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Abstract

In this paper, a new type of finite difference Hermite weighted essentially non-oscillatory
(HWENO) schemes are constructed for solving Hamilton-Jacobi (HJ) equations. Point values of
both the solution and its first derivatives are used in the HWENO reconstruction and evolved via
time advancing. While the evolution of the solution is still through the classical numerical fluxes
to ensure convergence to weak solutions, the evolution of the first derivatives of the solution is
through a simple dimension-by-dimension non-conservative procedure to gain efficiency. The main
advantages of this new scheme include its compactness in the spatial field and its simplicity in the
reconstructions. Extensive numerical experiments in one and two dimensional cases are performed

to verify the accuracy, high resolution and efficiency of this new scheme.
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1 Introduction

In this paper, we design a new finite difference Hermite weighted essentially non-oscillatory

(HWENO) method to solve the following Hamilton Jacobi (HJ) equation
O+ H(Vxg) =0, ¢(x,0)=dp(x) x€QCR’

where Vi@ = (duys Gy oy qﬁxn)T. We consider only up to two dimensions for simplicity and hence
use = and y instead of 1 and z9 in the sequel.

The HJ equations come from many applications, from control theory and geometric optics, to
image processing and level set method and so on. It is well known that solutions of the nonlinear HJ
equation are typically continuous. However, the derivatives of the solutions could be discontinuous
even though the initial condition ¢g(x) is smooth enough. The (weak) solution may not be unique
unless suitable assumptions (viscosity solutions) are made, see, e.g. [4].

It is well known that HJ equations are closely related to conservation laws, so many successful
numerical methods for solving conservation laws can be easily adapted to solve HJ equations. Hu
and Shu [6] proposed a discontinuous Galerkin (DG) method to solve the HJ equation. Li and
Shu [10] reinterpreted and simplified the two dimensional method of Hu and Shu. Zhu and Qiu
[22, 23] used HWENO method for the HJ equations on both structured and unstructured meshes.
Tao and Qiu [17] made use of the central HWENO method to solve the HJ equation successfully.
As most of the finite volume methods resort to solving the conservation laws for the derivatives of
the solution that seems to be not direct, Cheng and Shu [2] designed DG methods to directly solve
the HJ equation. Later, Yan and Osher [18] proposed a local DG (LDG) method to solve the HJ
equation directly. In [3] Cheng and Wang improved the work in [2] by utilizing the Roe speed and
entropy fix at the cell interface, and based on [3], Zheng and Qiu [20] developed HWENO schemes
to directly solve the HJ equations.

Comparing to the finite volume or DG methods, which evolve cell averages or a complete poly-

nomial, the finite difference methods, which evolve only point values, may be easier to implement



and more efficient in multi-dimensions. Now, let us briefly review the early works. Crandall and
Lion [5] introduced first order monotone schemes which can converge to the viscosity solution.
Osher and Shu [11] presented higher order finite difference ENO schemes, and Jiang and Peng [7]
developed higher order finite difference weighted ENO (WENO) schemes. Qiu et al. [14, 12] put
forward Hermite WENO (HWENO) schemes for HJ equations with Runge-Kutta or Lax-Wendroff
time discretization. Finite difference schemes on unstructured meshes have also been designed. Ab-
grall [1] proposed first order monotone schemes on triangular meshes. Lafon and Osher [9] designed
second order schemes. Higher order WENO schemes were developed by Zhang and Shu [19], and
higher order HWENO schemes were proposed by Zhu and Qiu [21]. For a detailed review of high
order HJ equations about both the finite difference and finite volume method, we recommend [15].

In this paper, following the methods developed in [13, 14, 12], both ¢ and its first derivative
(e.g. ¢, in one dimension) at the grid points are used in the HWENO method to reconstruct
point values of the derivatives, and both of them are evolved by time marching. Comparing with
the classical WENO method developed by Jiang and Shu in [8], the HWENO method requires
extra work and storage but it is much more compact with the same order of accuracy. Comparing
with DG methods, the HWENO method could achieve high order accuracy by adaptive stencils
and hence could maintain the essentially non-oscillatory property. Notice that the HJ equations
cannot be written in a “conservation form”, hence it would seem more natural to use finite difference
methods based on point values instead of finite volume methods based on cell averages. In this way,
we could avoid the costly multi-dimensional reconstructions and could use dimension-by-dimension
interpolations, thereby reducing the computational cost and improving efficiency. It is important to
use numerical fluxes (monotone Hamiltonians) to evolve the solution itself for HJ equations to ensure
convergence to weak solutions. Since the derivatives of the HJ solution satisfy conservation laws,
previous HWENO schemes tend to use conservative approximations to evolve them as well, hence
causing complications and extra computational cost in multi-dimensional reconstruction. In this

paper, we design a new HWENO scheme which evolves the solution itself through classical numerical



fluxes to ensure convergence to weak solutions, and evolves the derivatives of the solution in a
non-conservative fashion, thereby allowing efficient dimension-by-dimension interpolation resulting
in a gain of simplicity and efficiency. This strategy is similar to solvers for conservation laws,
such as discontinuous Galerkin methods or Hermite-type methods, which evolve cell averages in
a conservative fashion but evolves other degrees of freedom (such as slopes or point values at cell
interfaces) in a non-conservative fashion, without affecting convergence to weak solutions. Extensive
numerical experiments are performed to illustrate the good performance of our schemes.

