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Improved fractional Poincaré type inequalities
on John domains

María Eugenia Cejas, Irene Drelichman and Javier C. Martínez-Perales

Abstract. We obtain improved fractional Poincaré inequalities in John domains of a metric
space (X, d) endowed with a doubling measure μ under some mild regularity conditions on the
measure μ. We also give sufficient conditions on a bounded domain to support fractional Poincaré
type inequalities in this setting.

1. Introduction

The aim of this paper is to study improved fractional Poincaré type inequalities
in a bounded John domain Ω⊂X, where (X, d, μ) is a metric space endowed with
a doubling measure μ.

Recall that, roughly speaking, Ω is a John domain if it has a central point such
that any other point can be connected to it without getting too close to the boundary
(see Section 2 for a precise definition), and that this is essentially the largest class of
domains in Rn for which the Sobolev-Poincaré inequality with Lebesgue measure,

(1.1) ‖u−uΩ‖
L

np
n−p (Ω)

≤C

(∫
Ω
|∇u(x)|p dx

) 1
p

,

holds (see [3], [18], [39], [43] for the sufficiency, and [5] for the necessity). Here, u is
a locally Lipschitz function, 1≤p<n and uΩ is the average of u over Ω.

The above inequality, also called ( np
n−p , p)-Poincaré inequality, is a special case

of a larger family of so-called improved Poincaré inequalities, which are
(q, p)-Poincaré inequalities with a weight that is a power of the distance to the
boundary d(x), namely,

‖u−uΩ‖Lq(Ω) ≤C‖dα|∇u|‖Lp(Ω)
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where 1≤p≤q≤ np
n−p(1−α) , p(1−α)<n and α∈[0, 1] (see [2], [23], and also [1], [11]

for weighted versions).
A classical technique for getting this kind of inequalities is through the use of a

representation formula in terms of a fractional integral, as can be seen for instance
in [11], [24]. Another classical argument goes through the use of chains of cubes
in order to reduce the problem of finding an inequality in Ω to its counterpart on
these cubes. An approach which avoids the use of any representation formula to
obtain Poincaré-Sobolev inequalities on cubes (or balls) was introduced in [15] (and
then sharpened in [35]). See also the recent work [41] for more precise results on
this direction. The local-to-global method began with the work [4] and later with
[29], [31], and has been used by many authors, for example [7], [23] and [25], where
both the integral representation formula and the local-to-global methods are used.

It is also worth noting that these inequalities have also been studied in metric
spaces with doubling measures, replacing |∇u| by a generalized gradient (see [20]
and references therein).

In recent years, several authors have turned their attention to the fractional
counterpart of inequality (1.1), beginning with the work [24] where the inequality

(1.2) ‖u−uΩ‖Lq(Ω) ≤C

(∫
Ω

∫
Ω∩B(x,τd(x))

|u(x)−u(z)|p
|x−z|n+sp

dx dz

)1/p

was obtained for a bounded John domain Ω, s, τ∈(0, 1), p< n
s and 1<p≤q≤ np

n−sp .
The case p=1 was proved in [13] using the so-called Maz’ya truncation method (see
[39]) adapted to the fractional setting, which allows to obtain a strong inequality
from a weak one.

Observe that the seminorm appearing on the right hand side of inequality (1.2)
is weaker than that of the usual fractional Sobolev space W s,p(Ω). More precisely,
if we consider W s,p(Ω) to be the subspace of Lp(Ω) induced by the seminorm

[f ]W s,p(Ω) :=
(∫

Ω

∫
Ω

|u(x)−u(z)|p
|x−z|n+sp

dx dz

)1/p

,

and W̃ s,p(Ω) to be the one induced by the seminorm

[f ]
W̃ s,p(Ω) :=

(∫
Ω

∫
Ω∩B(z,τd(z))

|u(x)−u(z)|p
|x−z|n+sp

dx dz

)1/p

,

for fixed s, τ∈(0, 1), then it is known that both spaces coincide when Ω is Lipschitz
(see [12]), but there are examples of John domains Ω⊂Rn for which the inclusion
W s,p(Ω)⊂W̃ s,p(Ω) is strict (see [9] for this result and characterizations of both



Improved fractional Poincaré type inequalities on John domains 287

spaces as interpolation spaces). This has led to call inequality (1.2) an “improved”
fractional inequality. However, throughout this work, we will use this terminology
to refer to inequalities including powers of the distance to the boundary as weights,
as in the classical case.

Improvements of inequality (1.2) in this sense were obtained in [10] by including
powers of the distance to the boundary to appropriate powers as weights on both
sides of the inequality, and in [34], where the weights are defined by powers of the
distance to a compact set of the boundary of the domain.

In this article we deal with the natural problem of extending the fractional in-
equalities mentioned above to metric measure spaces. To the best of our knowledge
the results about fractional Poincaré inequalities in this setting are new. We will
consider a metric measure space (X, d, μ), where μ is a Borel doubling measure sat-
isfying some mild regularity assumptions. To this end, for a given Ω⊂X, 1≤p<∞,
τ, s∈(0, 1), and a weight w (i.e., a locally integrable μ-almost everywhere positive
function), we define the seminorm

[u]W s,p
τ (Ω,w) :=

(∫
Ω

∫
Ω∩{d(z,y)≤τd(y)}

|u(z)−u(y)|pw(z, y) dμ(z) dμ(y)
μ[B(z, d(z, y))]d(z, y)sp

)1/p

.

