OPTIMAL NON-DISSIPATIVE DISCONTINUOUS GALERKIN METHODS FOR
MAXWELL’S EQUATIONS IN DRUDE METAMATERIALS
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Abstract. Simulation of electromagnetic wave propagation in metamaterials leads to more com-
plicated time domain Maxwell’s equations than the standard Maxwell’s equations in free space. In
this paper, we develop and analyze a non-dissipative discontinuous Galerkin (DG) method for solv-
ing the Maxwell’s equations in Drude metamaterials. Previous discontinuous Galerkin methods in
the literature for electromagnetic wave propagation in metamaterials were either non-dissipative but
sub-optimal, or dissipative and optimal. Our method uses a different and simple choice of numerical
fluxes, achieving provable non-dissipative stability and optimal error estimates simultaneously. We
prove the stability and optimal error estimates for both semi- and fully discrete DG schemes, with the
leap-frog time discretization for the fully discrete case. Numerical results are given to demonstrate
that the DG method can solve metamaterial Maxwell’s equations effectively.
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1. Introduction. Since the first successful construction of metamaterials with both negative
permittivity and negative permeability in 2000 by Smith et al. [34], there has been a growing interest
in the study of metamaterials and its applications in invisibility cloak design (e.g. [36,41]) and
sub-wavelength imaging (e.g. [1,39]). Numerical simulation of wave propagation in metamaterials
plays a very important role in these investigations. Description of electromagnetic wave propagation
in metamaterials leads to more complicated time domain Maxwell’s equations than the standard
Maxwell’s equations in free space. Compared to many excellent works obtained for solving Maxwell’s
equations in the free space (see [15,20,30] and references therein), developing efficient and rigorous
numerical methods for metamaterial Maxwell’s equations needs much more efforts. The most recent
progress in this direction can be found in the monograph by Hao and Mittra [19] on the finite-
difference time-domain (FDTD) methods for modeling metamaterials, and in the monograph by Li
and Huang [24] on the finite-element time-domain (FETD) methods for metamaterials.

The discontinuous Galerkin (DG) method was initially introduced in 1973 by Reed and Hill [33]
for solving a neutron transport equation. Because of a few nice features of the DG methods (such as
local solvability, flexibility in h-p adaptivity, and efficiency in parallel implementation), various DG
methods have been proposed for solving different partial differential equations since then. The work
of Cockburn and Shu [11,12] on Runge-Kutta DG (RKDG) methods for solving linear and nonlinear
time dependent hyperbolic partial differential equations (PDEs), in which the spatial discretization
is by DG and the time discretization is by Runge-Kutta methods (other time discretization methods
are of course also possible, such as the leap frog method adopted in this paper), has facilitated the
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rapid advance and application of DG methods. Also relevant to our schemes studied in this paper,
especially the choice of the alternating fluxes, we should mention the so-called local discontinuous
Galerkin (LDG) method, which was introduced by Cockburn and Shu [13] for solving time-dependent
convection-diffusion systems and was used in [37] for solving second-order hyperbolic equations. For
more details on the algorithm design, analysis, implementation and application of DG and LDG
schemes for solving time-dependent PDEs, readers can consult the review articles [14,38] and the
references therein.

Maxwell’s equations play a very important role in describing wave propagation phenomena in var-
ious media. It is no surprise that many DG methods have already been developed for time-harmonic
Maxwell’s equations in free space (e.g., [2,18,31,32]), time-dependent Maxwell’s equations in both
free space (e.g., [5,10,17,20]) and dispersive media (e.g., [21,28,35]). The recently developed meta-
materials also promoted some study of DG methods for solving Maxwells equations in metamaterials
(e.g., [4,22,23,25]). Among these methods, there are non-dissipative ones, e.g. [23], and optimal ones,
e.g. [25]. However, our new method in this paper appears to be the only one to attain both optimal
convergence rate and non-dissipation. Recently Xing et al [3,37] and Chung et al [6, 7] proposed
optimal and non-dissipative discontinuous Galerkin methods for wave equations. Our approach is
similar to the LDG method of Xing et al [3,37] in terms of the choices of the numerical fluxes in the
scheme and the projection in the error estimate proof.

The rest of the paper is organized as follows. In Sect. 2, we first present the governing equations
for wave propagation in Drude metamaterials. In Sect. 3, we present the semi-discrete DG method,
and prove its stability and the optimal error estimate in the L? norm. Then in Sect. 4, we propose
a fully discrete DG method with leap-frog type time discretization. Detailed numerical stability
analysis is carried out. The optimal convergence result is stated, but the lengthy technical proof
is skipped as it mostly follows the line of the proof of the semi-discrete case. Sect. 5 is devoted to
numerical experiments that demonstrate the optimal convergence rates of the proposed DG method.
Finally, we conclude the paper in Sect. 6.

2. The governing equations. Consider the metamaterial Drude model [24] in the domain :

oFE

— = H — 2.1
(&) B V x J ( )

o0H

—_— = E-K 2.2
o7 V x (2:2)

1 T

o ~J=E (2.3)

Eowpe ot Eowpe

L 0K n g g (2.4)

Nowﬁm ot Mowgm
supplemented with the perfect conduct (PEC) boundary condition
nx E=0 onodQ, (2.5)
and the initial conditions
E(z,0) = Eo(x), H(x,0)=Ho(z), J(x,0)=Jo(z), K(z,0)=Ko(x), (2.6)

where n denotes the outward unit normal vector of 052, Ey(x), Ho(x), Jo(x) and Ky(x) are some

given proper functions. Here €q is the vacuum permittivity, po is the vacuum permeability, wpe > 0

and wp, > 0 are the electric and magnetic plasma frequencies respectively, I'. and I'j, are the
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electric and magnetic damping frequencies respectively, E(x,t) and H (x,t) are the electric and
magnetic fields respectively, and J(x,t) and K(x,t) are the induced electric and magnetic currents
respectively.

To avoid the technicality of the proof for 3D problems, below we only consider the transverse-
electric mode with respect to z in two dimensions (2-D), i.e., the so-called T'E, mode, which involves
only fields £ = (E,,E,),H = H, := H,J = (J,,J,), K = K., and the curls V x E = 9Ly _ 9By

ox oy
and V x H = (%—I;, —%—f)’ . Here the subindices z,y and z denote the components in the z,y and z

directions, respectively. More specifically, the governing equations of the T'FE, Drude model can be
written as:

0E, O0H,

— = —F/— — Jg, 2.
€0, 3y J, (2.7)
OE, OH.,
— _ 2.
T G (28)
OH, OE, OE,
= — _KZ7 2
Ho~ 5y oz T oy (29)
1 . T
2 o 5 Jo = Ea, (2.10)
Eowpe ot Eowpe
1 o), I Jy = By, (2.11)

Eowge W Eowge
1 0K, |

fowsy, Ot powpy,

K.=H.. (2.12)

For simplicity, we consider solving (2.7)-(2.12) on a rectangular type physical domain Q = [a, b] x
[c, d], which is discretized by a possibly non-uniform grid

a:x%<x%<---<azm+%:b, c:y%<y%<---<yNy+%:d.

The time domain [0,77] is discretized into N; + 1 uniform intervals by discrete times 0 = ¢y < t1 <

- < ty,41 = T, where t,, = n -7, and the time step size 7 = ﬁ For simplicity, we define
the rectangular cells K;; = I; x J;, where I; = [:Ei_%,llti_i_%], i=1,--- Ny, and J; = [yj_%,ijr%],
- . _ y _ . _
j=1,---,Ny. The mesh sizes are denoted by hi = Tipl =T 1, hj = Yjrl ~ Y1 with h* =

maxi<i<n, hi, Y = maxj<j<n, h?j, and h = max(h”,h¥) the maximal mesh size. We also assume
that the mesh is regular, i.e. hY > C - h and h? > C-h Vi,j, for some C independent of h.

The finite element space V}f is chosen as the space of tensor products of piecewise polynomials
of degree at most k in each variable on every element Kj ;, i.e.,

VE={v: v|lg € QuK), VYK eT,}, (2.13)

where 7}, denotes the Cartesian grid on 2 described above with mesh size h, and Q) is the space of
tensor products of one-dimensional polynomials of degree up to k.

For the corresponding variable u we denote its numerical solution uy, which belongs to the finite
element space V}f. Note that functions in V}f are allowed to have discontinuities across element
interfaces. Furthermore we denote by uh(x:r%,y) (or (uh);r%7y, u;[(xiJr%,y)) and uh(x;r%,y) (or
(uh);%’y, (s (x2+%,y)) the limit values of uy, at Tip1 from the right cell K;;1 ; and from the left cell
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K vespectively. (.7, ) (or ()7 4. (2,05,.)) ancd w27, (or ()3 0 (,03,1)
are defined similarly. We denote by || - H the L? norm over the domain €.