This paper is organized as follows. In Section 2, we describe the detailed steps about the
construction and implementation of the finite difference HWENO schemes in both one and two
dimensions for the HJ equations. In Section 3, we present extensive numerical results to verify the

accuracy, stability and resolution of our method. Finally, a conclusion is given in Section 4.
2 The numerical method for the Hamilton-Jacobi equations

In this section, we will give the framework of the schemes first and then the detailed steps of

the HWENO reconstructions for both one and two dimensional Hamilton-Jacobi equations.

2.1 One dimensional Hamilton-Jacobi equations

The Hamilton-Jacobi equations in the one dimensional case can be written as:

¢t + H(dz) =0 &(z,0) = ¢o(x) x € [a,b]. (2.1)

For simplicity, we consider a uniform mesh that is defined asa =z <21 < - < axy_1 < Ty =
b. However, this assumption is not needed for our schemes. We denote ¢; = ¢(x;,t) as the numerical
approximation to the viscosity solution and u; = ¢,(z;,t) as the numerical approximation to its
first derivative. Then, by taking the spatial derivative on both sides of (2.1), we obtain the following

system of equations:

do;
—L = H(¢m)|x:m]
dt (2.2)
de
E = - Hl(uj)um|x:mj



where the Hy(u) = %—Ij. We replace H(¢;)|s=; With a suitable monotone numerical flux, denoted
by H (u; , u;'), and we will use the simple local Lax-Friedrichs flux as an example in the sequel. For
stability, we also split H;(u;) into a positive part and a negative part locally, denoted by H 1+ ; and

H j respectively, and approximate u, by upwind methods. Then, we have the following scheme:

i __ Furut

dt :_H(u] 7u] )
duis (2.3)
@ = e Hy
where
o uy +uf _
H (u; ,u;r) = H(%) — —a(u;r —uy) (2.4)
with o = max |Hi(u)|, D= [min(uj_,uj),max(uj_,u;')], and
B 1 u; +ul u; +ul 1 u; +ul u; +ul
Hy ;= 5@5(%) - |H1(%)|), Hf ;= 5@’1(%) + |H1(%)|)- (2.5)
ujc and u ;» the left and right limits of the point values of u(x;,t) and u,(x;,t), will be approximated

by the HWENO method which we will describe in detail in the next subsection. Notice that, even
though we already have u; as part of our numerical solution, we would still want to obtain upwind-
biased approximations qu through the point values of ¢ and u nearby (of course without using u;
itself) in order to use the monotone flux to ensure stability and convergence to weak solutions.

We observe that either H ;or H{ ;s equal to zero. In practice, we need to compute u; ; only
when H 1+ j is not equal to zero, and compute u; j only when H j is not equal to zero. This will
reduce the computational cost because only one of the u; ; and u ; needs to be computed.

After the spatial discretization, we can rewrite the scheme as Uy = L£(U), where £ denotes
the operator of the spatial discretization, and then use the third-order total variation diminishing

(TVD) Runge-Kutta time discretization [16] to solve the semi-discrete form (2.3):

UM = U™ + AtL(UM)

1
U = zU" + (U + Atcut)) (2.6)
1 2
U = 2 U" 4 2 (UP + AtL(U®)



2.2 HWENO reconstruction in one dimension

In this subsection, we will describe the HWENO reconstruction procedure for qu = qﬁf j and

+

ug

Step 1. Reconstruction of ¢, ; by the HWENO method from the point values {di,ui}

1.1. Given the small stencils S(] = {l‘j_Q, Tj—1, :Ej}, 51 = {l‘j_l, L, l’j+1}, 52 = {:Ej_g, Tj—1,Tj, l’j+1},
and the big stencil 7 = {Sy, S1, 52}, we construct Hermite cubic polynomials py(x), pi(x), pa(z),

and a fifth-degree polynomial ¢(z) such that:

po(Tj4i) = djvi, @ =—2,—1,0, po(zj—1) = uj_1
p1(Tj44) = Pjri, i =—1,0,1, Pr(zip) = uj
pQ(xj-i-i) = ¢j+i7 1= _27 _1707 17
q(Tjvi) = djvi, 1=-2,-1,0,1, q'(zjr1) = wjt1
In fact, we only need the derivative values of these polynomials at the point z = z;, which have

the following expressions:

