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1. Introduction

The Vlasov—Poisson (VP) system is a classical model in collisionless kinetic theory.
It is a mean-field limit description of a large ensemble of interacting particles by
electrostatic or gravitational forces. While most of the results in this work are
equally valid in both cases under smoothness assumptions of the solutions, we focus
our presentation on the plasma physics case.

In kinetic theory, the evolution of the particle number density or mass den-
sity f(x,v,t) in phase space, i.e. position and velocity (x,v) at time ¢ > 0 is given
by the Vlasov equation

af d
E+V-fo—vx¢>~vvf:0, (x,v,t) € Qx x R* x [0, 77, (1.1)
considered with periodic boundary conditions in the d-dimensional torus x =
[0,1]¢ with d = 2,3. In order to describe charged particles motion in plasmas, we
need to compute the force field from the macroscopic density of particles

p(x,t) = f(x,v, t)dv. (1.2)
Rd
While in a more accurate model, magnetic effects and Maxwell’s equation for the
force fields should be considered, we assume that they are negligible and compute
the force field from the Poisson equation,

—AD =p(x,t) — 1, (x,t)€Q, x[0,7T], (1.3)

where E(x,t) = Vx® is the electrostatic field per unit mass, up to a sign, acting
on particles. Here, we set all physical constants appearing in the equations to one
for simplicity. Its solution allows us to compute the electric potential ®(x,t) due
to both the self-consistent part coming from the macroscopic density p(x,t) and
a uniform background ion density normalized to one. In plasma applications the
system has to be globally neutral, meaning that the total charge of the system is
Zero,

/ p(x,t)dx = / f(x,v,t)dvdx = 1. (1.4)
Q. O, Jra

This is a compatibility condition imposed by the periodicity of the boundary con-
ditions for the Poisson equation (1.3). We refer to Refs. 49, 16 and 38 for good
accounts on the state-of-the-art in the mathematical analysis and properties of
the solutions of the Cauchy problem for the VP system. Global classical solutions
were constructed in Ref. 9 for the system (1.1)—(1.3) with periodic boundary condi-
tions in space and with compactly supported in velocity C?(Qy x R%)-initial data.
Since the solutions are shown to remain compactly supported in velocity if initially
so, we will assume without loss of generality that there exists L > 0 such that

1250042-2



DG Methods for the Multi-Dimensional VP Problem
v € Q, =[~L,L]% and that

Supp(x,v)(f(',t)) C Ok X (_LvL)d

for all 0 <t < T for a given fixed T' > 0. The VP system is an infinite-dimensional
Hamiltonian which has infinitely many conserved quantities, in particular all LP-
norms of the distribution function, 1 < p < oo, and the total (kinetic + potential)
energy are preserved in time.

The large number of physical applications and technological implications of the
behavior of plasmas and the fact that kinetic descriptions are more accurate, have
prompted an upsurge in the research of numerical simulations for the VP system, in
the last decades. Most of the first attempts were based on particle-like or stochastic
methods'*31:45 due to the computational limitations and the high dimensionality
of the system. Nowadays, there is a strong interest in the design and understand-
ing of accurate deterministic solvers. Different Eulerian approaches have already
proved their usefulness in the simulation of challenging questions as the Landau
damping of Langmuir waves or the two stream instability. We mention splitting
40. semi-Lagrangian schemes??:10,24:25,32,
spectral methods®® and conforming finite elements,%:6%1% among others. Exten-
sive comparisons of the performance of different methods are performed in
Ref. 41.

Recently, the use of discontinuous Galerkin (DG) techniques has been brought
into the design and simulation of Eulerian solvers for kinetic equations, in differ-
ent contexts. DG techniques are extremely versatile; they share with finite vol-
ume method? their ability in approximating hyperbolic problems; but they are also
extremely flexible for high-order approximations.

For the numerical simulation of one-dimensional VP system, we find a few works
using DG techniques: DG methods are used in Ref. 12 for the multi-water-bag
approximation of the system; a piecewise constant DG approximation is considered
in Refs. 44, 52, and in Ref. 59 results obtained with a semi-Lagrangian method
combined with high-order DG interpolation are reported. In this last work the
authors also used the positivity preserving limiter introduced in Ref. 66. We also
refer to Ref. 51 for a detailed study of the performance and conservation properties
of the high-order DG schemes introduced and analyzed in this paper.

All the efforts in the simulation with the different proposed solvers for VP
have benefited also from the theoretical studies of the schemes. However, this field
is surely less developed, in part due to the not complete understanding of the
continuous problem but also to the inherent difficulties of the resulting nonlinear
high-dimensional problem. Except from some theoretical works for particle meth-

schemes?8:43:63,54.39. finite volume schemes

ods*; error analysis and convergence results for Eulerian schemes have been given

2Since piecewise constant DG methods are completely equivalent to a finite volume scheme.
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so far only for the one-dimensional problem: for finite volumes in Ref. 40; for semi-
Lagrangian schemes in Refs. 11, 13, 24, 32, and more recently for discontinuous
Galerkin methods in Ref. 6.

Here, we take up the issue of convergence and rigorous error analysis of DG
approximation for the multi-dimensional (d = 2,3) VP system. This work is the
natural continuation of Ref. 6, however new complications arise for the multi-
dimensional case. We introduce a family of DG methods for (1.1)—(1.3) based on
the coupling of a DG approximation to the Vlasov equation (transport equation)
with several mixed finite element methods for the Poisson problem with either
H (div; Qx)-conforming (and hence classical) or discontinuous finite element spaces.
The use of mixed methods is suggested by the structure of the VP system, since the
transport in the velocity variable in the Vlasov equation (1.1) is given by the elec-
trostatic field and not the potential. We remark that most of the solvers proposed
in the literature, if not all, employ either a primal method or a direct discretization
of the closed form of the solution to (1.3), the latter approach being not suitable
for the higher-dimensional problem.

By construction (thanks to DG) our family of methods enjoy the charge con-
servation property. We also introduce a particular DG-LDG method for which we
prove that it preserves the total energy of the system, provided finite element spaces
contain at least quadratic polynomials. We point out that, recently, in Ref. 51 the
validation of such scheme is studied in detail for many benchmark problems in
plasma physics and it is also observed that the restriction on the polynomial degree
required by our proof is indeed necessary.

We present the error analysis of the proposed family of methods, in the case
of smooth compactly supported solutions. Optimal error bounds in L? are given
for both the distribution function and the electrostatic field. To avoid the loss of
half-order, typical of classical error analyses for hyperbolic problems, we introduce
some special projections, inspired mainly by Ref. 55, that exploit the structure of
the mesh and extend to higher dimension the ones introduced in Ref. 6.

It is worth noticing that, unlike what often happens in the convergence and error
analysis of numerical methods for nonlinear problems, in our analysis we do not
require any a priori assumption on the approximation to the distribution function
or the electrostatic field or mesh restriction. As a consequence the error bounds
proved are not asymptotic; i.e. they hold for any mesh size h < 1, which has special
relevance in view of the complexity of the possible computations. We deal with
the nonlinearity, by proving L* bounds on the approximate electrostatic field. We
wish to mention that the proof of this result, for both the LDG and classical mixed
methods, is of independent interest. Although there is a large amount of work in the
literature, devoted to the L> and pointwise error analysis for the approximation of
a “linear” Poisson problem (see Refs. 46 and 27), the case where the forcing term in
the Poisson problem depends itself on the solution, has not been treated before for
mixed and DG approximations. Our analysis is partially inspired by Refs. 61 and 60,
where the authors deal with the conforming approximation of a “general” Poisson
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problem taking into account the outside influence of the forcing term. However
since Refs. 61 and 60 deal with standard conforming approximation, the results
and arguments used in these works cannot be directly applied nor adapted. For
the case of classical mixed approximation, the seminal work? can be more easily
extended to cover the present situation.

The outline of the paper is as follows. In Sec. 2 we present the basic notations
needed for the description and analysis of the numerical methods. We also revise
some well-known results that will be used in the paper. In Sec. 3 we introduce
our numerical methods for approximating the VP system and show stability of the
proposed schemes. The error analysis is carried out in Sec. 4, and we discuss the
issue of energy conservation in Sec. 4.4. The paper is completed with Appendix A
containing the proofs of the error estimates for the electrostatic field.

2. Preliminaries and Basic Notation

In this section we review the basic notation for the discrete setting and the definition
of the finite element spaces together with their basic properties. Throughout the
paper, we use the standard notation for Sobolev spaces.2 For a bounded domain
B C R??, we denote by H™(B) the L2-Sobolev space of order m > 0 and by ||+ ||,n.5
and |- |, p the usual Sobolev norm and semi-norm, respectively. For m = 0, we write
L?(B) instead of H°(B). We shall denote by H™(B) /R the quotient space consisting
of equivalence classes of elements of H™(B) differing by constants; for m = 0 it
is denoted by L?(B)/R. We shall indicate by LZ(B) the space of L?(B) functions
having zero average over B. This notation will also be used for periodic Sobolev
spaces without any other explicit reference to periodicity to avoid cumbersome
notations.

2.1. Domain partitioning and finite element spaces

Let 7% and 7,Y be two families of Cartesian partitions of Qx and {2y, respectively,
formed by rectangles for d = 2 and cubes for d = 3. Let {7;,} be defined as the
Cartesian product of these two partitions: 7, 1= 7;X x 7,V ; i.e.

