ	+ 1)‖ξ‖2Ω
≤ Ch2k+5|u|2k+2,Ω.(4.16)

4.3.1. The estimate of Πj
2. In this subsubsection, we proceed to estimate Πj

2 =

− ∫ T

0 (P⊥
−ut, φ). For simplicity, only the periodic boundary condition is considered;

however, the estimate of the initial-boundary value problem can be obtained in exactly
the same way. We extend our meshes onto the whole real line periodically, so the
domain under consideration in this and the next subsections is R × [0, T ]. Clearly,
the characteristic line which passes through (xj− 1

2
, T ), denoted by lj , is t = x+ T −

xj− 1
2
, 0 < t < T . We also assume that lj and the cell boundary xi− 1

2
× [0, T ] intersect

at t = tji . Denote the support of φ in R× [0, T ] as Ωj . Then the boundaries of the cells

separate Ωj into several pieces, as shown in Figure 4.1. Denote Ωj
i = Ωj ∩ Ii × [0, T ]

and kj = min{i : Ωj
i is not empty}. Also define Δj = {kj , kj + 1, . . . , j} to be the

index set which contains the subscripts of all the nonempty pieces. Then we can easily
figure out the following properties:

(1) Ωj = ∪i∈ΔjΩ
j
i and |Δj | = j − kj + 1 ≤ �Tλ

h 	+ 1.

(2) Denote Δ̃j = {i ∈ Δj |Ωj
i is not a parallelogram}. Then |Δ̃j | ≤ �λ	 + 2 and

j ∈ Δ̃j .

(3) Among those which are not parallelograms, Ωj
j is a triangle which lies in the

region R× [T − h, T ], and by denoting Ω̃j = ∪i∈˜Δj\jΩ
j
i , we have Ω̃j ∈ R× [0, 2h].

(4) Suppose Ωj
i is a parallelogram. Then the vertices are (xi− 1

2
, tji ), (xi+ 1

2
, tji+1),

(xi+ 1
2
, tj+1

i+1 ), and (xi− 1
2
, tj+1

i ).

Now we can proceed to the estimate

∫ T

0

(P⊥
−ut, φ) =

∑
i∈Δj

∫
Ωj

i

P
⊥
−ut φ dxdt.

Consider the parallelogram Ωj
i . Noticing the fact that

∫ tji+1

tj+1
i

(
P
⊥
−ut(t

j+1
i ), φ

)
dt =

(
P
⊥
−ut(t

j+1
i ),

∫ tji+1

tj+1
i

φ dt

)

=

(
P
⊥
−ut(t

j+1
i ),

∫
Ij

ψ dx

)
= 0,(4.17)
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IjIi

Ωi
j

Ωj
j

Ωj
k+1

t=T

t=0

Ik+1Ik

ti+1
j

ti
j

ti+1
j+1

ti
j+1

Fig. 4.1. The support of φ: black polygons along the dashed line.

we then have

∫
Ωj

i

P
⊥
−ut φ dxdy =

∫ tji+1

tj+1
i

(P⊥
−ut, φ)dt

=

∫ tji+1

tj+1
i

(P⊥
−ut(t)− P

⊥
−ut(t

j+1
i ), φ)dt

=

∫ tji+1

tj+1
i

(
P
⊥
−

(∫ t

tj+1
i

utt(τ)dτ

)
, φ

)
dt

=

∫ tji+1

tj+1
i

∫ t

tj+1
i

(
P
⊥
−utt(τ), φ

)
dτdt

≤ Chk+4|u|k+3,∞,Ω.(4.18)

Now, we consider Ωj
j and Ω̃j . By using the third property of the partition of the

support of Ωj , we have

∫
Ωj

j

P
⊥
−ut φ dxdt ≤ Chk+3|u|k+2,∞,Ω
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and ∫
˜Ωj

P
⊥
−ut φ dxdt ≤ Chk+3|u|k+2,∞,Ω.

