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ABsTrACT. To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky in-
troduce a system of differential equations, called the GKZ hypergeometric system. Its solutions
are GKZ hypergeometric functions. We study the p-adic counterpart of the GKZ hypergeo-
metric system. In the language of dagger spaces introduced by Grosse-Klonne, the p-adic GKZ
hypergeometric complex is a twisted relative de Rham complex of meromorphic differential forms
with logarithmic poles for an affinoid toric dagger space over the dagger unit polydisc. It is a
complex of O@f-modules with integrable connections and with Frobenius structures defined on
the dagger unit polydisc such that traces of Frobenius on fibers at Techmiiller points define the
hypergeometric function over the finite field introduced by Gelfand and Graev.
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INTRODUCTION

0.1. The GKZ hypergeometric system. Let

wip - WIN
A=
Wn1 - Wn N
be an (nx N)-matrix of rank n with integer entries. Denote the column vectors of A by wy,...,wy €
Z". Tt defines an action of the n-dimensional torus T} = SpecZ[t{', ..., t!] on the N-dimensional
affine space AY = SpecZ[x1,...,zn]:
T2 x AY — AY, ((tl,...,tn),(xl,...,xN)> ey (£ gy PN N )

Let y1,...,7, € C. In [I0], Gelfand, Kapranov and Zelevinsky define the A-hypergeometric system
to be the system of differential equations

N .

Zj:lwijfj% +vf=0 (i=1,...,n),
o\ o\~

H/\j>0 (E) f = H)\j<0 (67% f’

where for the second system of equations, (A1, ..., \y) € ZY goes over the family of integral linear

relations
N
Z )\jo = 0
j=1

(0.1.1)

We would like to thank Jiangxue Fang for helpful discussions. The research is supported by the NSFC..
1



2 LEI FU, DAQING WAN AND HAO ZHANG

among wi,...,wy. We call the A-hypergeometric system as the GKZ hypergeometric system. An

integral representation of a solution of the GKZ hypergeometric system is given by
wij L wng db dt
(0.1.2) floy,...,an) = / gDty ™ 2L T
b h ln

where ¥ is a real n-dimensional cycle in T™. Confer [I, equation (2.6)], [4, section 3] and [8]
Corollary 2 in §4.2].

0.2. The GKZ hypergeometric function over finite fields. Let p be a prime number, ¢ a
power of p, F, the finite field with ¢ elements, ¢ : F, — @* a nontrivial additive character, and

X1s--sXn @ Fy — Q" multiplicative characters. In [7] and [9], Gelfand and Graev define the
hypergeometric function over the finite field to be the function defined by the family of twisted
exponential sums

N
(0.2.1) Hyp(z1,...,2n) = Z x1(t1) - ~-Xn(tn)w<2xjt11”” -~-tﬁm’),
j=1

t1,..,tn EFY
where (z1,...,7y) varies in AV (F,). It is an arithmetic analogue of the expression (0.1.2)).
In [5], we introduce the ¢-adic GKZ hypergeometric sheaf Hyp which is a perverse sheaf on AI]F\L
such that for any rational point x = (z1,...,2x) € AN(F,), we have

Hyp(l'l, N a'rN) = (—1)n+NTI'(FI‘Ob_,E7 Hypa’c)a

where Frob, is the geometric Frobenius at x. In this paper, we study the p-adic counterpart of the
GKZ hypergeometric system. It is a complex of O@f-modules with integrable connections and with
Frobenius structures defined on the dagger space (JI1]) corresponding to the unit polydisc so that
traces of Frobenius on fibers at Techmiiller points are given by Hyp(xy,...,zx).

0.3. The p-adic GKZ hypergeometric complex. For any v = (v1,...,vy) € ZZZVO and w =
(wi,...,wy,) € Z", write
xV =gt -aly, tY =ttt [vl=v+ 4o
Let K be a finite extension of Q, containing an element 7 satisfying
™ lyp=0.

Denote by | - | the p-adic norm on K defined by |a| = p~°9(%). For each real number r > 0,
consider the algebras

K{r'x} = { Z avx" 1 ay € K, |ay|r'V are bounded},
VEZJZV0
Kirx) = { Z ayx’: ay € K, lim |a‘,|7"|v| =0}.
~ |[v|—o0
VEZZO

They are Banach K-algebras with respect to the norm

I Z avx" |, = sup |ay |V

N
VEZZO

We have K (r~!'x) ¢ K{r~!x}. Elements in K (r—!x) are exactly those power series converging in
the closed polydisc {(x1,...,zn) : x; € Q,, |z;| < 7}. Moreover, for any r </, we have

K{r''x} c K{(r~'x) c K{r 'x}.
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Let
K(x)! = U K{r~'x} = U K{r~'x).

r>1 r>1

K{x}T is the ring of over-convergent power series, that is, series converging in closed polydiscs of
radii > 1.

Let A be the convex hull of {0,wy,...,wx} in R™, and let § be the convex polyhedral cone
generated by {wy,...,wy}. For any w € §, define

d(w) =inf{a > 0: w € aA}.
We have
d(aw) = ad(w), d(w+w') <d(w)+d(w')
whenever a > 0 and w,w’ € . There exists an integer d > 0 such that we have d(w) € %Z for all
w € Z™. For any real numbers > 0 and s > 1, define

L(r,s) = | Z aw (XY ¢ aw(x) € K{r 'x}, |law(x)]-s*™ are bounded}
wEeZNS

= { g AywX 'tV ayw € K, |avw|r“’|sd(w) are bounded},
vezy,, wezrns

L' = J Lns).

r>1,s>1

Note that L(r,s) and LT are rings. Let
N
F(x,t) = Zx]—t;ﬂ” eetgind
=1

Consider the twisted de Rham complex C" (L) defined as follows: We set

dt;, dt;,
Ck(LT):{ Z fi Ao A

1< << <n 1 Uk

with differential d : C*(LT) — C*¥*+1(LT) given by

dw) = (t;“ -t exp(TF(x, t)))71 odgo (t}l -t exp(TF(x, t))) (w)

= dew+ Z (%' + ﬂ'ZwijIjtw]‘)T‘l ANw
i=1 j=1 ¢

for any w € C*(LT), where d; is the exterior derivative with respect to the t variable. For each
je{l,...,N}, define Vo : C (L") — C (L") by

t firin € LT} =~ i(%)

Vo (w) = (t”’1 < tIm exp(TF(x t)))i1 o 9 o (t"“ <Y exp(nF(x t)))
oo; 1 n ’ al,j 1 n ’
Ow ws
= aixj + t o w.

Since 2 commutes with dy, V_o_ commutes with d : Ck(LT) — C*+1(LT). We have integrable
J <5

connections
V:C(Lh) = C(L) ®k iyt Loyt
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defined by

=

V(w) = V%(w) ® dx;,
=
where Q;((xﬁ is the free K{x}'-module with basis dz,...,dzy.