Ty = {R=T*xTV:T*c T;* , TV €T} }.
The mesh sizes h, hy and h, relative to the partitions are defined as usual
0 < hx = max diam(7T*), 0<hy = max diam(T"), h =max (hx,hy).
T*ETT TVETY,
We denote by & and &y the set of all edges of the partitions 7% and 7" , respec-
tively and we set &€ = E x &,. The sets of interior and boundary edges of the

partition 7,* (respectively, 7,V ) are denoted by €Y (respectively, £)) and E2 (respec-
tively, £2), so that & = EQ U EJ (respectively, & = £V U EY).
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Trace operators. Observe that due to the structure of the transport equa-
tion (1.1), for each R = T* x TV € 7;, with 7™ € 7* and TV € 7} and for
each o € HY(T* x TV) we only need to define the traces of ¢ at T x TV and
T* x OTV. Hence, for setting the notation, it is enough to consider a general ele-
ment T in either 7,* or 7,7 . By n| = we designate the outward normal to the
element T and we denote by ¢~ the interior trace of ¢, on 9T and @™ refers to
the outer trace on 9T of ¢|,.. That is,

oE(x,) = lir% er(xten,-) VxedT. (2.1)

We next define the trace operators, but to avoid complications with fixing some
privileged direction we follow Ref. 5. Let T_ and Ty be two neighboring elements
in either 7¥ or 7,Y , and let n~ and n* be their outward normal unit vectors, and
let * and 7% be the restriction of ¢ and 7 to T. Following Ref. 5 we set

(¢~ +¢), [el=¢ 0 +¢n* onecé&) r=xorv, (22

{e} =

N~ N~

(t74+7"), [r]=7-n +7"-nt onec&) r=xorv. (2.3)

7} =

We also introduce a weighted average, for both scalar- and vector-valued functions,
as follows: with each internal edge e = TV N7~ and each 0 < § < 1, we define

{T}s :=67" + (1 —6)T~ on internal edges. (2.4)

For e € &2 (with r = x or v), we set [¢] = ¢n, {¢} = ¢ and {7} = 7. Notice
that when referring to elements rather than edges, according to (2.1), ¢~ can be
seen as the inner trace relative to T~ (i.e. ¢, ) and also as the outer trace relative
to TF (ie. ga;+). Similarly, n~ denotes the outward normal to 7~ and also the
inner normal to 7. Both notations will be used interchangeable. We shall make
extensive use of the following identity*

T;F/QTTT.nwdSr:/gr{r}.[[<p]]dsr+/59[[r]]{gp}dsr r—xv,  (25)

where the shortcut notation fSr =D cce, fe is used. Next, for £ > 0, we define the
discontinuous finite element spaces V;¥, Zf and X},

Zy = {p € L*(Q) : i € QNT) x QX(TY), YR =T* x T € Tn},

Xp = {v € (%) : Yy € QNT™), VT* € T},

Vit = {0 € LX(Qy) ¥y, € QUTY), VIV € T},

Eh = {1 € (LA ()" 7w € (QY(T)%, VT* € T},
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where QF(T') (respectively, (QF(T)9) is the space of scalar (respectively, vectorial)
polynomials of degree at most k in each variable. We also set Q¥ = XN L3(Qx).
We finally introduce the Raviart—Thomas finite element space:

By = {1 € H(div; Q) : T, € RT¥T™), VT* € T* },
where

H(div; Q) = {7 € (L*(Q))? with div(7) € L*(%) and
T - nyq periodic on 9N}

and RT®(T*) := QF(T*)? + x - Q¥(T™) (see Ref. 21 for further details). We shall
denote by || - || g(div;0,) the H(div;Qy)-norm defined by

171 i = ITIIE + I div(T)I§ V7 € H(div; Q).

Remark 2.1. We have chosen to present the classical mixed approximation spec-
ifying one H (div; Q2x)-conforming finite element spaces: the Raviart—Thomas finite
element spaces. However, we wish to note that one could have chosen the Brezzi—
Douglas—Marini'?2° BDMyg41 or the Brezzi-Douglas—Fortin—-Marini'® BDFMj41
finite element spaces as well and all the results given here hold for them without
changes.

2.2. Technical tools

We start by defining the following semi-norm and norms that will be used in our
analysis:

elin= > lelir, lellnz = D lelhr YeeH™Tn), m>0,
ReT, RET,

ellose, = sup [elosers 1612z = 3 Il Vo€ LP(T)
RET ReT;,

for all 1 < p < co. We also introduce the following norms over the skeleton of the
finite element partition,

el = 3 [ [lePdsav. lole, = 3 [ [loPdsax

ecEx ecéy
Then, we define [[¢[[5 o, = 12l ¢, + [1€]5 . -

Projection operators. Let k > 0 and let P, : L?(Q) — ZF be the standard L2-
projection. We denote by Pyx:L*(2) — XF and Py:L?(Q) — V/ the standard
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d-dimensional L2-projections onto the spaces X ’,f and V,f, respectively, and we note
that Pj, = Px ® Py satisfies (see Refs. 29 and 3)

lw = Po(w)lo, 7 + b2 |lw = Pu(w)]log, < CH*H wlkrro Yw e HFHQ),
(2.6)

with C' depending only on the shape regularity of the triangulation and the poly-
nomial degree. By definition, P, is stable in L? and it can be further shown to be
stable in all LP-norms (see Ref. 34 for details):

1Pr(w)l| e (i) < Cllwllie@) Yw e LP(Q), 1< p < oo. (2.7)
We will also need approximation properties in the supremum-norm?2:
Hw — Pp(w) 0,00, T < Chk—i_l”wH/H,l’(x,’Q Yw e Wk+1’oo(Q). (2.8)

We wish to stress that the projections Px and P, also satisfy properties (2.7)
and (2.8). Furthermore, we will also use

|w—Pe(w)|lo.7, <O Hwllgs1.0 Ywe HYQ), r=xorv. (2.9)

Raviart—Thomas projection. For £ > 0 we denote by Rﬁ the local interpolation
operator which satisfies the following commuting diagram:

H(div; ) — L3()

RrE l lﬁ,’j
div

> —— Qs

where ﬁ,’f refers to the standard L?-projection operator onto Qﬁ The above com-
muting diagram expresses that div(XF) = QF and

divRE(T) = PF(divr) V7 e H(div; ). (2.10)

In particular (2.10) holds for all 7 € H'(Q)?. Optimal LP-approximation prop-
erties, with 2 < p < oo can be shown for this operator (see Refs. 21 and 47 for
details):

I = REE)| o) + div(r = REE) oo < ORI llwenngo,,  (211)

for all 7 € WH+1P(Q,)?. We notice that all the approximation and stability results
stated here for the standard L2-projection, hold true also for the L?-projection onto
Q’,?L; ie. Pf’f.
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3. Numerical Methods and Stability

In this section we describe the numerical methods we propose for approximat-
ing the VP system (1.1)-(1.3) and prove stability for the proposed schemes.
Following the work initiated in Ref. 6, the proposed numerical schemes are
based on the coupling of a simple DG discretization of the Vlasov equation and
some suitable finite element approximation, possibly discontinuous, to the Poisson
problem.

Thanks to the special Hamiltonian structure of the Vlasov equation (1.1): v is
independent of x and E is independent of v; for all methods the DG approximation
for the electron distribution function is done exactly in the same way. Therefore
we first present the DG method for the transport equation (1.1), postponing the
description of the approximation to the Poisson problem (1.3) to the last part of
the section.

While describing the numerical schemes, we will also state a number of approx-
imation results. The proofs of most of them, except for the stability and particle
conservation, are postponed to Appendix A.

3.1. Discontinuous Galerkin approximation
for the Vlasov equation

Throughout this section, we denote by E;, € > the FE approximation to the elec-
trostatic field to be specified later. We consider a DG approximation for the Vlasov
equation coupled with a finite element approximation to the Poisson problem. The
DG approximation to (1.1) reads: Find (Ep, fx) € C1([0,T]; = x ZF) such that

> Bur(En; fnon) =0 Voi € 2, (3.1)
ReTy,

and f1,(0) = Py (fo), the L2-projected initial data, where VR = T* x TV € Tp,,
Ofn
Bh,R(Eh; fh, <ph) = a—gphdvdx — th . ngphdvdx
r Ot R
+ / fnEyp - vaohdvdx—i—/ / (V/-IFh)gohdsxdv
R v JoT=

—/ / (E:?fh)gohdsvdx YR € Z,lf.
X 3TV

In this paper, we have slightly abused notation by using n to denote both nl_aTx

andn_  in the boundary integrals in (3.1). On each interior (2d — 1)-dimensional

face e* C (AT*NEQ) x TV and e” C T* x (OTV N EY), the numerical fluxes (v/-rvh)
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and (Eh/?fh) are defined, respectively, by

v~n(fh)‘;x ifv.n>0,
V/'Eh\ﬁx = v-n(fh)‘*Tx ifv.n<0, €e*COT*xTV,
{v-nfy} ifv.-n=0,
(3.2)
E;, - n(fh)r;v if B, -n >0,
Ef?fhw = S Ep- n(fh)‘_TV ifE, - n<0, €' CT*xITV.
{Eh-nfh} if Eh~n:O,

On boundary edges, ¢” € E),r = z,v, we impose the periodicity for V/-IFh
and compactness for Emh. Notice that the (upwind) fluxes defined in (3.2) are
consistent and conservative. Now, taking into account the definition of the weighted
average (2.4) and that of the standard trace operators (2.2) and (2.3) and the fact
that for each fixed e, n~ = —n™, the upwind numerical fluxes (3.2) can be rewritten
in terms of the weighted average (see Refs. 22 and 7 for details). More precisely, we
have for all TV € 7,Y and for all T € T;%

Vol = (VfiJa ni= ({vfh} o |[[fh]]> on €0 x T,

(3.3)
|Ej, - n|

Emhz{Ehfh}ﬁ'niz ({Ehfh}— [ fn ]]) ‘n on T* x &2,

with @ = $(1+sign(v-n*)) and 8 = (1 Fsign(Ej,-n*)). Then, using formula (2.5)
together with the conservativity property of the numerical fluxes, the DG scheme
reads, for all ¢, € Z’,f,

0= Z Bh,r(Enr; fr, ¢n)

RETh
-y / Sendvix— [ fuv- Vigndvix+ | fiBy- Vipndvix
ReT, @ °
+ > / /{th}a' ©n Jdsxdv
rvety, VTV

Z / /{Ehfh}ﬂ [on Jdsydx, (3.4)

TXGT"

where Vh<ph and V" 2o, are the functions whose restriction to each element R € 7,
are equal to Vxpp, and Vy gy, respectively. The discrete density, py is defined by

= > / _fndv e XF. (3.5)

v GT"
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The following result guarantees the particle conservation and the L2-stability for
the above scheme.

Lemma 3.1. (Particle or Mass conservation) Let k > 0 and let fy, € C*([0,T]; ZF)
be the DG approximation to f, satisfying (3.1). Then,

) /th(t)dXd": > /th(o)dde= > /nfo:l Vi,

RET, RET, RET,

Proof. The proof follows essentially the same lines as the proof of Lemma 3.1 in
Ref. 6, by fixing some arbitrary R = R; and taking in (3.1) a test function ¢, such
that ¢, = 1in R and ¢;, = 0 elsewhere. O

We next show L2-stability for the numerical method (3.1), which follows from
the selection of the numerical fluxes.