Finally, we would like to remark that the corresponding PEC boundary condition (2.5) in 2-D
becomes:

Eib(x7 Y, t)|y=c,d = 07 Ey($a Y, t)|x=a,b =0. (214)

3. The semi-discrete DG method. The DG method for (2.7)-(2.12) can be formulated as
follows: find Ep, Eyn, Hony Jun, Jyny Ko € C1([0,TT; ViF) such that

0E, N 0
60/ h¢ / H.n¢™) gt = (Hand™ )y o % d:v—i—/ H.p, a¢ Jent =0, (3.1)
Kiwj Kz] Y K»;,j

OFE . _ . 0
o T / (B )iy = Hawhy )y [ HaSE4 [ w0, 32
Ki Ki € K

OH., L . oy ’
i,J j i

. _ . 0
—/ ((EachX )a,jt —(ExhXJr)w,j—%)dI‘F/ Ezha—x+/ K.nx =0, (3.3)
I Ki; Y Ki;
1 aJ;z; 1—‘6
3 / hul + 3 / Jenu1 — E.pup =0, (3.4)
€owpe JK, ot €owpe JK, Ki;
1 0Jyn I,
J, — E =0 3.5
60(&]12)6 Li’j ot ug + 600112)6 Li’j yh U2 /[(i)j yh U2 ) ( )
1 aKz Fm
2 / “o+ 2 Kanv — / H.pv =0, (3.6)
:uowpm K j 8t :uowpm K; K j

for all test functions ¢, v, x,uy,us,v € V th, yh,Emh are the cell boundary terms obtained
from integration by parts, and they are the so-called numerical fluxes. These numerical fluxes are
functions on cell boundaries and should be designed carefully to ensure numerical stability or energy
conservation, and optimal rate of convergence, for different PDEs. Motivated by the LDG schemes
for diffusion equations and second order wave equations [13,37], here we choose the simple but elegant
alternating fluxes:

Exh(I,yJ+%):E:h(x,y7+;) Vi=1,---,N, -1, (3.7)
Eun(z,yy) = Eon(@,yn, 1) =0, (3.8)
Eyn(wi1,y) = Bfy(w1,y)  Vi=1,--- Ny -1, (3.9)
Eyn(wy,y) = Eyn(zy, 1 1,9) =0, (3.10)
Hen(@,y;44) = Hpy(@y;01)  Vi=1, Ny, (3.11)
Hep(w,yy) = HY (2,y1) + co[ Ban(a,y3)], (3.12)
Hop(rip,y) = Ho(wp1,y)  Vi=1,--- Ny, (3.13)
Hap(zy,y) = HY,(21,9) = col Eyn(y, )], (3.14)

where ¢ is a constant independent of mesh size h, and the jumps [E.(2,y1)] = Ef} (z,y1) —
2 2

0, [Eyn (x% )] = E;h (x%,y) — 0. Here we use the standard notation [¢] = ¢T — ¢~ for jumps on cell
boundaries.



REMARK 3.1. We will see later why the jump terms in (3.12) and (3.14) are necessary at the
physical boundary, in the proof of optimal error estimates (Theorem 3.2), see also e.g. [27]. Note
also that when co = %, (3.12) and (3.14) coincide with the standard upwind fluzes, which are:

. 1 1

HZh(Iay%) = g(Hth(xvy%) =+ Hz_h(xay%)) + iﬂEIh(Iay%)]]
N 1 _ 1
Han(zy,y) = S(H @y, y) + Ho (g, y) = 5By, )]

where the undefined Hz_h(a:,y%) and Hz_h(m%,y) are replaced by H;l(m,y%) and H;L(a:%,y)

3.1. The stability analysis. In this subsection, we present the stability analysis for our scheme.

First, let us look at the stability for the governing equations. Multiplying the governing equations
(2.7)-(2.12) by E,, Ey, H., J;, Jy, K. , respectively, then integrating over the space and time domain
Q x [0,t], summing up the resultants, and using the 2D PEC boundary condition (2.14), we can
easily obtain the energy identity (cf. [26]):

1 1
2 2 2 2 2 2
Ol + LB + poll 1P + o (12 + 1) + L 1R 0

0%pe 0%pm

tT o, or,,
+/ (AP + 11Tyl 1P) + —5= (1K (1] (s)ds
0 How

Eowpe pm

1 1
= I+ IEIP) + ol IP + (Ll + 1P + —— AP 0. (315)

0Wpe 0Wpm

Below we will show that our proposed semi-discrete LDG method satisfies a similar energy
identity as that given in the continuous level (3.15).

THEOREM 3.1. The semi-discrete LDG method (3.1)-(3.6) with alternating fluxes (3.7)-(3.14)
satisfies the following energy identity: For any t > 0,

1 1
2 2 2 2 2 2
[llIBwall? + 1B + ol IHal P+ el 4 1) + o 1l 0

pe pm

t
T, ) ) )
x K, d
[ Ul 1)+ 21l )

pe 0 pm
/
0
1 1

= (€01l 112 + pallHol P+ (a4 1l )+ —— 1l O). (3.16)

pe 0%pm

1
2

b d
co/ (E:h)i% d:zc—f—co/ (E;h)2 ) dy‘| (s) ds

Proof. Taking ¢ = By, th = Eynyx = Hapyts = Jynyts = Jyp,v = Koy in (3.1)-(3.6), respec-
tively, adding the resultants together, we have

1d 1 1
- Ex 2 E 2 Hz 2 Jx 2 J 2 Kz 2
7 (ot ) ol 5 e (4 )+ 2K
r. | .
+/ |: 2 (|th|2+|‘]yh|2)+ 2 |th|2:|
K;,; LE0Wpe HoWpm,
aEmh aI{zh oF h 8th
H, E, — H.,— +FE =0, 3.17
—i—sumz—i—sumJ-i-/Ki’j( "oy + Ezn 3y ) /KJ( I T ) (3.17)
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where we denote the boundary integral terms
sumy = — / ((HarB)s gy = Fn B,y ) do = / (BanHZ)s 0y = (BonH), sy ) de,
Ii Ii

sumy = /J ((‘thEy_h)i-‘r%W - (ﬁzhE;h)i—%ﬂ) dy + /] ((Eyh Z_h)”%vy N (Ethjh)i_%’y) dy.

J 73

From the choice of fluxes given above and integration by parts, we can simplify sumj, sumj as
follows:

OF, OH,
Z (sumI—I—/ (H.p 5 A 5 5 h)) :co/ (E:h)il dx (3.18)
1<, Kij Y y 1 ’
0F, 0H,
Z <sumJ —/ (H.p, 8;h + Eyp 8xh)> - Co/ (E.vjh)Q%u dy (3.19)
1<i<N, Kij j

Hence, summing up (3.17) with respect to both 1 < i < N, and 1 < j < N,, using (3.18) and
(3.19), and integrating over the time domain |0, ¢], we conclude the proof. O

REMARK 3.2. Our scheme is non-dissipative for periodic boundary conditions. More specifically,
if we have periodic boundary conditions:

Ey(z,c,t) = Ey(x,d,t), Ey(a,y,t) = Eyb,y,t), (3.20)
Hz(x, C7 t) — Hz(x, d7 t)? Hz(a7 y7 t) = Hz(b, y7 t)7 (3'21)

instead of the PEC conditions (2.14), we can accordingly simplify the fluz definitions in (3.8), (3.10),
(5.12), and (3.14) as:

Exh(xay%) = Emh(x7yNy+%) = Ewh(x7yi_)7 (3.22)
2

Egn(@1,y) = Byn(y, 1,9) = Eyn(@1,y), (3.23)

ﬁzh(x,y%) = th(a;,yj;y+%), (3.24)

th($%7y) = th(xz_\fx_;’_%?y) (325)

while keeping the other parts of the scheme unchanged. It is straightforward to get (3.16) with ¢y = 0
for our numerical solutions with the periodic fluz (3.22)-(3.25) by adjusting (simplifying) the proof
of Theorem 3.1. Note that in this case the numerical solutions satisfy the same energy equality as
the exact solutions (3.15). It is also painless to modify (simplify) the proof of Theorem 3.2 to obtain
an optimal error estimate for the periodic flux scheme. This error estimate is verified numerically
i Example 1. To conclude, our scheme is both optimal and non-dissipative with I'y, = T'e = 0 and
for periodic boundary conditions.