Consider the lifting of the Frobenius correspondence in the variable t defined by

D(f(x,1)) = f(x, 7).

One verifies directly that ®(L(r,s)) C L(r, ¢/s) and hence ®(LT) ¢ LT. Tt induces maps @ :
Ck(LT) — COF(L') on differential forms commuting with dy:

dt; dt;, d¢; dt;
<I>( Y fui(xt) tfl Ao A T”) = Y i (xt9) t»“ Ao A Tﬂv
1<iy<---<ip<n u Lk 1<ip < <ig<n n Lk

Suppose furthermore that ~vi,...,7, € %_qZ and (y1,...,7n) € 6. Consider the maps F :

CF(LT) — C*(L") defined by

—1
(0.3.1) F = (t?l A exp(ﬂF(x,t))) o®o (t?l <t exp(mF(x, t)))
(0.3.2) = (t’fl(q_l) @ exp (mF(x9,t%) — nF(x, t))) o ®.

Even though #]* - - -t exp(mF(x,t)) does not lie in L and multiplication by it does not define an
endomorphism on C"(L'), the next Lemma (i) shows that £] 771 .. .77 1 exp (wF(xq, t9) —

Tl (x,t)) lie in LT, and hence the expression (0.3.2)) shows that F' defines endomorphism on each
Ck(LY).

Lemma 0.4.

(i) t’fl(q_l) g exp (TF(x9,t7)—7F(x,t)) and t'fl(l_q) g7 exp (TF(x,t)—mF (x9,t7))
lie in L(r,r‘lp%l) forany 0 <r < p%.

(i) Let CV (L) be the twisted de Rham complex so that C)I(LY) = CI(LT) for each k, and
dV . ¢k cR+L s given by

-1
a0 = (e exp(mF(x8))  odyo (11t exp(rP(x7, 1))

n N dt:
d¢ + Z (%‘ + waijx?t“’j) t—;
i—1 =1

Let V) be the connection on CV) (LT defined by

<
=

SR
Il

et F(x?,t R et F(x?,t
1ty exp(mE(x?,t) ) o oo (t - £y exp(mF(x1, 1))
J J

Then F defines a horizontal morphism of complezes of K (x)'-modules with connections

F: (W (Lh, vy = (¢ (Lh), v).
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(iii) Let E(0,1)N be the closed unit polydisc with the dagger structure sheaf ([11]) associated to
the algebra K (x)T, and let Fr be the lifting

Fr: B0, )Y = EO,DY, (21,...,25) = (z7,... Ty)
of the geometric Frobenius correspondence. We have an isomorphism
Fr*(C'(L1), V) = (W (LT), v).

Proof. (i) Write exp(mz—mz?) = 1+ .2 ¢;z". We have |¢;| < p_pT_qli by [15, Theorem 4.1]. Write
exp(rzd —7mz) = 1-— (Z ciz') + (Z ciz')? —---
i=1 i=1

o0
1+ Z ezt
i=1

Y
Then we also have the estimate |c}| < p_PrTl. For the monomial x;t%7, we have

o0
exp (m(z;tV9)? — matW7) = Z hait™i,
=0

‘i —e=l; 4 —p e\ _1, p=1) TA0ws)
HcixjHTSp Pa 7“:(7“ ppq) S(r ppq)

Here for the last inequality, we use the fact that d(iw;) < i and the assumption that r <
ppp;ql. So we have exp (w(xjt""j)q — W:Ejtwf) € L(r,r‘lp%). Since r‘lppp;ql > 1, the space
L(r,rflppp%zl) is a ring. So t;’l(q_l) ety exp (TF(x%,t9) — mF(x,t)) lies in L(rm*lp%).
Similarly t;’l(lfq) - ~t%"(17q) exp (ﬂF(x,t) — F(x9, tq)) lies in L(r, T_lp%).

(ii) Using the fact that ® ody = dg o @ and @ o % = % o ®, one checks that Fod®) =do F

J J

and FoV() =VoF.

(iii) Consider the K-algebra homomorphism

Ky, .. yn)T = K{zy,...,zn)T,  y; 2.
This makes K (x) a finite K (y)f-algebra. We have a canonical isomorphism
LT @ gyt K(x)T 5 LT,
where LT is defined in~the same way as LT except that we change the variables from z; to y;.
The connection V on LT defines a connection on LT QK (y)t K (x)' via the Leibniz rule. Via the

above isomorphism, it defines the connection Fr*V on Lf. Let’s verify that it coincides with the
connection V() on L. Any element in LT can be written as a finite sum of elements of the form
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f(x)g(y,t) with f(x) € K[x] and g(y,t) € L'. By the Leibniz rule, we have

(Fr*V)O%j(f(x)g(y, t)) = ;%(f(x))g(y, t) + f(x) (V(g(y, t)), %)
0 )
= g, Fe9, (;v 2 o0y, ), 5.0
= U0+ FY o (aly. )ast
= U8+ 10 (ol ) + gy )]
=ty )+ 0 0y ) g S X))
— o (1903 0) + gt e X))

= VO )9y, 1))
This proves our assertion. Similarly, one verifies that the connection Fr*V on Fr*C7 (fﬂL) can be
identified with the connection V() on C"(L). a
Definition 0.5. Suppose v1,...,7, € %_qZ and (v1,...,%) € 0. The p-adic GKZ hypergeometric
complez is defined to be the tuple (C"(LT), V, F) consisting of the complex C" (L) of K (x)T-module
modules with the connection V and the horizontal morphism F : Fr*(C* (L), V) — (C (L"), V).

0.6. The GKZ hypergeometric ’DT module. Let
ph= |J {> A M C fo(x) € K{r~'x}, || fo(x)|-s'¥! are bounded},

r>1, s>1 VGZ];IO

Vit +“N
az“’l Oz
possibly of infinite orders. This D' is also used in [T4]. Let D]P’N Q(oo) be the sheaf of differential
operators of finite level and of infinite order on the formal projective space PV over the integer
ring of K with over-convergent poles along the oo divisor. For the definition of this sheaf, see [3].
By [13], we have

PP, Dl g(0)) = |J { D) Alx fo(x) € K{r~'x}, | fo(x)|-s'"! are bounded},

r>1, s>1 VEZN

where for any v = (v1,...,0y) € Zgo, we set OV = . D' is a ring of differential operators

where v! = v;!---vy!. In section 1, we prove the following proposition.

Proposition 0.7. We have Dt = I'(PY, D[LN Q( 00)).

In particular, by the result in [I3], DT is a coherent ring. Let % € D act via V%. Then Lf
is a left Df-module, and the twisted de Rham complex C*(LT) is a complex of Df-modules. The
cohomology groups H*(C"(L")) are also left Df-modules.