Proposition 3.1. (L?-stability) Let f; € Z,’f be the approximation of problem
(1.1)—(1.3), solution of (3.1) with the numerical fluzes defined as in (3.2). Then

1 @®)llo,7. < 1/4(0)

0,75 Vte [O,T].

Proof. The proof follows essentially the same steps as for the case d = 1. By
setting @5, = fp, in (3.1), integrating the volume terms that result and using (2.5)
one easily gets

0= Bur(En; fu, fn)

RET)
1 d
e (7 [ stavis— [ [ v tiasav [ e pg71anix)
+ {vinta - [ fn]dsxdv — {Enfnts - [ frn]dsvdx.
TVGZT}:’V/V/gx h h TXGZTJX/X/& hIhsB - LIh

Now, from the definition of the trace operators (2.2) it follows that [fZ] =
2{fu}[ fn] on e € EY. Substituting the above identity together with the definition
of the numerical fluxes given in (3.3), and using the periodic boundary conditions
in x and compact support in v, we have that

_1d 9 |v - n] 9
0—2dt/ﬂfhdvdx+ > /v/gg 5 [ Pdsxdv

TVETY,

E, -
+ Z / / Mﬂfhﬂzdsvdx.
TXE'T}X T 52 2

Integration in time of the above equation, from 0 to ¢ concludes the proof. |
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We close this section stating an elementary approximation result that will be
required in our analysis. Its proof is given in Appendix A.

Lemma 3.2. Let k> 0 and f and f, be the continuous and approzimate solutions
to the VP problem. Let p and py, be the continuous and discrete densities defined in
(1.2) and (3.8). Then,

lo = pullorx < Clmeas()21f = fullos < CLES = fulloz,-  (3.6)
Furthermore, if p € W24(Qy) and f € C1([0,T); H*1(Q)) we have

lo = prll-voc.zy, < CRElPN g0,

+ CLER 5 (CRM Y| f s + 1 = Pru(Hlloz).  (3.7)

3.2. Mixed finite element approximation
to the Poisson problem

We next consider the approximation to the discrete Poisson problem, which can be
rewritten as the following first-order system:

E=Vyx® inQy, —divx(E)=p,—1 in Qy,
3.8
/ Fodv, (3.8)

v GT"

with periodic boundary conditions for E and ®. Notice that in view of Lemma 3.1
and by taking ® € LZ(Qx), we guarantee that the above problem is well-posed. The
weak formulation of the above problem reads: Find (E, ®) € H(div; Q) x L3(Qx)
such that

/ E- de-/ Vx® -mdx =0 V7 e H(div; ),
s

/ divy (E)gdx = / (pn, — 1)gdx Vq e L3(Q).

Unlike for the one-dimensional case, where a direct integration of the Poisson
equation provides a conforming finite element approximation to the electrostatic
potential (see Ref. 6), for higher dimensions, we only consider mixed finite element
approximation to the discrete Poisson problem with either H (div;{x)-conforming
or discontinuous finite element spaces. Throughout this section, we focus on the
detailed description of the methods we consider, stating also the approximation
results that will be needed in our subsequent error analysis. The proofs of all these
results are postponed to Appendix A.
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3.2.1. H(div; Qx)-conforming or classical mized finite element approzimation

The approximation reads: Find (Ep, ®5,) € Xj, x Q) satisfying

/ E; - Tdx —|—/ O dive(T)dx =0 VT eXr
Qx Qx
(3.9)
—/ dive (Ep)qdx =/ (pn — 1)gdx Vg€ QF.
Qx

x

The following lemma provides error estimates in the energy and the uniform norm
for the approximate electrostatic field. Let us emphasize that this uniform estimate
is essential.

Lemma 3.3. Let k> 0 and let (Ej,, ®,) € C°([0, T); 5 x XF) be the RTy, approa-
imation to the Poisson problem (3.8). Assume ® € C°([0,T]; H*+2(Qx)). Then, the
following estimates hold for all t € [0,T]:

IE®#) — En(t)| m(aivian) < CRFTH ()] k42,0,
+ CLENF(t) = fa(®) 0.7, (3.10)
and
IE(#) = En(t)]l0,00,00 < CIIE = RE(E)]l0,00,0,

+ Cllog(h)[llp = phll-1,00,0%- (3.11)

Remark 3.1. We wish to stress that all the results shown in this paper for the
Raviart-Thomas—DG method for VP remain valid if the RT}, finite element spaces
used in the approximation for the Poisson problem are replaced by either Brezzi—
Douglas—Marini'?2° BDMj4; or Brezzi-Douglas—Fortin-Marini'® BDFMy 41 finite
element spaces.

3.2.2. Discontinuous Galerkin approzimation

For r > 1 the method reads: Find (Ej, ) € B}, x @} such that

/ Ej, - Tdx —|—/ Oy, divk (T)dx — / Op7 ndsy =0 V1€ =5, (3.12)
- x aT*

/ Ej, - Vxqdx — / gE, - ndsy = / (pn — 1)gqdx Vqge Q. (3.13)
x T T
On interior edges, the numerical fluxes are defined as

ﬁ:{Eh}—Cu[[Eh]]—Cn[[@h]] on &0

R * (3.14)
Py ={Pp} +Cirz- [Pn] — C2[Er] on &Y

X
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and on e € £2 we impose the periodicity for both f); and @ As for the case d = 1,
the parameters C11, Cy2 and Css could be taken in several ways to try to achieve
different levels of accuracy. However, all superconvergence results for the Hybridized
DG (in d > 2) are for partitions made of simplexes (and the proof of these results
rely strongly on that). As for the minimal dissipation MD-DG method (see Ref. 30
for details) one can expect, at most, an improvement of half an order in the error
estimate for ||E — Epl[lo,7 for d = 2 (for a Poisson problem with Dirichlet bound-
ary conditions). Therefore, throughout this section we will not further distinguish
between the possible choices (since no improvement on the final rate of conver-
gence could be achieved) and we set 7 = k + 1. One might stick to the classical
LDG method for which Csy = 0 and C1; = ch™! with ¢ a strictly positive constant,
see Ref. 5.

Substituting the definition of the numerical fluxes (3.14) into (3.12)-(3.13) and
summing over all elements of 7,X | we arrive at the mixed problem:

a(E,, ) +b(T,05) =0 VTeg,,

(3.15)
b(Enq) + c(@h.q) = /Q (pn— Dadx Yqe Q..

where

a(Ep,T) :/ Ej - 1dx, <(®Pp,q) :/ C11[®n] - [q]dsx, and
Qe Ex

b(T,(I)h):/Q @hvg.rdx—/go({@hHCH-[[@h]])[[r]]dsx—/ga O, 7 - nds,.

x

Note that integration by parts of the volume term in b(7, ®},), together with (2.5),
gives

br,n) =~ [ Vieyordxt [ [8a]- () - Cal 7D
i £0
—|—/ D)7 - ndsy. (3.16)
24
1
: : 2 . 2 3 2

Defining the semi-norm |(7,q)|% := ”THOvTﬁ; + 1CAlqlll5.e,, we state the error
estimates for the approximation (Ej, ®p,).
Lemma 3.4. Let r > 1 and let (E,, ®,) € C°([0,T];E], x Q%) be the LDG
approximation to the Poisson problem solution of (3.12)—(3.13). Assume (E,®) €

CO[0,T); H™1(Qx) x H™2(Qy)). Then, the following estimates hold:

(E — En, @ — ®3)|a < OR°(|®[|, 12,0, + CLE||f — f

0,7, (3.17)
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and

+ Cllog(h)llp = pnll-1,00,755 (3.18)

IE — Enllo,co < Cllog(h)|"(I1E — Px(E)lo,c0, + 57 [ = Px(®)]0,00,0)

for allt € [0,T), where 7 =1 forr =1 and ¥ =0 forr > 1.

In the sequel and whenever there is no ambiguity, the dependence of E, Ej, ®
and @5, on ¢ is dropped for the sake of clarity as in (3.17) and (3.18).

4. Main Results and Error Analysis
In this section, we now carry out the error analysis for the proposed DG approxi-

mations for the VP system. The main result of this section is the following theorem.

Theorem 4.1. Let Q = Qy x Qy = [0,1]¢ x [-L,L]¢ C R??, d = 2,3. Let k > 1
and let f € CH([0,T]; H*2(Q) N Wh>°(Q)) be the compactly supported solution at
time t € [0,T] of the VP problem (1.1)~(1.3) and let E € C°([0, T]; H**1(Qx)% N
W(Qy)?) with d = 2 or 3 be the associated electrostatic potential. Then,

(a) RTy-DG method. If ((En, ®1), fn) € CO[0,T]; (X5 x QF))xCL([0, T); ZF) is the
RTy-DG approzimation solution of (3.4)—(3.9), the following estimates hold:

1£(t) = fa@)]o.o < Cak™' Vi e [0,T]
and
IE®) — En()llaaivion < CREH @) 42,00 + Cah™ V€ [0,T],

where C, depends on the final time T, the polynomial degree k, the shape regu-
larity of the partition and it also depends on f through the norms

Ca(t) = CUIf D) llkrz., | fe(Ollkr1.0, 1PE 512,00, IEE)

with Cy = max{Cy(t),0 <t <T}.