3.2. The error analysis. We denote the errors between the exact solutions (E,, Ey, H, J;, J,, K_)
of (2.7)-(2.12) and the corresponding numerical solutions (Eyn, Eyn, Hon,y Jzh, Jyn, Kzp) of the semi-
discrete scheme (3.1)-(3.6) by

gx = E:(:_Emhagy = Ey_EyhaHz = Hz_thij = Jx_Jmhajy = Jy_Jyhlez = Kz_th- (326)
6



Subtracting (3.1)-(3.6) from the weak formulation of (2.7)-(2.12) and assuming that the exact
solutions are continuous in the domain €2, we can obtain the error equations:

OE, _— 5
60/ o ? ‘/ (GRS CR ) dz +/ H. a—¢’ + [ Teo= (3.27)
K j I; Ki; K.,
o€ . 9
60/ o +/ ((sz Jitsy— (Hatrh) dy / H. w / Ty =0, (3.28)
Ki; Jj
OH., L . 3X
1, — T dy — A
:LLO Li’j (9t X+ Lj ((&;X )Z+§-,y (gyX )17§,y) y \/I;i’j (C/‘y ax
SRV 3 3]
_/ ((Smx )i+t — (Exx ), J_f) dz + 518—’( + [ K.x=o0, (3.29)
I; K ; Y Kij
1 0T T, -
Eowge /Ki,j ot “r EOw;l%e \Li,j ot = ~/I<(i,j Ertin = 07 (330)
L 6L77l 1—‘6 .
Eowlge ~/KU ot 2t Eowge Ki ijQ N K. gyu2 - O’ (331)
1 . Ty
' / oK v+ 5 / Ko — / H.v =0, (3.32)
poWpm JK,, Ot w2, Jr, K

for all test functions ¢, ¥, x, u1, us,v € V}f.
To estimate those errors in (3.26), we need some projection operators often used in DG and LDG
methods (e.g., [9,16]). Given a function v € H'(I;), the 1-D projections

PE: HY L) — Pu(L)

xT

are defined as the elements of the k-th polynomial space Pk (I;) that satisfy

/ (Pfu—wwdr=0 VY wePr_1(I;), and P;u(x:r_l) = u(:z:;r_l), (3.33)
/ (Pru—wwdr=0 VYwePea(l), and Pru(z, 1) =u(z, ). (3.34)
I‘i 2 2

The 1-D projections P in the y-direction can be defined similarly. It is easy to check that these
1-D projections are well-defined.
Furthermore, we denote the standard 1-D L? projections

P,: H L) — Pu(l;), P,: HY(J;) — Pe(J;).

For a 2-D rectangular element K;; = I; x J;, we use projections that are tensor products of the
1-D projections. More specifically, we adopt the projection

I} = P, ® P« H*(K; ;) — Qr(K; ;)

which satisfies that [29]: For any w € H?(K; ;) and any v, € Qk(Kj; ;),

/ le(x,y)w dxdy = / w(x,y)w dxdy, (3.35)

Ki Y Ki Y

/ le(x,y;l)vh( l) de = / w(x,y;l)vh( y;' ,) du; (3.36)
Ii 2 2 I'L 2 2
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the projection
= P ® Py : H*(Kij) — Qr(Kij),

which satisfies that: For any w € H2(Ki,j) and any vy, € Qi (K ;),

/ ng(x,y)M dady = / w(x,y)M dady (3.37)
K2V K2V
/ Mow(w ,y)vn(w] 1,y) dy = / w(z  y)on(z 4,y) dy; (3.38)
Jj Jj

the projection
3 = P, © P, : HY(Ki ;) — Qu(Kij),

which satisfies that: For any w € H?(K; ;) and any vy, € Qx—1(K; ;),

/ My (e, y)on (e, y) dedy = / w(z,y)on(e,y) dudy, (3.39)
Kiyj Ki,j
J oty gty ) de = [t o) de (3.40)
/ Myuw(e, y p)en(er, . 0) dy = / W@, y)on(e 1 y) dy, (3.41)
I, i+3 I +35 +3

H3w( 1 s y ) w(iﬂ;_% ) y]__,_%) (3-42)

Note that we use H? for the point values to make sense by the Sobolev embedding H?  C? in two
dimensional spaces. The usual two dimensional L? projection is denoted:

Iy = P, ® Py : L*(Kij) — Qu(Kiy).

It is easy to see that

LEMMA 3.1. There exists a unique polynomial Ilyw € Q(K; ;) as defined above. The same
applies to llow , llgw and I w.

LEMMA 3.2. If w(z,y) is a product of 1-D functions, i.e. w(x,y) = f(x)g(y) where f €
HY(I;), g € H'(J;), then we have:

Mw(z,y) = Puf(2)Pgly), Taw(x,y) = P f(x)Pyg(y),
Mzw(z,y) = P, f(x)P g(y), w(z,y)= Puf(z)Pyg(y).

This lemma explains why we write the 2-D projections as the tensor products of 1-D projections.
Moreover, it is known that these projections have the following property (e.g., [9,16]).
LEMMA 3.3. Let1l; (i = 1,2,3,4) be the projections defined above. Then for anyu € H*1(Q) (k >
1),
Mw — ul| < CRF Ml grsr gy, Vi=1,2,3,4,

where the constant C > 0 is independent of h, the mesh size introduced in Section 2.
With the above preparation, we can prove the following optimal error estimate.
8



THEOREM 3.2. Let (E,, Ey, H., Jy, Jy, K.) and (Exp, Eyn, Hony Jon, Jyn, Kap) be the solutions of
(2.7)-(2.12) and (3.1)-(3.6), respectively. The following optimal error estimate holds true:

(co(llBx — Eanl[* + || By — Eynl*) + pollH= — Hapl?) (t)

1 1

— (e = Janll? + |y = Junll? K, — K.l?) (¢
+(60w§8<|| Al Iy = Tl ) Il ) @)
< CR2*D 4 (eo(||Ex — Eanl® + [|Ey — Eynll®) + pol|H. — Hzp?) (0)

1 1

— (N = Junll? + |y = Junll? K, — K..l?) (0
+(60wge<|| Al Iy = Tyl ) Wl*) (0),

where the constant C' > 0 is independent of h, and k > 1 is the order of the basis function in V}f.
Proof. Using the defined projections, we can decompose the errors given in (3.26) as follows:

Ex = Ey — Eup = (ILWE, — Egp) — (ILE, — Ey) i= Eye — Egy,
&y =Ey — By, = (ILE, — Eyp) — (ILEy — Ey) == Eye — Eyy,
H.=H,—H., = (IzH, — H.p) — (U3H, — H.) := H.¢e — H.y,
Toe = Jo — Jon = Uady — Jon) — (Mady — Jz) i= Joe — Jan,

Ty =y — Jyn = Uady — Jyn) — (Hady — Jy) := Jye — Jyn,
K.=K,— K., =(ILK, — K.j) — (ILK, - K.) = K.¢ — K.

If we denote the summation of (3.27) — (3.32) as:

B((S’m,qb,gy,¢,Hz,X,jx,Uhjy,UQ,,CZ,’U) =0 (343)

Substituting the error decompositions into (3.43), and choosing the test functions ¢ = FE¢, ¢ =
Eye,x = Hye, up = Jype,ug = Jye, v = K¢, we obtain

B(Ex57 E$57 Eyﬁa Eyﬁa HZ§7 Hzﬁy Jxﬁy waa Jyﬁa Jyﬁy KZ§7 Kzﬁ)

(3.44)
:B(Exna E$57 Eyr]a Eyﬁy HZ7]7 HZ§7 J:cna JIE§7 Jyr]a Jyﬁa KZ7]7 Kzﬁ)

If we sum (3.44) over ¢ = 1...N,,j = 1... N, and look at the left hand side (LHS), we could
observe that it is exactly the same thing as in the stability proof. Hence we have:

1d 1 1
LHS = = — ( ¢o|| Eael? Eyel? H.|? Joell? + | Jye Koe|?
S (eo| el collBul” + ol gl + o (Il + 1el”) + o el
r r
€ Jm 2 J 2 m Kz 2
Tl (1zell” + 1l Tuell) + OngH éll

Ny

No
+Z/J ((1c - BB ) (:v,y%)—i—Z/J (# ~ OB ) (@y,0)
=171 =17
Ne 2 M ] 2
:GT+ZCO/I (E:E(:C,y%)) —l—Zco/J (E;E(:C%,y))
i=1 i j=1 i

Note that those terms in the first two lines in the above equation are referred as GT (good terms)
and the third line is computed using the boundary fluxes (3.12) and (3.14).

9



Let us now consider the terms on the right hand side (RHS). By the definition of II;, [ € {1, 2, 3,4}
in (3.35)-(3.42), the property of the projections Iju; = (Il;u);, and the fact that Eye, Eye, Hue, Joe, Jye, Ko €
Qr(K; ), we can have

0FE, OF 0H,
RHS = /Q (60777Ew£ +€o 311:” Eye + 1o 3thZ£ — EpnJee — Eyndye — HanZ£>

Ny Nz'
+> TEX; + Y TEY;,
=1 i=1
where we denote

TEX; _i< /( E)(@,y;41) — (HanEY) xy]__ / Hzna(g;”g)v (3.45)

i=1

Ny . . oF
- E - o _ + o _ y& ' _
TEYZ = (/]J ((Hanyf)(xl+§7y) (HZWEyg)(‘Tz—éay)) ‘/Ki’j Hzn 3y ) (3 46)

Using the super-convergence results given in Lemmas 3.4 and 3.5 below (similar to [9] and proved
at the end of this section) to estimate TEX (terms of F,) and TEY (terms of F), we obtain:

GT < Ch? 2 4 C||Epe|® + C|| Eyel?