_¢j_2 + 4¢j_1 — 5(]51 + 4uj_1Aa:

Pog(x5) = N
Pj—1+4¢; —5¢j41 + 2uj A
piplay) = - A0 B+ 2,
Gj—2 —6¢;_1 + 3p; + 20511
g (ay) = 24200130 4 20,
¢j—2 + 18¢j_1 — 9¢j — 10¢j+1 + 9Uj_1Al‘ + 3’LLj+1A:E
Qw(ﬂjj) ==

18Azx

1.2. For each small stencil S,,,m = 0,1,2, we compute the smoothness indicator, which mea-
sures the smoothness of the polynomials in each stencil: the smaller the indicator is, the smoother
the polynomial is in the stencil. We use the formula similar to [8] to figure out the indicators,

denoted by 3,,,m =0,1,2:

3
81
B =Y Aa? T op(a)? m=0,1,2 (2.7)
1=2



1.3. We compute the linear weights, denoted by v, m = 0,1, 2, satisfying;:

2
Qm(ﬂjj) = Z Vmpmm(ﬂjj)
m=0

for all the point values of {¢;} and {u;} in the big stencil 7, which leads to

1

m=73

1
70_17 3 72—5

1.4. We compute the nonlinear weights based on the linear weights and the smoothness indica-

tors by:

“m o = I =0,1,2 (2.8)

= =2 _ w )
Zi:o Wi " (Bm +¢)?

where ¢ is a small positive number to avoid the denominator becoming zero. In our numerical tests,

Wm

we use € = 1075, The final HWENO approximation expression is:

2
by ;= Z WinPme (25)-
m=0
The reconstruction of uj is mirror symmetric with respect to x; of the above procedure.
Step 2. Reconstruction of u j by the HWENO method from the point values {¢;, u;}

2.1. Given the small stencils So = {zj_2,z;-1,2;}, S1 = {z;_1,2j,xj41}, S2 = {xj_2,xj_1, %), zj11},
and the big stencil 7 = {Sy, S1, S2}, we construct Hermite quartic polynomials po(z), p1(x), p2(z),

and a sixth-degree polynomial ¢(x) such that:

po(Tjti) = Gjpi, 1= —2,—1,0, po(Tj4i) = ujri, i=-1,0
p1(@jpi) = i, 1= —1,0,1, Pr(Tj) = ujps, =01
p2(Tjti) = dj4iy i=-2,-1,0,1, Pi(z5) = u;

Q(2j4i) = Ojri, 1=-2,—-1,0,1, q'(xj+2-) =ujt1, ©=-1,0,1

Again, we only need the second order derivative values of these polynomials at the point x;, which



have the following expressions:

10’LLjAl’ + 8Uj_1A:E +@j_2+ 1691 — 17¢j

pOmm(xj) = 2(A(L’)2
o —4’LLjAl’ — 2’LLj+1A:E + ¢j_1 - 8¢j + 7¢j+1
plmm(xj) - 2(A:E)2
- GUJ'AJ} - ¢j_2 + 12¢j_1 — 15(]5j + 4¢j+1
prx(xj) = 6(Aa:)2
Qo) = 18uij + 18uj_1Ax — 6uj+1AJZ + ¢j—2 + 5401 — 81p; + 260,41
zx\Lj) =

18(Ax)?
2.2. For each small stencil S,,,, m = 0,1,2, we compute the smoothness indicators respectively:
- a1, O 2
B = ; Az (g apm(zy))”,  m=0,1,2 (2.9)
2.3. We compute the linear weights, denoted by ~,,,, m = 0, 1, 2, satisfying:
2
Qow = Y YmPmgs(25)

m=0

for all the point values of {¢;} and {u;} in the big stencil 7, which leads to

1 5

MnM=3 "2=75

1
0=y 3 12

2.4. We compute the nonlinear weights w,, as in (2.8), the final HWENO approximation

expression is:
2
um_j = E wmpmmm(xj)'
m=0
The reconstruction of u ; is mirror symmetric with respect to z; of the above procedure.