Let
C(A) = {kiwi+---+knwy: ki € Z>o},

LV U { Z A (X)tY : Gy (x) € K{r7'x}, [law(x)|,s*™) are bounded}.
r>1, s>1 weC(A)
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C(A) is a submonoid of Z" N §, and L' is both a subring and a D-submodule of L. Let
dt; dt;

CH(LV) = P BN
EA T feaGraenfEs
1<i1 < <ip<n

Note that d : C*(LT) — C**!(LT) (resp. V_»
C" (L") is a subcomplex of Df-modules of C"(L"). Let

v € Ly 2 LP0),

N

0
+ 7 + waUmjtwﬂ

F;
Y a =

It follows from the definition of the twisted de Rham complex that the homomorphism

dt dt
T CULY) e A A
tn
induces an isomorphism

n
LY/ 3" Fin LV = HY (O (L)),
Let’s give an explicit presentation of the Df-module H"(C"(L1)). Let

A

N
A=, n) €ZN ZAjwj:O},

10 10
H H (778%) - H (Waxj) (red)
A; >0 A;<0

a )

Ez' = 7 i - 1 )

R ijxja +7i (i = ;n)
j=1

Consider the map
. Pt i nwWN+ o HUNWN
p:DI =LV, > fux) |v\ (> fx) |v| = >~
vezl, vezl, vezg,

It is a homomorphism of Df-modules. In §1, we prove the following theorems.

Theorem 0.8. ¢ induces isomorphisms

ot/ ooy, = LV,
AEA
D /( ZDTE +Y ooy S LYY R LY = HM(C(LY).
AEA i=1
Moreover, there exist finitely many P, ... u(™ € A such that
> D00 =Y DO,
i=1 A€A

Theorem 0.9. C' (L") and C" (L") are complexes of coherent Dt -modules.

) maps C*(L) to C*1 (L") (resp. C*(L1)). So
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Definition 0.10. The GKZ hypergeometric Dt-module is defined to be the left Df-module
DI/() D'E;i,+ Y DOy = H'(C (L)),
i=1 A€A

The GKZ hypergeometric Df-module is the p-adic analogue of the (complex) hypergeometric
D-module ([I]) associated to the GKZ hypergeometric system of differential equations (0.1.1]).

0.11. Fibers of the GKZ hypergeometric complex. Let a = (ay,...,axn) be a point in the
closed unit polydisc E(0, 1), where a; € K’ for some finite extension K’ of K. Let’s specialize at
X = a, that is, apply the functor - @ (x)+ K', where K’ is regarded as a K (x)T-algebra via the
homomorphism

I(<X>Jr —>K/, T; — Q.
Let

Ly = U{ Z awt™ 1 Gy € K, |aw|s?™ are bounded}.
s>1 wezZrns
In section 1, we prove the following.

Lemma 0.12. L' is flat over K(x)" and
LY @yt K = L,
Consider the twisted de Rham complex C'(Lzr)) defined as follows: We set

dt;, dt;
CHLY) ={ D fait AN

1<iy <---<ip<n tiy i
with differential d : Ck(L(T)) - CkH(LI)) given by
dw) = (t? -t exp(nF(a, t)))
- a o dts
= dtw+; (%‘ +7T;wz‘jajt 7); Aw

for any w € C* (L%). By Lemma we have the following corollary.

~ _‘_ n
: fil-uik € LZ)} = LO(k)

' odyo (- exp(eF(a,1) ) ()

Corollary 0.13. In the derived category of complezes of K (x)T-modules, we have
C (L) @ o1 K' 2 C(LY).
The specialization of ® at a is the lifting of the Frobenius correspondence defined by
Do LE = Lh f(t) — F(£9).
It induces the maps ®, : C¥(LT) — C¥(LT) on differential forms commuting with dy:
<I>a( Z fil...ik(t)dtil /\/\%) = Z qkfil...ij(tq)%/\"'/\%

t; t t ;
1<i1 < <ig<n “n e

vk 1<y <--<ip<n =

The specialization of F : C" (L) — C*(L') at a is given by

1
F, = (t;“ ceetn exp(wF(a,t))) o®, 0 (t'lyl <ot exp(nF(ad, t)))

(t?l(qfl) e t;yl"(q_l) exp (WF(aq, t?) — nF(a, t))) 0®,.
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By Lemma (i), t'fl(q_l) cgn(amh) exp (TF(a?,t7) — nF(a,t)) lie in L(JS, and hence F,, defines
an endomorphism on each C* (L};).

From now on, we assume that a is a Techmiiller point, that is, ag- =a; (j=1,...,N). Then a
is a fixed point of Fr. In this case Fn : C"(L}) — C(L}) commutes with d : C7 (L) — CiT1(L})
and hence is a chain map.

Consider the operator ¥, : Lg — Lg defined by

\Ila(z cwt?) = Z cqwt™.
w w

We extend it to differential forms by

dt;, dt; & dt;, dt;,,
D S A D DI X ) e
1<ip<-<ig<n 1<ip<---<ig<n
It commutes with d¢. Let G, : C'(LI)) — C"(Lg) be the map defined by
—1
Ga = (t}l ot exp(wF(a,t))) 0 W,0 (t}l g exp(ﬂF(a,t)))

= T,o t}l“*q)-.-tjln“*q)exp(ﬂp(a,t)_wp(aa,tq))).

Here by Lemma (1), t}l(lfq) (7D exp (TF(a,t) — 7F(a,t9)) lies in L} and hence G,
defines an operator on C"(L{). Then Ga commutes with d : C¥(L}) — C*+1(L}). We thus get a
chain map Gy : C'(Lg) — C'(Lg).

Lemma 0.14. We have G, 0 Fy = id and F, o G4 is homotopic to id. In particular, Fy and G,
induce isomorphisms on H(C(Lg))

In section 3, we show that each G, : Ck(Lg) — Ck (LJ;) is a nuclear operator and hence the
homomorphism on each H*(C (L;r))) induced by G, is also nuclear. We can talk about their traces
and characteristic power series. But F, does not have this property. Let

n
Tr(Ga, O (L)) = D _(=1)"Tx(Ga, C*(L))
k=0

= 3 (~)PIx(Ga, HY(C (L))

k=0

= i(_l)kTr(Fa_lvHk(c'(L(T))))»
k=0

det([ — TGa, O(Lg)) = ﬁ det([ — TGa’Ck(Lg‘)))(fl)k
k=0

= [ det(t - TGa, HE(C (L))"
k=0

= JJdet(r - TES HEC (L)
k=0

Let x : Fj — @p be the Techmiiller character which maps each u in F} to its Techmiiller lifting.
By [15, Theorems 4.1 and 4.3|, the formal power series 6(z) = exp(mz — w2?) converges in a disc
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of radius > 1, and its value 6(1) at z = 1 is a primitive p-th root of unity in K. Let ¢ : F, — K*
be the additive character defined by

w(@) = (1) @
for any a € F,. Let a; € F, be the residue class a; mod p, let
N
= Z Xl(Norm]F;n/IFq (1)) - - Xn(NormF;n/Fq (Un)) (Trqu JF, ( Z djﬂ?” . ﬂ,gna))
Tt eyl €F j=1

be the twisted exponential sums for the multiplicative characters x; = x(!~97%, the nontrivial
additive character ¢ : F; — C5, and the polynomial F'(a,t), and let

m

L(F(@E,6).7) = exp (Y Su(F(a.t) )

be the L-function for the twisted exponential sums. The following theorem is well-known in Dwork’s
theory. Its proof is given in section 2 for completeness.
Theorem 0.15. Suppose v1,...,7v, € %qZ, v =(",--,7n) € 8, and suppose K' contains all
(¢ — 1)-th root of unity. Let a = (ay,...,ay) be a Techmiiller point, that is, a? = aj. Then each
Ga: Ck(Lg) — C’“(Lg) is nuclear. Moreover, we have