It should be pointed out that this is the natural extension of the fractional
Sobolev space to the context of metric spaces. Indeed, according to [17] the Besov
space Bs

p,q(X, dμ) defined by the norm(∫
X

∫
X

|u(x)−u(y)|p
μ[B(x, d(x, y))]d(x, y)sp dμ(x) dμ(y)

)1/p

coincides with the interpolation space between Lp(X, dμ) and the Sobolev space
W 1,p(X, dμ) in the case that the metric supports a Poincaré inequality. More details
about this fact and Besov spaces can be found in [17], [19], [20], [42], [47].

In this work, we are interested in the study of inequalities of the form

(1.3) inf
a∈R

‖u−a‖Lq(Ω,wdμ) � [u]W s,p
τ (Ω,vdμ),

where 1≤p, q<∞, s, τ∈(0, 1) and w, v are weights. We will say that Ω supports
the (w, v)-weighted fractional (q, p)-Poincaré inequality in Ω if (1.3) holds on Ω for
every function u∈Lp(Ω, wdμ) for which the right hand side is finite. When w and
v are defined by functions of the distance to the boundary, we shall refer to these
inequalities as (w, v)-improved fractional inequalities.

Our first goal is to obtain such inequalities with weights of the form wF
φ (x)=

φ(dF (x)), where φ is a positive increasing function satisfying a certain growth con-
dition and F is a compact set in ∂Ω. The parameter F in the notation will be
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omitted whenever F=∂Ω. At the right hand side of the inequality, we will obtain a
weight of the form vFΦ,γ(x, y)=minz∈{x,y} d(z)γΦ(dF (z)), where Φ will be an appro-
priate power of φ. Our results extend and improve results in [10], [24], [34] in several
ways. On one hand, the obtained class of weights is larger than the ones previously
considered, even in the Euclidean setting. On the other hand, our inequalities hold
for a very general class of spaces. Among these we can find, of course, the usual
Euclidean space, but other important examples are included (see the discussion in
Section 4).

Our second goal is to prove a sufficient condition for a domain Ω and a function
φ to support an improved (q, p)-Poincaré inequality considering weights wφ of the
same type as the ones obtained above. In the Euclidean case it is well-known that
if q<p, inequality (1.2) does not hold for general domains. Indeed, it was shown
in [24, Theorem 6.9] that there exists a δ-John domain which does not support
this inequality. Following the ideas in [24] we obtain geometric sufficient conditions
on a bounded domain Ω⊂X and a function φ to support an improved fractional
(q, p)-Poincaré-Sobolev inequality when q≤p in the setting of metric measure spaces.

The rest of the paper is organized as follows: in Section 2 we introduce
some necessary notations and previous results; Section 3 is devoted to prove our
(w, v)-improved fractional (q, p)-Poincaré inequalities for 1≤p≤q<∞. In Section 4
we consider some special cases of those inequalities. In Section 5 we give the proof
of the sufficient condition for a bounded domain to support the (q, p)-Poincaré in-
equality for q≤p. Finally, in Section 6 we give an example of a domain satisfying
the condition of Theorem 4.

2. Notations and preliminaries

From now on C and c will denote constants that can change their values even
within a single string of estimates. When necessary, we will stress the dependence
of a constant on a particular parameter by writing it as a subindex. Also, we will
use the notation A�B whenever there exists a constant c>0 independent of all
relevant parameters for which A≤cB. Whenever A�B and B�A, we will write
A�B.

A metric space (X, d) is a set X with a metric d, namely a nonnegative function
defined on X×X such that

(1) For every (x, y)∈X×X, d(x, y)=0 if and only if x=y.
(2) For every (x, y)∈X×X, d(x, y)=d(y, x).
(3) The inequality d(x, y)≤d(x, z)+d(y, z) holds for every x, y, z∈X.
The distance between a point x and a subset F of the boundary of Ω will be

denoted dF (x):=d(x, F ). When F=∂Ω, we will simply write d(x):=d(x, ∂Ω). For



Improved fractional Poincaré type inequalities on John domains 289

given r>0 and x∈X, the ball centered at x with radius r is the set B(x, r):={y∈
X :d(x, y)<r}. Given a ball B⊂X, r(B) will denote its radius and xB its center.
For any λ>0, λB will be the ball with same center as B and radius λr(B).

A doubling metric space is a metric space (X, d) with the following (geometric)
doubling property: there exists a positive integer N∈N such that, for every x∈
X and r>0, the ball B(x, r) can be covered by at most N balls B(xi, r/2) with
x1, ..., xN∈X.

Every doubling metric space (X, d) has a dyadic structure, as was proved by
Hytönen and Kairema in the following theorem [26]:

Theorem A. Suppose that there are constants 0<c0≤C0<∞ and s∈(0, 1)
such that

12C0s≤ c0.