(b) DG-DG method. Let v = k+ 1 and let (Ep, ®3), fr) € C°([0,T]); B}, x Q1) x
CY([0,T7; ZF) be the DG-DG approzimation solution of (3.4), (3.12) and (3.13).
If @ € CO([0,T]; H*3(Qy), then

1,00,9,;)7

1£(t) = fa(t)]oo < Coh*T Vit € [0,T]
and
[(E(t) — En(t), ®(t) — @y (t))|a < CRFTH®()|hro.0, + CohFT Vi€ (0,77,

where Cy depends on the final time T, the polynomial degree k, the shape reg-
ularity of the partition and it also depends on f (and therefore on fo) through
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the norms
Co(t) = CUF )20, | fe@) 1,0, | D)
||E(t) 1,00,0x% H(I)(t)
with Cy = max{Cy(t),0 <t < T}.

| k42,04

2,oc,Qx)7

Let us make the following remarks:

The proof of the error estimates for the electric field follows straightforwardly by
substituting the error estimates for the distribution function given in Theorem
4.1 into the approximation results of Lemmas 3.3 and 3.4; stated in Sec. 3.

e Unlike what usually happens with the analysis of nonlinear problems, the error
estimates given in Theorem 4.1 are not asymptotic; i.e. they can be guaranteed
for any h < 1. The above theorem is shown without using any a priori assumption
made on the discrete solution (Ej,, fz) (as it usually happens in the error analysis
of nonlinear problems). We cope with the nonlinearity by proving an L*-bound
of the approximate electrostatic field and using the assumed regularity of E.
The optimal rate of convergence for the full DG approximation requires to approx-
imate the Poisson problem using polynomials one degree higher than the ones
used for approximating the distribution function. We also note that DG-LDG
requires further regularity for the continuous electrostatic field than RT;-DG.
The available existence results for the VP system with periodic boundary con-
ditions? show the existence of classical solutions, i.e. solutions in C™({2) spaces
for all ¢+ > 0, for initial data in C"™(Q2). Note that C™-regularity of solutions
together with the compact support in velocity imply the regularity assumptions
on f and ®.

The rest of the section is devoted to prove Theorem 4.1. We start by deriving
the error equation and introducing some special projection operators that will be
used in our analysis. We then show some auxiliary lemmas and finally, at the very
end of the section, we give the proof of the theorem.

4.1. Error equation and special projection operators

Notice that the solution (E, f) to (1.1)-(1.3) satisfies the variational formulation:

0= Z /R%@hdv‘ix_/Rf"'Vx@thdX-i-/RfE-vaahdvdx

ReTy,

+ Z / / {vf} [enldsxdv
TveTy TV 7 Ex

- > / / {Ef} - [enldsvdx Vop € Zf,
TxeTy VT
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where we have allowed for a discontinuous test function. Then subtracting (3.4)
from above equation we have

a(f = fr.on) + N(E; f,0n) = N"(En; froon) =0 Ve € 2y, (4.1)

where a(+,-) gathers the linear terms

a(fnson) = /Q (Fu)iondxdy — /Q fav - Viiondxdy

o 2 ] hdalelsay

TVETY,

and N (Ey; -, -) carries the nonlinear part given by

Nh(Eh;fh7<Ph)Z/thEh'Vfﬁ@thdX— > /Tx Av{Ehfh}ﬁﬂ@hﬂdsvdx

T*eTX

with N (E; f, 1)) = N"(E; f, on). We next introduce some special projection oper-
ators that will play a crucial role in our error analysis. These projections extend
those considered in Ref. 6 to the multi-dimensional case, see Remark 4.1 for further
comments on the motivation and origin of the projections. Their definition is based
on the use of the one-dimensional projection operators used in Ref. 62, that we
recall next. Assume I, = {I;}; is a FE partition of the unit interval and let us
denote by S¥ the discontinuous finite element space of degree k associated to that
partition. Let 7% : H2+¢(I) — S¥ be the projection operators defined by

/I (W) — wgndz = 0 Vqn € PE-1(T) Vi, (4.2)

together with the matching conditions:
+ + _ + ). - - _ -
() = wlat ) w () = wii,). (43)
Notice that more regularity than L?(I) is required for defining these projections.
The following error estimates can be easily shown for all these projections:

lw — 7% (w)lo,7, < CR*  wlksr,r, Yw e HY(T),

where C' is a constant depending only on the shape-regularity of the mesh and the
polynomial degree.2%:62

We denote by I, :C°(2) — ZJ the projection operator defined as follows: Let
R = T* x TV be an arbitrary element of 7}, and let w € C°(R). The restriction

of ITj, (w) to R is defined by

(I ® Iy ) (w)  if sign(E -n) = constant,
Oy (w) =< (4.4)

(Il ® Py)(w) if sign(E - n) # constant,

1250042-17



B. A. de Dios, J. A. Carrillo & C.-W. Shu

where Tl : C(Qy) — XF and IL, : CO () — V¥ are the d-dimensional projection
operators which, thanks to the structure of the mesh, can be defined as the tensor
product of the one-dimensional projections 7% given in (4.2)-(4.3). For simplicity,
we give the detailed definition in the case d = 2 (the case d = 3 is similar but taking
into account more cases). Let v = [v1,v2]? and E = [E1, Es]%; then

M1 @ Mo ifvr >0, v2>0,
~ 7T;:1 QMo v <0, v2>0,
I (w) =

(w) T, @mry ifv1 <0, vy <O,

Ty @ Tty if o1 >0, vy <0,

(4.5)

To, @y, if By >0, Ey>0,
_ 7T;’1 ® Tl'j,z if By <0, Ey >0,
II, (w) =

(w) Ty1 ® Ty if F1 <0, Ey <0,

To, @y, if By >0, Ey <0,

=+

where the subscript ¢ in 7,

(r = x or v) refers to the fact that projection is along
the ith component in the r space.

To complete the definition of the projection 11, we need to provide the definition
of Py : L2(y) — V;F, which accounts for the cases where E - n changes sign across
any single (2d — 1)-element e C 7™ x 9TV. From the structure of the partition such
condition amounts to have at least one of the components of E vanishing within
the element R (and so in 7). We next give the detailed definition in the case d = 2
(the case d = 3 is similar but taking into account more cases):

[Py1 @ Ty o|(w) if sign(Ey) # cte and sign(Es) = cte,

Py(w) =1 [Tv,1 @ Py 2] (w) (4.6)

[Py.1® Py 2] (w)

if sign(F4) = cte and sign(Fs) # cte,
if sign(F4) # cte and sign(Fs) # cte.

Here, Py ;, i = 1,2, stands for the standard one-dimensional projection along the
v; direction. We have just used 7, ; to denote w‘fj, 7 = 1,2, where the 4+ and
— signs refer to whether £} is positive or negative. Note that this is consistent with
the definition of II, given in (4.5). Observe that conditions (4.4)-(4.6), together
with (4.2)—(4.3), define the projection IIj (w) uniquely for any given w € C%(£).

Remark 4.1. The definition of IIj is inspired in those introduced in the two-
dimensional case, for a linear transport equation in Ref. 55 and for a Poisson prob-
lem in Ref. 30. In fact, the authors in Ref. 55 display the error analysis by using an
“(interpolation) operator” that in each element (a rectangle or square), reproduces
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the value of the interpolated function at the Gauss-Radau nodes. To the best of
our knowledge, this idea was first coded in terms of projection operators in Ref. 30.
Notice that the property of collocation at one boundary end of 7= given in (4.3) is
just reflecting the fact of using Gauss—Radau nodes for the interpolation operator.

The next lemma, although elementary, provides the basic approximation prop-
erties we need in our analysis. Its proof is omitted for the sake of conciseness.

Lemma 4.1. Letw € H**2(R), s > 0 and let 11}, be the projection operator defined
through (4.4)~(4.5). Then, for all e C (0T* x TV) U (T* x 9T"), we get

Jw — IIx (w)

s+1,R» ( )
4.7
lw = T (w)lo,e < CA™REF2EED) w4 p.

Summing estimates (4.7) from Lemma 4.1, over elements of the partition 7, we
have

1
lw = n(w)llo,7, + A~ [Jw — Hn(w)llo.ecxy,

1
+h7 2 [|w = Hp(w) o,z xe,

< CHMHwl|ps1,0- (4.8)
Next, we write
f=fn=[Ma(f) = ful = [Ma(f) = fl = " — " (4.9)
Taking now as test function ¢, = w" € ZF, the error equation (4.1) becomes
a(w" —w W) + N(E; f,u") — N (Ep; fr,w") = 0. (4.10)
Finally, we define
K'(v, fw") = Y Ki(v, f,w"), KB, fo")= > Ki(BEs, fo"), (411)
ReTh RETn

where

Kk (v, f,wh) = / wov - Vewhdxdv —/ / (v/-Iﬁe)whalvalsx7 (4.12)
R v Jor=

K% (Ep, f,w") = / weE), - Vywdxdv — / / (Ep, - nwe)wdxdsy. (4.13)
R x JOoTv

The next two lemmas are the extension to the higher-dimensional case of Lem-
mas 4.5 and 4.6 in Ref. 6, respectively. They provide estimates for the two expres-
sions defined in (4.11). We refer to Ref. 8 for the proof of both results.

Lemma 4.2. Let T, = T;% X 7,7 be the tensor product of two Cartesian meshes T,
and Ty of Qx and Qy, respectively. Let k > 1 and let f € C°([0,T]; W>°(Q) x
H*+2(Q)) be the distribution function solution of (1.1)~(1.3). Let fy, € ZF be its
approzimation satisfying (3.1) and let K' be defined as in (4.11)—(4.12). Assume
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that the partition Tp, is constructed so that none of the components of v wvanish
inside any element. Then, the following estimate holds:

KM v, f,w)] < CR* (| fllkt 10 + CLI fles2.0) @ o7, (4.14)
for allt €10,T].

Lemma 4.3. Let T, be a Cartesian mesh of Q, k> 1 and let (Ep, fr) € 3, % Z,’f
be the solution to (3.4) with either ) = 7 or ) = Eh, r > 1. Let (E, f) €
CO([0,T); W2 (Q) x H*2(Q)) and let K2 be defined as in (4.11)~(4.13). Then, the
following estimate holds:

KC*(En, f,0")| < CRF||E — Eplo,co, 7 | fllr+1.0]lw" lo.,
+OR ([ fller2.2l Ello.so 0.
1 f et 1.0/El 00,00 |w0" .7, (4.15)
for all t €10,T].

Remark 4.2. We would like to note that, as it happens for d = 1 in Ref. 6, the
definition (4.4) of IIj, is given in terms of E (and v), while the definition of the
numerical fluxes is given in terms of E;, (and v). This is due to the nonlinearity
of the problem and it is inspired by the ideas used in Ref. 67. By defining II;, in
terms of E rather than Ej and using the regularity of the solution, one can estimate
optimally the expression C? without any further assumption on the mesh partition
Th. See Ref. 8 for more details.

4.2. Auziliary results

We next give two auxiliary results that will be required for our subsequent analysis.

Lemma 4.4. Let f € C%(Q) and let fr, € ZF with k > 0. Then, the following
equality holds true,

a(f — fr,w") = Z /R(wth — W)W dxdv

RET,

+ Z /VLX@[[wh}]stxdv—kKl(v,f,wh).

