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Abstract. To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky in-
troduce a system of differential equations, called the GKZ hypergeometric system. Its solutions
are GKZ hypergeometric functions. We study the p-adic counterpart of the GKZ hypergeo-
metric system. In the language of dagger spaces introduced by Grosse-Klönne, the p-adic GKZ
hypergeometric complex is a twisted relative de Rham complex of meromorphic differential forms
with logarithmic poles for an affinoid toric dagger space over the dagger unit polydisc. It is a
complex of O†-modules with integrable connections and with Frobenius structures defined on
the dagger unit polydisc such that traces of Frobenius on fibers at Techmüller points define the
hypergeometric function over the finite field introduced by Gelfand and Graev.
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Introduction

0.1. The GKZ hypergeometric system. Let

A =

 w11 · · · w1N

...
...

wn1 · · · wnN


be an (n×N)-matrix of rank n with integer entries. Denote the column vectors ofA by w1, . . . ,wN ∈
Zn. It defines an action of the n-dimensional torus TnZ = SpecZ[t±1

1 , . . . , t±1
n ] on the N -dimensional

affine space ANZ = SpecZ[x1, . . . , xN ]:

TnZ × ANZ → ANZ ,
(

(t1, . . . , tn), (x1, . . . , xN )
)
7→ (tw11

1 · · · twn1
n x1, . . . , t

w1N
1 · · · twnNn xN ).

Let γ1, . . . , γn ∈ C. In [10], Gelfand, Kapranov and Zelevinsky define the A-hypergeometric system
to be the system of differential equations∑N

j=1 wijxj
∂f
∂xj

+ γif = 0 (i = 1, . . . , n),∏
λj>0

(
∂
∂xj

)aj
f =

∏
λj<0

(
∂
∂xj

)−aj
f,

(0.1.1)

where for the second system of equations, (λ1, . . . , λN ) ∈ ZN goes over the family of integral linear
relations

N∑
j=1

λjwj = 0
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among w1, . . . ,wN . We call the A-hypergeometric system as the GKZ hypergeometric system. An
integral representation of a solution of the GKZ hypergeometric system is given by

f(x1, . . . , xN ) =

∫
Σ

tγ11 · · · tγnn e
∑N
j=1 xjt

w1j
1 ···t

wnj
n

dt1
t1
· · · dtn

tn
(0.1.2)

where Σ is a real n-dimensional cycle in Tn. Confer [1, equation (2.6)], [4, section 3] and [8,
Corollary 2 in §4.2].

0.2. The GKZ hypergeometric function over finite fields. Let p be a prime number, q a
power of p, Fq the finite field with q elements, ψ : Fq → Q∗ a nontrivial additive character, and
χ1, . . . , χn : F∗q → Q∗ multiplicative characters. In [7] and [9], Gelfand and Graev define the
hypergeometric function over the finite field to be the function defined by the family of twisted
exponential sums

Hyp(x1, . . . , xN ) =
∑

t1,...,tn∈F∗q

χ1(t1) · · ·χn(tn)ψ
( N∑
j=1

xjt
w1j

1 · · · twnjn

)
,(0.2.1)

where (x1, . . . , xN ) varies in AN (Fq). It is an arithmetic analogue of the expression (0.1.2).
In [5], we introduce the `-adic GKZ hypergeometric sheaf Hyp which is a perverse sheaf on ANFq

such that for any rational point x = (x1, . . . , xN ) ∈ AN (Fq), we have

Hyp(x1, . . . , xN ) = (−1)n+NTr(Frobx,Hypx̄),

where Frobx is the geometric Frobenius at x. In this paper, we study the p-adic counterpart of the
GKZ hypergeometric system. It is a complex of O†-modules with integrable connections and with
Frobenius structures defined on the dagger space ([11]) corresponding to the unit polydisc so that
traces of Frobenius on fibers at Techmüller points are given by Hyp(x1, . . . , xN ).

0.3. The p-adic GKZ hypergeometric complex. For any v = (v1, . . . , vN ) ∈ ZN≥0 and w =

(w1, . . . , wn) ∈ Zn, write
xv = xv11 · · ·x

vN
N , tw = tw1

1 · · · twnn , |v| = v1 + · · ·+ vN .

Let K be a finite extension of Qp containing an element π satisfying

πp−1 + p = 0.

Denote by | · | the p-adic norm on K defined by |a| = p−ordp(a). For each real number r > 0,
consider the algebras

K{r−1x} = {
∑

v∈ZN≥0

avxv : av ∈ K, |av|r|v| are bounded},

K〈r−1x〉 = {
∑

v∈ZN≥0

avxv : av ∈ K, lim
|v|→∞

|av|r|v| = 0}.

They are Banach K-algebras with respect to the norm

‖
∑

v∈ZN≥0

avxv‖r = sup |av|r|v|.

We have K〈r−1x〉 ⊂ K{r−1x}. Elements in K〈r−1x〉 are exactly those power series converging in
the closed polydisc {(x1, . . . , xN ) : xi ∈ Qp, |xi| ≤ r}. Moreover, for any r < r′, we have

K{r′−1x} ⊂ K〈r−1x〉 ⊂ K{r−1x}.
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Let
K〈x〉† =

⋃
r>1

K{r−1x} =
⋃
r>1

K〈r−1x〉.

K{x}† is the ring of over-convergent power series, that is, series converging in closed polydiscs of
radii > 1.

Let ∆ be the convex hull of {0,w1, . . . ,wN} in Rn, and let δ be the convex polyhedral cone
generated by {w1, . . . ,wN}. For any w ∈ δ, define

d(w) = inf{a > 0 : w ∈ a∆}.
We have

d(aw) = ad(w), d(w + w′) ≤ d(w) + d(w′)

whenever a ≥ 0 and w,w′ ∈ δ. There exists an integer d > 0 such that we have d(w) ∈ 1
dZ for all

w ∈ Zn. For any real numbers r > 0 and s ≥ 1, define

L(r, s) = {
∑

w∈Zn∩δ
aw(x)tw : aw(x) ∈ K{r−1x}, ‖aw(x)‖rsd(w) are bounded}

= {
∑

v∈ZN≥0
, w∈Zn∩δ

avwxvtw : avw ∈ K, |avw|r|v|sd(w) are bounded},

L† =
⋃

r>1, s>1

L(r, s).

Note that L(r, s) and L† are rings. Let

F (x, t) =

N∑
j=1

xjt
w1j

1 · · · twnjn ,

Consider the twisted de Rham complex C ·(L†) defined as follows: We set

Ck(L†) = {
∑

1≤i1<···<ik≤n

fi1...ik
dti1
ti1
∧ · · · ∧ dtik

tik
: fi1...ik ∈ L†} ∼= L†(

n
k)

with differential d : Ck(L†)→ Ck+1(L†) given by

d(ω) =
(
tγ11 · · · tγnn exp(πF (x, t))

)−1

◦ dt ◦
(
tγ11 · · · tγnn exp(πF (x, t))

)
(ω)

= dtω +

n∑
i=1

(
γi + π

N∑
j=1

wijxjt
wj
)dti
ti
∧ ω

for any ω ∈ Ck(L†), where dt is the exterior derivative with respect to the t variable. For each
j ∈ {1, . . . , N}, define ∇ ∂

∂xj

: C ·(L†)→ C ·(L†) by

∇ ∂
∂xj

(ω) =
(
tγ11 · · · tγnn exp(πF (x, t))

)−1

◦ ∂

∂xj
◦
(
tγ11 · · · tγnn exp(πF (x, t))

)
=

∂ω

∂xj
+ πtwjω.

Since ∂
∂xj

commutes with dt, ∇ ∂
∂xj

commutes with d : Ck(L†) → Ck+1(L†). We have integrable
connections

∇ : C ·(L†)→ C ·(L†)⊗K〈x〉† Ω1
K〈x〉†
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defined by

∇(ω) =

N∑
j=1

∇ ∂
∂xj

(ω)⊗ dxj ,

where Ω1
K〈x〉† is the free K{x}†-module with basis dx1, . . . ,dxN .

Consider the lifting of the Frobenius correspondence in the variable t defined by

Φ(f(x, t)) = f(x, tq).

One verifies directly that Φ(L(r, s)) ⊂ L(r, q
√
s) and hence Φ(L†) ⊂ L†. It induces maps Φ :

Ck(L†)→ Ck(L†) on differential forms commuting with dt:

Φ
( ∑

1≤i1<···<ik≤n

fi1...ik(x, t)
dti1
ti1
∧ · · · ∧ dtik

tik

)
=

∑
1≤i1<···<ik≤n

qkfi1...ik(x, tq)
dti1
ti1
∧ · · · ∧ dtik

tik

Suppose furthermore that γ1, . . . , γn ∈ 1
1−qZ and (γ1, . . . , γn) ∈ δ. Consider the maps F :

Ck(L†)→ Ck(L†) defined by

F =
(
tγ11 · · · tγnn exp(πF (x, t))

)−1

◦ Φ ◦
(
tγ11 · · · tγnn exp(πF (xq, t))

)
(0.3.1)

=
(
t
γ1(q−1)
1 · · · tγn(q−1)

n exp
(
πF (xq, tq)− πF (x, t)

))
◦ Φ.(0.3.2)

Even though tγ11 · · · tγnn exp(πF (x, t)) does not lie in L† and multiplication by it does not define an
endomorphism on C ·(L†), the next Lemma 0.4 (i) shows that tγ1(q−1)

1 · · · tγn(q−1)
n exp

(
πF (xq, tq)−

πF (x, t)
)
lie in L†, and hence the expression (0.3.2) shows that F defines endomorphism on each

Ck(L†).