Given a set of points {zkj }j , j∈N, for every k∈Z – called dyadic points – with the

properties that

(2.1) d(zki , zkj )≥ c0s
k, i 
= j, min

j∈N

d(x, zkj )<c0s
k, x∈X,

we can construct families of Borel sets Q̃k
j ⊂Qk

j ⊂Q
k

j – called open, half open and

closed dyadic cubes – such that:

Q̃k
j and Q

k

j are interior and closure of Qk
j , respectively;(2.2)

if l≥ k, then either Ql
i ⊂Qk

j or Qk
j ∩Ql

i =∅;(2.3)

X =
⋃̊

j∈N
Qk

j , k∈Z;(2.4)

b(Qk
j ) :=B(zkj , c1sk)⊂ Q̃k

j ⊂Qk
j ⊂Q

k

j ⊂B(zkj , C1s
k)=:B(Qk

j ),(2.5)

where c1 := c0
3 and C1 :=2C0;

(2.6) if k≤ l and Ql
i ⊂Qk

j , then B(Ql
i)⊂B(Qk

j ).

Remark 1.
(1) One can always find a family of points {zkj }j∈N,k∈Z as the one in the hy-

pothesis, so a doubling metric space always has a dyadic structure.
(2) The open and closed cubes are indeed open and closed sets, respectively.

The metric space (X, d) will be endowed with a (always nonzero) Borel measure
μ and denoted by (X, d, μ). If E is a measurable set and u is a measurable function,
we write uE= 1

μ(E)
∫
E
u dμ for the average of u over E. We say that μ is doubling if

for any ball B⊂X there exists a constant Cd depending on the measure such that
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μ(2B)≤Cdμ(B). Equivalently, μ is a doubling (or nμ-doubling) measure if there
exist constants cd, nμ>0 such that

(2.7) μ(B̃)
μ(B) ≤ cd

(
r(B̃)
r(B)

)nμ

,

for any pair of balls B⊂B̃ in X. It turns out that any metric space endowed with a
doubling measure is a doubling metric space. Observe that, if 0≤nμ≤η, then (2.7)
also holds for η instead of nμ.

We will also need to consider another property for the doubling measure μ.
Take δ>0. We say that a measure μ is a δ-reverse doubling measure, if there exists
cr>0 such that

(2.8) cδ

(
r(B̃)
r(B)

)δ

≤ μ(B̃)
μ(B) ,

for any pair of balls B⊂B̃ in X. Observe that, if 0≤s≤δ, then (2.8) also holds for
s instead of δ.

It should be noted that, for an nμ-doubling and δ-reverse doubling measure μ,
the relation δ≤nμ must be satisfied. When we say that μ is δ-reverse doubling, we
will always assume that δ is the biggest exponent for which there exists cδ>0 such
that (2.8) holds. Analogously, nμ will be assumed to be the smallest exponent for
which there exists cd such that (2.7) holds.

The reverse doubling property is not too restrictive, as doubling measures are
reverse doubling whenever the metric space satisfies some metric property called
uniform perfectness (see, e.g., [40], [46]). Also, it is known (see [21, p. 112]) that
Ahlfors-David regular spaces are precisely (up to some transformations) those uni-
formly perfect metric spaces carrying a doubling measure.

Recall that, for η>0, a measure μ is η-Ahlfors-David regular if there exist
constants cl, cu>0 such that

(2.9) clr(B)η ≤μ(B)≤ cur(B)η,

for any ball B with xB∈X, 0<r(B)<diamX. The measure μ will be called η-lower
Ahlfors-David regular if it satisfies just the left-hand side inequality and will be
called η-upper Ahlfors-David regular if it satisfies just the right-hand side one.

For a subset E⊂X, we will say that μ is (resp. lower or upper) Ahlfors-David
regular on E if the induced subspace (E, d|E , μ|E) is (resp. lower or upper) Ahlfors-
David regular.

Along this paper, Ω will be a domain, i.e. an open connected set. The well-
known Whitney decomposition in the Euclidean case can be extended to a doubling
metric space (X, d), see for instance [8], [22], [36].
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Lemma B. (Whitney decomposition [22]) Let Ω be domain of finite measure

strictly contained in X. For fixed M>5, we can build a covering WM of Ω by a

countable family of balls {Bi}i∈N such that Bi=B(xi, ri), with xi∈Ω and ri=r(Bi)=
1
M d(xi), i∈N.

Remark 1. The Whitney decomposition can be taken such that, if one denotes
B∗ the dilation of a ball B, then, when the chosen dilation is sufficiently small
compared to M , we get the following properties for any ball B∈WM and their
dilations:

(1) B∗⊂Ω;
(2) c−1

M r(B∗)≤d(x)≤cMr(B∗), for all x∈B∗;
(3)

∑
B∈WM

χB∗�χΩ.
We note that, for a fixed ball B0∈WM and any ball B in WM , it is possible to build
a finite chain C(B∗):=(B∗

0 , B
∗
1 , ..., B

∗
k), with Bk=B in such a way that λBi∩λBj 
=∅

for some λ>1 sufficiently small (this λ has something to do with the chosen dilation
in the definition of B∗) if and only if |i−j|≤1. With this definition of B∗, we have
that, for two consecutive balls B∗

j and B∗
j+1 in a chain like this, the following

property holds

(2.10) max{μ(B∗
j ), μ(B∗

j+1)}≤ cM,λμ
(
B∗

j ∩B∗
j+1

)
.