Combining the above, we obtain∫ T

0

(P⊥
−ut, φ) ≤ Chk+3|u|k+2,∞,Ω + CThk+3|u|k+3,∞,Ω.

4.3.2. The estimate of Πj
3. In this subsubsection, we still consider periodic

boundary conditions and follow the procedure in the previous subsubsection. However,
there are two differences:

(1) The support of P⊥
+φ, denoted as Tj, is different from Ωj .

(2) We do not have the local estimate of ‖ett‖Ij or ‖et‖Ij .
To deal with the first one, we define T j

i = Tj∩Ii×(0, T ). Clearly T j
i is a rectangle

covering Ωj
i and can be written as T j

i = Ii × (t0, t1), where t0 = inf{t : ∃x ∈ Ii
such that (s.t.) (x, t) ∈ Ωj

i} and t1 = sup{t : ∃x ∈ Ii s.t. (x, t) ∈ Ωj
i}. Clearly,

if Ωj
i is a parallelogram, then t0 = tj+1

i and t1 = tji+1 (see Figure 4.2). We also

denote T̃j = ∪i∈˜Δj\jT
j
i . Then Tj = ∪i∈ΔjT

j
i . Moreover, it is not difficult to obtain

IjIi

Ti
j

Tj
k-1

Tj
j

Tj
k

t=T

t=0
Ik+1Ik

ti
j+1

ti+1
j+1

ti
j

ti+1
j

Fig. 4.2. The support of P+φ: the black boxes along the dashed line.
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T j
j ⊂ Ij×(T−h, T ) and T̃j ⊂ R×(0, 2h). Consider T j

i such that Ωj
i is a parallelogram.

Notice the fact that∫ tji+1

tj+1
i

(et(t
j+1
i ),P⊥

+φ)dt =

(
et(t

j+1
i ),P⊥

+

∫ tji+1

tj+1
i

φ dt

)

=

(
et(t

j+1
i ),P⊥

+

∫
Ij

ψ dx

)
= 0.(4.19)

Then we have ∫
T j
i

et P
⊥
+φ dxdt =

∫ tji+1

tj+1
i

(et,P
⊥
+φ)dt

=

∫ tji+1

tj+1
i

(
et(t)− et(t

j+1
i ),P⊥

+φ
)
dt

=

∫ tji+1

tj+1
i

(∫ t

tj+1
i

ett(τ)dτ,P
⊥
+φ

)
dt

≤ Ch3/2
∫ tji+1

tj+1
i

‖ett‖Iidt.(4.20)

Observe that sup{t : (x, t) ∈ T̃j} ≤ 2h and inf{t : (x, t) ∈ T j
j } ≥ T − h; therefore,∫

T j
j

et P
⊥
+φ dxdt ≤ Ch

1/2
j

∫ T

T−h

‖et‖Ijdt

and ∫
˜Tj

et P
⊥
+φ dxdt ≤ C

∫ 2h

0

∑
i∈˜Δj\j

‖et‖Iih1/2i dt

≤ Ch1/2
∫ 2h

0

⎛⎝ ∑
i∈˜Δj\j

‖et‖2Ii

⎞⎠1/2

dt.(4.21)

Combining the above, we obtain the following estimate:

Πj
3 ≤ CΓj

1 + CΓj
2 + CΓj

3,

where

Γj
1 = h3/2

∑
i∈Δj\˜Δj

∫ tji+1

tj+1
i

‖ett‖Iidt,

Γj
2 = h

1/2
j

∫ T

T−h

‖et‖Ijdt,

Γj
3 = h1/2

∫ 2h

0

⎛⎝ ∑
i∈˜Δj\j

‖et‖2Ii

⎞⎠1/2

dt.
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SUPERCONVERGENCE OF DG METHOD 3125

As mentioned at the beginning of this subsection, we do not have the local estimate
of ‖et‖ or ‖ett‖, so we need to consider the summation with respect to j.