7

2.3 Two dimensional Hamilton-Jacobi equations

The Hamilton-Jacobi equation in the two dimensional case is written as

Ot + H(¢z, y) =0 d(z,y,0) = ¢o(z,y) (x,y) € [a,b] X [c,d] (2.10)

For simplicity, we also assume the computational domain has been uniformly meshed as a = xg <
rn<- - <zazy1<zy=bandc=ys <y < - <yn-1 < yn = d. Furthermore, we define

¢ij = ¢(xi,y;,t) as the numerical approximation to the viscosity solution, and w;; = ¢, (x;,y;,1t)



and v;; = ¢y(x;,y;,t) as the numerical approximations to its first order partial derivatives with
respect to the variables x and y, respectively. Then, by taking spatial derivatives on both sides of

(2.10), we have the following system of equations:

dgij
=—H T
du;j
dvj
”:—mwm%—mwmw
dt
where the Hj(u) = %—IZ and Ha(u) = %—f}]. As uy is equal to v, in the smooth case, we can also

rewrite the system of equations as the following:

doi;

% = H(p )

ds;j = — Hi(u,v)uy — Ha(u,v)u, (2.12)
d;);j = — Hi(u,v)vy — Ha(u,v)v,

In the same way as before, we replace H(¢z,¢,) with a monotone numerical flux, and split
Hi(u,v) and Hs(u,v) into a positive part and a negative part respectively. Then we discretize

(2.12) into the following

doij + +
a H(u”,uw, Vijs Ul])
duij _ + - - ot T
di = Hy g i — Hy jug ip — Haijuy,; (2.13)
dvij _ + - — ot
a Hugjvwiy — Hy v, 0 — Hy vy
where H (uw, u;;, Vs U) refers to a two-dimensional monotone flux, such as the simple local Lax-
Friedrichs flux defined as
N - T T e A | o1 -
H(U”,’LL—;,U”,U;;) = H( K 2 ZJ’ Y 2 Z]) - 50&(’&2—; - uz]) - §ﬁ(vz—; - Uij)v
where o = max \Hl(u v)| and § = max \Hg(u v)|. With regard to a, we take D as
ueDw ueDvelR
a local region and E as a global region, namely D = [mln(uw,ut) max(uw,u )] and E =

[min(v™,v"), max(v™,v")]|cq. We compute the coefficient § similarly, except that we then take

D globally and F locally. This way of computing the local Lax-Friedrichs flux is needed to ensure



monotonicity, see [11]. Flij? ngj are the average values of H; and Hj at (z;,y;) defined as the

following:

_ un +ul v 4 ok _ un +ul v 4 ok
Hlij:Hl( Y 5 ZJ’ (] l])’ H2ij:H2( 1 5 2]7 1) 5 1]

);

and H, Hfr , Hy, H2+ as the negative and positive parts of Hy and Hs respectively, defined as

follows:
_ 1 — — n 1 —
Hy ;= 5 (Huy = [Hiygl),  Hy'yy = 5(Huig + [Higl),
_ 1 — — 1 — _
Hy ;= §(H2ij — [Hal), Hy = §(H2ij + [Hagjl).-
vatij, u;:(;tij and vfi]— are the left and right limits of the point values w(x;,y;,t), ue(24,y;,t) and

+

vz (24, yj,t) with respect to the variable x, and %tij’ Uy,

’ and v;tij are the left and right limits of
the point values v(x;, y;,t), uy(z;, y;,t) and vy(z;, y;,t) with respect to the variable y. The values

+ + +
Of ¢1‘1]7 ¢y ij’ uxz]

and v;tij are reconstructed with the one dimensional method in each direction
with the other direction fixed. As to the mixed derivatives v, u,, we simply use the fourth order
central approximations in the x and y directions, for there is reason to believe the mixed derivatives

play lesser role on spurious oscillations according to [14]:

—Vit2,j + 8Viq1,j — 8vi—1,j + vi—2

Vij = 12Az ’
o = “Migr2t Buj jy1 — 8ujj—1 + ujj—2
vij 12Ay '

: : — + - +
In practice, we only need to compute either u ij OF Ug but not both. v, i and vy i can be
computed similarly.
Then, we can rewrite the scheme (2.13) as U; = L£(U), where £ denotes the operator of spa-

tial discretization, and use the third-order total variation diminishing (TVD) Runge-Kutta time

discretization (2.6) to solve the semi-discrete form (2.13).
3 Numerical results

In this section, we provide numerical experiments for the fifth order HWENO method in one and

two dimensional cases. In all the accuracy tests, we set At = 0.6Az3 /o in the one dimensional case

10



and At = 0—15 in the two dimensional case, in order to guarantee that spatial numerical

5 5
0.6Az3  0.6Ay3
1

errors dominate. In other tests, we simply take At = 0.6Axz/a and At = ————5— in the one
0.6Az ' 0.6Ay

and two dimensional cases respectively, unless otherwise indicated. The HWENO method for HJ
equations with conservative approximations to the derivative variables (HWENO-C), developed by
Qiu and Shu [14], using the same mesh partition, time steps and local Lax-Friedrichs flux, is used
for comparison in some of the numerical examples.