We denote 
[C(B∗)] the length k of this chain. Once the chains have been
built, we can define, for each Whitney ball E∈WM , the shadow of E as the set
E(WM )={B∈WM :E∗∈C(B∗)}. This construction is called a chain decomposition
of Ω with respect to the fixed ball B0.

The type of domains we consider in this work are the so-called John domains,
first appeared in [32], and systematically studied since the work [37].

Definition 1. A domain Ω⊂X is a John domain if there is a distinguished point
x0∈Ω called central point and a positive constant cJ such that every point x∈Ω
can be joined to x0 by a rectifiable curve γ :[0, l]→Ω parametrized by its arc length
for which γ(0)=x, γ(l)=x0 and

d(γ(t), ∂Ω)≥ t

cJ
for t∈ [0, l].

The following chaining result for John domains in doubling metric spaces is a
slightly modified version of the chaining result in [20, Theorem 9.3]:

Theorem C. Let Ω be a John domain in a doubling metric space (X, d). Let

C2≥1 and x0 the central point of Ω. Then, there exist a ball B0 centered at x0, and
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a constant c2 that depends on the John constant of Ω, the doubling constant of the

space and C2 such that for every x∈Ω there is a chain of balls Bi=B(xi, ri)⊂Ω,

i=0, 1,...., with the following properties

(1) There exists Ri⊂Bi∩Bi+1 such that Bi∪Bi+1⊂c2Ri, i=0, 1, ...;
(2) d(x, y)≤c2ri, for any y∈Bi, i=0, 1, ..., with ri→0 for i→∞;

(3) d(Bi, ∂Ω)≥C2ri, i=0, 1, ...;
(4)

∑
j χBj≤c2χΩ.

Remark 2. The sequence of balls obtained in [20, Theorem 9.3] is finite, but it
can be easily completed to a (possibly) infinite one with the properties mentioned
above (see also [24, Lemma 4.9] for the case of Rn).

Remark 3. Theorem C holds for a larger class of domains called weak John
domains, i.e., those domains Ω for which there are a central point x0 and a constant
cJ≥1 such that for every x∈Ω there exists a curve γ :[0, 1]→Ω with γ(0)=x, γ(1)=
x0 and

d(γ(t),Ωc)≥ d(x, γ(t))
cJ

, t∈ [0, 1].

In fact, [20, Theorem 9.3] (and our modified version) is proved for bounded weak
John domains. However, in this paper we will restrict ourselves to usual John
domains.

We will also need the following result about the boundedness of certain type
of operators from Lp(X,μ) to Lq(X,μ). This result can be found in a more general
version in [44, Theorem 3].

Theorem D. Let (X, d, μ) be a metric space endowed with a doubling measure

μ. Set 1<p<q<∞. Let T be an operator given by

Tf(x)=
∫
X

K(x, y)f(y) dμ(y), x∈X,

where K(x, y) is a nonnegative kernel.

Let us define

(2.11) ϕ(B)= sup{K(x, y) :x, y ∈B, d(x, y)≥C(K)r(B)},

where B is a ball of radius r(B) and C(K) is a sufficiently small positive constant

that depends only on the metric d and the kernel K.
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Suppose that

(2.12) sup
B⊂X

ϕ(B)μ(B)
1
q + 1

p′ <∞,

where the supremum is taken over all the balls B⊂X.

Under these hypotheses,

(2.13)
(∫

X

|Tf(x)|q dμ(x)
)1/q

�
(∫

X

f(x)p dμ(x)
)1/p

.

This result can be used to bound the fractional integral operator in our context
under mild conditions on the measure. Recall that

(2.14) Iμαf(x) :=
∫
X

f(y)d(x, y)α

μ[B(x, d(x, y))] dμ(y), 0<α.

By Iμ0 we understand the Hardy-Littlewood maximal function associated to the
measure μ, namely

Iμ0 f(x)=Mμf(x) := sup
B�x

1
μ(B)

∫
B

|f(x)| dμ(x).

When α=0 (i.e., for the maximal function), the only possibility is p=q and,
in this case, it is enough to ask the measure μ to be doubling. Let then α>0 and
p>1. For some q>p to be chosen later, we shall bound this operator from Lq′

μ to
Lp′
μ using Theorem D.

To check that (2.12) holds, fix a ball B. Then, by the doubling condition, for
any x, y∈B with d(x, y)≥Cμ,αr(B) we have that

d(x, y)α

μ[B(x, d(x, y))]μ(B)1/p
′+1/q � r(B)α

μ(B) μ(B)1/p
′+1/q,

and then a sufficient condition for the boundedness of our operator is

sup
B⊂X

r(B)αμ(B)1/q−1/p <∞.