Sm(F(évt)) = Tr((qnGa)my CA(LE)))

n

= > (DFT((¢"Fo Y™ HY (L)),

k=0
L(F(a,t),T) = det(I—q"TGa, C (L))"

= JJdet(r - qrrst HR C ()T
k=0

In [2], Adolphson shows that L(F(a,t),T) depends analytically on the parameters a and ~.
0.16. The GKZ hypergeometric F-crystal. It follows from the definition of the twisted de
Rham complex that the homomorphism

dt dt
Lt — cmrh, f|—>ft—1/\---/\t—"
1 n
induces an isomorphism
LY/ > Fi, Lt = HY(C(LY)).
i=1
V defines a connection on H"(C"(L')), and F defines a horizontal morphism
F:F*(H"(C (L), V) = (H"(C(L1)), V).

Let U be the affinoid subdomain of the closed unit polydisc £(0,1)" parametrizing those points

a= (ay,...,ay) so that F(a,t) = Z;vﬂ a;t™i is non-degenerate in the sense that for any face 7
of A not containing the origin, the system of equations
0 0
—F.(at)=---=—F-(a,t)=0
3251 T( ) atn T( )
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has no solution in (F;)”, where Fr(a,t) =) a;t%7. When restricted to U, we have

W;ET

HY(C (L) = 0

for k # n, and H"(C"(L")) defines a vector bundle on U of rank n!vol(A). Denote this vector
bundle by Hyp.

Definition 0.17. We define the GKZ hypergeometric crystal to be (Hyp, V, F').

at a. By Corollary [0.13] the fact C*(L') = 0 for k > n, and the fact that — Qg (xyt K’ is right
exact, we have

Let a = (a1, ...,an) be a point in U with coordinates in K’, and let Hyp(a) be the fiber of Hyp
e

H™(C'(LY) @y K' 2 H™(C"(LY)).

So we have .
Hyp(a) = L{/ > " F;aLi,
i=1
where F; o = tiaiti + v + WZ;.VZI wija;tVs. If a is a Techmiiller point, then we have
Sm(F(a,t)) = (=1)"Tr((¢"Fi")™ Hyp(a)),
L(F(a,t),T) = det(I—q"TF; ' Hyp(a)) ™" .
Let a = (a1,...,an) and b = (by,...,bx) be points in U with coordinates in K’, and let
Ty : Hyp(a) = Hyp(b)

be the parallel transport for Hyp. It is well-defined if |b; — a;] < 1 for all i. It can be described as
follows: For any formal power series f(t) € Q,[[Z™ N d]], we have

Vo (exp(-rF0)f(1) = exp(-mF(x,t)o 82 o exp(rF(x, ) (exp(~nF(x,£)) /(1))

J

= 0.
So exp(—7mF(x,t))f(t) is horizontal with respect to V. But it is only a formal horizontal section
since it may not lie in L. Formally, T, maps exp(—mF(a,t))f(t) to exp(—mF(b,t))f(t). So

Tapb : Hyp(a) = Hyp(b) can be identified with the isomorphism

Tap: L§/ > Finald = LE/ > FiynLl,  g(t) = exp (nF(a,t) — F(b,t))g(t).

i=1 i=1
This is well-defined if [b; — a;] < 1 for all i since we then have exp (7F(a,t) — mF(b,t)) € L.
Since F' : Fr*(Hyp, V) — (Hyp, V) is a horizontal morphism, we have a commutative diagram

Taa xa
Hyp(a?) " Hyp(x?)
Fa \L \l/ Fx
Ta x
Hyp(a) =  Hyp(x).

Let {e1(x),...,em(x)} be a local basis for Hyp over U. Write

(@ F ) (160 enr() = (e, enr(x)QE0),
Tax(ei(a),...,en(a)) (e1(x),...,enm(x))P(x)
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where P(x) and Q(x) are matrices of power series. Then we have

Q(x) = P(x")Q(a) P(x)~"

and hence
(0.17.1) (—D)"Sm(F(x,t)) = Tr((P(x?)Q(a)P(x)"H)™),
(0.17.2) L(F(%,t), )" = det(I — TP(x?)Q(a)P(x)"})

1 1 .
whenever x‘; =1land af " =1. Write

Voo (1), sen(®) = (e1(x), - enr(3)) 45 ().
As V% (Tax(er(a))) =0 for all k, P(x) satisfies the system of differential equations

9
8xj

Equations (0.17.1))-(0.17.3)) give formulas for calculating the exponential sums and the L-function
using a solution of a system of differential equations.

(0.17.3) (P(x)) + A;(x)P(x) = 0.

1. D'-MODULES
Lemma 1.1. Let m be a positive integer and let
m = ag + arp + azp® + - -
be its p-expansion, where 0 < a; <p—1 for all i. Define
olm)=ap+ay+az+---
(i) We have

m

ordp(L) = a(m).
m! p—1
(i1) For any real number ¢ > 0, there exists 6 > 0 such that

o(m) < em + 0.

Proof. (i) We have
m m
N = |= Sl T
ord,(m!) [p} + [pQ} +
— (al+a2p+...)+(a2+a3p+...)+...
= ar+ax(l+p)+as(l+p+p*)+-
al(p—1)  ax(p’—-1)  as(p’—1)

= o1 + o1 + > 1 4.
_ m—o(m)
= -1
So we have .
ordp(L'): m 7m—a(m):U(m).
m/! p—1 p—1 p—1

(ii) Choose M sufficiently large so that for any = > M, we have
(p—1)(x+1) < ep”.
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Let
m=ag+ap+ -+ ap
be the expansion of m, where 0 < a; < p—1and a; # 0. If m > pM7 then we have [ > M and
hence (p — 1)(I + 1) < ep. So we have
om)=ap+a1+ -+ <(p-1(1+1) <epl <em
for any m > pM™. Take § = max(c(1),...,0(p™)). Then we have o(m) < em + 6 for all m. O

1.2. Proof of Proposition Set

B = U { Z fv(X)%:' : fo(x) € K{r7'x}, ||fv(x)]|-s'Y! are bounded}.