+/Q (EO wa + €o 8;1 EUE + Ho 8thzf - Emnc]mf - EU’I]J’U£ - HZnKz£> . (347)

ot

We can first bound all the right hand side terms of (3.47) using the Cauchy-Schwarz inequality
and Lemma 3.3, then use the Gronwall inequality and the triangle inequality to conclude the proof.

a
REMARK 3.3. We would like to remark that the optimal error estimate O(hF*1) in the L? norm

(o1 Bx = Eonll* + 1By — Eynl|*) + pol [ H: — Han|?) (1)

—1 1
+ <€0w2 1z = Janll® + |1y — Jynll?) + I|K. — th||2> () < Ch2E+D)
pe

pm
can be simply achieved if we choose O(th) matial approximations:

E.1(0) =111 E,(0), Eyn(0) =12E,(0), H.,(0) =1I3H,(0),
Jen(0) =y Jp(0), Jyn(0) =114 J,(0), K.4(0) = I14J,(0).

It is also worth mentioning that we cannot choose all the initial values as the standard L? projections
(T1y) of exact solutions, which are easier to implement. The numerical order of convergence would
fluctuate if we use Iy for all the six initial values. The reason may be that no numerical dissipation
is included to dissipate the initial error, see also [3].

In the rest of this section, we will prove the superconvergence results used above.
LEMMA 3.4. Let TEX; and TEY; be defined by (3.45)-(3.46). Then we have:

N, N,
STTEX; < ChH2 4 | B2, S TEY; < Ch2 2 4 ||Eye|?,
j=2 =2

10



where the positive constant C is independent of the mesh size h.
Proof. First we define the individual summands in TEX; (j > 2) as L;(H, Ey¢) :

0F, S
Lo Bog) = [ (ot~ H)Z2E — [ (MaH. — ) Eroy;,)
Kij Y I;

+ [ (@t~ ) B,y (3.48)

Using the fact that II3H Z(a:,yj_ 1) = Py (H(z,y;_1)), we can follow the same argument in [9] to
-3 2
prove: ’
Li(szE:cf) = 07 vI{z € Pk—i—l(Ki,j)v 1= 17 T 7Nm7 J = 27 te 7Ny- (349)

where Py is the standard notation for polynomials of degree not greater than k + 1, i.e. Pryq =
{a' - y7}i 20,5 > 0,i+j < k+1},
By the standard scaling argument [8] and Bramble-Hilbert lemma, we get:
Li HzaEw = inf Li Hz 7E;E
( ¢) et (H +p, Exe)
< O H | gra ()| Buell 2. )
< ORI fsa e, ) + | Baell T, )

where | - | gr+2 denotes the standard Sobolev semi-norm. We can now proceed to the proof of (3.48)
from the above estimate

Ny Ny N,
ZTEXj = Z ZLi(Hza Ew&) < Ch2k+2|HZ|§{k+2(Q) + ||Ew£||%2(sz)' (3'50)
j=2 j=21i=1

The proof of TEY is exactly the same as that of TEX by exchanging the role of z and y. O
LEMMA 3.5. Let TEX; and TEY; be defined by (3.45)-(5.46), and cy independent of mesh size
h. Then we have:

Ny 2

TEX, - ¢ /l (Exz(:c,y%)) < CRPMF2 || Bye|?, (3.51)
i=1 i
Ny 9

TEY —Zco/J_ (E;g(x%,w) < CRPH2 || Bye1?, (3.52)
j=1 3

where the positive constant C is independent of the mesh size h.
Proof. We define the bilinear form:

LA Brg) = [ 1y [ B ey + [ (P2 (Ha(e0) = Hew o) Bl(oo). (353

i

Comparing (3.53) with (3.48), we see that L4 satisfies the same polynomial preserving properties.
Hence we have

N
> La(H-, Bue) < CW* 2| H. 3ia ) + | Eael, (3.54)
1=1

11



which leads to:

N
TEX, — ;co /1 (E+
_iLA(Hz,Engi (— /Ii(P; (H.(,¢)) — H(x,¢))Ef (z,¢) + /Il(H;E;)( )>

b 2
+ao / (ELED@0) ~ e [ (Ef@0)
b
S Oh2k+2|Hz|§_Ik+2(Q) + HE15”2+0/ (ch_ (Hz(il?,c)) / H+ I C

< CP* P2 |H. | Gura () + || Bae|® + CP** 2| H 3 1y

where we denote I' = {(z,¢) : € (a,b)}. In deriving the first inequality, we used the definition of
II; to obtain

/IZ (BfyEre) (@, c) dz = 0.

In the last step we used the approximation properties of the projections.

The proof of (3.52) follows the same line as (3.51). O
REMARK 3.4. If ¢cg = 0, we get a straightforward PEC boundary condition without the jump

terms in (3.12) and (3.14). In this case, we can only control the term ZZ o (H;%E;%)( c) as
follows:

Z/ (B2, ¢) gh1/b(HZ+,,)2(x,c)+h/b(E;£)2(x,c)

a a
< C R4 || Egell? (by inverse inequality)

Therefore, we lose half an order. It is verified numerically that for basis function of odd orders of
polynomial degree, like Q1 and Q3, we do observe this sub-optimal order of convergence. See Table
5.3 and Table 5.5.

4. The fully-discrete DG method. We consider the following leap-frog LDG scheme: For

3 3
ntl e+l s "+2 nty pen+2 k
any n > 0, find E7 ,Eyh JH, 2,0, h , K ;77 € V7 such that
En+1 En 10
€0 Zzh  Twhg ”*2 R ”+2¢+ dx + H”+ ¢ ”+2¢_o (4.1)
K. :v J"’2 .
W7 i,J
En+1 _ E™ R 1 19
o/ uw/ (B30, — T Et), dy—/ th+2_¢+/ Iy =0, (42)
Kij T I - e Ki; 9z K,
+3 n+3
H'"2 _ gz R R 9
h h +1_— +1 +19X
e T B (e W o MU E TR i
1,7 J K2V}
. o
- /1 (BN sy — (BN, ) ) de / o B S ) (43)
I3 ,j
n+2 n+2 n+2 n+2
r J, +J,
At / w1 —/ EN M =0, (4.4)
K €0Wpe JK; ; 2 Kij
n+2 n+i n+d
—Jyn ? r JE g
3 / u2 + 62 / yh yh ug —/ E"+1u2 =0, (4.5)
cowpe JK; €owpe JK;
Kn+2 Kn+1 r Kn+2 Kn+1
/ v — / zh / H Ry = (4.6)
How. pm Kiyj T ;U'O"‘)pm K'L,j
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for all test functions ¢, ¥, x, u1,us,v € V}f. With the following fluxes:

EA;L,jl(x,ijr%) = E:}j17+(xayj+%) Vi=1,- ,Ny—1, (4.7
Elit (w,ys) = EST (@, yn, 1) =0, (4.8)
EA’Z,fl(:viJr%,y):EZ;LJF(:EH%,y) Vi=1,--+ Ny —1, (4.9)
Epi(xs,y) = B @y, 41,9) = 0, (4.10)
ﬁ:ﬁ(%yﬁ%) = Hf;f%’f(x,yﬁ%) Vji=1,---,Ny, (4.11)
L @yy) = B @oyy) + 5 (B @oy]) + By (4.12)
fff;f%(:v%’y) = Hf;f%’_(wi+%,y) Vi=1, -+, Ny, (4.13)
B yy) = By n) = 2 (B @) + Bl (4.14)

Note that by enforcing the PEC boundary conditions (2.14), E;L;[l(x, yj) = Eg;[l(x, yj)—Eﬁf{l (,y7) =
2 2 2
(B (=, y%)]] in (4.12), and the same for other artificial viscosity in (4.12) and (4.14).