In Table 1, we provide a CPU time comparison between the method developed in this paper
which uses non-conservative approximation for the derivative variables (HWENO-NC) and the
HWENO-C method for accuracy tests in Examples 3.1, 3.2, 3.3 and 3.4 below. The total CPU
time for N = 10, 20, 40, 80, 160 and 320 cells is recorded. We observe that the HWENO-NC method
spends less CPU time than the HWENO-C method. The computations are performed on a Dell

Vostro 2420 with 4GB RAM.

Table 1: CPU time (in seconds) for the HWENO-NC and HWENO-C schemes.
Example 3.1 Example 3.2 Example 3.3 Example 3.4
HWENO-NC 2.2152 0.4680 0.1092 246.9964
HWENO-C 3.5568 0.6708 0.1248 268.7273

Example 3.1: We solve the following linear scalar equation:
ot + ¢x =0, 0<z<2

with the initial condition ¢(x,0) = sin(wzx), and periodic boundary condition. We compute the
solution up to t = 2, the numerical errors and numerical orders of accuracy for the HWENO-NC
method are shown in Table 2. We can see that the scheme achieves or exceeds fifth order accuracy,
and it actually yields smaller errors than the HWENO-C method.

Example 3.2: We solve the Burgers equation:
1 2
¢t+§(¢m+1) =0, -1<z<1

with the initial condition ¢(x,0) = — cos(mz), and periodic boundary condition. We compute the

11



Table 2: ¢y + ¢z = 0,¢(x,0) = sin(nz). Periodic boundary conditions. ¢ = 2

HWENO-NC HWENO-C
N | Ly error order Ly error order | Lo error order Lj error order
10 | 2.58E-02 1.06E-02 3.49E-02 2.58E-02

20 | 942E-04 477 4.40E-04 459 | 1.76E-03 4.31 1.16E-03 4.48
40 | 2.75E-05  5.10 1.56E-05 4.81 | 7.28E-05 4.59 4.49E-05 4.69
80 | 8.34E-07 5.05 4.95E-07 4.98 | 2.48E-06 4.87 1.54E-06 4.86
160 | 1.94E-08 543 1.02E-08 5.61 | 5.99E-08 5.37 3.62E-08 5.41
320 | 1.68E-10 6.86 8.66E-11 6.88 | 5.41E-10 6.79 3.22E-10 6.82

solution up to t = %. At this time, the solution is still smooth. The numerical results are shown in
Table 3. Again, we can see that the scheme can reach its designed order of accuracy, and actually

yields smaller errors than the HWENO-C method for the more refined meshes.

Table 3: ¢y + 3(¢s +1)2 = 0,¢(z,0) = — cos(rz). Periodic boundary conditions. t = 0.5/7>

HWENO-NC HWENO-C
N | Ly error order I error order | Lo error order Lj error order
10 | 2.20E-03 8.04E-04 1.76E-03 6.95E-04

20 | 1.64E-04 3.75 3.24E-05 4.63 | 1.15E-04 3.94 2.74E-05 4.66
40 | 1.27E-05 3.69 1.88E-06 4.11 | 1.50E-05 294 181E-06 3.92
80 | 5.10E-07 4.63 5.95E-08 4.98 | 6.25E-07 4.58 6.63E-08 4.77
160 | 1.70E-08 491 1.05E-09 5.82 | 2.11E-08 4.89 1.34E-09 5.63
320 | 2.87E-10 5.88 1.93E-11 5.76 | 4.08E-10 5.69 2.96E-11 5.50

Example 3.3: We solve the nonlinear scalar equation:
¢ —cos(¢, +1) =0, —-l<zx<l1

with the initial condition ¢(x,0) = — cos(mx), and periodic boundary condition. When t = (7]7‘?, the
solution is still smooth. The numerical results are shown in Table 4. Again, we observe that the
scheme can achieve its designed accuracy, and actually yields smaller errors than the HWENO-C
method for the more refined meshes.

Example 3.4: We solve the two dimensional Burgers equation
1 2
Gt 5ty +1)°=0 —2<azy<2

with the initial data ¢(z,y,0) = —cos(5(z + y)) and periodic boundary condition. We compute

the result up to t = 0.5/72 and the solution is still smooth at that time. Again, from Table 5, we

12



Table 4: ¢; — cos(¢, + 1) = 0, é(x,0) = — cos(rx). Periodic boundary conditions. ¢ = 0.5/7>

HWENO-NC HWENO-C
N | Ly error order Lj error order | Ly error order Lj error order
10 | 1.54E-03 7.38E-04 1.91E-03 8.74E-04

20 | 1.68E-04 3.20 2.96E-05 4.64 | 2.12E-04 3.17 4.62E-05 4.24
40 | 1.64E-05 3.35 1.96E-06 3.92 | 2.34E-05 3.18 2.66E-06 4.12
80 | 9.62E-07v 4.10 7.24E-08 4.76 | 1.31E-06 4.16 1.08E-07 4.62
160 | 5.49E-08 4.13 2.64E-09 4.78 | 7.19E-08 4.19 4.06E-09 4.73
320 | 1.40E-09 5.29 7.60E-11 5.12 | 2.0vE-09 5.12 1.27E-10 5.00

can see that the scheme achieves its designed order. The errors we obtain are comparable with the

one obtained by the HWENO-C method.