Lemma 0.4.
(i) tγ1(q−1)

1 · · · tγn(q−1)
n exp

(
πF (xq, tq)−πF (x, t)

)
and tγ1(1−q)

1 · · · tγn(1−q)
n exp

(
πF (x, t)−πF (xq, tq)

)
lie in L(r, r−1p

p−1
pq ) for any 0 < r ≤ p

p−1
pq .

(ii) Let C(1)·(L†) be the twisted de Rham complex so that C(1),j(L†) = Cj(L†) for each k, and
d(1) : C(1),k → C(1),k+1 is given by

d(1) =
(
tγ11 · · · tγnn exp(πF (xq, t))

)−1

◦ dt ◦
(
tγ11 · · · tγnn exp(πF (xq, t))

)
= dt +

n∑
i=1

(
γi + π

N∑
j=1

wijx
q
jt

wj
)dti
ti
.

Let ∇(1) be the connection on C(1)·(L†) defined by

∇(1)
∂
∂xj

=
(
tγ11 · · · tγnn exp(πF (xq, t))

)−1

◦ ∂

∂xj
◦
(
tγ11 · · · tγnn exp(πF (xq, t))

)
=

∂

∂xj
+ qπxq−1

j twj .

Then F defines a horizontal morphism of complexes of K〈x〉†-modules with connections

F : (C(1)·(L†),∇(1))→ (C ·(L†),∇).
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(iii) Let E(0, 1)N be the closed unit polydisc with the dagger structure sheaf ([11]) associated to
the algebra K〈x〉†, and let Fr be the lifting

Fr : E(0, 1)N → E(0, 1)N , (x1, . . . , xN )→ (xq1, . . . , x
q
N )

of the geometric Frobenius correspondence. We have an isomorphism

Fr∗(C ·(L†),∇) ∼= (C(1)·(L†),∇(1)).

Proof. (i) Write exp(πz−πzq) = 1+
∑∞
i=1 ciz

i. We have |ci| ≤ p−
p−1
pq i by [15, Theorem 4.1]. Write

exp(πzq − πz) = 1− (

∞∑
i=1

ciz
i) + (

∞∑
i=1

ciz
i)2 − · · ·

= 1 +

∞∑
i=1

c′iz
i.

Then we also have the estimate |c′i| ≤ p
− p−1

pq i. For the monomial xjtwj , we have

exp
(
π(xjt

wj )q − πxjtwj
)

=

∞∑
i=0

c′ix
i
jt
iwj ,

‖c′ixij‖r ≤ p
− p−1

pq iri =
(
r−1p

p−1
pq

)−i
≤
(
r−1p

p−1
pq

)−d(iwj)

Here for the last inequality, we use the fact that d(iwj) ≤ i and the assumption that r ≤
p
p−1
pq . So we have exp

(
π(xjt

wj )q − πxjt
wj
)
∈ L(r, r−1p

p−1
pq ). Since r−1p

p−1
pq ≥ 1, the space

L(r, r−1p
p−1
pq ) is a ring. So tγ1(q−1)

1 · · · tγn(q−1)
n exp

(
πF (xq, tq) − πF (x, t)

)
lies in L(r, r−1p

p−1
pq ).

Similarly tγ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (x, t)− πF (xq, tq)

)
lies in L(r, r−1p

p−1
pq ).

(ii) Using the fact that Φ ◦ dt = dt ◦ Φ and Φ ◦ ∂
∂xj

= ∂
∂xj
◦ Φ, one checks that F ◦ d(1) = d ◦ F

and F ◦ ∇(1) = ∇ ◦ F.
(iii) Consider the K-algebra homomorphism

K〈y1, . . . , yN 〉† → K〈x1, . . . , xN 〉†, yj 7→ xqj .

This makes K〈x〉† a finite K〈y〉†-algebra. We have a canonical isomorphism

L̃† ⊗K〈y〉† K〈x〉†
∼=→ L†,

where L̃† is defined in the same way as L† except that we change the variables from xj to yj .
The connection ∇ on L̃† defines a connection on L̃† ⊗K〈y〉† K〈x〉† via the Leibniz rule. Via the
above isomorphism, it defines the connection Fr∗∇ on L†. Let’s verify that it coincides with the
connection ∇(1) on L†. Any element in L† can be written as a finite sum of elements of the form
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f(x)g(y, t) with f(x) ∈ K[x] and g(y, t) ∈ L̃†. By the Leibniz rule, we have

(Fr∗∇) ∂
∂xj

(f(x)g(y, t)) =
∂

∂xj
(f(x))g(y, t) + f(x)

(
∇(g(y, t)),

∂

∂xj

)
=

∂

∂xj
(f(x))g(y, t) + f(x)

(∑
m

∇ ∂
∂ym

(g(y, t))dym,
∂

∂xj

)
=

∂

∂xj
(f(x))g(y, t) + f(x)∇ ∂

∂yj

(g(y, t))qxq−1
j

=
∂

∂xj
(f(x))g(y, t) + f(x)

( ∂

∂yj
(g(y, t)) + πtwjg(y, t)

)
qxq−1
j

=
∂

∂xj
(f(x))g(y, t) + f(x)

∂

∂xj
(g(y, t)) + qπxq−1

j twjf(x)g(y, t)

=
∂

∂xj

(
f(x)g(y, t)

)
+ qπxq−1

j twjf(x)g(y, t)

= ∇(1)(f(x)g(y, t)).

This proves our assertion. Similarly, one verifies that the connection Fr∗∇ on Fr∗Cj(L̃†) can be
identified with the connection ∇(1) on C ·(L†). �

Definition 0.5. Suppose γ1, . . . , γn ∈ 1
1−qZ and (γ1, . . . , γn) ∈ δ. The p-adic GKZ hypergeometric

complex is defined to be the tuple (C ·(L†),∇, F ) consisting of the complex C ·(L†) ofK〈x〉†-module
modules with the connection ∇ and the horizontal morphism F : Fr∗(C ·(L†),∇)→ (C ·(L†),∇).

0.6. The GKZ hypergeometric D†-module. Let

D† =
⋃

r>1, s>1

{
∑

v∈ZN≥0

fv(x)
∂v

π|v|
: fv(x) ∈ K{r−1x}, ‖fv(x)‖rs|v| are bounded},

where for any v = (v1, . . . , vN ) ∈ ZN≥0, we set ∂
v = ∂v1+···+vN

∂x
v1
1 ···∂x

vN
N

. D† is a ring of differential operators

possibly of infinite orders. This D† is also used in [14]. Let D†PN ,Q(∞) be the sheaf of differential
operators of finite level and of infinite order on the formal projective space PN over the integer
ring of K with over-convergent poles along the ∞ divisor. For the definition of this sheaf, see [3].
By [13], we have

Γ(PN ,D†PN ,Q(∞)) =
⋃

r>1, s>1

{
∑

v∈ZN≥0

fv(x)
∂v

v!
: fv(x) ∈ K{r−1x}, ‖fv(x)‖rs|v| are bounded},

where v! = v1! · · · vN !. In section 1, we prove the following proposition.

Proposition 0.7. We have D† = Γ(PN ,D†PN ,Q(∞)).

In particular, by the result in [13], D† is a coherent ring. Let ∂
∂xj
∈ D† act via ∇ ∂

∂xj

. Then L†

is a left D†-module, and the twisted de Rham complex C ·(L†) is a complex of D†-modules. The
cohomology groups Hk(C ·(L†)) are also left D†-modules.

Let

C(A) = {k1w1 + · · ·+ kNwN : ki ∈ Z≥0},

L†′ =
⋃

r>1, s>1

{
∑

w∈C(A)

aw(x)tw : aw(x) ∈ K{r−1x}, ‖aw(x)‖rsd(w) are bounded}.
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C(A) is a submonoid of Zn ∩ δ, and L†′ is both a subring and a D-submodule of L†. Let

Ck(L†′) = {
∑

1≤i1<···<ik≤n

fi1...ik
dti1
ti1
∧ · · · ∧ dtik

tik
: fi1...ik ∈ L†′} ∼= L†′(

n
j).

Note that d : Ck(L†) → Ck+1(L†) (resp. ∇ ∂
∂xj

) maps Ck(L†′) to Ck+1(L†′) (resp. Ck(L†′)). So

C ·(L†′) is a subcomplex of D†-modules of C ·(L†). Let

Fi,γ = ti
∂

∂ti
+ γi + π

N∑
j=1

wijxjt
wj .

It follows from the definition of the twisted de Rham complex that the homomorphism

L†′ → Cn(L†′), f 7→ f
dt1
t1
∧ · · · ∧ dtn

tn

induces an isomorphism

L†′/

n∑
i=1

Fi,γL
†′ ∼= Hn(C ·(L†′)).