To prove the stability for our fully-discrete scheme, we need some lemmas. Let us denote bound-
ary integral terms

At s n n \— At s n n
sSumrp ‘= _/I ((Hzf;r2(Esz1 + Ih) )m,j-i—% - (HzI:L2(EmI—1i_1 + wh)Jr)w,j—%) dx

7

. n+3 ntg._ i n+3 n+3
_/I ((Ezfj_l(th ? +th 2) )m,j-i—% - (Eml—zi_l(th : +th 2)+)m,j—%) d(E (415)

k3

and

A +l _ A +l
SUM jp = /J ((H:h 2 (E;}}jl + ;lh) )i-i—%,y - (H:h ? (E;}ljl + ;lh)Jr)i—%,y) dy

J

. n+3 ntd\_ 2 n+3 n+3
+/J ((Ey,jl(H L ) )iy (EpFH(HD 2 + H, 2)*)1._%4}) dy. (4.16)

LEMMA 4.1. With the fluz choices of (4.7) — (4.14) for any m > 1 we have

Ui npl 0 i1 O nyd il U
ZZ/K {Hzlj2a_y(Eijl+ ;lh)—f—Ez;—la—y(HZ};r2+HZ};F2)}+ZZS’U/ITL”L
¥

o iy n=0 4,j
Ny—1 b 1 43 b 0 1
= / (B H 7)), 50y — / (i D 44
=1 \Je ‘
+Z g0 QH% +Em+12Hm+% N C—Oi b(En+1,+ 4 Emt)2 (4.17)
~ Jx., mhay zh zh 8y zh 2 —Ja zh zh Jx,g '

where for simplicity we denote 3, ;= ;e n, Zl<j<Ny'
13



Proof. Using integration by parts, we see that

§m § nts 0 n n n 0 n+3 n+l
/ {th : B (Em}jl + wh) + Ez}jla (th 4+ th 2)} dIdy
K; Y Y

n=0 1,j
m N, Ny m N, Ny—1

:ZZZ/[(EZJL*H:J%’_)M% -3 /IY(EZ,jl-'*H:,j%’*)m%

n=0i=1 j=1"1i n=0i=1 j=0 “1i

N N N Ny (4.18)

DD DI RS NIED 3) DD D A nshe W

n=0i=1 j=1"1i n=0i=1 j=0 “1i

0 1 0 m+2
+Z/ {_Egh_Hz2h+ T —H, 2}
k., dy y

Combining (4.18) and the definition of sumyy, in (4.15), we get the equality (4.17). O
Using the similar technique, we can also prove the following lemma.
LEMMA 4.2. With the flux choices of (4.7) — (4.14) for any m > 1 we have

m n++ 0 n " o 0 ntd It m
_ZZ/K {th 2%(Ey}jl+ yh)—’—Eyfj_l%(HZh 2 +th 2)}+Zzsuth

n=0 i,j n=0 i,j

Nz—1

d d
m—+1, m+3 0, 3
= Z (—/ (Ey,;r H, 2]])i+%,y+/ (Eyh+[[Hz2h]])i+%yy>

i=1

o 1 ) 3 cn
0 m+1 m+ 0 n+1,+ n, 442
+Z;/K {Eyh%H;h — B o } +5;/C By T+ BT, (4.19)

With the above preparation, we can now prove the following stability. To shorten the notation,
we introduce the vector L? norm ||Ep||? = ||Eu||* + ||Eynl|? for vector By = (Eyp, Eyp). Similar

notation will be used for ||J||* for vector Jp, = (Jun, Jyn)-

THEOREM 4.1. Denote C, = \/ﬁ for the speed of light, and Cip, for the positive constant

appearing in (4.25). Under the assumption

1 h
< mi 4.20
T= mm(2wpe’ 2%wm 2CimuCo ), (4.20)
for any m > 1 we have
ol B 4 puol TR+ LR o L
z eowge wgm z

< C (ol BIP + ol AP + — lTE |12 + —IKLI2) (4.21)

- z eowge m W%m z

where the constant C' > 1 is independent of the mesh size h and the time step size T.

3 1 3
Proof. Choosing ¢ = 7(E™ + ET,), ¢ = T(E;ij_l +Ep), x = T(H::z + H:,j—z), up = T(J;:z +
1 3 1
JZ:Q),'LLQ = 7'(J;};|r2 + J;;Q),U = (K + K1) in (4.1)-(4.6), summing them up over 1 < i <
14



N.,1 < j < Ny, time levels 0 < n < m for any m > 1, and using Lemmas 4.1-4.2, we have

m m+
colll B2 — I ESIP) + po(||HL 217 — 12, 11%)

1 m+32 1 m
t——a (I3 P T Z,0P) + (B2 = KAl

€0Wpe pm

B SN R AR BU AR S N AR e ROTioe)

0<n<m 0<n<m
s [ Eraat e nth e S [

0<n<m 0<n<m

1 m 3 1 et

+BY(EY, HE) — BY(ELH HO) - B (Y, HY,) + B (B H'), (4.22)

where we introduced the bilinear forms (cf. [40, (4.1)])

(u,v) =7 Z/ udp+ Y / [0l gde |

1<j<N, -1
(u,0) =7 Z/ Wt Y / [o].4 3y
1<i<N,—1

Note that the sum of the first and third terms of (4.22) can be estimated as follows:

Si+S=—1 Y / VSRR o/ R ASE T/ (J2 By - JTE B
0<n<m Q
TWpe 1

( 2 [ TZ]2 + eol | EY|2) +
Eow

Tu}pe

2

m+3 m
= T3 212 + eol B F12), (4.23)

<™ (

2
Eowpe

where in the last step we used the Cauchy-Schwarz inequality.
Similarly, we can bound the sum of the second and fourth terms of (4.22) as follows:

TWpm TWpm 1

So + 54 < (

m m+
P + pollHE, ) + B2 + wollHZ, 2 (1) (4.24)

H0% i, 2

(

2
HoWppm,

By using the Cauchy-Schwarz inequality and the inverse estimate, we have (cf. [40, Lemma 4.1]):

m+3 m m m
BY(ETSH  HI) < 7 Coo h | BTSN I HI 2 || = 7+ Cono Coh™ e | I || | I 2|
C?/ILUC
2h

m m+3
<7 (ol B HI1P + ol |HZ, 2P, (4.25)

where the positive constant Cj,, is independent of 7 and h.
Similarly, we can obtain

1 Oinvov
BU(ED,, HE) < 7 2 (|9, 2 + poll HE ), (4.26)
x m m+3 CznvC m m+32
B (Bt HLT) < 7 == (6ol By + ol I, ), (4.27)
T 1 Cin'uc'u
B (B, HY) < 7 S o] |G + ol | ). (128)
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The proof is completed by substituting the above estimates (4.23)-(4.28) into (4.22) and using
the assumptions =27, =<, TC“WC“ <i.0
REMARK 4.1. We would lzke to remark that under the same assumption as Theorem 4.1 coupled

with the assumptions on the initial value:

1 1 1
col[E” — Ep||* + pol [HZ — H2,|I” + 172 = JZ|” + KL = KL||* < Cr*tED,

2
wpe pm

we can prove the following optimal error estimate: for any m > 1

3
€0||Em+1 _E;Ln+1||2 +MO||H;n+2 _Hm+2||2

3 1 2
|| = R | K - KR < © (B 12
w. How?,,

E0Wpe 0wy
where J = (Jg,Jy)., and E = (E;, Ey). The proof can be carried out by following the similar
idea to the proofs of Theorem 3.2 and 4.1 coupled with time discretization estimates (cf. [24, Ch.3]).
Considering that the proof is very lengthy and technical, we skip it.

5. Numerical results. To validate our theoretical analysis, we solve the model problem (2.7)-

(2.12) with imposed sources f,, f, and g on = [0,1]%:
0E, OH,
— = 5.1
ot y (5.1)
0E,  0H.
5 = o Jy + fy (5.2)
OH, OE, OF,
= —— - K, 5.3
ot ox + dy +g (53)
1 9J, 2
Erchy T (54)
1 0, 2
22 ot wn Jy + By (5.5)
1 0K, 2
wn? Ot _EKZ + (56)
which has the exact solutions:
E(z,y,t) = cos(wrmz) sin(wry)e™ ™, E,(r,y,t) = —sin(wrz) cos(wmry)e ™, (5.7)
H_(z,y,t) = cos(wrz) cos(wry)e “™, (5.8)
JI(Ia yv t) = WWEi(Ia yv t)a Jy(:Z?, yv t) = WWEy(Ia yv t)a K({E, ya t) - Wﬂ'H(.I, ya t)v (59)
and the source terms: f, = J,, f,=J,, g= —2wrH.

With the added source terms, we only need to modify the original scheme (4.1)-(4.6) by adding
n+z n+z n
|oamte [ gt [
Kij Kij Kij

to the right hand sides of (4.1)—(4.3), respectively. For the initial values at time ¢ = 0, we set
Exh('7 0) = Hle('7 0)7 Eyh('7 0) = HQEy('v 0)7 th('7 0) = H3Hz('7 0)7
and

Jen (-, O) = H4J ( 0), Jyn(-,0) =114y (-,0), K.p(-,0) =I4K.(-,0).

The first step values H P Y Jyh, K! ., are calculated by using the third order Runge-Kutta scheme,
see e.g. [14].
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Example 1: Periodic boundary conditions (BCs). Since the exact solutions are all peri-
odic, we can simply enforce the periodic boundary conditions in our DG scheme. To be more precise,
we can replace the flux in (3.8), (3.10), (3.12), and (3.14), by (3.22)-(3.25).