N
r>1, s>1 VGZZO

Let’s prove Bf = Df. Given ZveZ§ fo(x)Z in Bf| choose real numbers 7 > 1,5 > 1 and C' > 0
>0

such that .
Ife)[l-s < C.

We have .
8V v aV
Z fv(X); = Z (fv(X)7>m
VEZIZVO VEZIZVO
By Lemma (i), we have ord, (#) > 0. Hence
vl vl "
|07 ] M < InGlsM < o

So Zvezgo fv(x)?% lies in DT
Conversely, given Zvezgo fv(X)% in DT, choose real numbers » > 1,5 > 1 and C' > 0 such

that
I fe(x)]-sV < C.

We have 5 "
\'4 v! v
> A= 2 (W) G
7r| ‘ 7'(" ‘ Vi
vezgo vezgo ’
Choose € > 0 so that
§>pri,

and choose § as in Lemma[L.1] (ii). We have

vl
ord, (T < efvl+on
v! p—1
Let 8 = sp 71 > 1 and let ¢/ = Cp%. We have
v! elviton
[ha~a]| ™ < ol p
7T‘V| r

Sn

1o ()51 1p7=
C'.

IN

9 Yies in Bf
So Zvezgo fyv(x)5; lies in BT
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Lemma 1.3. Let S be any subset of Z%,. There exists a finite subset So of S such that S C
UVESO (V + Zgo)

Proof. We use induction on n. When n = 1, we have S C v+ Z>(, where v is the minimal element
in S C Z>p. Suppose the assertion holds for any subset of ZZ, and let S be a subset of Z’;El. If
S is empty, our assertion holds trivially. Otherwise, we fix an element a = (a1,...,an41) in S. For
any i € {1,...,n+ 1} and any 0 < b; < a;, let

Siybi = {(Clv cee ,Cn+1) es: C; = bz}
By the induction hypothesis, there exists a finite subset T;;, C S;p, such that
Sip, C U V+Z"+1).

veT; b,

sc (U U su)Ua+zzh

1<i<n+10<b;<a;

C ( U U U V—I—Z"+1>U(a—|—Z"+1).

1<i<n+10<b;<a; veT; by

We can take Sy = UléignJrl Uogb,-,ga,- T, U{a}. O

Lemma 1.4.
(i) The ring homomorphism

QS : K<X7 y>T — LT/? Z fv(X Z f tvle+ +UNWN

veZgo VEZN

We have

is surjective, where'y = (y1,. .. ,yN) and

K{x,y)l = U { Z foX)YY ¢ fo(x) € K{r~ 'z} and || fy(x)|| sV is bounded}.

r>1, s>1 veZN
(i) The homomorphism of DT—modules
. pt i VIWN+FUNWN
p: DI LV, > fox) == (Y fel(x) NM = ) At
vezf, vezf, vezf,
18 surjective.

Proof. Decompose A into a finite union (J, 7 so that each 7 is a simplicial complex of dimension

n with vertices {0, w;,,...,w; } for some subset {i1,...,i,} C {1,..., N}. For each 7, let 6(7) be
the cone generated by 7, and let

B(r) = Z'"n{aw;, + - +eywy, : 0<¢ <1},

C(T) = {klwil —+ 4 knwin : kl & Zzo}

Being a discrete bounded set, B(7) is finite. Every element w € Z" Nd(7) can be written uniquely

as
w = b(w) + ¢(w)
with b(w) € B(7) and c¢(w) € C(7). So we have Z" N (1) = UweB(r) (w+ C(7)), and hence

o) = Jew =UJ U C@nw+cm)).

T T weB(r)
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For each C(A) N (w + C(7)), the map
Zgo—)W'f'C(T), (kl,,kn)n—>w—|—k1w“++knwln

is a bijection. Applying LemmalL.3|to the inverse image of C'(4) N (w + C(7)), we can find finitely
many uy,...,u, € C(A)N(w+ C(7)) such that

cA)n(w+C(r) = Jw+C(r).

=1

We thus decompose C'(A) into a finite union of subsets of the form u+C/(7) such that 7 is a simplicial
complex of dimension n with vertices {0, w;,,...,w;, } for some subset {i1,...,i,} C{1,..., N},
and u € C(A) N (w + C(7)) for some w € B(7). Elements in L is a sum of elements of the form
Y weutc(r) Aw ()Y, where aw(x) € K{r~'x} and ||aw (x)||,s*™) are bounded for some r,s > 1.
To prove ¢ : K (x,y)" — LV is surjective, it suffices to show 3 .\ o
of ¢. Write u = cywy1 + -+ - + cywy, where ¢; € Z>. A preimage for ZwequC(T) aw (X)W is

Ciy +v1 Cip, +Vn cj
E Autviwiy +-+onwi, (X)yil Y H Y-

V15000500, >0 jG{l,...,N}—{il,...,in}

) w (x)t" lies in the image

Here to verify this element lies in K (x,y)t, we use the fact that
dlu+vw;, + - +v,w,, ) =d(u)+vy+--+ v,

since u, w;,, ..., w;, all lie in the simplicial cone (7). This prove ¢ : K(x,y)" — L is surjective.
It implies that ¢ : DT — L is also surjective. ([

1.5. Proof of Theorem We have shown that ¢ is surjective in the proof of Lemma [T.4}
The ring D = K [8%17 ey %} of algebraic differential operators with constant coefficients is

isomorphic to the polynomial ring and is noetherian. So we can finitely many p™, ..., u™ e A
such that U,,a),...,U,m) generate the ideal Y xea DOy of D. Then they also generate the left

ideal >, ., D'y of DY, Suppose Y, fv(x) 22 lies in the kernel of ¢, that is,

7lvl

D felprm — g,

where fy(x) € K{r~'x} and || f,(x)]|,s!V| are bounded for some r,s > 1. For each w € C(A), let
Sw={veZly: w=viw1+ - +oyWn}.