This tells us that if our measure μ is α pq
q−p -lower Ahlfors-David regular, then the

claimed boundedness holds.
Observe that, as can be deduced from [44, Theorem 3], if the measure is

α-reverse doubling, then the α pq
q−p -lower Ahlfors-David regularity is a necessary

and sufficient condition for the boundedness of the operator.
If we let η :=α pq

q−p , then we may write q in the form q= ηp
η−αp . It is immediate

that measures that are Ahlfors-David regular on the whole space are automatically
doubling and reverse doubling.
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3. Fractional Poincaré-Sobolev inequalities on John domains
This section is devoted to the study of improved fractional (q, p)-Poincaré in-

equalities on bounded John domains, where 1≤p≤q<∞. Particular cases of these
inequalities include some already known results in the Euclidean case, such as the
unweighted inequalities considered in [24] and the inequalities where the weights
are powers of the distance to the boundary considered in [10], [34]. We will come
back to these special examples in Section 4.

The proof makes use of some of the arguments in [24] and [10]. The fundamental
idea is the classical one to obtain ordinary Poincaré inequalities: to bound the
oscillation of the function u by the fractional integral of its derivative by using
regularity properties of the function and the domain and then use the boundedness
properties of the fractional integral operator. Thus, if we understand the function

gp(y) :=
[∫

{z∈Ω:d(z,y)≤τd(y)}

|u(y)−u(z)|p
μ[B(z, d(y, z))]d(y, z)sp dμ(z)

]1/p

χΩ(y), y ∈Ω(3.1)

as a fractional version of the derivative of u on Ω, we just have to bound |u(x)−a|
for some a∈R by the fractional integral Iμs gp(x), for μ-a.e. x∈Ω (see (2.14) for the
definition of the fractional integral). This is done in the following lemma.

Lemma 1. Consider a bounded John domain Ω in the doubling metric space

(X, d, μ) with a chain as the one in Theorem C. Suppose μ to be δ-reverse doubling.

Let s, τ∈(0, 1), 0≤s≤δ and 1≤p<∞. There exists c3>0 such that, for any u∈
W s,p(Ω, μ).

|u(x)−uB0 |� Iμs
(
gpχΩ∩{d(·,x)≤c3d(·)}

)
, μ−a.e. x∈Ω,

where gp is as in (3.1).
Proof. We can use the chain of balls in Theorem C and the Lebesgue differen-

tiation theorem in order to obtain, for μ-almost every x∈Ω,

u(x)= lim
i→∞

1
μ(Bi)

∫
Bi

u(y) dμ(y)= lim
i→∞

uBi .

Fix one of these points x∈Ω. Then, as consecutive balls in the chain intersect in a
ball whose dilation contain the union of them, we have

|u(x)−uB0 | ≤
∞∑
i=0

|uBi+1−uBi |

≤
∞∑
i=0

|uBi+1−uBi∩Bi+1 |+|uBi−uBi∩Bi+1 |

�
∞∑
i=0

1
μ(Bi)

∫
Bi

|u(y)−uBi | dμ(y).
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Now, observe that, for z, y∈Bi we have that B(y, d(z, y))⊂3Bi. Then, we have
that each term in the sum above can be bounded as follows

1
μ(Bi)

∫
Bi

|u(y)−uBi | dμ(y)≤ 1
μ(Bi)

∫
Bi

∣∣∣∣ 1
μ(Bi)

∫
Bi

(u(y)−u(z)) dμ(z)
∣∣∣∣ dμ(y)

� rsi
μ(Bi)

∫
Bi

(∫
Bi

|u(y)−u(z)|p dμ(z)
μ(Bi)d(y, z)sp

)1/p

dμ(y)

� rsi
μ(Bi)

∫
Bi

(∫
Bi

|u(y)−u(z)|p dμ(z)
μ[B(y, d(y, z))]d(y, z)sp

)1/p

dμ(y).

According to condition (3) from Theorem C we have d(Bi, ∂Ω)≥C2ri for every
i=0, 1, ..., so

d(y)≥C2ri, y ∈Bi,

and thus, for any y, z∈Bi we can write d(y, z)≤2ri≤ 2
C2

d(y). Hence, by choosing
C2= 2

τ ,

1
μ(Bi)

∫
Bi

|u(y)−uBi | dμ(y)

� rsi
μ(Bi)

∫
Bi

(∫
{z∈Ω:d(y,z)≤τd(y)}

|u(y)−u(z)|p dμ(z)
μ[B(y, d(y, z))]d(y, z)sp

)1/p

dμ(y)

= rsi
μ(Bi)

∫
Bi

gp(y) dμ(y).

Therefore
∞∑
i=0

1
μ(Bi)

∫
Bi

|u(y)−uBi | dμ(y)�
∞∑
i=0

rsi
μ(Bi)

∫
Bi

gp(y) dμ(y).

Now, by (2) in Theorem C, the doubling and δ- reverse doubling property of
μ, we have that

rsi
μ(Bi)

∫
Bi

gp(y) dμ(y)�
∫
Bi

gp(y)d(x, y)s

μ[B(x, d(x, y))] dμ(y), i=0, 1, ...,

and from this and the fact that d(x, y)≤ c2
C2

d(y) for every y∈Bi, we deduce

∞∑
i=1

1
μ(Bi)

∫
Bi

|u(y)−uBi | dμ(y)�
∫

Ω∩{d(x,y)≤c3d(y)}

gp(y)d(x, y)s

μ[B(x, d(x, y))] dμ(y),

where c3 := c2
C2

= τc2
2 . �
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We will also need the following lemma for our main theorem.