We present the numerical results in Tables 5.1 and 5.2, which are obtained with bilinear (denoted
as 1) and biquadratic (denoted as (Q3) basis functions, respectively. We calculate the L? errors on
a series of uniformly refined rectangular meshes with N partitions in both z- and y-directions, with
the time steps (At) shown on the header of each table. Tables 5.1 and 5.2 clearly show that the L?
errors for all variables are O(h*+1) for Qy, k = 1,2, where the mesh size h = % We take final time
T = 0.1 for all our simulations in this section.

Table 5.1: Periodic BCs, @)1 basis function, "= 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 8.51e-03 - 8.51e-03 - 10 9.57e-03 -

20 2.08e-03 2.03 2.08e-03 2.03 2.40e-03 1.99
40 5.17e-04 2.01 5.17e-04 2.01 6.01e-04 2.00
80 1.29e-04 2.00 1.29e-04 2.00 1.50e-04 2.00
160 3.21e-05 2.01 3.21e-05 2.01 3.72e-05 2.01
320 7.99e-06 2.01 7.99e-06 2.01 9.26e-06 2.01

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.56e-02 — 3.56e-02 — 3.93e-02 —

20 9.10e-03 1.97 9.10e-03 1.97 1.02e-02 1.94
40 2.30e-03 1.98 2.30e-03 1.98 2.60e-03 1.97
80 5.79e-04 1.99 5.79e-04 1.99 6.57e-04 1.99
160 1.45e-04 2.00 1.45e-04 2.00 1.65e-04 1.99
320 3.64e-05 2.00 3.64e-05 2.00 4.14e-05 2.00
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Table 5.2: Periodic BCs, Q2 basis function, T' = 0.1, At = 0.6h>

N  Error of E, Error of Error of H,
L? Error Order L? Error Order L? Error Order
10 4.27e-04 - 4.27e-04 — 5.40e-04 -

20 5.40e-05 2.98 5.40e-05 2.98 7.66e-05 2.82
40 6.87e-06 2.98 6.87e-06 2.98 9.79e-06 2.97
80 8.54e-07 3.01 8.54e-07 3.01 1.23e-06 2.99
160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98
320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.36e-03 — 2.36e-03 — 2.37e-03 —

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97
80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 2.97
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00

Example 2: PEC BCs with pure alternating fluxes. To see the important role of those
jump terms in the fluxes ﬁzh(x,y%) and ﬁzh(:né,y) in (3.12) and (3.14), we let ¢g = 0 and run the
numerical tests. The numerical errors obtained in this case are presented in Tables 5.3-5.6. It seems
that the accuracy becomes sub-optimal for odd orders of polynomial degree, but stays optimal for
even orders.
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Table 5.3: Straightforward PEC BCs (¢y = 0), @1 basis function, 7' = 0.1, At = 0.2h

N  Error of E, Error of Error of H,
L? Error Order L? Error Order L? Error Order
10 2.02e-02 - 2.02e-02 - 1.21e-02 —

20 6.69¢-03 1.60 6.69¢-03 1.60 2.80e-03 2.12
40 2.30e-03 1.54 2.30e-03 1.54 6.70e-04 2.06
80 8.01le-04 1.52 8.01le-04 1.52 1.58e-04 2.08
160 2.81e-04 1.51 2.81e-04 1.51 3.83e-05 2.05
320 9.91e-05 1.50 9.91e-05 1.50 9.40e-06 2.03

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 4.80e-02 - 4.80e-02 — 3.99¢-02 —

20 1.37e-02 1.81 1.37e-02 1.81 1.05e-02 1.93
40 4.17e-03 1.72 4.17e-03 1.72 2.64e-03 1.99
80 1.34e-03 1.64 1.34e-03 1.64 6.61e-04 2.00
160 4.47e-04 1.58 4.47e-04 1.58 1.66e-04 2.00
320 1.53e-04 1.54 1.53e-04 1.54 4.15e-05 2.00

Table 5.4: Straightforward PEC BCs (¢p = 0), Q2 basis function, "= 0.1, At = 0.6h3

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 5.42e-04 — 5.42e-04 — 6.08e-04 -

20 5.94e-05 3.19 5.94e-05 3.19 7.72e-05 2.98
40 7.17e-06 3.05 7.17e-06 3.05 9.80e-06 2.98
80 8.75e-07 3.03 8.75e-07 3.03 1.23e-06 2.99
160 1.09e-07 3.01 1.09e-07 3.01 1.56e-07 2.98
320 1.35e-08 3.01 1.35e-08 3.01 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.38e-03 — 2.38e-03 — 2.39¢-03 —

20 3.42e-04 2.80 3.42e-04 2.80 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 297
80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 297
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00
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Table 5.5: Straightforward PEC BCs (¢ = 0), Q3 basis function, 7' = 0.1, At = 0.6h>

N  Error of E, Error of Error of H,
L? Error Order L? Error Order L? Error Order
10 7.81e-05 7.81e-05 4.18e-05

20 7.02e-06 3.48 7.02e-06 3.48 2.84e-06 3.88
40 6.10e-07 3.52 6.10e-07 3.52 1.73e-07 4.04
80 5.40e-08 3.50 5.40e-08 3.50 1.09e-08 3.99
160 4.75e-09 3.51 4.75e-09 3.51 6.76e-10 4.02

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.35e-04 - 2.35e-04 - 1.90e-04 -

20 1.68e-05 3.80 1.68e-05 3.80 1.26e-05 3.91
40 1.24e-06 3.76 1.24e-06 3.76 8.02e-07 3.98
80 9.62¢-08 3.69 9.62¢-08 3.69 5.03e-08 3.99
160 7.84e-09 3.62 7.84e-09 3.62 3.15e-09 4.00

Table 5.6: Straightforward PEC BCs (¢ = 0), Q4 basis function, 7' = 0.1, At = 0.8h3

N Error of F, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 3.20e-06 3.20e-06 - 7.08¢e-06

20 1.00e-07 4.99 1.00e-07 4.99 2.28e-07 4.96
40 3.12e-09 5.01 3.12e-09 5.01 7.15e-09 4.99
80 9.7le-11 5.01 9.7le-11 5.01 2.24e-10 5.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.52e-05 - 3.52e-05 - 3.09¢-05 -

20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94
40 3.55e-08 4.99 3.55e-08 4.99 3.16e-08 4.99
80 1.11e-09 5.00 1.11e-09 5.00 9.87e-10 5.00

Example 3: PEC BCs with the fluxes used in the proof. Here we solve the same problem
as Example 2 using the alternating fluxes modified on the PEC boundaries as defined in (3.7)-(3.14)
with ¢g = % As expected in Remark 4.1, results obtained in Tables 5.7-5.10 clearly show that the
optimal convergence rates are obtained for all variables.
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Table 5.7: Modified PEC BCs (¢p = %), (1 basis function, T'= 0.1, At = 0.2h

N  Error of E, Error of Error of H,
L? Error Order L? Error Order L? Error Order
10 1.19e-02 - 1.19e-02 - 1.01e-02 -

20 2.81e-03 2.08 2.81e-03 2.08 2.54e-03 1.99
40 6.08e-04 2.21 6.08e-04 2.21 6.16e-04 2.04
80 1.40e-04 2.12 1.40e-04 2.12 1.52e-04 2.02
160 3.35e-05 2.06 3.35e-05 2.06 3.74e-05 2.02
320 8.16e-06 2.04 8.16e-06 2.04 9.29e-06 2.01

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.98e-02 — 3.98e-02 - 3.92¢-02 —

20 9.93e-03 2.00 9.93e-03 2.00 1.02e-02 1.94
40 2.44e-03 2.03 2.44e-03 2.03 2.60e-03 1.97
80 5.97e-04 2.03 5.97e-04 2.03 6.57e-04 1.98
160 1.48e-04 2.02 1.48e-04 2.02 1.65e-04 1.99
320 3.67e-05 2.01 3.67e-05 2.01 4.14e-05 2.00

Table 5.8: Modified PEC BCs (¢g = %), ()2 basis function, T' = 0.1, At = 0.6h3

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 4.54¢-04 — 4.54¢-04 — 5.89¢e-04 -

20 5.36e-05 3.08 5.36e-05 3.08 7.68e-05 2.94
40 6.84e-06 297 6.84e-06 2.97 9.79e-06 297
80 8.54e-07 3.00 8.54e-07 3.00 1.23e-06 2.99
160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98
320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.35e-03 — 2.35e-03 — 2.38e-03 —

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 297
80 5.44e-06 2.97 5.44e-06 2.97 5.60e-06 297
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00
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Table 5.9: Modified PEC BCs (¢p = %), ()3 basis function, 7' = 0.1, At = 0.6h>

N  Error of E, Error of F, Error of H,
L? Error Order L? Error Order L? Error Order
10 3.00e-05 - 3.00e-05 - 4.21e-05