Let’s give an explicit presentation of the D†-module Hn(C ·(L†′)). Let

Λ = {λ = (λ1, . . . , λN ) ∈ ZN :

N∑
j=1

λjwj = 0},

�λ =
∏
λj>0

(
1

π

∂

∂xj

)λj
−
∏
λj<0

(
1

π

∂

∂xj

)−λj
(λ ∈ Λ)

Ei,γ =

N∑
j=1

wijxj
∂

∂xj
+ γi (i = 1, . . . , n),

Consider the map

ϕ : D† → L†′,
∑

v∈ZN≥0

fv(x)
∂v

π|v|
7→ (

∑
v∈ZN≥0

fv(x)
∂v

π|v|
) · 1 =

∑
v∈ZN≥0

fv(x)tv1wN+···+vNwN .

It is a homomorphism of D†-modules. In §1, we prove the following theorems.

Theorem 0.8. ϕ induces isomorphisms

D†/
∑
λ∈Λ

D†�λ
∼=→ L†′,

D†/(
n∑
i=1

D†Ei,γ +
∑
λ∈Λ

D†�λ)
∼=→ L†′/

n∑
i=1

Fi,γL
†′ ∼= Hn(C ·(L†′)).

Moreover, there exist finitely many µ(1), . . . , µ(m) ∈ Λ such that
m∑
i=1

D†�µ(i) =
∑
λ∈Λ

D†�λ.

Theorem 0.9. C ·(L†) and C ·(L†′) are complexes of coherent D†-modules.
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Definition 0.10. The GKZ hypergeometric D†-module is defined to be the left D†-module

D†/(
n∑
i=1

D†Ei,γ +
∑
λ∈Λ

D†�λ) ∼= Hn(C ·(L†′)).

The GKZ hypergeometric D†-module is the p-adic analogue of the (complex) hypergeometric
D-module ([1]) associated to the GKZ hypergeometric system of differential equations (0.1.1).

0.11. Fibers of the GKZ hypergeometric complex. Let a = (a1, . . . , aN ) be a point in the
closed unit polydisc E(0, 1), where ai ∈ K ′ for some finite extension K ′ of K. Let’s specialize at
x = a, that is, apply the functor - ⊗K〈x〉† K ′, where K ′ is regarded as a K〈x〉†-algebra via the
homomorphism

K〈x〉† → K ′, xi 7→ ai.

Let

L†0 =
⋃
s>1

{
∑

w∈Zn∩δ
awt

w : aw ∈ K ′, |aw|sd(w) are bounded}.

In section 1, we prove the following.

Lemma 0.12. L† is flat over K〈x〉† and

L† ⊗K〈x〉† K ′ ∼= L†0.

Consider the twisted de Rham complex C ·(L†0) defined as follows: We set

Ck(L†0) = {
∑

1≤i1<···<ik≤n

fi1...ik
dti1
ti1
∧ · · · ∧ dtik

tik
: fi1...ik ∈ L

†
0} ∼= L

†(nk)
0

with differential d : Ck(L†0)→ Ck+1(L†0) given by

d(ω) =
(
tγ11 · · · tγnn exp(πF (a, t))

)−1

◦ dt ◦
(
tγ11 · · · tγnn exp(πF (a, t))

)
(ω)

= dtω +

n∑
i=1

(
γi + π

N∑
j=1

wijajt
wj
)dti
ti
∧ ω

for any ω ∈ Ck(L†0). By Lemma 0.12, we have the following corollary.

Corollary 0.13. In the derived category of complexes of K〈x〉†-modules, we have

C ·(L†)⊗LK〈x〉† K
′ ∼= C ·(L†0).

The specialization of Φ at a is the lifting of the Frobenius correspondence defined by

Φa : L†0 → L†0, f(t) 7→ f(tq).

It induces the maps Φa : Ck(L†)→ Ck(L†) on differential forms commuting with dt:

Φa

( ∑
1≤i1<···<ik≤n

fi1...ik(t)
dti1
ti1
∧ · · · ∧ dtik

tik

)
=

∑
1≤i1<···<ik≤n

qkfi1...ij (t
q)

dti1
ti1
∧ · · · ∧ dtik

tik

The specialization of F : C ·(L†)→ C ·(L†) at a is given by

Fa =
(
tγ11 · · · tγnn exp(πF (a, t))

)−1

◦ Φa ◦
(
tγ11 · · · tγnn exp(πF (aq, t))

)
=

(
t
γ1(q−1)
1 · · · tγn(q−1)

n exp
(
πF (aq, tq)− πF (a, t)

))
◦ Φa.
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By Lemma 0.4 (i), tγ1(q−1)
1 · · · tγn(q−1)

n exp
(
πF (aq, tq) − πF (a, t)

)
lie in L†0, and hence Fa defines

an endomorphism on each Ck(L†0).
From now on, we assume that a is a Techmüller point, that is, aqj = aj (j = 1, . . . , N). Then a

is a fixed point of Fr. In this case Fa : C ·(L†0) → C ·(L†0) commutes with d : Cj(L†0) → Cj+1(L†0)
and hence is a chain map.

Consider the operator Ψa : L†0 → L†0 defined by

Ψa(
∑
w

cwtw) =
∑
w

cqwtw.

We extend it to differential forms by

Ψa

( ∑
1≤i1<···<ik≤n

fi1...ik(t)
dti1
ti1
∧ · · · ∧ dtik

tik

)
=

∑
1≤i1<···<ik≤n

q−kΨa(fi1...ij (t))
dti1
ti1
∧ · · · ∧ dtik

tik
.

It commutes with dt. Let Ga : C ·(L†0)→ C ·(L†0) be the map defined by

Ga =
(
tγ11 · · · tγnn exp(πF (a, t))

)−1

◦Ψa ◦
(
tγ11 · · · tγnn exp(πF (a, t))

)
= Ψa ◦

(
t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)− πF (aa, tq)

))
.

Here by Lemma 0.4 (i), tγ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t) − πF (a, tq)

)
lies in L†0 and hence Ga

defines an operator on C ·(L†0). Then Ga commutes with d : Ck(L†0) → Ck+1(L†0). We thus get a
chain map Ga : C ·(L†0)→ C ·(L†0).

Lemma 0.14. We have Ga ◦ Fa = id and Fa ◦ Ga is homotopic to id. In particular, Fa and Ga

induce isomorphisms on H ·(C ·(L†0)).

In section 3, we show that each Ga : Ck(L†0) → Ck(L†0) is a nuclear operator and hence the
homomorphism on each Hk(C ·(L†0)) induced by Ga is also nuclear. We can talk about their traces
and characteristic power series. But Fa does not have this property. Let

Tr
(
Ga, C

·(L†0)
)

=

n∑
k=0

(−1)kTr
(
Ga, C

k(L†0)
)

=

n∑
k=0

(−1)kTr
(
Ga, H

k(C ·(L†0))
)

=

n∑
k=0

(−1)kTr
(
F−1
a , Hk(C ·(L†0))

)
,

det
(
I − TGa, C

·(L†0)
)

=

n∏
k=0

det
(
I − TGa, C

k(L†0)
)(−1)k

=

n∏
k=0

det
(
I − TGa, H

k(C ·(L†0))
)(−1)k

=

n∏
k=0

det
(
I − TF−1

a , Hk(C ·(L†0))
)(−1)k

.

Let χ : F∗q → Qp be the Techmüller character which maps each u in F∗q to its Techmüller lifting.
By [15, Theorems 4.1 and 4.3], the formal power series θ(z) = exp(πz − πzp) converges in a disc
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of radius > 1, and its value θ(1) at z = 1 is a primitive p-th root of unity in K. Let ψ : Fq → K∗

be the additive character defined by

ψ(ā) = θ(1)TrFq/Fp (ā)

for any ā ∈ Fq. Let āj ∈ Fq be the residue class aj mod p, let

Sm(F (ā, t))

=
∑

ū1,...,ūn∈F∗qm

χ1(NormFmq /Fq (ū1)) · · ·χn(NormFmq /Fq (ūn))ψ
(

TrFqm/Fq

( N∑
j=1

āj ū
w1j

1 · · · ūwnjn

))
be the twisted exponential sums for the multiplicative characters χi = χ(1−q)γi , the nontrivial
additive character ψ : Fq → C∗p, and the polynomial F (ā, t), and let

L(F (ā, t), T ) = exp
( ∞∑
m=1

Sm(F (ā, t))
Tm

m

)
be the L-function for the twisted exponential sums. The following theorem is well-known in Dwork’s
theory. Its proof is given in section 2 for completeness.

Theorem 0.15. Suppose γ1, . . . , γn ∈ 1
1−qZ, γ = (γ1, . . . , γn) ∈ δ, and suppose K ′ contains all

(q − 1)-th root of unity. Let a = (a1, . . . , an) be a Techmüller point, that is, aqj = aj. Then each
Ga : Ck(L†0)→ Ck(L†0) is nuclear. Moreover, we have

Sm(F (ā, t)) = Tr
(
(qnGa)m, C·(L†0)

)
=

n∑
k=0

(−1)kTr
(
(qnF−1

a )m, Hk(C ·(L†0))
)
,

L(F (ā, t), T ) = det
(
I − qnTGa, C

·(L†0)
)−1

=

n∏
k=0

det
(
I − qnTF−1

a , Hk(C ·(L†0))
)(−1)k+1

,

In [2], Adolphson shows that L(F (ā, t), T ) depends analytically on the parameters a and γ.