Lemma 2. Let s>0. Then, for any x∈X and any ε>0 we have

Iμs (fχΩ∩{d(x,·)<ε})(x)� εsIμ0 (fχΩ)(x).

Proof. A standard argument (see [28]) dividing the integral gives us, for any
x∈X,

Iμs (fχΩ∩{d(x,·)<ε})(x)

=
∫
d(x,y)<ε

f(y)χΩ(y)
μ[B(x, d(x, y))]d(x, y)−s

dμ(y)

=
∞∑
k=0

∫
B
(
x, ε

2k

)
\B

(
x, ε

2k+1

) f(y)χΩ(y)
μ[B(x, d(x, y))]d(x, y)−s

dμ(y)

� εs
∞∑
k=0

1
μ
[
B
(
x, ε

2k

)]
2s(k+1)

∫
B
(
x, ε

2k

)
\B

(
x, ε

2k+1

) f(y)χΩ(y) dμ(y)

� εsIμ0 (fχΩ)(x). �

Now we are ready to prove the main results of the section. Recall that we will
work with weights of the form wF

φ (x)=φ(dF (x)), where F is omitted whenever F=
∂Ω, and that φ is a positive increasing function that satisfies the growth condition
φ(2x)≤Cφ(x) for all x∈R+. Observe that this implies φ(kx)≤Ckφ(x) for every
k≥1. We will obtain, at the right hand side of the inequality, a weight of the form
vFΦ,γp(x, y)=minz∈{x,y} d(z)γpΦ(dF (z)), where Φ is an appropriate power of φ.

Theorem 1. Let (X, d, μ) be a metric space with nμ-Ahlfors-David regular-

ity. Let s, τ∈(0, 1) and 0≤γ<s≤nμ. Let 1<p<∞ be such that (s−γ)p<nμ and

take p∗s−γ := nμp
nμ−(s−γ)p . Let Ω⊂X be a bounded John domain. Let F⊂∂Ω be

a compact set. Consider a positive increasing function φ satisfying the growth

condition φ(2x)≤Cφ(x) and such that wF
φ ∈L1

loc(Ω, dμ), and define the function

Φ(t)=φ(t)p/p
∗
s−γ . Then, for any function u∈W s,p(Ω, μ),

inf
a∈R

‖u−a‖
L

p∗
s−γ (Ω,wF

φ dμ)
� [u]

W s,p
τ

(
Ω,vF

Φ,γp dμ
).

Theorem 2. Let (X, d, μ) be a metric space with μ a doubling measure sat-

isfying a δ- reverse doubling property. Consider wF
φ , F and φ as in the statement

of Theorem 1. For 1≤p<∞ and 0<s≤δ we have the following (p,p) Poincaré in-

equality

inf
a∈R

‖u−a‖Lp(Ω,wF
φ dμ) � [u]

W s,p
τ

(
Ω,vF

Φ,sp dμ
).
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In the sequel we will give only the proof of Theorem 1 given that the proof
of Theorem 2 follows in the same way, recalling that Iμ0 f stands for the Hardy-
Littlewood maximal operator. The (1, 1)-inequality follows with this proof from
the boundedness of Iμ0 in L∞.

Proof of Theorem 1. We proceed by duality. Let f be such that
‖f‖

L
(p∗

s−γ
)′ (Ω,wF

φ dμ)
=1. Then, by Lemma 1 and Tonelli’s theorem, we have∫

Ω
|u(x)−uB0 |f(x)wF

φ (x) dμ(x)

�
∫

Ω
Iμs
(
gpχΩ∩{d(·,x)≤c3d(·)}

)
(x)f(x)wF

φ (x) dμ(x)

=
∫

Ω

∫
{x∈Ω:d(y,x)≤c3d(y)}

f(x)[wF
φ (x)]

1
(p∗

s−γ
)′ +

1
p∗
s−γ d(x, y)s−γ+γ

μ [B(x, d(x, y))] dμ(x)

×gp(y) dμ(y).(3.2)

Now observe that, by hypothesis, φ((1+c3)t)�φ(t). Hence, using Hölder’s in-
equality and the boundedness properties of the operator (in the case of Theorem 2
we also use Lemma 2 and the boundedness of the Hardy-Littlewood maximal func-
tion) we may continue (3.2) with∫

Ω
Iμs−γ

[
f [wF

φ ]
1

(p∗
s−γ

)′ χΩ∩{d(·,y)≤c3d(y)}

]
(y)d(y)γφ[dF (y)]

1
p∗
s−γ gp(y) dμ(y)

�

⎛⎝∫
Ω

∫
{x∈Ω:d(x,y)≤τd(y)}

|u(x)−u(y)|pd(y)γpφ[dF (y)]
p

p∗
s−γ

μ [B(x, d(x, y))] d(x, y)sp dμ(x) dμ(y)

⎞⎠1/p

�
(∫

Ω

∫
{x∈Ω:d(x,y)≤τd(y)}

|u(x)−u(y)|pvFΦ,γp(x, y)
μ [B(x, d(x, y))] d(x, y)sp dμ(x) dμ(y)

)1/p

= [u]
W s,p

τ

(
Ω,vF

Φ,γp dμ
). �

Remark 4. It is possible to prove the same result whenever (X, d, μ) is a metric
space with an nμ-doubling and δ-reverse doubling measure μ with η-lower Ahlfors-
David regularity for some (s−γ)p<η, where 0≤γ<s≤δ and p>1. In this case, the
result is obtained with an Lp∗

s−γ norm at the left-hand side, where p∗s−γ := ηp
η−(s−γ)p .