First, we consider Γj
1. Keeping in mind the fact that, for any t ∈ (0, T ) and

1 ≤ i ≤ N , the information of ‖ett(t)‖Ii is contained in at most �λ	 + 1 many of Γj
1,

we then have

N∑
j=1

|Γj
1|2 ≤

N∑
j=1

h3
∑

i∈Δj\˜Δj

⌈
Tλ

h

⌉(∫ tji+1

tj+1
i

‖ett‖Iidt
)2

≤ CTh3
N∑
j=1

∑
i∈Δj\˜Δj

∫ tji+1

tj+1
i

‖ett‖2Iidt

≤ CT (�λ	+ 1)h3
∫ T

0

‖ett‖2Ωdt

≤ CTh2k+5

∫ T

0

(|u|k+3,Ω + t|u|k+4,Ω)
2dt

≤ Ch2k+5
(
T 2|u|2k+3,Ω + T 4|u|2k+4,Ω

)
.(4.22)

The second term is easy to deal with:

N∑
j=1

|Γj
2|2 ≤

N∑
j=1

h2
∫ T

T−h

‖et‖2Ijdt

= h2
∫ T

T−h

‖et‖2Ωdt

≤ Ch2k+4

∫ T

T−h

(|u|k+2,Ω + t|u|k+3,Ω)
2dt

≤ Ch2k+5
(|u|2k+2,Ω + T 2|u|2k+3,Ω

)
dt.(4.23)

The third term is also not difficult. Noticing the fact that for fixed i,
∫ 2h

0 ‖et‖Ii is

contained in at most �λ	+ 1 many of Γj
3, we have

N∑
j=1

|Γj
3|2 ≤

N∑
j=1

h2
∫ 2h

0

∑
i∈Δ̃j\j

‖et‖2Ijdt

≤ (�λ	+ 1)h2
∫ 2h

0

‖et‖2Ωdt

≤ Ch2k+4

∫ 2h

0

(|u|k+2,Ω + t|u|k+3,Ω)
2dt

≤ Ch2k+5
(|u|2k+2,Ω + h2|u|2k+3,Ω

)
dt.(4.24)

Combining the above we obtain

N∑
j=1

|Πj
3|2 ≤ C

N∑
j=1

(
|Γj

1|2 + |Γj
2|2 + |Γj

3|2
)
≤ C(1 + T 4)h2k+5‖u‖2k+4,Ω.
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3126 YANG YANG AND CHI-WANG SHU

Remark. By the same method mentioned in this subsection, we can also derive
that

N∑
j=1

|Πj
2|2 ≤ C(1 + T 2)h2k+5‖u‖2k+4,Ω.

Here the upper bound is of T 2 instead of T 4 since ‖ηt‖Ω and ‖ηtt‖Ω do not grow in
time.

4.4. Final estimate. Now we proceed to the final estimate of |ξ(xj)|. We simply
sum up all the previous estimates and obtain

N∑
j=1

|(ξ, ψj)|2 ≤ 3

N∑
j=1

(
|Πj

1|2 + |Πj
2|2 + |Πj

3|2
)

≤ Ch2k+5
(|u|2k+2,Ω + (1 + T 2)‖u‖2k+4,Ω + (1 + T 4)‖u‖2k+4,Ω

)
≤ Ch2k+5(1 + T 4)‖u‖2k+4,Ω.(4.25)

Therefore,

1

N

N∑
j=1

|ξ(xj)|2 =
1

N

N∑
j=1

∣∣∣∣ 2hj (ξ, ψj)

∣∣∣∣2
≤ Ch2k+4(1 + T 4)‖u‖2k+4,Ω.

By Lemma 3.3,

1

N

N∑
j=1

|(u− uh)(xj)|2 ≤ Ch2k+4(1 + T 4)‖u‖2k+4,∞,Ω.(4.26)

We have now finished the proof of the main theorem.
Noticing the fact that, throughout the whole proof, we have not used any special

property of ψ, we can then take ψ to be the indicator function of the cell Ij , which
yields the estimate of (2.7). Finally, (2.8) follows from (4.6) and (2.7).