TVETY,

Proof. Noting that a(f — fn,w") = a(w", w") — a(w®, w"), the first term is readily
estimated arguing as in the proof of Proposition 3.1,

a(wh7wh) = Z wthwhdxdv + Z / /‘gO |Vé—n|[[wh]]2d3de~

ReT;, U R TVETY,
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For the second term, the continuity of f, the consistency of the numerical fluxes
(3.2) and the definition (4.11) give

Z / wfwhdxdv—/wev-v)'zwhdxdv
Q

RET,
+ Z / / (v} - [wh ]dsedv
Tvety V1Y
Z / whdxdv — K (v, f,w"),
RET,
which concludes the proof. O

The other auxiliary lemma deals with the error coming from the nonlinear term.

Lemma 4.5. Let E € C°(), f € C°(Q) and fr € ZF with k > 0. Then, the
following identity holds true,

N(E; f;0") = N™(Ep; fa, " Z /x/ [Ep - n] n| " 2dsydx

T=eTx,
- / [E — Ep]- Vi fwhdvdx — K*(Ep, f,0").
Q

Proof. Subtracting the discrete and continuous nonlinear terms, using the conti-
nuity of E and f, the consistency of Ey, f}, together with (2.5), we find

N(E; f,w") = N (Ep; fr, ")
:/Q[f(E—Eh)+(f—fh)Eh]'VﬁwthdX

Z /x/ {Ef Ehfh}g [[ h]]dsvdx =Ty +To+ T3, (4.16)

TxGT"

where T7 + T5 corresponds to separate the first term into two corresponding to
f(E—Ey) and (f — fi)Ep, respectively.

Integrating by parts 77 and using the continuity of f together with (2.5) and
the fact that neither E nor E; depend on v, we have

T = [E — Ep] - V! fodvdx + E - Ep) - [w"]fdsydx
- EE IR

= Tha + Thp. (4.17)
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We next deal with T5. From the splitting (4.9), direct integration and (2.5), we get

1
T, = 5/ E, - Vﬁ(wh)dedx - / weEy, - V’jwhdvdx
Q

/x/ E;, - )2 Jdsydx

— / WOEy, - Viwhdvdx = To, + Toyp. (4.18)
Q

T"GT"

We finally deal with the boundary terms collected in 7T3. é@ing and subtracting
fEp and using the continuity of f and the consistency of Ey, f}, we find

fE, — W] = {Epwh}s - [w"
TE;// n—E)- "] - (B} - [o"]
+{Epwls - [w"])dsydx

= T3q + T3p + T3e.

The first term above, T3, cancels with 77, in (4.17). Arguing as in Proposition 3.1,
the sum of the second term above T, and Ts, in (4.18) gives

T3y + Toq = Z / / B n|[[ h]] dsydx.
TxeTy 1
Finally, recalling the definition (4.12) we have
Top + Tse = —K*(Ep, f,w"),
and so substituting the above results and T, into (4.16), the proof is completed.
O

We have now all ingredients to carry out the proof of Theorem 4.1.

4.3. Proof of Theorem 4.1

Proof of Theorem 4.1. Substituting in the error equation (4.10) the expressions
from Lemmas 4.4 and 4.5 and using standard triangle inequality, we find
d 1 1 1 1
S, + Sl P T ey, + 3 IR0l [ T e,

Z / wiw dxdv —|—/ [E - E}] -V, fwhdvdx
Q

ReT,
— KN, f,0") + K2 (Bn, f,0")
=1 +IQ—IC1+IC2§\11|+\12\+|IC1H—|IC2|. (419)

The first and third terms are independent of the approximation to the electrostatic
field Ej, and therefore are estimated in the same way for both cases (a) and (b).
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For the first term, the Cauchy—Schwarz inequality and the arithmetic-geometric
inequality, together with the approximation estimate (4.8), give
k h
|L| < CR* 2| fil[f 1,0 + Cllw[l5,7,.- (4.20)

The third term is estimated by means of the estimate (4.14) from Lemma 4.2 and
the arithmetic-geometric inequality,

Y < CR**2( f k1,0 + CLI| flli+2.0)* + Cllw (I8 7, - (4.21)

Next we estimate the second and fourth terms in (4.19), which depend on the
approximation to the electrostatic field. We first deal with the RTx-DG method
(case (a)). For the second term the Holder inequality, the arithmetic—geometric
inequality and estimate (3.10) from Lemma 3.3 together with the approximation
estimate (4.8) give

12| < CIE = En[§ o, Vo fllocc. + ClIVuflosalw 3 7,
< O 2| fllLce 2l (IEO) o400 + [@lkt2.0)* + Clf 7410
+2C] fll1.00.0l”

To deal with the last term, we observe that the bound (4.15) in Lemma 4.3

5T (4.22)

% < CR¥||E = Enllo,00, 7 | fllk+1,00e" 0,7,

+ CH | fllrt2,2 1Bl 100,020 |0 0,73, (4.23)

requires an L*°-bound on the error E — E;,. This is obtained by combining esti-
mate (3.11) from Lemma 3.3 with the bound (3.7) from Lemma 3.2 and the approx-
imation property (2.11) for p = oo,

IE — Enllocs. < CHIE|1 0.0, + Ch¥[log(h)

elly 2.,
+CLER 2 [log(h)|(CR* | |l js1,0
+ 10 = Pr(Hlloz)- (4.24)

Notice now that since Py, is polynomial preserving, Pj [ﬁ( Nl = ﬁ( f) and so using
also that it is stable in L?, we have

1fn = Pu(H)llo < 1w —T()loz, + ITI(F) = Pu(F)llo,7
< |\ fw = T(H)llo,z, + CITI(S) = fllo.z- (4.25)

Substituting the above estimate into (4.24) and using the approximation prop-
erty (4.8), we find

IE — Enllo,c0.0. < CRIE]1 00,0, + ChE [log(h)][|pllws 20060
+ CRM 2= 5 log(h)]|| f ks .00 + CRA 2 log ()| |w" [0, -
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Plugging now the above result in estimate (4.23) and using the arithmetic—geometric
inequality, we finally get, for the last term in (4.19),

K2 < OB (I f vz, Ell1,00.0.

|w" lo.7,

+C| fllks1.0h2 log(B)llpllws 2.0y
+ Ch2’€+2*%|log(h)|||f||i+1,QHwh||OvTh
+ W S log ()] 41, 0llw™ 3
< Chzk+2(||f||i+2ﬂ|IEH%,OO,Qx + HinH,Q) + Ch4k+47dllog(h)|2||f||%+1,9

_d
+Cllw” + BEH 2 log (B)] || £l k+1,0)-

8 1+ llog(W) el 5.4

Observe that since k > 1 the coefficient of the term Hwh”%jh is uniformly bounded
for all h < 1; i.e. there exists a constant ¢; > 0 independent of h such that

_4d
Cllw" 5,7, (1 + Rllog(R)[*llpl3ys/2.0(0, + B 2 log ()| fllk41.0) < crllw 13 7,

Hence,

da
K| < Ch2k+2(HfH%+2,Q||E oo F L2 fIR10) + ClehH%,Th»

where we have already discarded the higher-order terms. Now, substituting into
(4.19) the above estimate together with (4.20), (4.22) and (4.21), we obtain

1 1 1 1
35+ 51V 0T B0 gy, + 1A - 07 B 113 ey

d.n
EHW
d
< CR*[|| fll7s2.0(IBI oo + CL2) + || fillF 110

+ 1 £ 11,00, 2 NNE®) k41,05 + 1@ ]l5+2,04)]
+ (1 + 20| fll1,00.0 + O)[w" |13 .-

Integrating in time the above inequality, together with a standard application of
Gronwall’s inequality,®® gives the error estimate,

" @)1I5.7,, < CZh*+2,

where C, is now independent of h and f;, and depends on ¢ and on the solu-
tion (E, f) through its norm. This proves part (a) of the theorem.

To prove part (b) of the theorem, we only need to modify slightly the estimates
for I and K? which involve the approximation of the electrostatic field. The term I
is estimated similarly but using (3.17) from Lemma 3.4 (with » = k+1) to estimate
the error |E — EhHOvTﬁ‘x' Thus,

|I| < CR***2||f

h
‘w ||(2),Th'

Loo 2l (B, R)IR 12,0, + CllFIIR11.0] + 201 fll1.00.0
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To estimate K2, we only need to modify the estimate for ||E — Ep||0,00,0, used to
bound K? given in (4.23). Using now (3.18) from Lemma 3.4 (with r = k + 1)
together with the estimate (3.7) from Lemma 3.2 and the approximation properties
(2.8), we get

IE = Enllo,c0 < C(|E = Px(E)l[0,00,9. +h7H[[® = Px(®)l0,00,0.)

+ ChE log(l ] 2.0,

+Ch' =% |log(h)|(I|f — Pu(f)

0.7, + ||fn — Pr(f)

O,Th)7
and so making use of (4.25) and the approximation properties (2.8), we get

|E - E, Lo + [1@]]2,00,0,) + ChZ [log(h)

0,00, 77 < Ch(|E

lelly
_4d
+ OB log () (B 1.0+ " o.7),

which except for the norm in the first term is the same bound we had for the
RT}, approximation in case (a). Hence, the proof of part (b) can be completed
proceeding exactly as before and therefore the details are omitted. O

4.4. Energy conservation

We now discuss how well the proposed schemes for approximating the VP system
preserve the total energy. We show, following Ref. 6 that by appropriately tuning
the coefficients of the LDG approximation of the Poisson problem, the total discrete
energy is indeed conserved for the resulting LDG-DG method for the VP system.
As a matter of fact, we can show such result under a technical restriction on the
polynomial degree, namely k& > 2.

We wish to observe that the resulting method requires the solution of 2d (4 in
d = 2 and 6 in d = 3) Poisson problems in dimension d. Although this might be
considered as a drawback of the method, it should be noted that the solution of
the Poisson problem is the low-dimensional part (and so the less computational
expensive) of the whole computation.