We remark that the (p, p) (which corresponds to Theorem 2) does not need the
lower Ahlfors-David regularity hypothesis as just the doubling property is needed
for the boundedness of the Hardy-Littlewood maximal operator. Nevertheless, we
decided to ask for more regularity in order to get cleaner statements. It should be
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noted that the growth condition on φ is not actually necessary, but the results are
much cleaner assuming this condition.

In what follows, we prove the (1∗s−γ , 1)-inequality by requiring some stronger
properties on our measure μ. For this, we will use the following lemma, which is a
generalization of a well-known result which can be found, for instance, in the book
by Jost [33].

Lemma 3. Take 0<γ<s, η>0 and q>1. Let (X, d, μ) be a metric space with

μ an η-upper and (s−γ)q′-lower Ahlfors-David regular measure. Let x∈X and

suppose that for any measurable bounded set F with positive measure there is a ball

B(x,R) with comparable measure to that of the set F . Then for any measurable set

E with positive measure we have that∫
E

dμ(y)
d(x, y)(s−γ)q′−(s−γ) �μ(E)

η+s−γ
(s−γ)q′ −1

.

Proof. Let R>0 be such that the ball B :=B(x,R) verifies μ(B)�μ(E). For
this R, write∫

E

dμ(y)
d(x, y)(s−γ)q′−(s−γ) =

(∫
E\(E∩B)

+
∫
E∩B

)
dμ(y)

d(x, y)(s−γ)q′−(s−γ) .

On one hand, we note that for y∈E\(E∩B), we have d(x, y)≥R, so∫
E\(E∩B)

dμ(y)
d(x, y)(s−γ)q′−(s−γ) ≤

∫
E\(E∩B)

dμ(y)
R(s−γ)q′−s

≤Rη−(s−γ)q′+s−γ ,

as μ is an η-upper Ahlfors-David regular measure.
On the other hand, for y∈B, we can use Lemma 2.1 in [16], so we obtain∫

E∩B

dμ(y)
d(x, y)(s−γ)q′−(s−γ) ≤

∫
B

dμ(y)
d(x, y)(s−γ)q′−(s−γ) �Rη−(s−γ)q′+s−γ .

Thus, as μ is (s−γ)q′-lower Ahlfors-David regular and μ(B)=μ(E), we finally get∫
E

dμ(y)
d(x, y)(s−γ)q′−(s−γ) �μ(E)

η+s−γ
(s−γ)q′ −1

. �

Remark 5. If μ is an nμ-Ahlfors-David regular measure, then the space (X, d, μ)
satisfies that for any bounded measurable set F there exists a ball of comparable
size, and, hence, Lemma 3 holds. Indeed, for any x∈X it suffices to take the ball
B
(
x, μ(F )1/nμ

2c1/nμ
u

)
.

Theorem 3. Theorem 1 also holds for p=1.
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Proof. Let us define, for λ>0, the set E :={x∈Ω:|u(x)−uB0 |>λ} and assume
that μ is nμ-lower and nμ-upper Ahlfors-David regular (note that (s−γ)(1∗s−γ)′=
(s−γ) nμ

s−γ =nμ). Then, by Chebyshev’s inequality, Lemma 1 and Tonelli’s theo-
rem,

(wF
φ dμ)(E)� 1

λ

∫
E

∫
Ω∩{d(x,y)≤c3d(y)}

g1(y)d(x, y)s

μ[B(y, d(x, y))] dμ(y)wF
φ (x) dμ(x)

= 1
λ

∫
Ω
g1(y)

∫
E∩B(y,c3d(y))

wF
φ (x)d(x, y)s

μ[B(y, d(x, y))] dμ(x) dμ(y)

= I1+I2,(3.3)

where I1 corresponds to the case in which the inner integral is defined on the
region E1 where d(x, y)≤τd(y) and I2 to the case where the inner integral is eval-
uated on its complement, E2. Observe that when d(x, y)≤τd(y), we have that
(1−τ)d(y)≤d(x)≤(1+τ)d(y) and that the same comparison holds for dF (x) and
dF (y), so that, as μ is nμ-lower Ahlfors-David regular, by Lemma 3 and the fact
that nμ+s−γ

(s−γ)(1∗
s−γ)′ −1= 1

(1∗
s−γ)′ ,

I1 �
∫

Ω

g1(y)
λ

∫
E1

d(x, y)s

μ[B(y, d(x, y))] dμ(x)wF
φ (y) dμ(y)