4.5. Applications. In section 4.2, we proved the optimal error estimates in the
L∞-norm by using the superconvergence of ξ = uh − P−u. This can be considered
as an application of the superconvergence result. We also briefly discuss another
application in using the superconvergence of the cell averages for a new a posterior
error indicator, in the same spirit as in [16] where the jump sizes at cell interfaces are
used as an a posterior error indicator. For simplicity of notation, we denote v as the
numerical solution instead of uh in this section and consider the cell Ij only. Due to
the superconvergence result, the cell average of the numerical solution vj is superclose
to that of the exact solution uj . If we construct another numerical cell average ṽj
which is not superconvergent, then the difference ṽj − vj is a good a posterior error
indicator of the local error. We construct ṽj in the following steps:

(1) Extend the polynomial numerical solution from the two neighboring cells,
denoted by vj−1 and vj+1, to the cell Ij .
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(2) Compute the cell averages of vj−1 and vj+1 in the cell Ij , and denote them
by ṽj−1 and ṽj+1, respectively.

(3) Define

ṽj = θṽj−1 + (1 − θ)ṽj+1,

where 0 ≤ θ ≤ 1. In general, the new cell average ṽj is only (k + 1)th order accurate.
(4) The a posterior computable quantity ṽj − vj is asymptotically equal to the

error ṽj−uj (where uj is the cell average of the exact solution) and is therefore a good
indicator of the local error between the exact solution u and the numerical solution v
in cell Ij .

Numerical evidence will be given in Example 1 in section 5.

5. Numerical tests. The purpose of this section is to verify our main result,
Theorem 2.1 as well as Corollary 2.1, and to present numerical evidence suggesting
that the rate of superconvergence proved in this paper is optimal. In most cases, we
consider random meshes (that is, each cell boundary point is randomly and indepen-
dently perturbed from a uniform mesh up to a given percentage) and use λ to denote
the ratio of the length of the largest cell to that of the smallest one.

Example 1. We solve the following equation:⎧⎨⎩
ut + ux = 0,
u(x, 0) = esin(x),
u(0, t) = u(2π, t).

(5.1)

The exact solution to this problem is

u(x, t) = esin(x−t).

We use ninth order strong-stability-preserving (SSP) Runge–Kutta discretization in
time [14] and take Δt = 0.05hmin to reduce the time error. Nonuniform meshes which
are obtained by randomly and independently perturbing each node in a uniform mesh
by up to 40% are used, and the example is tested with both P1 and P2 polynomials.
The special error in Theorem 2.1 at different downwind-biased Radau points at t = 1
on random meshes of N cells is computed. In Table 5.1, we can observe (2k + 1)th
order superconvergence at the downwind point and (k+2)th order superconvergence
at other Radau points. The initial solution is obtained by exactly the same way as

Table 5.1

The error e at the Radau points for (5.1) when using P1 and P2 polynomials.

1st Radau point 2nd Radau point Downwind point
Polynomial N hmax λ Error Order Error Order Error Order

P1 50 0.202 6.056 1.86E-04 - 1.34E-04 -

100 0.111 6.169 3.76E-05 2.64 2.87E-05 2.55
200 5.408e-02 7.339 3.89E-06 3.17 2.92E-06 3.19
400 2.781e-02 6.956 4.90E-07 3.12 3.80E-07 3.07

P2 50 0.202 6.056 1.11E-06 - 1.09E-06 - 2.13E-07 -
100 0.111 6.169 1.70E-07 3.09 1.42E-07 3.37 1.78E-08 4.10
200 5.408e-02 7.339 1.03E-08 3.93 7.94E-09 4.04 4.28E-10 5.21
400 2.781e-02 6.956 7.74E-10 3.89 5.81E-10 3.93 1.37E-11 5.18
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3128 YANG YANG AND CHI-WANG SHU

mentioned in section 4.1. The downwind-biased Radau points on the interval [−1, 1]

are − 1
3 and 1 for P1 polynomials, and are −1−√

6
5 , −1+

√
6

5 , and 1 for P2 ones.
Table 5.2 shows the rate of convergence of the error ξ. We observe that the order

is k + 2, indicating that the estimate in (2.8) is sharp.
Moreover, we also test the superconvergence for the cell average. Table 5.3 shows

the result for example 1 by using the method mentioned in section 4.1 as well as with
L2 and P− projection for the initial discretization. From Table 5.3, we find that the
convergent rates are of order 2k + 1, k + 3

2 , and at least k + 2, respectively, for the
three different ways of numerical initial discretization.