Then we have

> flx)=0.

vVESw

For each nonempty Sy, fix an element v(®) = (v%o), . ,U](\(;)) € Sw. For any v € Sy, let Ay =
v — v, We have Ay, € A. Write

D)\v = v,ID/L(l) s Pv’mD/L(m)
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for some differential operators Py 1,..., Py, € D. We have
o v’ gmin(v,v®) 19 yvu—v” 1 9\
vl B lv©@] - 7TZJ' min(vj,vngo)) ( Ho) (7‘(‘ 81‘]> B H(o) (; 8.17]> )
v.7'>vj v <v].
; (0)
amm(v,v )
= —D)\v

32, min(v;,05”)
amin(v,v(o) )

W(P"JDM“ + o+ PymOpom),

v
ZfV(X)W = Z Z fv

v weC(A) vESw
v 8‘,(0)
T ( )
vl [v(O)]
weC(A) vESw m

amin(v,v(o))

= X Y MO ey (Peallo 4o PrnDym)
wEC(A) VESw 2o min(vg,v57)

amin(v,v(o))

= Z( Z ZfV(X)mPv,k)Du(k)

k=1 weC(A)vESw
One can verify that ¢(0,) =0 for all A € A. So we have
kero = D0, =Y DO,
k=1 A€A

For any g; € L (i = 1,...,n), choose P; € D' such that ¢(P;) = g;. One can check directly
that E; (1) = F; ,(1). Moreover, F; , commutes with each V% and hence with P;. So we have

<P(Z BiEiy) = ZPiEi,v(l) = va:Fm(l) = ZFmP ZFz (P ZF,ng

So we have

(> D'E,) =) Fi,LV.

Together with the fact that ¢ is surjective and ker p =3, .\ DOy, we get

Dt/ pioy =L, Dy ZDTEM+ZDTDA = LV/N F LV
AEA AEA 1=

1.6. Proof of Theorem It is known that DT is coherent (JI3]). So by Theorem L7 is a
coherent Df-module.

Keep the notation in the proof of Lemma Decompose A into a finite union J, 7 so that
each 7 is a simplicial complex of dimension n with vertices {0, w;,,...,w; } for some subset
{i1,...,in} C{1,...,N}. Let B =J, B(7) which is a finite set. Consider the map

v LT LY (fa) e Y fat’

BeB BEB
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Note that this a homomorphism of Df-modules. We will prove v is surjective and ker 1) is a finitely
generated Df-module. Combined with the fact that £’ is a coherent Df-module, this implies that
LT is a coherent Df-module.

We have Z"NJ = |J, (Z"NS(7)). To prove 1) is surjective, it suffices to show every element in LT of
the form } o c7nq5(-) @w(@)t™ lies in the image of ), where aw(x) € K{r~'x} and ||aw (x)]],s4™)
are bounded for some r, s > 1. Every element w € Z"™ N §(7) can be written uniquely as

w = b(w) + ¢(w)
with b(w) € B(7) and ¢(w) € C (7). We have
> aw@tr= > ( > aw(x)tc(w))tB .
weZ™NS(T) BEB(T) weL"NI(7), b(w)=p

Note that > aw (2)t°™) lie in LY. To see this, we use the fact that
wezZrNé(r), b(w)=8

d(w) = d(b(w)) + d(c(w))
since b(w) and ¢(w) all lie in the simplicial cone §(7). Thus ¢ is surjective.
Given 8/, 8" € B, set
Lﬁ/,ﬁ” — {f c LT/ . ftﬁ’,ﬂ// c LT/};
S,B/,B” = {W c C(A) W + B/ — 5// (S C(A)}
WES g aw(X)tV with aw(x) € K{r~!'x} and
aw (%)]|-5*™) bounded for some 7, s > 1. We have Sg/ g +w; C Sg v for all j, and Ly g is a
law ()]l 5.8 i C S8 5.6
Df-submodule of L. For any f € Lg g+ and 8 € B, let
f if =4,
v (e =4 —f77 i p=p",
0 if 8 € B\{#',5"}.

Note that elements in Lg/ g are of the form )

Then the map
Lggr = LY, [ (epr,5(f)s)
tprpr - Lpr g ) tpr.p\J)p)peB
BEB
is a homomorphism of D'-modules and its image is contained in ker . We will prove each Lg: g
is a finitely generated Df-module, and

kerw = Z LB/,BII(L/BIMBH).
ﬂl,/B//
It follows that ker1) is a finitely generated Df-module.

We have
Spr = JSsprno(r) =) |J (Spsr N (w+C(r)).
T T wWEB(T)
Again by Lemma for each Sg/ g N (w + C(7)), we can find finitely many uy,...,u,, €
Sgr.pgr N (W + C(7)) such that
Sgrpr N (W+C(1)) = LJ(uZ + C(1)).
i=1
We thus decompose Sgr g into a finite union of subsets of the form u + C(7) such that 7 is a
simplicial complex of dimension n with vertices {0, w;,,...,w; } for some subset {i1,...,i,} C
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{1,...,N}, and u € Sg g» N (w + C(7)) for some w € B(r). We claim that Lg g~ is gener-
ated by these t" as a D'-module. Indeed, elements in Lg g is a sum of elements of the form
> weutc(r) Aw(x)tY. We have

Z Oy ()7 = Z Qv wiy oo wy, (X) <71T3i1 )Ul (;azm )Uﬂ -t

weu+C(r) V1,...,00 20

Suppose (féo)) € Dsen L is an element in ker¢. We then have
> 1 =0,

BEB

Write B = {84,..., 5%}, and write
f/go) = Z agw (X)t™.

weC(A)
Define
1 w
fé) — Z aﬂw(x)t 5
weC(A), wH(B—F1)ZC(A)
) = 3 1w (X) 1%

weC(A), w+(B—p1)eC(A)

In particular, féi) is 0 since it is a sum over the empty set. We have gél) € Lg g, and

(1.6.1) U= 3 wses)) = (V).
peB\{B1}

To verify this equation, we show it holds componentwisely. The equation clearly holds for those
component 3 # B1. Note that L is a direct factor of L in a canonical way as an abelian group.
Applying the projection LT — L1’ to the equation

> e =0,

BeEB
we get
0 1), 8-
f(l) + Z gé )t,B Bi — .
BEB\{p1}
This is exactly the 8; component of the equation [I.6.1}
In general, for i = 1,..., k, we define
féz) _ Z agw(x)t",

weC(A), wH(B—P1)EC(A),..., w+(B—Bi)¢C(A)

agw (x)tV.
weC(A), wH(B—PB1)EC(A),..., wH(B—PBi—1)ZC(A),w+(8—8;)€C(A)

o

We have g/(ji) € Lg g, and

US = 3 wss.95) = (£5).

BEB
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We have fék) =0forall € B={5,...,08n} So we have

k
I =33 18865,

i=1 BeB
Hence kertp = >4, 5. 15,57 (L 57 ).
1.7. Proof of Lemma Let R be the integer ring of K, and let

Rix)t = U{ Z avX" : ay € R, |ay|r'¥! are bounded },
r>1 VEZgO
R(x,y)I = U { Z XYY : gy € R, |auy|rsV are bounded 1,
r>1, s>1 UvVGZgD
L% = U { Z avwX 'tV ayw € R, |avw|r‘“|sd(w) are bounded},
r>1,s>1 vezgo, wEZ"NS
LE’ = U { Z AvwX 'tV ¢ Gyw € R, |ayw|r!”!s*™) are bounded}.

r>1,8>1 vezgo, weC(A)
We have
Kx)'=2Rx)'or K, L'=L}opK.