0.16. The GKZ hypergeometric F -crystal. It follows from the definition of the twisted de
Rham complex that the homomorphism

L† → Cn(L†), f 7→ f
dt1
t1
∧ · · · ∧ dtn

tn
induces an isomorphism

L†/

n∑
i=1

Fi,γL
† ∼= Hn(C ·(L†)).

∇ defines a connection on Hn(C ·(L†)), and F defines a horizontal morphism

F : Fr∗(Hn(C ·(L†)),∇)→ (Hn(C ·(L†)),∇).

Let U be the affinoid subdomain of the closed unit polydisc E(0, 1)N parametrizing those points
a = (a1, . . . , aN ) so that F (ā, t) =

∑N
j=1 ājt

wj is non-degenerate in the sense that for any face τ
of ∆ not containing the origin, the system of equations

∂

∂t1
Fτ (ā, t) = · · · = ∂

∂tn
Fτ (ā, t) = 0
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has no solution in (F∗p)n, where Fτ (ā, t) =
∑

wj∈τ ājt
wj . When restricted to U , we have

Hk(C ·(L†)) = 0

for k 6= n, and Hn(C ·(L†)) defines a vector bundle on U of rank n!vol(∆). Denote this vector
bundle by Hyp.

Definition 0.17. We define the GKZ hypergeometric crystal to be (Hyp,∇, F ).

Let a = (a1, . . . , aN ) be a point in U with coordinates in K ′, and let Hyp(a) be the fiber of Hyp
at a. By Corollary 0.13, the fact Ck(L†) = 0 for k > n, and the fact that − ⊗K〈x〉† K ′ is right
exact, we have

Hn(C ·(L†))⊗K〈x〉† K ′ ∼= Hn(C ·(L†0)).

So we have

Hyp(a) ∼= L†0/

n∑
i=1

Fi,γ,aL
†
0,

where Fi,γ,a = ti
∂
∂ti

+ γi + π
∑N
j=1 wijajt

wj . If a is a Techmüller point, then we have

Sm(F (ā, t)) = (−1)nTr
(
(qnF−1

a )m,Hyp(a)
)
,

L(F (ā, t), T ) = det
(
I − qnTF−1

a ,Hyp(a)
)(−1)n−1

.

Let a = (a1, . . . , aN ) and b = (b1, . . . , bN ) be points in U with coordinates in K ′, and let

Ta,b : Hyp(a)
∼=→ Hyp(b)

be the parallel transport for Hyp. It is well-defined if |bi − ai| < 1 for all i. It can be described as
follows: For any formal power series f(t) ∈ Qp[[Zn ∩ δ]], we have

∇ ∂
∂xj

(
exp(−πF (x, t))f(t)

)
= exp(−πF (x, t)) ◦ ∂

∂xj
◦ exp(πF (x, t))

(
exp(−πF (x, t))f(t)

)
= 0.

So exp(−πF (x, t))f(t) is horizontal with respect to ∇. But it is only a formal horizontal section
since it may not lie in L†. Formally, Ta,b maps exp(−πF (a, t))f(t) to exp(−πF (b, t))f(t). So
Ta,b : Hyp(a)

∼=→ Hyp(b) can be identified with the isomorphism

Ta,b : L†0/

n∑
i=1

Fi,γ,aL
†
0 → L†0/

n∑
i=1

Fi,γ,bL
†
0, g(t) 7→ exp

(
πF (a, t)− πF (b, t)

)
g(t).

This is well-defined if |bi − ai| < 1 for all i since we then have exp
(
πF (a, t)− πF (b, t)

)
∈ L†0.

Since F : Fr∗(Hyp,∇)→ (Hyp,∇) is a horizontal morphism, we have a commutative diagram

Hyp(aq)
Taq,xq→ Hyp(xq)

Fa ↓ ↓ Fx

Hyp(a)
Ta,x→ Hyp(x).

Let {e1(x), . . . , eM (x)} be a local basis for Hyp over U . Write

(qnF−1
x )

(
e1(x), . . . , eM (x)

)
= (e1(xq), . . . , eM (xq))Q(x),

Ta,x(e1(a), . . . , eM (a)) = (e1(x), . . . , eM (x))P (x)
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where P (x) and Q(x) are matrices of power series. Then we have

Q(x) = P (xq)Q(a)P (x)−1

and hence

(−1)nSm(F (x̄, t)) = Tr
(
(P (xq)Q(a)P (x)−1)m

)
,(0.17.1)

L(F (x̄, t), T )(−1)n+1

= det
(
I − TP (xq)Q(a)P (x)−1

)
(0.17.2)

whenever xq−1
j = 1 and aq−1

j = 1. Write

∇ ∂
∂xj

(
e1(x), . . . , eM (x)

)
= (e1(x), . . . , eM (x))Aj(x).

As ∇ ∂
∂xj

(Ta,x(ek(a))) = 0 for all k, P (x) satisfies the system of differential equations

∂

∂xj
(P (x)) +Aj(x)P (x) = 0.(0.17.3)

Equations (0.17.1)-(0.17.3) give formulas for calculating the exponential sums and the L-function
using a solution of a system of differential equations.

1. D†-modules

Lemma 1.1. Let m be a positive integer and let

m = a0 + a1p+ a2p
2 + · · ·

be its p-expansion, where 0 ≤ ai ≤ p− 1 for all i. Define

σ(m) = a0 + a1 + a2 + · · · .

(i) We have

ordp

(πm
m!

)
=
σ(m)

p− 1
.

(ii) For any real number ε > 0, there exists δ > 0 such that

σ(m) ≤ εm+ δ.

Proof. (i) We have

ordp(m!) =
[m
p

]
+
[m
p2

]
+ · · ·

= (a1 + a2p+ · · · ) + (a2 + a3p+ · · · ) + · · ·
= a1 + a2(1 + p) + a3(1 + p+ p2) + · · ·

=
a1(p− 1)

p− 1
+
a2(p2 − 1)

p− 1
+
a3(p3 − 1)

p− 1
+ · · ·

=
m− σ(m)

p− 1
.

So we have

ordp

(πm
m!

)
=

m

p− 1
− m− σ(m)

p− 1
=
σ(m)

p− 1
.

(ii) Choose M sufficiently large so that for any x ≥M , we have

(p− 1)(x+ 1) ≤ εpx.
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Let
m = a0 + a1p+ · · ·+ alp

l

be the expansion of m, where 0 ≤ ai ≤ p − 1 and al 6= 0. If m ≥ pM , then we have l ≥ M and
hence (p− 1)(l + 1) ≤ εpl. So we have

σ(m) = a0 + a1 + · · ·+ al ≤ (p− 1)(l + 1) ≤ εpl ≤ εm

for any m ≥ pM . Take δ = max(σ(1), . . . , σ(pM )). Then we have σ(m) ≤ εm+ δ for all m. �

1.2. Proof of Proposition 0.7. Set

B† =
⋃

r>1, s>1

{
∑

v∈ZN≥0

fv(x)
∂v

v!
: fv(x) ∈ K{r−1x}, ‖fv(x)‖rs|v| are bounded}.

Let’s prove B† = D†. Given
∑

v∈ZN≥0
fv(x)∂

v

v!
in B†, choose real numbers r > 1, s > 1 and C > 0

such that
‖fv(x)‖rs|v| ≤ C.

We have ∑
v∈ZN≥0

fv(x)
∂v

v!
=
∑

v∈ZN≥0

(
fv(x)

π|v|

v!

) ∂v
π|v|

.

By Lemma 1.1 (i), we have ordp

(
π|v|

v!

)
≥ 0. Hence∥∥∥fv(x)

π|v|

v!

∥∥∥
r
s|v| ≤ ‖fv(x)‖rs|v| ≤ C.

So
∑

v∈ZN≥0
fv(x)∂

v

v!
lies in D†.

Conversely, given
∑

v∈ZN≥0
fv(x) ∂v

π|v|
in D†, choose real numbers r > 1, s > 1 and C > 0 such

that
‖fv(x)‖rs|v| ≤ C.

We have ∑
v∈ZN≥0

fv(x)
∂v

π|v|
=
∑

v∈ZN≥0

(
fv(x)

v!

π|v|

)∂v
v!
.

Choose ε > 0 so that
s > p

ε
p−1 ,

and choose δ as in Lemma 1.1 (ii). We have

ordp

(π|v|
v!

)
≤ ε|v|+ δn

p− 1
.

Let s′ = sp−
ε

p−1 > 1 and let C ′ = Cp
δn
p−1 . We have∥∥∥fv(x)

v!

π|v|

∥∥∥
r
s′|v| ≤ ‖fv(x)‖rp

ε|v|+δn
p−1 s′|v|

= ‖fv(x)‖rs|v|p
δn
p−1

≤ C ′.

So
∑

v∈ZN≥0
fv(x)∂

v

v!
lies in B†.
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Lemma 1.3. Let S be any subset of Zn≥0. There exists a finite subset S0 of S such that S ⊂⋃
v∈S0

(v + Zn≥0).