Table 5.2

The error ξ for (5.1) when using P1 and P2 polynomials.

L2 norm of ξ P1 polynomial P2 polynomial

N hmax λ L2 error Order L2 error Order
50 0.202 6.056 4.09E-04 - 1.85E-06 -
100 0.111 6.169 8.67E-05 2.56 2.93E-07 3.05
200 5.408e-02 7.339 8.84E-06 3.19 1.70E-08 3.99
400 2.781e-02 6.956 1.11E-06 3.12 1.29E-19 3.88

Table 5.3

The cell average of the error e for (5.1) when using P1 and P2 polynomials.

L2 norm of the cell average of e P1 polynomial P2 polynomial

Initial discretization N hmax λ L2 error Order L2 error Order
uht = P−ut 50 0.202 6.056 3.84E-04 - 5.18E-07 -∫

Ω(uh − u)dx = 0 100 0.111 6.169 8.23E-05 2.54 4.70E-08 3.96
200 5.408e-02 7.339 8.42E-06 3.19 1.08E-09 5.29
400 2.781e-02 6.956 1.06E-06 3.11 3.33E-11 5.23

L2 projection 50 0.202 6.056 3.87E-04 - 5.56E-06 -
100 0.111 6.169 1.19E-04 1.94 1.18E-06 2.56
200 5.408e-02 7.339 1.38E-05 3.02 1.11E-07 3.31
400 2.781e-02 6.956 2.02E-06 2.89 7.65E-09 4.02

P− projection 50 0.202 6.056 3.35E-04 - 1.07E-06 -
100 0.111 6.169 7.38E-05 2.50 9.30E-08 4.03
200 5.408e-02 7.339 7.72E-06 3.16 3.47E-09 4.60
400 2.781e-02 6.956 9.81E-07 3.10 1.72E-10 4.52

Now we take the steps in section 4.5, and follow the same notation defined there.
θ is taken to be θ = 1, i.e., we consider the extension from the downwind cell to the
right. We use P2 polynomials on a uniform mesh with N = 100. Define piecewise
constants S(x) such that in cell Ij

S(x) = Sj =
ṽj − vj
ṽj − uj

− 1,

where uj denotes the cell average of the exact solution u in cell Ij . We compute and
observe that ‖S‖∞,Ω = 7.90× 10−4, indicating that the computable quantity ṽj − vj
is a good estimate of the local error ṽj − uj. From Figure 5.1, we can see that the
computable quantity |v̄ − ṽ| captures the profile of the local error |u − v| (computed
at the middle point in each cell) well.
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Fig. 5.1. Comparison between |u− v| (solid line) and |v̄ − ṽ| (dashed line).

Example 2. We solve the following initial boundary value problem:⎧⎨⎩
ut + ux = 0,
u(x, 0) = sin(x),
u(0, t) = sin(−t).

(5.2)

The exact solution to this problem is

u(x, t) = sin(x− t).

We use third order SSP Runge–Kutta discretization in time and take Δt = 0.1h2min

to reduce the time error, and test the example with both P1 and P2 polynomials.
The same quantities as in Example 1 on the same kind of random meshes of N cells
are computed. The initial solution is again obtained in the way given in section 4.1.
In Table 5.4 we can observe that the error between the DG solution and the exact
solution is (2k + 1)th order superconvergent at the downwind point and (k + 2)th
order superconvergent at the other Radau points.