20 1.70e-06 4.14 1.70e-06 4.14 2.73e-06 3.95
40 1.00e-07 4.09 1.00e-07 4.09 1.72e-07 3.99
80 6.07e-09 4.04 6.07e-09 4.04 1.08e-08 3.99
160 3.74e-10 4.02 3.74e-10 4.02 6.75e-10 4.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.08e-04 - 2.08e-04 - 1.90e-04 -

20 1.35e-05 3.95 1.35e-05 3.95 1.26e-05 3.91
40 8.46e-07 3.99 8.46e-07 3.99 8.03e-07 3.98
80 5.29e-08 4.00 5.29e-08 4.00 5.04e-08 3.99
160 3.30e-09 4.00 3.30e-09 4.00 3.15e-09 4.00

Table 5.10: Modified PEC BCs (¢p = %), Q4 basis function, T'= 0.1, At = 0.8h3

N Error of F, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 3.11e-06 - 3.11e-06 - 7.08¢e-06 -

20 9.89e-08 4.98 9.89e-08 4.98 2.28e-07 4.96
40 3.10e-09 5.00 3.10e-09 5.00 7.15e-09 4.99
80 9.68e-11 5.00 9.68e-11 5.00 2.24e-10 5.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.52e-05 3.52e-05 3.09¢-05

20 1.13e-06 4.96 1.13e-06 4.96 1.00e-06 4.94
40 3.55¢e-08 4.99 3.55e-08 4.99 3.16e-08 4.99
80 1.11e-09 5.00 1.11e-09 5.00 9.87e-10 5.00

Example 4: PEC BCs with the fluxes used in the proof and varying constant. In
Lemma 3.5, the constant ¢g is independent of h. As we can see in the proof of that lemma, the
purpose of the ¢y term is to control a less accurate error term, hence we could make ¢y larger without
affecting its controlling power. Therefore, we can relax the condition of Lemma 3.5 to be ¢y = Q4(1),
meaning that ¢y is asymptotically greater than a constant in terms of h. ¢g = % would be such an
example. However, choosing ¢y = op(1), i.e. ¢y being asymptotically less than a constant in terms
of h, would eliminate the controlling power of the ¢y term. The proof of Lemma 3.5 would not work
with an asymptotically small ¢g, such as ¢g = h as an example. Tables 5.11-5.13 manifest that the
convergence rates are still optimal when ¢y = % Tables 5.14-5.16 show suboptimal convergence rates
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for ¢g = h, which are the same as those with ¢y = 0 in Tables 5.3-5.5. We conclude that these results
are consistent with our analysis.

Table 5.11: Modified PEC BCs (¢p = %), Q1 basis function, T' = 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 8.58e-03 — 8.58e-03 — 9.21e-03 —

20 2.09e-03 2.04 2.09e-03 2.04 2.40e-03 1.94
40 5.19e-04 2.01 5.19e-04 2.01 6.02e-04 1.99
80 1.29e-04 2.00 1.29e-04 2.00 1.50e-04 2.00
160 3.22e-05 2.01 3.22e-05 2.01 3.72e-05 2.01
320 8.02e-06 2.00 8.02e-06 2.00 9.32e-06 2.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 3.55e-02 - 3.55e-02 — 3.86e-02 —

20 9.09e-03 1.96 9.09e-03 1.96 1.02e-02 1.93
40 2.30e-03 1.98 2.30e-03 1.98 2.60e-03 1.97
80 5.79e-04 1.99 5.79e-04 1.99 6.57e-04 1.98
160 1.45e-04 2.00 1.45e-04 2.00 1.65e-04 1.99
320 3.64e-05 2.00 3.64e-05 2.00 4.14e-05 2.00

Table 5.12: Modified PEC BCs (¢g = %), Q2 basis function, T'= 0.1, At = 0.6h3

N  Error of E, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 4.40e-04 - 4.40e-04 — 5.63e-04 —

20 5.41e-05 3.02 5.41e-05 3.02 7.66e-05 2.88
40 6.87e-06 2.98 6.87e-06 2.98 9.79e-06 2.97
80 8.55e-07 3.01 8.55e-07 3.01 1.23e-06 2.99
160 1.08e-07 2.99 1.08e-07 2.99 1.56e-07 2.98
320 1.35e-08 3.00 1.35e-08 3.00 1.95e-08 3.00

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.36e-03 — 2.36e-03 — 2.38e-03 —

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97
80 5.44e-06 297 5.44e-06 297 5.60e-06 2.97
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99
320 8.56e-08 3.00 8.56e-08 3.00 8.83e-08 3.00
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Table 5.13: Modified PEC BCs (¢p = %), Q3 basis function, T = 0.1, At = 0.6h>

N Error of F, Error of E, Error of H,

L? Error Order L? Error Order L? Error Order
10 2.36e-05 - 2.36e-05 - 4.19e-05 -
20 1.50e-06 3.98 1.50e-06 3.98 2.72e-06 3.94
40 9.41e-08 3.99 9.41e-08 3.99 1.72e-07 3.98
80 5.89¢-09 4.00 5.89¢-09 4.00 1.08e-08 3.99
N  Error of J, Error of J, Error of K,

L? Error Order  L? Error  Order L? Error Order
10 2.04e-04 - 2.04e-04 - 1.91e-04 -
20 1.33e-05 3.94 1.33e-05 3.94 1.27e-05 3.91
40 8.41e-07 3.98 8.41e-07 3.98 8.03e-07 3.98
80 5.27e-08 4.00 5.27e-08 4.00 5.04e-08 3.99

Table 5.14: Modified PEC BCs (¢g = h), @1 basis function, T'= 0.1, At = 0.2h

N  Error of E, Error of E, Error of H,

L? Error  Order  L? Error  Order L? Error Order
10 1.75e-02 - 1.75e-02 - 1.15e-02 -
20 5.78e-03 1.60 5.78e-03 1.60 2.70e-03 2.08
40 1.97e-03 1.55 1.97e-03 1.55 6.53e-04 2.05
80 6.85e-04 1.53 6.85e-04 1.53 1.56e-04 2.06
160 2.40e-04 1.51 2.40e-04 1.51 3.80e-05 2.04
320 8.44e-05 1.51 8.44e-05 1.51 9.38e-06 2.02
N  Error of J, Error of J, Error of K,

L? Error Order L? Error Order L? Error Order
10 1.75e-02 — 1.75e-02 - 1.15e-02 -
20 5.78e-03 1.60 5.78e-03 1.60 2.70e-03 2.08
40 1.97e-03 1.55 1.97e-03 1.55 6.53e-04 2.05
80 6.85e-04 1.53 6.85e-04 1.53 1.56e-04 2.06
160 2.40e-04 1.51 2.40e-04 1.51 3.80e-05 2.04
320 8.44e-05 1.51 8.44e-05 1.51 9.38e-06 2.02
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Table 5.15: Modified PEC BCs (¢y = h), Q2 basis function, T'= 0.1, At = 0.6h3

N  Error of E, Error of Error of H,
L? Error Order L? Error Order L? Error Order
10 5.01e-04 - 5.01e-04 — 6.05e-04 -

20 5.65e-05 3.15 5.65e-05 3.15 7.72e-05 297
40 6.99e-06 3.01 6.99e-06 3.01 9.80e-06 2.98
80 8.63e-07 3.02 8.63e-07 3.02 1.23e-06 2.99
160 1.08e-07 3.00 1.08e-07 3.00 1.56e-07 2.98

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.37e-03 — 2.37e-03 — 2.38e-03 —

20 3.41e-04 2.79 3.41e-04 2.79 3.44e-04 2.79
40 4.27e-05 3.00 4.27e-05 3.00 4.39e-05 2.97
80 5.44e-06 297 5.44e-06 297 5.60e-06 2.97
160 6.84e-07 2.99 6.84e-07 2.99 7.05e-07 2.99

Table 5.16: Modified PEC BCs (co = h), Q3 basis function, T = 0.1, At = 0.6h>

N Error of F, Error of E, Error of H,
L? Error Order L? Error Order L? Error Order
10 5.69e-05 — 5.69e-05 — 4.18e-05 —

20 4.98e-06 3.51 4.98e-06 3.51 2.75e-06 3.92
40 4.29e-07 3.54 4.29e-07 3.54 1.72e-07 4.00
80 3.77e-08 3.51 3.77e-08 3.51 1.08e-08 3.99

N  Error of J, Error of J, Error of K,
L? Error Order L? Error Order L? Error Order
10 2.22e-04 — 2.22e-04 — 1.90e-04 —

20 1.55e-05 3.84 1.55e-05 3.84 1.26e-05 3.91
40 1.10e-06 3.82 1.10e-06 3.82 8.02e-07 3.98
80 8.16e-08 3.75 8.16e-08 3.75 5.03e-08 3.99

6. Conclusions. In this paper, we have developed and analyzed a non-dissipative DG method
for solving the time domain Maxwell’s equations when metamaterials are involved. Stability and
optimal error estimates are proved for the semi-discrete scheme. The fully discrete DG scheme with
leap-frog time discretization has also been investigated, and its discrete stability has been proved.
Numerical results have demonstrated the effectiveness of this DG scheme.