Proof. We use induction on n. When n = 1, we have S ⊂ v+Z≥0, where v is the minimal element
in S ⊂ Z≥0. Suppose the assertion holds for any subset of Zn≥0, and let S be a subset of Zn+1

≥0 . If
S is empty, our assertion holds trivially. Otherwise, we fix an element a = (a1, . . . , an+1) in S. For
any i ∈ {1, . . . , n+ 1} and any 0 ≤ bi ≤ ai, let

Si,bi = {(c1, . . . , cn+1) ∈ S : ci = bi}.
By the induction hypothesis, there exists a finite subset Ti,bi ⊂ Si,bi such that

Si,bi ⊂
⋃

v∈Ti,bi

(v + Zn+1
≥0 ).

We have

S ⊂
( ⋃

1≤i≤n+1

⋃
0≤bi≤ai

Si,bi

)⋃
(a + Zn+1

≥0 )

⊂
( ⋃

1≤i≤n+1

⋃
0≤bi≤ai

⋃
v∈Ti,bi

(v + Zn+1
≥0 )

)⋃
(a + Zn+1

≥0 ).

We can take S0 =
⋃

1≤i≤n+1

⋃
0≤bi≤ai Ti,bi

⋃
{a}. �

Lemma 1.4.
(i) The ring homomorphism

φ : K〈x,y〉† → L†′,
∑

v∈ZN≥0

fv(x)yv 7→
∑

v∈ZN≥0

fv(x)tv1wN+···+vNwN

is surjective, where y = (y1, . . . , yN ) and

K〈x,y〉† =
⋃

r>1, s>1

{
∑

v∈ZN≥0

fv(x)yv : fv(x) ∈ K{r−1x} and ‖fv(x)‖rs|v| is bounded}.

(ii) The homomorphism of D†-modules

ϕ : D† → L†′,
∑

v∈ZN≥0

fv(x)
∂v

π|v|
7→ (

∑
v∈ZN≥0

fv(x)
∂v

π|v|
) · 1 =

∑
v∈ZN≥0

fv(x)tv1wN+···+vNwN

is surjective.

Proof. Decompose ∆ into a finite union
⋃
τ τ so that each τ is a simplicial complex of dimension

n with vertices {0,wi1 , . . . ,win} for some subset {i1, . . . , in} ⊂ {1, . . . , N}. For each τ , let δ(τ) be
the cone generated by τ , and let

B(τ) = Zn ∩ {c1wi1 + · · ·+ cnwin : 0 ≤ ci ≤ 1},
C(τ) = {k1wi1 + · · ·+ knwin : ki ∈ Z≥0}.

Being a discrete bounded set, B(τ) is finite. Every element w ∈ Zn ∩ δ(τ) can be written uniquely
as

w = b(w) + c(w)

with b(w) ∈ B(τ) and c(w) ∈ C(τ). So we have Zn ∩ δ(τ) =
⋃

w∈B(τ)(w + C(τ)), and hence

C(A) =
⋃
τ

(C(A) ∩ δ(τ)) =
⋃
τ

⋃
w∈B(τ)

(
C(A) ∩ (w + C(τ))

)
.
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For each C(A) ∩ (w + C(τ)), the map

Zn≥0 → w + C(τ), (k1, . . . , kn) 7→ w + k1wi1 + · · ·+ knwin

is a bijection. Applying Lemma 1.3 to the inverse image of C(A)∩ (w +C(τ)), we can find finitely
many u1, . . . ,um ∈ C(A) ∩ (w + C(τ)) such that

C(A) ∩ (w + C(τ)) =

m⋃
i=1

(ui + C(τ)).

We thus decompose C(A) into a finite union of subsets of the form u+C(τ) such that τ is a simplicial
complex of dimension n with vertices {0,wi1 , . . . ,win} for some subset {i1, . . . , in} ⊂ {1, . . . , N},
and u ∈ C(A) ∩ (w + C(τ)) for some w ∈ B(τ). Elements in L†′ is a sum of elements of the form∑

w∈u+C(τ) aw(x)tw, where aw(x) ∈ K{r−1x} and ‖aw(x)‖rsd(w) are bounded for some r, s > 1.
To prove φ : K〈x,y〉† → L†′ is surjective, it suffices to show

∑
w∈u+C(τ) aw(x)tw lies in the image

of φ. Write u = c1w1 + · · ·+ cNwN , where ci ∈ Z≥0. A preimage for
∑

w∈u+C(τ) aw(x)tw is∑
v1,...,vn≥0

au+v1wi1+···+vnwin (x)y
ci1+v1
i1

· · · ycin+vn
in

∏
j∈{1,...,N}−{i1,...,in}

y
cj
j .

Here to verify this element lies in K〈x,y〉†, we use the fact that

d(u + v1wi1 + · · ·+ vnwin) = d(u) + v1 + · · ·+ vn

since u,wi1 , . . . ,win all lie in the simplicial cone δ(τ). This prove φ : K〈x,y〉† → L†′ is surjective.
It implies that ϕ : D† → L†′ is also surjective. �

1.5. Proof of Theorem 0.8. We have shown that ϕ is surjective in the proof of Lemma 1.4.
The ring D = K

[
∂
∂x1

, . . . , ∂
∂xN

]
of algebraic differential operators with constant coefficients is

isomorphic to the polynomial ring and is noetherian. So we can finitely many µ(1), . . . , µ(m) ∈ Λ
such that �µ(1) , . . . ,�µ(m) generate the ideal

∑
λ∈ΛD�λ of D. Then they also generate the left

ideal
∑
λ∈ΛD†�λ of D†. Suppose

∑
v fv(x) ∂v

π|v|
lies in the kernel of ϕ, that is,∑

v

fv(x)tv1w1+···+vNwN = 0,

where fv(x) ∈ K{r−1x} and ‖fv(x)‖rs|v| are bounded for some r, s > 1. For each w ∈ C(A), let

Sw = {v ∈ Zn≥0 : w = v1w1 + · · ·+ vNwN}.

Then we have ∑
v∈Sw

fv(x) = 0.

For each nonempty Sw, fix an element v(0) = (v
(0)
1 , . . . , v

(0)
N ) ∈ Sw. For any v ∈ Sw, let λv =

v − v(0). We have λv ∈ Λ. Write

�λv = Pv,1�µ(1) + · · ·+ Pv,m�µ(m)



16 LEI FU, DAQING WAN AND HAO ZHANG

for some differential operators Pv,1, . . . , Pv,m ∈ D. We have

∂v

π|v|
− ∂v

(0)

π|v(0)| =
∂min(v,v(0))

π
∑
j min(vj ,v

(0)
j )

( ∏
vj>v

(0)
j

( 1

π

∂

∂xj

)vj−v(0)j − ∏
vj<v

(0)
j

( 1

π

∂

∂xj

)v(0)j −vj)

=
∂min(v,v(0))

π
∑
j min(vj ,v

(0)
j )

�λv

=
∂min(v,v(0))

π
∑
j min(vj ,v

(0)
j )

(Pv,1�µ(1) + · · ·+ Pv,m�µ(m)),∑
v

fv(x)
∂v

π|v|
=

∑
w∈C(A)

∑
v∈Sw

fv(x)
∂v

π|v|

=
∑

w∈C(A)

∑
v∈Sw

fv(x)
( ∂v
π|v|
− ∂v

(0)

π|v(0)|

)

=
∑

w∈C(A)

∑
v∈Sw

fv(x)
∂min(v,v(0))

π
∑
j min(vj ,v

(0)
j )

(Pv,1�µ(1) + · · ·+ Pv,m�µ(m))

=

m∑
k=1

( ∑
w∈C(A)

∑
v∈Sw

fv(x)
∂min(v,v(0))

π
∑
j min(vj ,v

(0)
j )

Pv,k

)
�µ(k)

One can verify that ϕ(�λ) = 0 for all λ ∈ Λ. So we have

kerϕ =

m∑
k=1

D†�µ(k) =
∑
λ∈Λ

D†�λ.

For any gi ∈ L†′ (i = 1, . . . , n), choose Pi ∈ D† such that ϕ(Pi) = gi. One can check directly
that Ei,γ(1) = Fi,γ(1). Moreover, Fi,γ commutes with each ∇ ∂

∂xj

and hence with Pi. So we have

ϕ(
∑
i

PiEi,γ) =
∑
i

PiEi,γ(1) =
∑
i

PiFi,γ(1) =
∑
i

Fi,γPi(1) =
∑
i

Fi,γϕ(Pi) =
∑
i

Fi,γgi.

So we have
ϕ(
∑
i

D†Ei,γ) =
∑
i

Fi,γL
†′.

Together with the fact that ϕ is surjective and kerϕ =
∑
λ∈ΛD†�λ, we get

D†/
∑
λ∈Λ

D†�λ ∼= L†′, D†/(
n∑
i=1

D†Ei,γ +
∑
λ∈Λ

D†�λ) ∼= L†′/

n∑
i=1

Fi,γL
†′.

1.6. Proof of Theorem 0.9. It is known that D† is coherent ([13]). So by Theorem 0.8, L†′ is a
coherent D†-module.

Keep the notation in the proof of Lemma 1.4. Decompose ∆ into a finite union
⋃
τ τ so that

each τ is a simplicial complex of dimension n with vertices {0,wi1 , . . . ,win} for some subset
{i1, . . . , in} ⊂ {1, . . . , N}. Let B =

⋃
τ B(τ) which is a finite set. Consider the map

ψ :
⊕
β∈B

L†′ → L†, (fβ) 7→
∑
β∈B

fβtβ .
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Note that this a homomorphism of D†-modules. We will prove ψ is surjective and kerψ is a finitely
generated D†-module. Combined with the fact that L†′ is a coherent D†-module, this implies that
L† is a coherent D†-module.