To prove L' is flat over K (x)T, it suffices to show LTR is flat over R(x)T.
Keep the notation in the proof of Lemma [T.4] and The same proof shows that the following
homomorphisms

Prh—-rLh, ()= > fat?

peB BeB
]%<)(7 y>T — L%, Z fV(X)yv — Z fv(X)tUle+"‘+”NWN

vezf, vezl,
are surjective. It is known that R(x,y)' is a noetherian ring by [6]. It follows that L}; is also
noetherian. We have
Ly/m" L}, = (R/m")[X|[Z" N3], R(x)'/7*R(z)" = (R/7")[x].
So LE/W’“LL is flat over R(x)T/7*R(x)T for all k. By [12, IV Théoréme 5.6, L}; is flat over R(x)T.

Finally let’s prove Lt R xyt K= L(T). One can verify directly that in the case where K' = K,
the homomorphism

Lt =, Z ax (X)tV — Z ax(0)t™Y

weZn NS weZrNS
is surjective with kernel (z1,...,2x)L". This proves our assertion in the case where K = K’ and
a=(0,...,0). In general, we have an isomorphism L @ K’ = LE(,, where

L., = U { Z AvwX 'tV ¢ yw € K, |ayw|r!”s*™) are bounded}.

r>1,s>1 vezd |, wezrns

By base change from K to K’ and using this isomorphism, we can reduce to the case where K’ = K.
Then using the automorphism

K'(x) - K'(x), x;w~ z; —aj,
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we can reduce to the case where a = (0,...,0).

1.8. Proof of Lemma We first work with de Rham complexes and later with twisted de
Rham complexes. We have

Vyaod, =id

on C'(LZ;). Since K contains the primitive root of unity (1), it contains all g-th roots of unity.
Let p14 be the group of g-th roots of unity in K. For any ¢ = (C1,...,(n) € py, write

Ct = (Cltla ) Cntn)
We have
3= q" if qlw,
0 otherwise.
Ceng
So we have
1
DaoWa(d cwt™) =D cqut™ = — > cn(C)™.
w w q CGI—LQ w
Let ©¢ be the endomorphism on differential forms defined by
dtil dt“ dtil dtik
@g( Z fil...ik(t)i/\"'/\i) = Z fil...ik(ét)a/\"'/\ .

t; t; t;
1<ii<-<ip<n “ Tk 1<ip < <ip<n Tk

It commutes with di. We have
1
PaoVa= > e
CeEpy
Let’s show @, o W, is homotopic to id. It suffices to that ©¢ is homotopic to id for each ¢ € py.
Let

Lh= |J { Y aw@t™: aw(T) € K{r T}, |law(T)|l,s*™ are bounded}.

r>1, s>1 wezZ"néd

Consider the de Rham complex (C"(LTT)7 d) so that Ck(LTT) is the space of k-forms which can be

written as a sum of products of dT, dt%, cee ‘1@ and functions in LTT7 and d : C’“(LTT) — Ck“(LTT)

is the usual exterior derivative of differential forms. The substitution
t,—> 1+ (G-t (i=1,...,n)
induces a chain map
02 (C'(LY),d) = (€' (L), ).

Here we use the fact that ¢; =1 mod p so that each 1+ (¢; — 1)T" is a unit in LTT. In particular,

d(a+@-nm)
G-t

evo : (C(LL),d) = (C(L}),d;)  (resp. evy : (C°(LL),d) = (C' (L)), dy)).

lies in C"(LTT). The evaluation at 7' =0 (resp. T = 1) induces a chain map

We have

evior=0¢, evgor=id.
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To prove O, is homotopic to identity, it suffices to show ev; is homotopic to evy. Note that
[ g(T,t)dT lies in L for any g(T,t) € L. Define = : C*(LL) — C*1(L{) by

E(f(T, t)itil

dt;
—E A A "):0,

11 ’ik
dt; dt;, 1 dt At
E(g(T,t)dT/\ ZA LA ﬁ) = (/ g(T,t)dT)i Aeee ATkl
tjl tjk—l 0 tj1 tjk—l
Then we have
diZ 4+ 2d = evy — evg.
We now consider the twisted de Rham complexes. Let
FaaGaaTC7LaE07ElaH
be the conjugates of
(baa \I]aa eCa L,€Vp,€Vy, E

by ¢ -t} exp(nF(a, t)) respectively. One verifies that they are defined on C"(L}) or C"(Ll}).
By the discussion above for the untwisted de Rham complexes, we have

1
GaFa=id, FaGa=— > T,
¢
Hq
EloL:TC, EyolL=1id, dH+ Hd= FE,— E;.

It follows that each T, is homotopic to identity and hence F\,G, is also homotopic to identity.

2. DWORK’S THEORY

2.1. Let
m—1 )
0(2) = exp(mz — 12P),  Op(2) = exp(nz — 2P ) = H 0(z"").
i=0

Then 60,,(%) converges in a disc of radius > 1, and the value 6(1) = 6(z)|,=1 of the power series
0(z) at z = 1 is a primitive p-th root of unity in K ([15, Theorems 4.1 and 4.3]). Let @ € Fpm
and let u € @p be its Techmiiller lifting, that is, u?” = u and v = %@ mod p. Then we have (|5
Theorem 4.4])

O (u) = O(1) e/ ()
From now on, we denote elements in finite fields by letters with bars such as u, a;, @; etc and denote
their Techmiiller liftings by the same letters without bars such as u, a;,u; etc. Let ¢, : Fgm — K*
be the additive character defined by

Y (@) = O(1) /()
Then we have

Ym(a) = exp(mz — w29 )|z
Denote 91 by ¢. We have ¢, = ¢ o Trg, .. /5, Let a1, ...,an € Fy. For any a4, ..., 4, € Fym, we
have
N _ _wij —Wnj N — _wij W j

¢<Tr1qu/qu (Ej:l Aty = - Un )) = Hj:l U@ty 7 - un ™)

N
= szl exp(mz — 7Tqu)|Z:aju11”“3~u:"j :

(2.1.1)
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Let x : F; — @; be the Techmiiller character, that is, x(a) = w is the Techmiiller lifting of
u €, Itisa generator for the group of multiplicative characters on F,. Any multiplicative

character Fj — Q is of the form x, = = x"(1=9 for some rational number ~ €3 Z Moreover, for
any 4 € Fym, we have

_ L m—1 _ _om
(2.1.2) X'y(Norm]F;”/]Fq (W) = (u1+q+ +q )7(1 Q) — (14 )’

Let Yy Un € %qZ Set Xi = X’W(l_q) ('L = 17 e ,n).
Consider the twisted exponential sum