Proposition 4.1. (Energy conservation) Let r = k > 2 and let ((Ep, Pp), fr) €
CH([0,T); (B x XF) x 2F) be the LDG(v)-DG approzimation of the VP problem
(1.1)~(1.3), given by (3.4)—(3.15), with the numerical fluzes (3.2) for the approx-
imate density. Let the numerical fluxes for the LDG approzimation to (3.15) be
given by:

() = (B0} + 2202 [y [ o [0 ]
oneeé&y,
(@) = {2} - 220 Vg, 0
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where C11 > 0 at all edges/faces. Then, the following identity holds true,

1d .
5% Z /th(t)|V|2dXdV + HEh(t)”%,T}:‘x + ”Cflllq)h(t)]mg,gx —0.
ReT),

The proof follows from Ref. 6 for the one-dimensional case. We report it here
for the sake of completeness.

Proof of Proposition 4.1. First step. In this step, since f € ZF is a scalar
function, we set 7 = vf € Ef in (3.12) and we integrate over all the elements of
the partition 7"

/ / E - vfdxdv + / / Ddivy (v f)dxdv — / / P fv - ndsxdv = 0,
Q, J1x Q, J1* Q, Jor=

and integrating by parts again and summing over all elements in 7, , we get

/v.v,’z(é)fdxdv= >
Q

ReT)

+ / / D fv - ndsxdv
2 oS

T*eT

S /Q /{m@fv.ndsxdv, (4.26)

T<ET,

/ E - vfdxdv
R

Next, we set o, = ® € XF C 2F in (3.4) (® as a polynomial in ZF is constant
inv)

_ of h / h
0= > /R o Pvdx /Q fv - Viddvdx + i fE - Viddvdx

RET)
+ {vfta [P]dsxdv — {Ef}s- [P ]dsvdx.
TveZT,yv /T v /5x TXGZT;; /T " /‘gv ’

Observe that the third and the last terms vanish; since ® does not depend on v,
not only V2® = 0 but also [®] = 0 (® is constant on v), and the terms from the
boundary of €2, cancel due to the compact boundary conditions. Hence,

_ of h
0= > /R o Pvdx /Q fv - Viddvdx

ReT;,

+ > /Tv/gx{vf}m[[(b}]dsxdv.

TVETY,
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Then, combing the result with (4.26) and using the periodic boundary conditions
in z, we have

Z/ L ddvdx
RET
Z /E vfdxdv + Z / {<I>} v f]dsxdv

ReTy, T"ET"

£ X [ LU - (v (0] Blvs Ny, (420

v ET"

Second step. Now, we differentiate with respect to time the first-order system (3.8)
and consider its DG approximation. The second equation (3.13) reads,

/ Et-qudx—/ E\tq-ndSXZ/ prqdx Vg €eVy,
X aTx X

where the definition for E, corresponds to that chosen for E but with (E, @) replaced
by (E¢, ®;). By setting ¢ = ® in the above equation and replacing p; by its definition,
we have

/ E; - V,ddx — / E,® - ndsy = > / fi®dvdx.  (4.28)
X aTx X Tv

T"ET"

Now, taking 7 = E; in (3.12) and integrating by parts the volume term on the
right-hand side of that equation, we find

/ E-Etdx—/ Et-Vx<I>dx+/ @Et-ndsx—/ DE; - nds, = 0.
e e oTx oT=

Then, combining (4.28) with the above equation and summing over all elements
of 7;X and using (2.5) together with the periodicity of the boundary conditions for
the Poisson problem, we get

/QXE-Etdx:/th@dvdx+/gx(Et[[<I>]]+<I>[[Et]]—[[(I)]]{Et})dsx

_ /5 (@) [BJdsx. (4.29)

Third step. We now proceed as in the proof for the continuous case and we take
2
On = —M in (3.4),

_ of [v? v[?
0= Z/at2dd /f vh< )dvdx

RET
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s [ vt (B ) avax+ ) / [ b v sy

- e [ e

The second and fourth terms vanish since v is independent of X, as well as the
last term. Then, using the consistency of the numerical fluxes (v - nf) and E/-n\f
(see (3.3)), the boundary terms telescope and no boundary term is left due to the
periodic and compact boundary conditions. Hence, we simply get

2
0= OFIVE jvax +/E-vfdvdx. (4.30)
R Ot 2

RETH

Next, we use Eq. (4.27) to substitute the last term in (4.30),

2
0= O IVE s

Aer r Ot 2

+ —ddvdx — QY[ vf |dsxdv
RZ;/ Tvgrv//{}[[ﬂ

+ Vita [P + 0 vi] =[P {vf}]dsxdv.
TVGZTV//X[{}[H][[]][[]]{H

Finally, we substitute the second volume term above by means of (4.29),

0= Z/‘;{";'Qd dx +/Q E-Edx— Y / /ﬂ@]{vf}dsxdv

ReT, T"GT"

w3 L 101 Bl (s s

v ET"

+ / ([®1{E,} — B[] - BB, D)dsx + / (B} Er Jdsn. (4.31)
&2

x

Then, we define
_JIONHEY - B @] - S[E,] + {2}[E:] oneeéy,
[®]{E} — E[®] — P[E/] one€ &,
oF (vfla [@]+B[vF] — (P} vf] — [®{vf} onee&lxT",
(vfla-[@]+@[vf] - {@}[VS] onee &l x TV,
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with 7™ € 7,X and TV € 7,7, so that (4.31) can be rewritten as

Lo / f|v|2dvdx+/ |E[?dx
20t
'RET

+ D Z/ /@ dsydv + Z/@Hdsx—O (4.32)

T"ET" e€€x ec&y

Thus, we only need to show that © and ©F are either zero or the time derivative
of a non-negative function for all e € &.

Next, for e € £, using the definition of the numerical fluxes (4.1) for the
LDG approximation together with the fact that (E,®) is C! in time, we find

O = [®{E/} — E[@] - ®[E;] + {®}[E.] = ca[ @] - [2]

2at(CllH[ IIF) Veeés.

Similarly, for e € £2 taking into account the definition at boundary edges/faces, we
have ©F = ¢;1[®,]-[®] on e € £2. Hence, arguing as before and putting together
the result with the above identity we arrive at

10 )
@f:cn[[@t]y[[(b}]:§E(cn|[[¢>}]| ) Vec€ & (4.33)

We next deal with ©F. Notice that for e € £2 it is easy to see, using the definition
of the numerical fluxes v f and ® at 90y, that OFf =0 forallec &2.

Now, for e € £ x TV, from the definition of the numerical fluxes \/f? and ®
given in (3.3) and (4.1), respectively, we find, for ©F,

Fe{vfla-[®]+O[vf]—{®}vf]-[2] {vf}
= VBl fe] - Caa - [211vA]

|v - n| mgn(v n)

= PR e -

n-[o]v-[f]

[f1-12](v ol —|v-n)=0 ee&xT",

l\D|F—‘

and so substituting the above result together with (4.33) into (4.32) we reach (4.1).
O

For other DG-DG schemes, energy inequalities similar to those given in Ref. 6
can be proved.
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Appendix A. Error Analysis for the Approximation
of the Electrostatic Field

This Appendix is devoted to show the results stated in Sec. 3 related to the approxi-
mation of the electrostatic field. The results in this Appendix are one of the core dif-
ferences with respect to the one-dimensional case in which the uniform estimates of
the electric field are a trivial consequence of Sobolev embeddings. We start by show-
ing the auxiliary result, Lemma 3.2, which bounds the error in the density in terms
of the error in the distribution function. Then we prove the energy norm estimates
for the RTj and LDG approximations, given in Lemmas 3.3 and 3.4, respectively.
The L°°-bounds for both methods are given at the end of the Appendix.

A.1. Proof of Lemma 3.2

The proof of the estimate (3.6) follows straightforwardly from the definitions (1.2)
and (3.5) of p and py,, respectively, and the Holder inequality.
To show (3.7), we first prove that

o= pull 1oz, < Cllo = pull ez (A1)

Note that from the mass conservation given in (1.4) and Lemma 3.1 for p and pp,
respectively, it follows that [p — ps] is orthogonal to the global constants. Hence,
denoting by (¢)q, = (ﬁ) fo qdx the average of a function ¢, the Holder inequal-
ity, together with the Poincaré—Friedrichs inequality (Ref. 23, Theorem 4.1) (which
shows the Sobolev’s embedding W''(Q,) C L7 (Qy) with ¢* = -4 for the DG
functions, see also Lemma 5.10 in Ref. 2 for the continuous counterpart) gives

| Jo (P — pr)adx]
o= prll-1,00,72 = sup

q€W,  (TiX) ”q”W,f'l(T,;‘x)

| Jo, (P = pn)lg — (@)]dx]

= sup
wew ) lelwr)
lp = pnllracr g — <Q>HLﬁ(T; )
< sup =
qu;'l(T;‘x) ”qHW;}/l(Tﬁ‘x)

< Clp=pullpay)-

To conclude we only need to bound the error in the L%norm. Triangle inequality,
together with the L%-stability of the L2-projection (2.7) and inverse inequality, give
o= pullLac )y < llp=Px(p)llLaczy ) + [1Px(p) = pullaczi )

1_
2

3 —d 1
< Ch3lpl g, + Ol P Pulo) = pullorzy. (A2)
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Next, taking into account the definition of the continuous and discrete density,
using that the projection Px is independent of v and Holder inequality, we find

v = X [ X[ Pun) - prlav]ax

T*eTX TVETY,

HPx(p) — Ph

< C[meas(Qv)]%HPx(f) — frllo. 7

< CLE ([Pu(f) = Pa()llozi + IPa(f) = fullos),  (A3)

where in the last step we have added and subtracted Pj(f) and used triangle
inequality. Now, using the LZ2-stability of the Py-projection together with the
approximation property (2.9) we have, for the first term above,

1Px(f) = Pu(H)llo.7 = [[Px @ IW](f) = [Px @ Py](f)llo.75 = [Pxlf = Pu(f)]

< CIf = Pu(Hlloz, < CRET| fllks,75-

Substituting this estimate in (A.3) and the result in (A.2) we get (A.1), which
implies (3.7) and the proof is complete.