Table 5.5 shows the (k + 2)th order superconvergence of the error ξ in the L2

norm, demonstrating that the estimate in (2.8) is sharp.
As in Example 1, we also test the superconvergence for the cell average. Table 5.6

shows the result for Example 2 by using the method mentioned in section 4.1 as well
as the L2 and P− projections for the initial discretization. From Table 5.6, we observe
similar results as in the periodic case.
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3130 YANG YANG AND CHI-WANG SHU

Table 5.4

The error e at the Radau points for (5.2) when using P1 and P2 polynomials.

1st Radau point 2nd Radau point Downwind point
Polynomial N hmax λ Error Order Error Order Error Order

P1 50 0.202 6.056 6.06E-05 - 2.88E-05 -
100 0.111 6.169 8.92E-06 3.16 4.30E-06 3.14
200 5.408e-02 7.339 1.02E-06 3.04 4.73E-07 3.09
400 2.781e-02 6.956 1.25E-07 3.15 5.82E-08 3.15

P2 50 0.202 6.056 4.10E-07 - 3.11E-07 - 1.30E-08 -
100 0.111 6.169 3.20E-08 4.21 2.38E-08 4.24 5.51E-10 5.22
200 5.408e-02 7.339 1.84E-09 4.00 1.38E-09 3.99 1.45E-11 5.06
400 2.781e-02 6.956 9.36E-11 4.48 1.05E-10 3.87 4.31E-13 5.28

Table 5.5

The error ξ for (5.2) when using P1 and P2 polynomials.

L2 norm of ξ P1 polynomial P2 polynomial

N hmax λ L2 error Order L2 error Order
50 0.202 6.056 1.24E-04 - 6.63E-07 -
100 0.111 6.169 1.87E-05 3.13 5.32E-08 4.17
200 5.408e-02 7.339 2.10E-06 3.06 3.03E-09 4.01
400 2.781e-02 6.956 2.58E-07 3.15 2.30E-10 3.88

Table 5.6

The cell average of the error e for (5.2) when using P1 and P2 polynomials.

L2 norm of the cell average of e P1 polynomial P2 polynomial

Initial discretization N hmax λ L2 error Order L2 error Order
uht = P−ut 50 0.202 6.056 1.11E-04 - 3.75E-08 -

uh
−
j+ 1

2

= P−u−
j+ 1

2

100 0.111 6.169 1.67E-05 3.12 1.63E-09 5.18

200 5.408e-02 7.339 1.90E-06 3.04 4.07E-11 5.16
400 2.781e-02 6.956 2.35E-07 3.14 1.14E-12 5.37

L2 projection 50 0.202 6.056 1.86E-04 - 2.59E-06 -
100 0.111 6.169 5.48E-05 2.02 3.59E-07 3.26
200 5.408e-02 7.339 6.86E-06 2.91 3.11E-08 3.43
400 2.781e-02 6.956 1.02E-06 2.87 2.86E-09 3.59

P− projection 50 0.202 6.056 1.01E-04 - 2.49E-07 -
100 0.111 6.169 1.53E-05 3.12 1.48E-08 4.66
200 5.408e-02 7.339 1.72E-06 3.06 5.73E-10 4.55
400 2.781e-02 6.956 2.06E-07 3.20 2.48E-11 4.72

Example 3. We solve the following two-dimensional problem:{
ut + ux + uy = 0,
u(x, y, 0) = sin(x+ y)

(5.3)

with periodic boundary condition on the domain [0, 2π]2. The exact solution is

u(x, y, t) = sin(x+ y − 2t).

We use a random rectangular mesh defined as

0 = x 1
2
< · · · < xNx+

1
2
= 2π, 0 = y 1

2
< · · · < yNy+

1
2
= 2π,
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Table 5.7

Superconvergence results for (5.3) when using Q1 and Q2 polynomials.