Table 5: ¢y + 2(¢y + ¢y + 1)2 = 0, ¢(z,y,0) = —cos(Z(z + y)). Periodic boundary conditions.
t=0.5/72

HWENO-NC HWENO-C
N Lo error order Lj error order | Lo, error order Lj error order
10x 10 1.78E-03 8.31E-04 1.83E-03 8.96E-04

20x 20 | 3.64E-04 2.29 5.49E-05 3.92 | 4.19E-04 2.13 6.10E-05 3.88
40x 40 | 3.21E-05 3.51 2.97E-06 4.21 | 3.62E-05 3.54 3.16E-06 4.27
80x 80 | 1.36E-06 4.56 1.06E-07 4.81 | 1.46E-06 4.63 1.11E-07 4.84
160x 160 | 4.51E-08 491 3.17E-09 5.06 | 4.64E-08 4.98 2.61E-09 5.41
320x 320 | 9.86E-10 5.51 &.71E-11 5.19 | 8.74E-10 5.73 4.99E-11 5.71

Example 3.5: We solve the linear equation:

¢t+¢x:0

with the initial condition ¢(z,0) = ¢o(x — 0.5) together with the periodic boundary condition,

where
2
1
2008(37”6 )_\/g “hersoy
5 3
3—|—3COS(2 .Z') 1<.Z'<0
3 9 2 2 " R
¢o(x) Z—(§+§+?ﬂ)($+l)+ ' 3 .
5 3cos(2rna) 0<r <3,
28 4 4 !
8+ w—;COS(?)TFl') + 67'('1'(95 _ 1) g <z <1.
\

We plot the results at ¢ = 2.0 and ¢ = 8.0 in Figure 1(a) and Figure 1(b) respectively, and observe

13



that our scheme can reach comparable resolution for the corner singularity with the one obtained

by the HWENO-C method.

T=2 T=8

O HWENO-NC
+ HWENO-C

O HWENO-NC

%)

¥ e ———— ————

EN

&

) &
[l L L L |

Figure 1: One dimensional linear equation. N = 100 cells. (a) ¢ = 2.0, (b) t = 8.0. Solid line: the
exact solution; Square symbol: the HWENO-NC scheme; Plus symbol: the HWENO-C scheme.

Example 3.6: We solve one dimensional Burgers equation:
1 2
St 5(¢e+1)°=0  -—l<z<1

with ¢(z,0) = — cos(mx) and periodic boundary conditions. We compute the solution up to t =
3.5/m2. At this time, the discontinuous derivative has already appeared in the solution. We show the
numerical results with the meshes N = 40 and N = 80 in Figure 2(a) and Figure 2(b) respectively.
We can see that both schemes give high resolution for this problem. We also plot the derivatives of
schemes with the meshes N = 40 and N = 80 in Figure 3(a) and Figure 3(b) respectively, and we
observe sharp resolution with correct shock location for both schemes. This verifies the claim that
our non-conservative treatments of the solution derivatives does not affect convergence to weak

solutions with correct shock speeds.
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Figure 2: One dimensional Burgers equation. ¢t = 3.5/72. (a) N = 40 and (b) N = 80. Solid
line: the exact solution; Square symbol: the HWENO-NC scheme; Plus symbol: the HWENO-C

scheme.
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Figure 3: The derivative of the one dimensional Burgers equation. ¢ = 3.5/72. (a) N = 40 and (b)
N = 80. Solid line: the exact solution; Square symbol: the HWENO-NC scheme; Plus symbol: the

HWENO-C scheme.



Example 3.7: We solve the nonlinear equation with a non-convex / non-concave flux

¢ —cos(py +1) =0

with the initial data ¢(z,0) = — cos(mz) and periodic boundary conditions. This time, we compute
the solution up to t = 1.5/72. We observe the results with N = 40 and N = 80, which are shown in
Figure 4, and find that both methods give high resolution in this case. We also plot the derivatives
of the schemes with the meshes N = 40 and N = 80 in Figure 5, and observe that both give correct

shock location and good resolution.