We have Zn∩δ =
⋃
τ (Zn∩δ(τ)). To prove ψ is surjective, it suffices to show every element in L† of

the form
∑

w∈Zn∩δ(τ) aw(x)tw lies in the image of ψ, where aw(x) ∈ K{r−1x} and ‖aw(x)‖rsd(w)

are bounded for some r, s > 1. Every element w ∈ Zn ∩ δ(τ) can be written uniquely as

w = b(w) + c(w)

with b(w) ∈ B(τ) and c(w) ∈ C(τ). We have∑
w∈Zn∩δ(τ)

aw(x)tw =
∑

β∈B(τ)

( ∑
w∈Zn∩δ(τ), b(w)=β

aw(x)tc(w)
)
tβ .

Note that
∑

w∈Zn∩δ(τ), b(w)=β

aw(x)tc(w) lie in L†′. To see this, we use the fact that

d(w) = d(b(w)) + d(c(w))

since b(w) and c(w) all lie in the simplicial cone δ(τ). Thus ψ is surjective.
Given β′, β′′ ∈ B, set

Lβ′,β′′ = {f ∈ L†′ : ftβ
′−β′′ ∈ L†′},

Sβ′,β′′ = {w ∈ C(A) : w + β′ − β′′ ∈ C(A)}.
Note that elements in Lβ′,β′′ are of the form

∑
w∈Sβ′,β′′

aw(x)tw with aw(x) ∈ K{r−1x} and
‖aw(x)‖rsd(w) bounded for some r, s > 1. We have Sβ′,β′′ + wj ⊂ Sβ′,β′′ for all j, and Lβ′,β′′ is a
D†-submodule of L†′. For any f ∈ Lβ′,β′′ and β ∈ B, let

ιβ′,β′′(f)β =


f if β = β′,

−ftβ′−β′′ if β = β′′,
0 if β ∈ B\{β′, β′′}.

Then the map
ιβ′,β′′ : Lβ′,β′′ →

⊕
β∈B

L†′, f 7→ (ιβ′,β′′(f)β)β∈B

is a homomorphism of D†-modules and its image is contained in kerψ. We will prove each Lβ′,β′′
is a finitely generated D†-module, and

kerψ =
∑
β′,β′′

ιβ′,β′′(Lβ′,β′′).

It follows that kerψ is a finitely generated D†-module.
We have

Sβ′,β′′ =
⋃
τ

(Sβ′,β′′ ∩ δ(τ)) =
⋃
τ

⋃
w∈B(τ)

(Sβ′,β′′ ∩ (w + C(τ))).

Again by Lemma 1.3, for each Sβ′,β′′ ∩ (w + C(τ)), we can find finitely many u1, . . . ,um ∈
Sβ′,β′′ ∩ (w + C(τ)) such that

Sβ′,β′′ ∩ (w + C(τ)) =

m⋃
i=1

(ui + C(τ)).

We thus decompose Sβ′,β′′ into a finite union of subsets of the form u + C(τ) such that τ is a
simplicial complex of dimension n with vertices {0,wi1 , . . . ,win} for some subset {i1, . . . , in} ⊂
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{1, . . . , N}, and u ∈ Sβ′,β′′ ∩ (w + C(τ)) for some w ∈ B(τ). We claim that Lβ′,β′′ is gener-
ated by these tu as a D†-module. Indeed, elements in Lβ′,β′′ is a sum of elements of the form∑

w∈u+C(τ) aw(x)tw. We have∑
w∈u+C(τ)

aw(x)tw =
∑

v1,...,vn≥0

au+v1wi1+···+vnwin (x)
( 1

π

∂

∂xi1

)v1
· · ·
( 1

π

∂

∂xim

)vn
· tu.

Suppose (f
(0)
β ) ∈

⊕
β∈B L

†′ is an element in kerψ. We then have∑
β∈B

f
(0)
β tβ = 0.

Write B = {β1, . . . , βk}, and write

f
(0)
β =

∑
w∈C(A)

aβw(x)tw.

Define

f
(1)
β =

∑
w∈C(A), w+(β−β1) 6∈C(A)

aβw(x)tw,

g
(1)
β =

∑
w∈C(A), w+(β−β1)∈C(A)

aβw(x)tw.

In particular, f (1)
β1

is 0 since it is a sum over the empty set. We have g(1)
β ∈ Lβ,β1 and

(f
(0)
β )−

∑
β∈B\{β1}

ιβ,β1(g
(1)
β ) = (f

(1)
β ).(1.6.1)

To verify this equation, we show it holds componentwisely. The equation clearly holds for those
component β 6= β1. Note that L†′ is a direct factor of L† in a canonical way as an abelian group.
Applying the projection L† → L†′ to the equation∑

β∈B

f
(0)
β tβ−β1 = 0,

we get

f
(0)
β1

+
∑

β∈B\{β1}

g
(1)
β tβ−β1 = 0.

This is exactly the β1 component of the equation 1.6.1.
In general, for i = 1, . . . , k, we define

f
(i)
β =

∑
w∈C(A), w+(β−β1) 6∈C(A),..., w+(β−βi)6∈C(A)

aβw(x)tw,

g
(i)
β =

∑
w∈C(A), w+(β−β1) 6∈C(A),..., w+(β−βi−1)6∈C(A),w+(β−βi)∈C(A)

aβw(x)tw.

We have g(i)
β ∈ Lβ,βi and

(f
(i−1)
β )−

∑
β∈B

ιβ,βi(g
(i)
β ) = (f

(i)
β ).
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We have f (k)
β = 0 for all β ∈ B = {β1, . . . , βn}. So we have

(f
(0)
β ) =

k∑
i=1

∑
β∈B

ιβ,βi(g
(i)
β ).

Hence kerψ =
∑
β′,β′′ ιβ′,β′′(Lβ′,β′′).

1.7. Proof of Lemma 0.12. Let R be the integer ring of K, and let

R〈x〉† =
⋃
r>1

{
∑

v∈ZN≥0

avxv : av ∈ R, |av|r|v| are bounded },

R〈x,y〉† =
⋃

r>1, s>1

{
∑

u,v∈ZN≥0

auvxuyv : auv ∈ R, |auv|r|u|s|v| are bounded },

L†R =
⋃

r>1,s>1

{
∑

v∈ZN≥0
, w∈Zn∩δ

avwxvtw : avw ∈ R, |avw|r|v|sd(w) are bounded},

L†′R =
⋃

r>1,s>1

{
∑

v∈ZN≥0
, w∈C(A)

avwxvtw : avw ∈ R, |avw|r|v|sd(w) are bounded}.

We have
K〈x〉† ∼= R〈x〉† ⊗R K, L† ∼= L†R ⊗R K.

To prove L† is flat over K〈x〉†, it suffices to show L†R is flat over R〈x〉†.
Keep the notation in the proof of Lemma 1.4 and 1.6. The same proof shows that the following

homomorphisms ⊕
β∈B

L†′R → L†R, (fβ) 7→
∑
β∈B

fβtβ ,

R〈x,y〉† → L†′R,
∑

v∈ZN≥0

fv(x)yv 7→
∑

v∈ZN≥0

fv(x)tv1wN+···+vNwN

are surjective. It is known that R〈x,y〉† is a noetherian ring by [6]. It follows that L†R is also
noetherian. We have

L†R/π
kL†R

∼= (R/πk)[x][Zn ∩ δ], R〈x〉†/πkR〈x〉† ∼= (R/πk)[x].

So L†R/π
kL†R is flat over R〈x〉†/πkR〈x〉† for all k. By [12, IV Théorème 5.6], L†R is flat over R〈x〉†.

Finally let’s prove L† ⊗K〈x〉† K ′ ∼= L†0. One can verify directly that in the case where K ′ = K,
the homomorphism

L† → L†0,
∑

w∈Zn∩δ
ax(x)tw 7→

∑
w∈Zn∩δ

ax(0)tw

is surjective with kernel (x1, . . . , xN )L†. This proves our assertion in the case where K = K ′ and
a = (0, . . . , 0). In general, we have an isomorphism L† ⊗K K ′ ∼= L†K′ , where

L†K′ =
⋃

r>1,s>1

{
∑

v∈ZN≥0
, w∈Zn∩δ

avwxvtw : avw ∈ K ′, |avw|r|v|sd(w) are bounded}.

By base change fromK toK ′ and using this isomorphism, we can reduce to the case whereK ′ = K.
Then using the automorphism

K ′〈x〉 → K ′〈x〉, xi 7→ xi − ai,
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we can reduce to the case where a = (0, . . . , 0).

1.8. Proof of Lemma 0.14. We first work with de Rham complexes and later with twisted de
Rham complexes. We have

Ψa ◦ Φa = id

on C ·(L†0). Since K contains the primitive root of unity θ(1), it contains all q-th roots of unity.
Let µq be the group of q-th roots of unity in K. For any ζ = (ζ1, . . . , ζn) ∈ µnq , write

ζt = (ζ1t1, . . . , ζntn).

We have ∑
ζ∈µnq

ζw =

{
qn if q|w,
0 otherwise.