0,75

A.2. Proof of Lemma 3.3

To simplify the notation we drop the dependence on the t-variable. From Proposi-
tion I1.2.16 in Ref. 21 it follows that

HE - Eh”H(div;Qx) + H(I) - (Ph”Ony

<C| inf |E—7|g@ivon+ inf [®—qllozx +Msn |, (Ad)
TEDE qeEQY *

where M3y, is the consistency error:

— pr)gdx
My = sup | Jo(p = pn)gdx|
geqr llallozx,

The first two terms in (A.4) are readily estimated from the standard approximation
properties of Raviart-Thomas elements; estimate (2.11) and the approximation of
the LZ-projection (2.6),

inf [|E — 7| g(divian) + inf [|®—qllo,7x
TEEQ qEQ,’i x

< CRMFHIE®) k100 + [@ls2.0.)-

Using the Cauchy-Schwarz inequality, together with the estimate (3.6) from
Lemma 3.2, we find

d
Mz, < Cllp = pnllo,r. < CL= || f = fullo,7s

and the proof of the estimate in the H (div;{)x)-norm is complete.
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A.3. Proof of Lemma 3.4

We start by noticing that if we denote by (E, ®) the solution of the discrete Poisson
problem (3.8), the triangle inequality gives

(E—Ep, & — )4 <|(E-—E,®— )[4+ |(E—Ep ®—®p)|a.  (A5)

The last term above is estimated proceeding exactly as in Ref. 26 (where the Dirich-
let problem is treated) and the same error estimate can be shown (for the case of
interest, Cy1 of order O(%) and Cys either zero or of order O(1)):

(B~ B ® — @)1 < OW7[[|(B, )]]1+1. (A.6)

We omit the details for the sake of conciseness. The first term in (A.5) is estimated
by using standard regularity theorems for the Poisson problem*® together with the
Poincaré-Friedrichs inequality for discrete functions in @ (see Ref. 17) and the
estimate (3.6) from Lemma 3.2

(E—E, @ - 2)la=|E-Eloz <Clo—pul-17z

J7x (p = pn)andx

= sup
meQy lanll1,7

d
< CCyllp = prllo,7z < CLZ||f = fullo,zs.-

Hence, substituting this estimate, together with (A.6) into (A.5), concludes the
proof.

A.4. L°°-error estimates for the approrimation
to the electrostatic field

We next show the error estimates in the L°°-norm for the approximate electrostatic
field with RT and the LDG methods. For both methods, there are already available
in the literature, L>° and pointwise error analysis for the approximation of a linear
Poisson problem (see Refs. 46 and 27). Here, we will mainly modify the proof of
those results in order to account for the nonlinearity of the Poisson problem (1.3).
We wish to stress that we are not concerned here with providing pointwise and
localized error estimates (although they could be easily derived from the results
given here). Our main goal is to prove the uniform estimates in Lemmas 3.3 and 3.4
which in turn give the L -error bounds required by our analysis of VP.

We next recall a result that will be used in the proof of both lemmas.

Let ¢ € H(div,Qx) be such that V- ¢ € LZ(Qx). Let g € H' () N LE(Q2x) be
the solution of the problem

—Ag=V- ¢ in Qx, (A7)
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with g and Vg subject to periodic boundary conditions on 9€2x. We shall need the
following a priori estimates in LP ({2 )-based norms for problem (A.7),

C C
lgllwrry,) < m”v “Pllw-1r(0,) < mH‘PHLP(Qx), l<p<2 (A8)

The above estimate can be shown from the a priori LP-estimates for problem (A.7)
(see for instance Ref. 48) but tracing the constants through the proof of those results
to get a precise dependence on p of the leading constant in the estimate (A.8).
We also mention that for general polyhedral domains and Dirichlet or Neumann
boundary conditions, the range of p is more restricted (see Refs. 37, 36 and also
Ref. 35 for related work).

A.4.1. L*-error estimates for the classical mized approximation
to the electrostatic field

In Ref. 46 the authors provide a general abstract framework for the L>(Qy)- error
analysis of classical mixed finite element approximation of a linear Poisson prob-
lem with Dirichlet boundary conditions. They use Nitsche’s method of weighted
Sobolev-norms®® (see also Refs. 56 and 57), in which the key idea is that by using
weighted norms one can still work in L? rather than in L and in particular, can still
use duality arguments. In fact, the essential ingredient in their analysis is a duality
argument combined with an a priori estimate in certain weighted norm. Their result
is rather general, since it covers Raviart-Thomas-Nédelec mixed methods and also
Brezzi-Douglas—Marini and Brezzi—-Douglas—Fortin—Marini mixed approximations.
Moreover, it is valid for any space dimension d > 2, and holds for partitions made
of simplexes or rectangles.

To prove the estimate (3.11) from Lemma 3.3, we follow Ref. 46, but to account
for the nonlinearity on the right-hand side of the Poisson problem, we will need to
modify a bit of their proof. We wish to stress that although the authors deal with
the Dirichlet problem, all the error estimates proved in Ref. 46 carry over for the
periodic Poisson problem.

We recall now some notation that will allow us to use and to refer to the results
proved in Ref. 46. The weight function o is defined by

o(z) = (Jx — x0[> +6%)2, x,x0€ Qu, (A.9)

where | - | denotes here the Euclidean distance in R? and § = C*h with a con-
stant C* > 1 to be specified later on. The weight satisfies the non-oscillation
property58:

max o(x) < C min o(x) VT*eTx.
xeT™ x€Tx *

For a € R, we defined the following weighted Sobolev norm:

o T

2 :—/ oluldx Vue LX), acR.

Qx
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The following relations can be established between the weighted and L*°-norms:

7 a>d,
[ullg-o < Cllullo,c0,9x ) u € L=(Qy), (A.10)
|logflz «a=d,

[e3

1
9o\ 2
0,00,0, < C (ﬁ) IX||g-a, a@€R, xE€ E’,fb or xE€ Ql,fb (A.11)

1%

Proof of (3.11) in Lemma 3.3. Let RY: H(div;Qx) — XF be the Raviart—
Thomas projection as defined in Sec. 2. Triangle inequality gives

IE = Enllo,00,0x < [IE = REE)]0,00,0x + [IRE(E) — B llo,00,04-

Thus, we only need to estimate the last term above on right-hand side. We shall
show

IRE(E) — Enllo.corn
< C|[E - Ri(B)

0,00, + Cllog(R)|llp — pnll-1,00,77 » (A.12)

and so, substituting this estimate above and using standard approximation proper-
ties, the proof of the lemma will be complete. Hence, it is enough to prove (A.12).

Arguing as in Ref. 46, it turns out that we just need to modify one step in the
proof of Lemma 4.1 in Ref. 46; the bound for the V-term. In such step the authors
were using the Galerkin orthogonality property of div(E — Ej,) being orthogonal to
QF, which due to the nonlinearity in Poisson is obviously not true in the present
case. Since Rf (E) — E;, € =F, from (A.11) one has

IR5(E) — En

0,00,

gld+a)\ 2 .
<o(h—d) IRE(E) ~ Bully-wrors 0<a<2  (Al3)

From Ref. 46 one has

h
IRE(E) = Ball-1avn) < € () IRE®) - Bl

+C|RE(E) = B2 asa + [V, (A.14)
where the V-term reads (after integration by parts)
V= —/ (E—Ep,)Vudx = / div(E — Ep)udx, (A.15)
Qx Qx

with u the solution of the dual problem:
Find w € H'(Qy) N L3(Q) : —Au = div RE (), (A.16)

subject to periodic boundary conditions (for u and for Vu). In the above dual
problem, v is defined as

¢ =0 “T(R)(E) — Ep).
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Notice that in view of (2.10) the above problem is well-posed. To estimate the term
in (A.15), we first observe that divE;, € QF and div(E—Ep,) =[1—p—(1—py)] =
[prn — p]. Hence, we can rewrite the term V as

V= /Q div(E — Ep)udx = / [on — pludx.

x Qx

Using now the Holder inequality together with Poincaré—Friedrichs inequality, we
find

VI <llp = pull-1.00 7 l[ullwrr @ /e (A.17)

We now estimate the term |luly1,1(q,). Sobolev’s embeddings together with the
a priori estimate (A.8) for problem (A.16) give

C . C
ullwrin < Cllullwirq.y < m”leRﬁ'ﬁHw—lm(Qx) < m\mm’ﬂm(ﬂx)

Q

_Cc
(p—1)

h= =) R3 || RE(E) — Baly—2tesa),

G- RE o, < B2 =075 o 0,

IN

(p—1)

IN

—

p—1)

where we have also used inverse inequality, the L2-stability of the Raviart-Thomas
projection together with the definition of 4. Taking now p = 1+ m and using

the fact that h=41°sMI™" = O(1), we finally have
[ullwi o, < Ch? log(R)||RE(E) = Bl -2

Now, from the relations between the weighted norms and the L°°-norms (A.11)
and (A.10) it follows that

[ullwia(a, < ChE |log(h)[[|RE(E) — Enlly-sta
< Cllog(h)[h207 2| RE(E) — Ep[lo,00,0,-

Substituting the above estimate into (A.17) we have

d
A
|V|<C|log<h>|(—) 0110 — prll 1,003, IRE(E) — Billo.oe.-

0

Inserting this estimate into (A.14) and choosing C* = % large enough to absorb
into the left-hand side the terms ||R}(E) — Ep||2_ ., we get

IRA(E) = Enll7-so

d
2

h
< CIRK(E) ~ BIZ-s.0, + Clost)] ()

% 07%p = pnll-1,00,7: IR(E) — Ep

0,00,Qx *
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Using now (A.10) and (A.13) to transform the above norms into L*-norms together
with the definition of 6, we finally get:

IRA(E) — Enllf oc o,

o\ @ gld+a) h ¢
<0 (F) IRAE) - Bl + ¢ (T ) Hosol ()

X 0~%(1p = prll-1,00,7: [ RE (E) = Enllo,00,0.
oy d
< O|RE(E) = B[f§ oo 0, + (C)2 [og(R)[[lp = prll-1,00,7: | RE(E) — Ep|

Recalling that C* > 1 is a constant, the above estimate readily implies the assertion
of the lemma and the proof is concluded.

0,00,02 -

A.4.2. L*>®-error estimates for the LDG approximation
to the electrostatic field

In Ref. 27 the author carries out the pointwise error analysis for the LDG method,
with a different approach to that used in Ref. 46. He follows the technique intro-
duced in Refs. 61 and 60, in which instead of using global weighted L2-error esti-
mates, one has to use local L?-error estimates along with dyadic decompositions
of the domain . This strategy relies on sharp pointwise bounds for high-order
derivatives of the Green’s function. These types of the Green’s function estimates
are well known for smooth domains, but do not hold for general convex polyhedral
domains.® We wish to note that since we consider periodic boundary conditions,
the issue of a priori estimates reduces to the classical interior a priori estimates
(no special treatment of the boundary is required).