In the future we plan to extend the same idea to develop and analyze the DG scheme for meta-
material Maxwell’s equations on triangular elements. Other time discretizations such as explicit and
implicit-explicit (IMEX) Runge-Kutta methods will also be considered.

25



REFERENCES

[1] A.A.Basharin, M. Kafesaki, E.N. Economou, C.M. Soukoulis, Backward wave radiation from negative permittivity
waveguides and its use for THz sub-wavelength imaging. Optics Express 20 (2012) 12752-12760.
[2] A. Buffa, P. Houston, I. Perugia, Discontinuous Galerkin computation of the Maxwell eigenvalues on simplicial
meshes. J. Comput. Appl. Math. 204 (2007) 317-333.
[3] C.-S. Chou, Y. Xing, C.-W. Shu, Optimal energy conserving local discontinuous Galerkin methods for second-
order wave equation in heterogeneous media. J. Comput. Phys. 272 (2014) 88-107
[4] E.T. Chung, P. Ciarlet Jr., A staggered discontinuous Galerkin method for wave propagation in media with
dielectrics and meta-materials. J. Comput. Appl. Math. 239 (2013) 189-207.
[5] E.T. Chung, P. Ciarlet Jr., T.F. Yu, Convergence and superconvergence of staggered discontinuous Galerkin
methods for the three-dimensional Maxwell equations on Cartesian grids. J. Comput. Phys. 235 (2013) 14—
31.
[6] E.T. Chung, B. Engquist, Optimal discontinuous Galerkin methods for wave propagation. SIAM J. Numer. Anal.,
44 (2006) 2131-2158.
[7] E.T. Chung, B. Engquist, Optimal discontinuous Galerkin methods for the acoustic wave equation in higher
dimensions. SIAM J. Numer. Anal., 47 (2009) 3820-3848.
[8] P.G. Ciarlet, Finite Element Method for Elliptic Problems. STAM, Philadelphia, 2002.
[9] B. Cockburn, G. Kanschat, I. Perugia, D. Schotzau, Superconvergence of the local discontinuous Galerkin method
for elliptic problems on Cartesian grids. SIAM J. Numer. Anal. 39 (2001) 264-285.
[10] B. Cockburn, F. Li, C.-W. Shu, Locally divergence-free discontinuous Galerkin methods for the Maxwell equations.
J. Comput. Phys. 194 (2004) 588-610.
[11] B. Cockburn, C.-W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite element method for
conservation laws II: general framework. Math. Comp. 52 (1989) 411-435.
[12] B. Cockburn, C.-W. Shu, The Runge-Kutta discontinuous Galerkin method for conservation laws V: multidimen-
sional systems. J. Comput. Phys. 141 (1998) 199-224.
[13] B. Cockburn, C.-W. Shu, The local discontinuous Galerkin method for time-dependent convection-diffusion sys-
tems. STAM J. Numer. Anal. 35 (1998) 2240-2463.
[14] B. Cockburn, C.-W. Shu, Runge-Kutta Discontinuous Galerkin Methods for Convection-Dominated Problems. J.
Sci. Comput 16 (2001) 173-261
[15] L. Demkowicz, J. Kurtz, D. Pardo, M. Paszynski, W. Rachowicz, A. Zdunek, Computing with hp-Adaptive Finite
FElements. Vol.2: Frontiers: Three Dimensional Elliptic and Maxwell Problems with Applications. Chapman
& Hall/CRC, 2008.
[16] B. Dong, C.-W. Shu, Analysis of a local discontinuous Galerkin method for linear time-dependent fourth-order
problems. STAM J. Numer. Anal. 47 (2009) 3240-3268.
[17] L. Fezoui, S. Lanteri, S. Lohrengel, S. Piperno, Convergence and stability of a discontinuous Galerkin time-domain
method for the 3D heterogeneous Maxwell equations on unstructured meshes. Model. Math. Anal. Numer.
39 (2005) 1149-1176.
[18] M. Grote, A. Schneebeli, D. Schotzau, Interior penalty discontinuous Galerkin methods for Maxwells equations:

optimal L? norm error estimates. IMA J. Numer. Anal. 28 (2008) 440-468.

[19] Y. Hao, R. Mittra, FDTD Modeling of Metamaterials: Theory and Applications. Artech House, 2008.

[20] J.S. Hesthaven, T. Warburton, Nodal Discontinuous Galerkin Methods: Algorithms, Analysis, and Applications.
Springer, New York, 2008.

[21] S. Lanteri, C. Scheid, Convergence of a discontinuous Galerkin scheme for the mixed time domain Maxwells

equations in dispersive media. IMA J. Numer. Anal. 33 (2013) 432-459.

[22] J. Li, Development of discontinuous Galerkin methods for Maxwells equations in metamaterials and perfectly
matched layers. J. Comput. Appl. Math. 236 (2011) 950-961.

[23] J. Li, J.S. Hesthaven, Analysis and application of the nodal discontinuous Galerkin method for wave propagation
in metamaterials. J. Comput. Phys. 258 (2014) 915-930.

[24] J. Li, Y. Huang, Time-Domain Finite Element Methods for Maxwell’s Equations in Metamaterials. Springer
Berlin Heidelberg, 2013.

[25] J. Li, J.W. Waters, E. A. Machorro, An implicit leap-frog discontinuous Galerkin method for the time-domain
Maxwells equations in metamaterials. Comput. Methods Appl. Mech. Eng. 223-224 (2012) 43-54.

[26] J. Li, A. Wood, Finite element analysis for wave propagation in double negative metamaterials. J. Sci. Comput.
32 (2007) 263-286.

[27] Y. Liu, C.-W. Shu, Analysis of the local discontinuous Galerkin method for the drift-diffusion model of semicon-
ductor devices. Sci. China Math., 59 (2016) 115-140.

[28] T. Lu, P. Zhang, W. Cai, Discontinuous Galerkin methods for dispersive and lossy Maxwells equations and PML
boundary conditions. J. Comput. Phys. 200 (2004) 549-580.

[29] X.Meng, C.-W. Shu, B. Wu, Optimal error estimates for discontinuous Galerkin methods based on upwind-biased
fluxes for linear hyperbolic equations. Math. Comput., 85 (2016) 1225-1261.

[30] P. Monk, Finite Element Methods for Maxwell’s Equations. Oxford University Press, 2003.

26



L. Mu, J. Wang, X. Ye, S. Zhang, A Weak Galerkin Finite Element Method for the Maxwell Equations. J. Sci.
Comput. 65 (2015) 363-386.

I. Perugia, D. Schétzau, P. Monk, Stabilized interior penalty methods for the time-harmonic Maxwell equations.
Comput. Methods Appl. Mech. Eng. 191 (2002) 4675-4697.

W.H. Reed, T.R. Hill, Triangular mesh methods for the neutron transport equation. Tech. Report LA-UR-73-479,
Los Alamos Scientific Laboratory, 1973.

D.R. Smith, W.J. Padilla, D.C. Vier, S.C. Nemat-Nasser, S. Schultz, Composite Medium with Simultaneously

Negative Permeability and Permittivity Phys. Rev. Lett. (2000) 84, 4184-4187

B. Wang, Z. Xie, Z. Zhang, Error analysis of a discontinuous Galerkin method for Maxwell equations in dispersive
media. J. Comput. Phys. 229 (2010) 8552-8563.

C.M. Watts, X.L. Liu, W.J. Padilla, Metamaterial Electromagnetic Wave Absorbers. Advanced Materials 24
(2012) OP98-OP120

Y. Xing, C.-S. Chou, C.-W. Shu, Energy conserving local discontinuous Galerkin methods for wave propagation
problems. Inverse Probl. Imag. 7 (2013) 967-986.

Y. Xu, C.-W. Shu, Local discontinuous Galerkin methods for high-order time-dependent partial differential equa-
tions. Comm. Comput. Phys. 7 (2010) 1-46.

S.G. Zhan, B.M. Liang, X.F Zhu, J.B. Chen, S.L.. Zhuang, Research of the characteristics of photonic crystals
based on air holes sub-wavelength imaging. Acta Physica Sinica 63 (2014) 154212.

Q. Zhang and C.-W. Shu, Stability analysis and a priori error estimates of the third order explicit Runge-Kutta
discontinuous Galerkin method for scalar conservation laws. SIAM J. Numer. Anal. 48 (2010) 1038-1063.

S. Zhang, C.G. Xia, N. Fang, Broadband Acoustic Cloak for Ultrasound Waves. Phys. Rev. Lett. 106 (2011)
024301.

27