So we have

Φa ◦Ψa(
∑
w

cwtw) =
∑
w

cqwtqw =
1

qn

∑
ζ∈µnq

∑
w

cw(ζt)w.

Let Θζ be the endomorphism on differential forms defined by

Θζ

( ∑
1≤i1<···<ik≤n

fi1...ik(t)
dti1
ti1
∧ · · · ∧ dtik

tik

)
=

∑
1≤i1<···<ik≤n

fi1...ik(ζt)
dti1
ti1
∧ · · · ∧ dtik

tik
.

It commutes with dt. We have

Φa ◦Ψa =
1

qn

∑
ζ∈µnq

Θζ .

Let’s show Φa ◦ Ψa is homotopic to id. It suffices to that Θζ is homotopic to id for each ζ ∈ µnq .
Let

L†T =
⋃

r>1, s>1

{
∑

w∈Zn∩δ
aw(T )tw : aw(T ) ∈ K{r−1T}, ‖aw(T )‖rsd(w) are bounded}.

Consider the de Rham complex (C ·(L†T ),d) so that Ck(L†T ) is the space of k-forms which can be
written as a sum of products of dT, dt1

t1
, . . . , dtn

tn
and functions in L†T , and d : Ck(L†T )→ Ck+1(L†T )

is the usual exterior derivative of differential forms. The substitution

ti → (1 + (ζi − 1)T )ti (i = 1, . . . , n)

induces a chain map
ι : (C ·(L†0),dt)→ (C ·(L†T ),d).

Here we use the fact that ζi ≡ 1 mod p so that each 1 + (ζi − 1)T is a unit in L†T . In particular,
d
(

(1+(ζi−1)T )ti

)
(1+(ζi−1)T )ti

lies in C ·(L†T ). The evaluation at T = 0 (resp. T = 1) induces a chain map

ev0 : (C ·(L†T ),d)→ (C ·(L†0),dt) (resp. ev1 : (C ·(L†T ),d)→ (C ·(L†0),dt)).

We have
ev1 ◦ ι = Θζ , ev0 ◦ ι = id.
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To prove Θζ is homotopic to identity, it suffices to show ev1 is homotopic to ev0. Note that∫ T
0
g(T, t)dT lies in L†0 for any g(T, t) ∈ L†T . Define Ξ : Ck(L†T )→ Ck−1(L†0) by

Ξ
(
f(T, t)

dti1
ti1
∧ · · · ∧ dtik

tik

)
= 0,

Ξ
(
g(T, t)dT ∧ dtj1

tj1
∧ · · · ∧

dtjk−1

tjk−1

)
=
(∫ 1

0

g(T, t)dT
)dtj1
tj1
∧ · · · ∧

dtjk−1

tjk−1

.

Then we have
dtΞ + Ξd = ev1 − ev0.

We now consider the twisted de Rham complexes. Let

Fa, Ga, Tζ , L,E0, E1, H

be the conjugates of
Φa,Ψa,Θζ , ι, ev0, ev1,Ξ

by tγ11 · · · tγnn exp(πF (a, t)) respectively. One verifies that they are defined on C ·(L†0) or C ·(L†T ).
By the discussion above for the untwisted de Rham complexes, we have

GaFa = id, FaGa =
1

qn

∑
ζ∈µnq

Tζ ,

E1 ◦ L = Tζ , E0 ◦ L = id, dH +Hd = E1 − E1.

It follows that each Tζ is homotopic to identity and hence FaGa is also homotopic to identity.

2. Dwork’s theory

2.1. Let

θ(z) = exp(πz − πzp), θm(z) = exp(πz − πzp
m

) =

m−1∏
i=0

θ(zp
i

).

Then θm(z) converges in a disc of radius > 1, and the value θ(1) = θ(z)|z=1 of the power series
θ(z) at z = 1 is a primitive p-th root of unity in K ([15, Theorems 4.1 and 4.3]). Let ū ∈ Fpm
and let u ∈ Qp be its Techmüller lifting, that is, up

m

= u and u ≡ ū mod p. Then we have ([15,
Theorem 4.4])

θm(u) = θ(1)
TrFpm/Fp (ū)

.

From now on, we denote elements in finite fields by letters with bars such as ū, āj , ūi etc and denote
their Techmüller liftings by the same letters without bars such as u, aj , ui etc. Let ψm : Fqm → K∗

be the additive character defined by

ψm(ū) = θ(1)
TrFqm/Fp (ū)

.

Then we have
ψm(ū) = exp(πz − πzq

m

)|z=u.
Denote ψ1 by ψ. We have ψm = ψ ◦ TrFqm/Fq . Let ā1, . . . , āN ∈ Fq. For any ū1, . . . , ūn ∈ F∗qm , we
have

ψ
(

TrFqm/Fq (
∑N
j=1 āj ū

w1j

1 · · · ūwnjn )
)

=
∏N
j=1 ψm(āj ū

w1j

1 · · · ūwnjn )

=
∏N
j=1 exp(πz − πzqm)|

z=aju
w1j
1 ···u

wnj
n

.
(2.1.1)
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Let χ : F∗q → Q∗p be the Techmüller character, that is, χ(ū) = u is the Techmüller lifting of
ū ∈ Fq. It is a generator for the group of multiplicative characters on Fq. Any multiplicative
character F∗q → Q∗p is of the form χγ = χγ(1−q) for some rational number γ ∈ 1

1−qZ. Moreover, for
any ū ∈ Fqm , we have

χγ(NormFmq /Fq (ū)) = (u1+q+···+qm−1

)γ(1−q) = uγ(1−qm),(2.1.2)

Let γ1, . . . , γn ∈ 1
1−qZ. Set χi = χγi(1−q) (i = 1, . . . , n).

Consider the twisted exponential sum

Sm(F (ā, t)) =
∑

ū1,...,ūn∈F∗qm

χ1(NormFmq /Fq (ū1)) · · ·χn(NormFmq /Fq (ūn))ψ
(

TrFqm/Fq

( N∑
j=1

āj ū
w1j

1 · · · ūwnjn

))
.

Write exp(πz − πzqm) =
∑∞
i=1 ciz

i. By the equations (2.1.1) and (2.1.2), we have

Sm(F (ā, t))

=
∑

uq
m−1
i =1

u
γ1(1−qm)
1 · · ·uγn(1−qm)

n

N∏
j=1

exp(πz − πzq
m

)|
z=aju

w1j
1 ···u

wnj
n

=
∑

uq
m−1
i =1

u
γ1(1−qm)
1 · · ·uγn(1−qm)

n

N∏
j=1

( ∞∑
i=1

ci(aju
w1j

1 · · ·uwnjn )i
)

=
∑

uq
m−1
i =1

tγ1(1−qm)
1 · · · tγn(1−qm)

n

N∏
j=1

( ∞∑
i=1

ci(ajt
w1j

1 · · · twnjn )i
) |ti=ui

=
∑

uq
m−1
i =1

tγ1(1−qm)
1 · · · tγn(1−qm)

n

N∏
j=1

exp
(
πajt

w1j

1 · · · twnjn − πajt
qmw1j

1 · · · tq
mwnj
n

) |ti=ui
=

∑
uq
m−1
i =1

(
t
γ1(1−qm)
1 · · · tγn(1−qm)

n exp
(
πF (a, t)− πF (a, tq

m

)
))
|ti=ui .

We thus have

Sm(F (ā, t)) =
∑

uq
m−1
i =1

(
t
γ1(1−qm)
1 · · · tγn(1−qm)

n exp
(
πF (a, t)− πF (a, tq

m

)
))
|ti=ui .(2.1.3)

2.2. Let K ′ be a finite extension of K containing all q-th roots of unity. Set

L(s)0 = {
∑

w∈Zn∩δ
awt

w : aw ∈ K ′, |aw|sd(w) are bounded}.

We have L†0 =
⋃
s>1 L(s)0. Note that L(s)0 (s ≥ 1) and L†0 are rings. Each L(s)0 is a Banach space

with respect to the norm
‖
∑

w∈Zn∩δ
awt

w‖ = sup
w∈Zn∩δ

|aw|sd(w).

Theorem 2.3 (Dwork trace formula). The operator Ga : L†0 → L†0 is nuclear, and we have

(qm − 1)nTr(Gma , L
†
0) =

∑
uq
m−1
i =1

(
t
γ1(1−qm)
1 · · · tγn(1−qm)

n exp
(
πF (a, t)− πF (a, tq

m

)
))
|ti=ui .
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Proof. For any real number s ≥ 1, define

L̃(s)0 = {
∑

w∈Zn∩δ
awt

w : aw ∈ K ′, lim
d(w)→∞

|aw|sd(w) = 0}.

For any s < s′, we have
L(s′)0 ⊂ L̃(s)0 ⊂ L(s)0,

and L†0 =
⋃
s>1 L̃(s)0. Endow L̃(s)0 with the norm

‖
∑

w∈Zn∩δ
awt

w‖ = sup
w∈Zn∩δ

|aw|sd(w).

Then L̃(s)0 is a Banach space with the orthogonal basis {tw}w∈Zn∩δ. The inclusion L(s′)0 ↪→ L̃(s)0

is completely continuous. Indeed, choose s < s′′ < s′. We can factorize this inclusion as the
composite

L(s′)0 ↪→ L̃(s′′)0 ↪→ L̃(s)0.