To prove (3.18) in Lemma 3.4 we will use the same approach of Ref. 27; but to
account for the nonlinearity of the Poisson problem (1.3), we need to prove further
results not contained in Ref. 27 and use some completely different arguments.

Prior to show (3.18), we introduce some notations. For each fixed point z € ),
real number s and arbitrary x € R? consider the weight function

h S

ol p(x) = <m> , T,z €Qyx, —00< s < 00. (A.18)
We consider the following norm notation introduced in Ref. 27,
|7l r(D),zs = 02 n Tl e (D)
17lorpee = Wrliones+ X [ hotullrldse  (A19)
ec&d enD
erves =3 [ otpllalldse
ecE), eND

bRecently, in Ref. 50, the authors have shown the Holder-type estimate for the first-order deriva-
tives and the second-order mixed derivatives of the Green’s function, which allows to provide
pointwise and L°-estimates in general polygonal domains.
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Following Ref. 60 we note that, if s > 0 and [z — x| = O(h) then o7, (z) = O(1)
while o7 , (z) = O(h®) when |z — z| = O(1). Obviously for s = 0 we recover the
norms without weights. Also we note that the denominator in (A.18) could be
replaced by (|z — 2|2 + h%)? without affecting the results. Notice, however, that
positive powers of this weight correspond to negative powers of the weight function
defined in (A.9). Following Ref. 23, we define

oy = el + 3 [¥alosom + 3 [ llalidse

Il
T*eT;:, ey Y eND

Proof of (3.18) in Lemma 3.4. Observe that subtracting (3.15) from the mixed
formulation of the continuous Poisson problem (1.3), we have the error equations

a(E—Ep,7)+b(t,2—®p) =0 VT eq),
(A.20)
~b(E —Ep, q) +¢(® — ®p,q) = F(q) VqeQj,

where F(q) = [, (p— pn)edx Vq € Q.
Let now T, € 7;* be such that z € T, and let 8, € C=(Qx)? be a regularization
of the Dirac mass satisfying the following properties:

supp(dz) C 1%, Eh(z)z/ E; - 6.dx,
e (A.21)

182ll 20y < CRU73) 1< p < oo

Using triangle inequality and (A.21), we have

(B~ BA)(:)| < B~ PulB)o~ et | || 8.0~ Bajix

Next, we introduce the regularized Green’s function. Let . € H}., () N L§(Q2x)

be the solution of

“AG. =V (8,) — o, <o ::/ V- (8,)dx, (A.22)
(9%

and let éz := V3, + 8, so that —V - (~}z = —¢p. The~problem is completed by
imposing periodic boundary conditions for both g. and G..
Let now (G 5, §-.n) be the DG approximation to (G, g.) that satisfies

a(G, — Gy, T) +b(T, G — Gon) =0 V7€ B},
(A.23)

_b(Gz - Gz,h7q) + c(gz - gz,haq) =0 Vq S Q}:,

1250042-37



B. A. de Dios, J. A. Carrillo & C.-W. Shu

Arguing as in Ref. 27 one can easily show the estimates:
||v(§z - Px(gz))”Ll(Q),z,—s + h”v : (GZ - PX(GZ))HLl(Qx),z,—s
< Cllog(h)|", (A.24)

‘Ll(Q),z,—s < C|10g(h)|;7 (A25)

where 7 =0for0<s<r—landr=1fors=r—1.

Next, observe that the solution (G., §.) satisfies

1= = = nllet0zs + G2 = Gan

a(G.,T) +b(T, g z/ d,7dx V1 € H(div;Qy),
( ) +b(7,32) o, ( ) (A.26)

—b(G.,q) +¢(g=,q9) =0 Vg e L§(Qx).

Observe that in the last equation above we have used that since cg is constant
(co,q) =0 for all ¢ € LE(Qx).

By setting now (7,¢q) = (E — Ej,, ® — ®,) in (A.26) and (7,q) = (G-, J-.1)
in (A.20) and combining both equations we get

/ (E — Ep)8,dx = a(G.. E — E) + b(E — By, §.)
Qx

=a(G, — G, ,E—Ey) +b(E ~Ep,§. — §op)
—b(G — G @ — p) + (@ — By, G — Gop) + F(Gp)
= a(G. ~ G2, E — Px(E)) + b(E — Px(E), s — §z.)
+b(G. — Gop, Px(®) — @)
+c(® = Px(®), G2 — Gzn) + F(g,n)

=L+ 1+ I3+ 1+ F(Gzn), (A.27)

where in the last step we have used the Galerkin orthogonality given in (A.23).
Then, the Holder inequality gives for the first four terms:

I <Gz = Ganllzr@0),2— 1B = Pu(E)|[ oo (0). 2,00
Iy <h7H[® = Px(®) L (00).25 132 — Gz
I3 < ||E = Px(E) ||l L (0),2.s (192 = Gznlle,1,00,2,—5 + V(32 = Px(@2) | L1(000),2,—5)
Iy S Ch7H|@ = Px(®) | Lo (020,25

c,1,Qx,2,—5>

: (Héz - ézh”a,l,&z + h||V ’ (éz - PX(GZ))HLl(Qx),z,—s)y
which in view of (A.24) and (A.25) yield
h+Lh+1s+1
< Cllog(W)[" (B = Pu(B)llz(@0y.0 + 5119 = P(®)ll 12 (0,5.0):

The passage from the localized estimate to an L°°-estimate can then be achieved
by choosing z € Qx such that |[(E — E,)(2)| = |E — Ep|l0,00,0, and setting s = 0.
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Therefore, we only need to estimate the last term in (A.27). Triangle inequality and
Holder inequality give

|F(Gzn)| < |F (= = g=n)| + |F(g2)]

< Flw=100 () 192 = Feon

‘Wﬁ’1<7;;=x>
F | Fllw 1.0 (.0 1921w (0,0 - (A.28)

Hence, to conclude we need to bound the above terms involving the generalized
Green function g,. Sobolev’s embeddings together with the a priori estimate (A.8)
for problem (A.22) and the bound (A.21) give for 1 < p <2

- . C
19=llwr1 () < Cllg:=llwreo.) < m”‘SZHLP(TZ)

< CghT0) < Cllog(h)] (A.29)

where in last step we have taken p = 14+ —— and used the fact that pdllos()| ™" —

log(7)
O(1).
Now we estimate the first term in (A.28). Let E; = §. — g.,» and let Ty =
V(3. — G».n)- From the definition in (A.19), we have

1: = Gollysrmy = IBalliian + 3 I Tellzrrn
™ T*ET,

+ > [ [ By Dldsx. (A.30)

e€Ex v €

The last term above is estimated by setting s = 0 in the estimate (A.25). We next
estimate the second term above. We first recall that for each T™ € 7, :

||Tg||L1(Tx) = sup < Tg . TdX)
TECS (T) Tx
7]l Loo (rxy=1

:< Tg-T%dX)—Q e >0,
TX

for some 75 € Cg°(T™) with [|[7¢]|p,c0,7x = 1. Let 7€ := >, 75 € C5°(Q) be the
function such that 7¢|7x = 7. Hence, summation over all the elements in 7% gives

Z Tl (<) + Z €= Z <TxVx(§z—§z,h)-T€Txdx>

TET, T, TXET,

= VG, — Gon) - TOdx.
Qx
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Notice also that summing and subtracting Px(7¢) (with Px denoting the standard
local L?-projection), we have

Z HT§||L1(Tx) + Z €= T; - Py (T)dx + T;- [7-6 _ IPX(TG)}dX
T*eTX T*eT i o

=5+ 5. (A.31)

We now estimate each of the above terms. For the first one, using the defini-
tion (3.16) of b(-,-) together with the first error equation in (A.23), we have

/ T; - Pu(r)dx = b(Pu(r<), By) + / [E,]- ({Pu()} — Cual P(r) I)ds
Q &9
+ E, Px(T) - ndsx
£2

= —a(G. — G, 5, Px(T9))

+ [ 1B (Pulr9) = Cual Pulr) s
&

+ Ey Py (T°) - nds.
&2

Hence, Holder inequality, the definitions of the norms (A.19), together with the
estimate (A.25) with s = 0, give

|S1] < ||7’x(TE)||o,oo,T;x(||éz — Gl + 13 = Gzpllero)
< Cllog(h)|"[I7¢l0,00, 7%, (A.32)

where in the last step we have also used the L>-stability of the L?-projection. In
the above estimate, 7 = 1 for r = 1 and # = 0 for » > 1. We now estimate the
second term in (A.31). From the definition of the standard L2-projection, we have

> / X(Véz —VGen)  [Thx — Px(T5)]dx

T*ET,

=y " V(G: — Px(G:)) - [T — Px(Tx)]dx.

TeT,

Hence, Holder inequality, estimate (A.24) with s = 0 and the L°-stability of the
L%-projection yield to

192 < [IV(gz = Px(@=))ll L1z 17 = Prc(T) 0,00, 732,
< Cllog(h)["[I7l0.c0. 77, »
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where as before, 7 = 1 for r = 1 and ¥ = 0 for r > 1. Thus, substituting the above
estimate, together with (A.32) in (A.31), we have

Z | Tgll (=) + Z e < 2Cog(R)["[|[7%l0,00, 72 = 2Clog(R)]",
T* T T*ETiE

and now letting € | 0 we finally get

D V(@ = gap)llzr= < 2C[log(h)]". (A.33)
T*ET},

Hence, to conclude we need to provide a bound for ||g. — g.,xl| 11 (o, Using the fact
that {2« is convex and both §. and g. ; are functions with zero average over (), tri-
angle inequality together with the L!-Poincaré-Friedrichs inequality for WP (£)

functions' and the L!-Poincaré-Friedrichs inequality for DG functions,?® we have

A

|20 < 8:lnr ) + 1920l L1 )
- diam(€x)
- 2

Cllog(h)| + Cllog(h)[" < Cllog(h)],

”gz - §Z7h

V3o + CUIVIznllLro + 1Gznlle1,00)

IA

where in the last step we have also used the bounds (A.29) together with (A.33)
and (A.25).

Therefore substituting the above estimate together with the bounds (A.33) and
(A.25) into (A.30), we finally get

192 = Gznllyr 1 7,y < Cllog(R)],

which, together with (A.29), (A.28) and the definition of the functional F', concludes
the proof of the lemma.
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