Q1 polynomial Q2 polynomial

Error Nx × Ny hmax λ L2 error Order L2 error Order
‖P−u − uh‖ 10 × 10 0.997 3.722 2.65E-02 - 8.40E-04 -

20 × 20 0.552 4.809 4.41E-03 3.04 6.97E-05 4.22
40 × 40 0.270 7.339 5.12E-04 3.02 3.64E-06 4.13
80 × 80 0.133 6.326 6.33E-05 2.96 2.33E-07 3.89

‖u − uh‖ 10 × 10 0.997 3.722 4.19E-02 - 6.47E-04 -
20 × 20 0.552 4.809 7.65E-03 2.88 5.26E-05 4.25
40 × 40 0.270 7.339 9.12E-04 2.98 2.20E-06 4.44
80 × 80 0.133 6.326 1.14E-04 2.94 1.16E-07 4.17

maxi,j |(u − uh)(x, y)| 10 × 10 0.997 3.722 2.28E-02 - 1.56E-03 -
(x,y) is the downwind- 20 × 20 0.552 4.809 5.65E-03 2.37 1.35E-04 4.14

biased Radau points in Ii,j 40 × 40 0.270 7.339 6.39E-04 3.05 8.88E-06 3.81
80 × 80 0.133 6.326 1.01E-04 2.62 7.15E-07 3.57

maxi,j |(u − uh)(x, y)| 10 × 10 0.997 3.722 1.99E-02 - 3.72E-04 -
(x,y) is the downwind 20 × 20 0.552 4.809 2.79E-03 3.33 4.09E-05 3.74

point in Ii,j 40 × 40 0.270 7.339 3.93E-04 2.74 1.49E-07 4.64
80 × 80 0.133 6.326 4.65E-05 3.02 1.34E-07 3.42

and

Ii,j = [xi− 1
2
, xi+ 1

2
]× [yj− 1

2
, yj+ 1

2
].

We define the approximation space as

V k
h =

{
uh : uh|Ii,j ∈ Qk(Ii,j), 1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny

}
,

where Qk(Ii,j) denotes all the tensor product polynomials of degree at most k in x
and in y on Ii,j . The Gauss–Radau projection P− is defined as follows:∫

Ii,j

(P−u− u)vhdxdy = 0

for any vh ∈ V k−1
h ,∫ y

j+1
2

y
j− 1

2

(P−u(xi+ 1
2
, y)− u(xi+ 1

2
, y))wh(y)dy = 0

for any wh ∈ Pk−1,∫ x
i+1

2

x
i− 1

2

(P−u(x, yj+ 1
2
)− u(x, yj+ 1

2
))zh(x)dx = 0

for any zh ∈ Pk−1, and

P−u(xi+ 1
2
, yj+ 1

2
) = u(xi+ 1

2
, yj+ 1

2
).

We also use upwind flux and ninth order SSP Runge–Kutta discretization in time
with Δt = 0.1hmin. We test the example with both Q1 and Q2 polynomials, and
compute ξ = uh − P−u, the error of the cell average, as well as the error on the
downwind-biased Radau points and the downwind point. For simplicity, we do not
consider the Radau points one by one, but select the one which gives the largest error
in each cell. The initial solution is given by the P− projection. The results are listed
in Table 5.7.
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It appears that similar superconvergence results are valid also in two dimensions.
However, the technique of the proof in this paper, in particular the part related to
the special projections, does not seem to be easily extendable to two dimensions.

6. Concluding remarks. We have studied the behavior of the error between
the DG solution and the exact solution for sufficiently smooth solutions of linear
conservation laws when upwind fluxes are used. We prove that under suitable initial
discretization, the error between the DG solution and the exact solution is (k + 2)th
order superconvergent at the Radau points. Moreover, numerical experiments show
the convergent rate is (2k + 1)th order superconvergent at the downwind point as
well as the L2 norm of the cell average. We also prove that the DG solution is
superconvergent with the rate k + 2 towards a particular projection of the exact
solution.

In future work, we will attempt to prove the superconvergent property for general
initial discretization, and generalize the results to other types of PDEs and to multi-
dimensions.
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