N
Sm(F(a,t)) = Z x1(Normgsm /z, (U1)) - - Xn (Normgom /5, (1)) 9 (Trqum /F, (Z aji, V- agm))
U1yeonUn €Fpm Jj=1
Write exp(rz — 727" ) = Y200, ¢;2°. By the equations (2.1.1)) and (2.1.2), we have
Sm(F(a,t))
ny N
_ 1(l—q n(l—g™ m _ _
= Z ull Qﬂ (1—q )Hexp(?rz — 2t )|z:aju«1ul]mu:ng
Mol =1
m N 00

_ Z u'lyl(l—q ) u% —q™) H (ZCZ ajuqlﬂl’ e )z)

ugm’lzl j=1 =1

N 0o

= Z t’lh(l_q x t% (1=g™ H (Zci(ajtilulj "'t#”)l) ti=u,

ugnL,l:l j=1 i=1

N

= Z t'lh(l—q ). t%n(lfqm) H exp (ﬂ'ajtllulj e Wajtq wij tng“’"j) -

wdm Tl 7j=1
= Z (t’lh(l—qm) ce. tzn(lfqm) exp (7rF(a, t) — nF(a, tqm)))

q”m,l:l

We thus have
(213)  Sn(F@E)= > (0770 e (F(at) — nF(a t)))

ti=u;-
wd™ 1=
2.2. Let K’ be a finite extension of K containing all g-th roots of unity. Set
L(s)o = { Z awt™ 1 Gy € K, |ay|s? ™ are bounded}.
wEZ™NJ
We have L:r] = Us>1 L(5)o. Note that L(s)o (s > 1) and L(T) are rings. Each L(s)( is a Banach space
with respect to the norm
Z awt™|| = sup \a |54,
WEZ" ns wezn

Theorem 2.3 (Dwork trace formula). The operator G : Lg — Lg 1s nuclear, and we have

(¢" - )"TE, L) = Y (t}l“‘qm) 700 exp (nF(a,t) — wF (a, tqm)))

m_q
ug =1

ti=u;-
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Proof. For any real number s > 1, define
L(s)g = awtV i aw € K', lim |aw $3w) — o1,
=i, s ol =)

For any s < s’, we have
L(S,)o C L(S)O C L(S)O,

and L) = Uss1 L(s)o. Endow L(s)o with the norm
I Z awt™| = sup |aw|s? ™).
WEZNNS weZmNS

Then L(s)o is a Banach space with the orthogonal basis {t" }weznns. The inclusion L(s')o < L(s)o
is completely continuous. Indeed, choose s < s” < s’. We can factorize this inclusion as the
composite

L(s")o = L(s") = L(s)o.
It suffices to verify the inclusion i : L(s”)o < L(s)o is completely continuous. Indeed, let Lg be
the finite dimensional K’-vector space spanned by a finite subset S of {t™ }weznns, and let

is: L(s")o = L(s)o

be the composite of the projection L(s”)y — Lg and the inclusion Lg < L(s)o. One can verify

that do)
w
lis =il < sup () -

w¢gS \S

So ig converges to i as S goes over all finite subsets of {t" }wezrns. Moreover ig has finite ranks.
So ¢ is completely continuous.

Let H(t) = t;l(l_Q) (1m0 exp (nF(a,t)—7F(a,t9)). By Lemma we have have H,(t) €
L(ppp%zl)o. For any s > 1, we have U,(L(s)g) C L(s?)p. Consider the operator

1
Ga = (ql o eXp(ﬂF(a,t))) 0 W, 0 (t}l g exp(wF(a,t)))
= TY,o0 (t?l(lfq) (10 exp (TF(a,t) — WF(a,tq))).
Ifl<s< p%7 then G5 induces a map G, : f/(s)o — f/(s)o. It is the composite
- H(®) , BN v (g e .
L(s)p = L(s)g — L(mln (&p ))OJL(mm(s P ))0‘—>L(s)0.

Ga: L(s)g — L(s)o is completely continuous since the last inclusion in the above composite is
completely continuous. In particular, it is nuclear ([I5, Theorem 6.9]). Write

tYl(lfq) e t;{"(l_q) exp (71'F(a7 t) — nF(a, tq)) = Z cwt™.

We have
Ga(t") = Ta(D_ cwt™™)

= \Ila(z Cw—ut™)
= Z qu—utwa
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where cqw—u is nonzero only if u,w,qw —u € §. The matrix of G on L(s)o with respect to the
orthogonal basis {t"} is (¢qw—u). By [15, Theorem 6.10] we have

Ga7L Zcqu a-

In particular, Tr(Ga, L(s)o) is independent of s. Similarly, Tr(G7*, L(s)o) and

det(I = TGa, L(s)o) = exp ( - i %WW)
m=1

are independent of s. For any monic irreducible polynomial f(7T) € K'[T] with nonzero constant
term, write ([I5, Theorem 6.9])
) W (s)s,

where N(s); and W(s)ys are Ga-invariant spaces, N(s)s is finite dimensional over K’, f(Ga) is
nilpotent on N(s); and bijective on W (s)s. We have

)= ker (f(Ga))™, Wi(s)s = () im(f(Ga))™
m=1 m=

For any pair s < s, we have
L(s")o € L(s)o, N(s')f C N(s);, W(s') C W(s);.
Let Ny =UJ p—1 N(s)y and Wy =J p—1 W(s)¢. Then

1I<s<p P 1<s<p P

Ly=N;Pw;,
Ny and Wy are Ga-invariant, f(Ga) is nilpotent on Ny and bijective on Wy. Since det(I —
TGa, L(s)o) is independent of s, all N(s) have the same dimension, and hence we have Ny = N(s);
forall 1 <s < ppr%l. This shows that G, : Lg) — Lg is nuclear and

Tr(Ga,Lg) = Z Cqu—u-

u

On the other hand, we have

Z q -1 if ¢g— 1w,
u® otherwise.

ud—1=1
So we have
Z ({{1(1*4) cee t;ybn(l—q) exp (ﬂ.p(a’ t) — 7F(a, tq))) -
u371:1
XY e
w97t
= (q - 1)n Z Clg—1)u-
We thus get

(0= )" Te(Ga, L) = > (1077209 exp (nF(a,t) = 7F(a,6) ) o,

g—1_
u; =1
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This proves the theorem for m = 1. We have

1
Gm = (t}l...tgnexp(wF(a,t))) owgo(t}l-..t:;exp(yrF(a,t)))

= Yo (t?l(lfqm) . ~t%"(17‘1m) exp (WF(a, t) — wF(a, tqm))).

So the assertion for general m follows from the case m = 1. O
2.4. Proof of Theorem By the equation (2.1.3) and the Dwork trace formula[2.3] we have

Sm(F(a,t) = (¢" —1)"Tr(Gy, L)

(3) -0z o)

0Fe((g e, £)D)).

For the L-function, we have

LF@.T) = esp( Y Su(Fae) )

= [[e ((—1)’“ i Tr((q"_kGa)m, L(T)(Z)) Tm)

n nyy (—1)F+
- k];[o det (I —Tg G, Lg@)

This prove Theorem [0.15]
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