1#F 3

N=40 N=80

HWENO-NC

HWENO-NC
+ HWENO-C
Exact

0.5

-0.5

Figure 4: H(u) = —cos(u+1). t = 1.5/7%. (a) N = 40 and (b) N = 80. Solid line: the exact
solution; Square symbol: the HWENO-NC scheme; Plus symbol: the HWENO-C scheme.

Example 3.8: We solve the problem
1 9 2
Gt (@ -D@ -9 =0 —1<z<]

with the initial data ¢(x,0) = —2|z|. As the derivative of ¢(x,0) is discontinuous, the initial value
of w is undefined at x = 0 which is a grid point. We simply take u(0,0) = 0 in our code, and observe

that the value of u(0,0) makes little influence on the final result in our numerical experiment. We
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+ HWENO-C
Exact
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+ HWENO-C
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g of & of
1f 1
2F 2
_3; S _3;
-1 05 0 0.5 1 -1 0.5 0 0.5 1
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Figure 5: The derivative plot, H(u) = —cos(u+1). t = 1.5/72. (a) N = 40 and (b) N = 80. Solid
line: the exact solution; Square symbol: the HWENO-NC scheme; Plus symbol: the HWENO-C

scheme.

plot the results at t = 1 with IV =40 and N = 80 cells in Figure 6 and Figure 7, observe that both

the function values and its derivatives give good results for both schemes.

-1 1
1.2 -2 N=80
HWENO-NC B O HWENO-NC
+ HWENO-C B + HWENO-C
-1.4 Exact 141 Exact
S S L
-1.6 16
-1.8 -8
of o L1 1 P
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1
X X
(a) (b)

Figure 6: H(u) = (1/4)(u? — 1)(u® —4). t = 1. (a) N = 40 and (b) N = 80. Solid line: the exact
solution; Square Symbol: the HWENO-NC scheme; Plus symbol: the HWENO-C scheme.
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-0.5 0 0.5 T

Figure 7: The derivatives plot, H(u) = (1/4)(u® — 1)(u® —4). t = 1. (a) N = 40 and (b)
N = 80. Solid line: the exact solution; Square Symbol: the HWENO-NC scheme; Plus symbol:
the HWENO-C scheme.

Example 3.9: We solve the two dimensional Burgers equation
1 2

with the initial data ¢(z,y,0) = —cos(5(z + y)) and periodic boundary condition. We compute
the result up to ¢t = 1.5/7% and the derivative discontinuity has appeared in the solution. We plot
the results with 40 x 40 cells in Figure 8 and observe high resolution in this example.

Example 3.10: We solve a problem from optimal control:

¢ +sin(y) o, + (sin(x) + sign(py)) oy, — %Sinz(y) +cos(z) —1=0, —wm<z,y<m

with ¢(z,y,0) = 0 and periodic boundary conditions. In this case, the equation can be denoted as

1+ H(bz, ¢y, x,y) = 0, and our scheme can be obtained through the following system of equations

as before: do
dtw =— H(¢s, by, 7,y)
d ..
;L;J = Hl(ua,U)x)y)um - HQ(U,U,ZE,y)Uy B HI(U,U,ZU,y)
d ..
Zl}tlj = — Hl(’LL,’U,ﬂjyy)’Um - HQ(uv,U)xay)vy - Hy(’LL,’U,ﬂj,y)
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Figure 8: Two dimensional Burgers equation. ¢ = 1.5/7% with the HWENO-NC schemes with
40 x 40 cells. Contours of the solution in Figure 8(a) and the surface of the solution in Figure 8(b)
Following (2.13), we can easily deal with the terms H (¢4, ¢y, x,y), H1(u, v, z,y), Ha2(u,v,z,y). The
additional terms H(u,v,z,y) and Hy(u,v,z,y) can be approximated as

— + - +
U + Ui Vs + ch
2 ’ 2

Hx(ua’l)y%y) ’x:xi,y:yj% H:c( 7xi7yj)

— + - +
uij+uij V. U,
2 ’ 2 ’

Hy(“’? v, T, y) ’J/‘Zm,y:yj% Hy(

The time step is still taken as At = ailﬁ. The solution and optimal control w = sign(¢) at

0.6Ax +O.6Ay

t = 1 are plotted in Figure 9(a) and Figure 9(b), respectively. Again, we can observe that high

resolution is achieved by our method.