It suffices to verify the inclusion i : L̃(s′′)0 ↪→ L̃(s)0 is completely continuous. Indeed, let LS be
the finite dimensional K ′-vector space spanned by a finite subset S of {tw}w∈Zn∩δ, and let

iS : L̃(s′′)0 → L̃(s)0

be the composite of the projection L̃(s′′)0 → LS and the inclusion LS ↪→ L̃(s)0. One can verify
that

‖iS − i‖ ≤ sup
w 6∈S

( s
s′′

)d(w)

.

So iS converges to i as S goes over all finite subsets of {tw}w∈Zn∩δ. Moreover iS has finite ranks.
So i is completely continuous.

Let H(t) = t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)−πF (a, tq)

)
. By Lemma 0.4, we have have Hq(t) ∈

L(p
p−1
pq )0. For any s ≥ 1, we have Ψa(L(s)0) ⊂ L(sq)0. Consider the operator

Ga =
(
tγ11 · · · tγnn exp(πF (a, t))

)−1

◦Ψa ◦
(
tγ11 · · · tγnn exp(πF (a, t))

)
= Ψa ◦

(
t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)− πF (a, tq)

))
.

If 1 < s < p
p−1
p , then Ga induces a map Ga : L̃(s)0 → L̃(s)0. It is the composite

L̃(s)0 ↪→ L(s)0
H(t)→ L

(
min

(
s, p

p−1
pq

))
0

Ψa→ L
(

min
(
sq, p

p−1
p

))
0
↪→ L̃(s)0.

Ga : L̃(s)0 → L̃(s)0 is completely continuous since the last inclusion in the above composite is
completely continuous. In particular, it is nuclear ([15, Theorem 6.9]). Write

t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)− πF (a, tq)

)
=
∑
w

cwt
w.

We have

Ga(tu) = Ψa(
∑
w

cwt
w+u)

= Ψa(
∑
w

cw−ut
w)

=
∑
w

cqw−ut
w,
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where cqw−u is nonzero only if u,w,qw − u ∈ δ. The matrix of Ga on L̃(s)0 with respect to the
orthogonal basis {tw} is (cqw−u). By [15, Theorem 6.10] we have

Tr(Ga, L̃(s)0) =
∑
u

cqu−u.

In particular, Tr(Ga, L̃(s)0) is independent of s. Similarly, Tr(Gma , L̃(s)0) and

det(I − TGa, L̃(s)0) = exp
(
−
∞∑
m=1

Tr(Gma , L̃(s)0)

m
Tm
)

are independent of s. For any monic irreducible polynomial f(T ) ∈ K ′[T ] with nonzero constant
term, write ([15, Theorem 6.9])

L̃(s)0 = N(s)f
⊕

W (s)f ,

where N(s)f and W (s)f are Ga-invariant spaces, N(s)f is finite dimensional over K ′, f(Ga) is
nilpotent on N(s)f and bijective on W (s)f . We have

N(s)f =

∞⋃
m=1

ker (f(Ga))m, W (s)f =

∞⋂
m=1

im (f(Ga))m.

For any pair s < s′, we have

L̃(s′)0 ⊂ L̃(s)0, N(s′)f ⊂ N(s)f , W (s′)f ⊂W (s)f .

Let Nf =
⋃

1<s<p
p−1
p
N(s)f and Wf =

⋃
1<s<p

p−1
p
W (s)f . Then

L†0 = Nf
⊕

Wf ,

Nf and Wf are Ga-invariant, f(Ga) is nilpotent on Nf and bijective on Wf . Since det(I −
TGa, L̃(s)0) is independent of s, allN(s)f have the same dimension, and hence we haveNf = N(s)f

for all 1 < s < p
p−1
p . This shows that Ga : L†0 → L†0 is nuclear and

Tr(Ga, L
†
0) =

∑
u

cqu−u.

On the other hand, we have ∑
uq−1=1

uw =

{
q − 1 if q − 1|w,

0 otherwise.

So we have ∑
uq−1
i =1

(
t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)− πF (a, tq)

))
|ti=ui

=
∑
w

∑
uq−1
i =1

cwu
w1
1 · · ·uwnn

= (q − 1)n
∑
u

c(q−1)u.

We thus get

(q − 1)nTr(Ga, L
†
0) =

∑
uq−1
i =1

(
t
γ1(1−q)
1 · · · tγn(1−q)

n exp
(
πF (a, t)− πF (a, tq)

))
|ti=ui .
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This proves the theorem for m = 1. We have

Gma =
(
tγ11 · · · tγnn exp(πF (a, t))

)−1

◦Ψm
a ◦

(
tγ11 · · · tγnn exp(πF (a, t))

)
= Ψm

a ◦
(
t
γ1(1−qm)
1 · · · tγn(1−qm)

n exp
(
πF (a, t)− πF (a, tq

m

)
))
.

So the assertion for general m follows from the case m = 1. �

2.4. Proof of Theorem 0.15. By the equation (2.1.3) and the Dwork trace formula 2.3, we have

Sm(F (ā, t)) = (qm − 1)nTr(Gma , L
†
0)

=

n∑
k=0

(
n

k

)
(−1)k(qm)n−kTr(Gma , L

†
0)

=

n∑
k=0

(−1)kTr
(

(qn−kGa)m, L
†(nk)
0

)
.

For the L-function, we have

L(F (ā, t), T ) = exp
( ∞∑
m=1

Sm(F (ā, t))
Tm

m

)
= exp

( ∞∑
m=1

n∑
k=0

(−1)kTr
(

(qn−kGa)m, L
†(nk)
0

)Tm
m

)
=

n∏
k=0

exp
(

(−1)k
∞∑
m=1

Tr
(

(qn−kGa)m, L
†(nk)
0

)Tm
m

)
=

n∏
k=0

det
(
I − Tqn−kGa, L

†(nk)
0

)(−1)k+1

This prove Theorem 0.15.

References

[1] A. Adolphson, Hypergeometric functions and rings generated by monomials, Duke Math. J. 73 (1994), 269-290.
[2] A. Adoplphson, Exponential sums and generalized hypergeometric function, I: Cohomology spaces and Frobe-

nius action, Geometric aspects of Dwork theory. Vol. I, 1-42, Walter de Gruyter, Berlin (2004).
[3] P. Berthelot, D-modules arithmétiques I. Opŕateurs différentiels de niveau fini, Ann. Scient. Ec. Norm. Sup.

29 (1996), 185-272.
[4] L. Fu, Gelfand-Kapranov-Zelevinsky hypergeometric sheaves,Proceedings of the Sixth International Congress

of Chinese Mathematicians, Vol. I, 281?295, Adv. Lect. Math. (ALM), 36, Int. Press, Somerville, MA (2017).
[5] L. Fu, l-adic GKZ hypergeometric sheaves and exponential sums, Adv. in Math. 298 (2016), 51-88.
[6] W. Fulton, A note on weakly complete algebras, Bull. Amer. Math. Soc. 75 (1969), 591-593.
[7] I. M. Gelfand, M. I Graev, Hypergeometric functions over finite fields, English translation, Doklady Math. 64

(2001), 402-406.
[8] I. M. Gelfand, M. I. Graev, V. S. Retakh, General hypergeometric systems of equations and series of hyperge-

ometric type, English translation, Russian Math. Surveys 47 (1992),1-88.
[9] I. M. Gelfand, M. I. Graev, V. S. Retakh, Hypergeometric functions over an arbitrary field, English translation,

Russian Math. Surveys 59 (2004), 831-905.
[10] I. M. Gelfand, A. V. Zelevinsky, M. M. Kapranov, Hypergeometric functions and toric varieties, English trans-

lation, Functional Anal. Appl. 23 (1989), 94-106; Correction to the paper “Hypergeometric functions and toric
varieties”, English translation, Functional. Anal. Appl. 27 (1995), 295.

[11] E. Grosse-Klönne, Rigid analytic spaces with overconvergent structure sheaf, J. Reine Angew. Math. 519 (2000),
73-95.



26 LEI FU, DAQING WAN AND HAO ZHANG

[12] A. Grothendieck, Revêtements Étales et Groupe Fondamental (SGA 1), Lecture Notes in Math. 224, Springer-
Verlag (1971).

[13] C. Huyghe, D†(∞)-affinité des schémas projectifs, Ann. Inst. Fourier 48, 913-956 (1998).
[14] K. Kedlaya, Fourier transforms and p-adic ‘Weil II’, Compos. Math. 142 (2006), 1426?1450.
[15] P. Monsky, p-adic Analysis and Zeta Functions, Lecture in Mathematics, Kyoto University, Kinokuniya Book-

Store, Tokyo. (1970).
[16] L. F. Matusevich, E. Miller and U. Walther, Homological methods for hypergeometric families, J. Amer. Math.

Soc. 18 (2005), 919-941.

Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, P. R. China
E-mail address: leifu@math.tsinghua.edu.cn

Department of Mathematics, University of California, Irvine, CA 92697
E-mail address: dwan@math.uci.edu

Chern Institute of Mathematics, Nankai University, Tianjin 300071, P. R. China
E-mail address: zhanhgao@126.com


	Introduction
	1. D-modules
	2. Dwork's theory
	References