Example 3.11: We solve the problem with another neither convex nor concave Hamiltonian
¢ +sin(¢p +¢y) =0,  —1<z,y<l

with ¢(z,y,0) = 7(Jy| — |z|). In this case, u(x,y,0) is undefined along z = 0 and v(x,y,0) is
undefined along y = 0, and we simply take u(0,y,0) = 0 and v(z,0,0) = 0 respectively. We
compute the solution up to ¢ = 1. The solution is shown in Figure 10. Again, we observe our

schemes can achieve high resolution.
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Figure 9: The optimal control problem. ¢t = 1 with the HWENO-NC schemes with 60 x 60 cells.
Surface of the solution in Figure 9(a) and of the optimal control w = sign(¢,) in Figure 9(b)

Figure 10: Two dimensional equation with a neither convex nor concave Hamiltonian. ¢ = 1 by
the HWENO-NC schemes with 40 x 40 cells. Contours of the solution in Figure 10(a) and surface
of the solution in Figure 10(b)
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Example 3.12: We solve the two dimensional Eikonal equation

b+ 4/P2+ P2 +1=0, 0<zy<l1

with the initial data ¢(z,y,0) = %(cos(2mz) — 1)(cos(2my) — 1) — 1. We compute the solution up

to t = 0.6. The solution is shown in Figure 11. High resolutions are observed with our scheme.

z
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© pritmNN\ W
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i 17 17 ARRRHITHTHuR
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o b L1 R Ll L1 ‘ ‘
0 0.2 0.4 0.6 0.8 1

Figure 11: Eikonal equation. ¢ = 0.6 by the HWENO-NC schemes with 60 x 60 cells. Contours of
the solution in Figure 11(a) and surface of the solution in Figure 11(b)

Example 3.13: We solve
(ﬁt—(l—sK)@/qﬁ%—Hﬁg—i-l:O, 0<z,y<l1
¢(x,y,0)=1— i(cos(%m) — 1)(cos(2my) — 1)
where K is the mean curvature defined by:

 Pua(1+ 97) = 200y Pty + Syy(1 + ¢3)
(1+ 2 + 67)%/

K =

and ¢ is a small constant, with the initial data ¢(z, y,0) = 1—7(cos(2mz)—1)(cos(2my)—1) and peri-

odic boundary condition. When ¢ # 0, the equation can be denoted as ¢i+H (¢z, Oy, Oza, Ouys Gyy) =

21



0. The system of equations to be approximated then becomes

dtw = - H(¢m7 ¢ya ¢mm7 @bwya ¢yy)
duij

dt - H‘f’xuw - H¢yuy - H@cacuﬂf - H¢xyu$y - H¢yyuyy
d’UZ'j

dt == H‘f’wi - H¢yvy - H@cacvww - H¢xyvmy - H¢yyvyy

The procedure to deal with the terms H, Hy, and Hg, are the same as before. Here, we simply
use fourth order central differences in each direction with the other direction fixed to approximate

the terms g, Uyy:

Uiaj — 16uip1; + 30u;; — 16ui—1; + o
12Az2

Ugzij =

u _ Uig42 — 16u,-7j+1 + 3011,2'7]' — 16714'7]'_1 + Ui j—2
ij 12Ay?

As to the term wg,,, we take the following Q) polynomial approximation using the values {uy, k =
i—2, i+ 2l=75—2,---,j+2}

1
Uzy;; = _M(ui—m—z —8ui—9j-1+ 8Ui—2 11 — Ui—2 42 — S8ui—1 -2 + 64u; 11

—64u; 111+ 8ui—1 12 + Buipr 2 — 64wy jo1 + 64uip j1 — Buipr o

— Uip2j—2 + 8Uiyo j—1 — Uiy j+1 + Uit2j+2)-

The approximation to the terms v;z,vzy, vy, can be obtained in a similar way. The time step

a B 71 V2 3
0685 0.6Ay + 0.3Ax2 + 0.3AzAy + 0.3Ay2

is taken as At = L , where 7 = n(fbliX|H¢m|, Y2 = n(fbl?yX|H¢xy|,
V3 = IEZ,X |Hg,,| and «, 3 are defined the same as before. The results of ¢ = 0 (pure convection)
and € = 0.1 by the HWENO-NC method with 60 x 60 cells are presented in Figure 12(a) and Figure
12(b) respectively. The surfaces at ¢ = 0 for ¢ = 0 and for ¢ = 0.1, and at t = 0.1 for ¢ = 0.1, are

shifted downward in order to show the details of the solution at later time.
4 Conclusion

In this paper, we present a high order scheme based on the finite difference framework for

the Hamilton-Jacobi equations in one and two dimensions. The main advantage of this scheme is
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Figure 12: Propagating surface. 60 x 60 cells. Figure 12(a): € = 0; Figure 12(b): e = 0.1

its compactness and efficiency. Both the solution values and its first derivatives are used in the
HWENO reconstruction and evolved via time marching. Extensive numerical experiments in one
dimensional and two dimensional cases show that the scheme can achieve high order accuracy in

the smooth region and can maintain high resolution when the derivative becomes discontinuous.
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