�
∫

Ω
d(y)γ g1(y)

λ

∫
E1

dμ(x)
d(x, y)(s−γ)(1∗

s−γ)′−(s−γ)w
F
φ (y) dμ(y)

�
∫

Ω
d(y)γ g1(y)

λ
μ(E1)

1
(1∗

s−γ
)′ wF

φ (y) dμ(y)

�
∫

Ω
d(y)γ g1(y)

λ

(∫
E1

wF
φ (x) dμ(x)

) 1
(1∗

s−γ
)′ [

wF
φ (y)

] 1
1∗
s−γ dμ(y)

�
∫

Ω
d(y)γ g1(y)

λ
(wF

φ dμ) (E)
1

(1∗
s−γ

)′ [wF
φ (y)

] 1
1∗
s−γ dμ(y),

where we have used that, by hypothesis, we know that φ((1+τ)dF (x))�φ(dF (x))
and φ

[
(1+τ)
1−τ dF (x)

]
�φ(dF (x)).

Hence, we have

I1 �
∫

Ω

g1(y)
λ

(wF
φ dμ) (E)1/(1

∗
s−γ)′ [

wF
φ (y)

]1/1∗
s−γ d(y)γ dμ(y).
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On the other hand, using that d(x, y)≥τd(y), we have that, as μ is nμ-upper
Ahlfors-David regular and s≤nμ,

I2 = 1
λ

∫
Ω
g1(y)

∫
E2

wF
φ (x)d(x, y)s

μ[B(y, d(x, y))] dμ(x) dμ(y)

� 1
λ

∫
Ω
g1(y)d(y)s−nμ(wF

φ dμ)(E2) dμ(y)

� 1
λ

∫
Ω
g1(y)d(y)s−nμ(wF

φ dμ)(E2)1/(1
∗
s−γ)′d(y)

nμ
1∗
s−γ

[
wF

φ (y)
]1/1∗

s−γ dμ(y)

� 1
λ

∫
Ω
g1(y)d(y)γ(wF

φ dμ)(E)1/(1
∗
s−γ)′ [wF

φ (y)
]1/1∗

s−γ dμ(y).

Thus, we finally get

(wF
φ dμ)(E)�

(wF
φ dμ)(E)1/(1

∗
s−γ)′

λ

∫
Ω
g1(y)d(y)γwF

φ (y)1/1
∗
s−γ dμ(y),

i.e.
‖u−uB0‖L1∗

s−γ
,∞(Ω,wF

φ )
�
∫

Ω
g1(y)d(y)γwF

φ (y)1/1
∗
s−γ dμ(y).

At this point, a “weak implies strong” argument, which also holds in our setting
(see the comments preceding [10, Lemma 3.2.] and also [14, Proposition 5], [18,
Theorem 4], [13]) gives us the extremal case p=1 with weight wF

φ at the left-hand
side and vFΦ,γ at the right hand side. �

Remark 6. In this case, Ahlfors-David regularity is needed for the argument,
so Lemma 3 can be applied without any other assumption.

4. Some particular cases of Theorems 1 and 2

In this section we will give several instances of Theorems 1 and 2 by making
specific choices of (X, d, μ) and φ. These particular examples show that Theorems 1
and 2 extend results in [10], [24], [34] in several aspects.

Let us start with the Euclidean space with the Lebesgue measure, (Rn, d, |·|),
which is a doubling measure space with n-Ahlfors-David regularity. If we choose
φ(t)=ta, where a≥0, Ω any bounded John domain in Rn and F=∂Ω, then we
recover the results in [10] about John domains. More precisely,

Corollary 1. (Theorems 3.1. and 3.2. in [10]) Let Ω be a bounded John

domain in Rn. Let τ∈(0, 1) and a≥0. Let s∈(0, 1) and take 1≤p<∞ such that
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ps<n. Thus, for any q≤p∗s= pn
n−sp , we have that, for any function u∈W s,p(Ω, dx),

inf
c∈R

‖u−c‖Lp∗s (Ω,da)

�
(∫

Ω

∫
{z∈Ω:d(z,y)≤τd(y)}

|u(z)−u(y)|p
|z−y|n+sp

δ(z, y)bdzdy
) 1

p

,

where δ(z, y)=minx∈{z,y} d(x) and b≤ap
q +sp.

Moreover, by choosing F�∂Ω in Theorem 2 we recover the main result in [34],
namely

Corollary 2. (Theorem 1.1 in [34]) Let Ω in Rn be a bounded John domain

and 1<p<∞. Given F a compact set in ∂Ω, and the parameters s, τ∈(0, 1) and

a≥0, the inequality

inf
c∈R

‖u−c‖Lp(Ω,da
F )

�
(∫

Ω

∫
{z∈Ω:d(z,y)≤τd(y)}

|u(z)−u(y)|p
|z−y|n+sp

δsp(z, y)δF (z, y)adzdy
) 1

p

,

holds for any function u∈W s,p(Ω, dx), where δF (z, y)=minx∈{z,y} dF (x).
If we use Theorem 1 for F�∂Ω, then we improve both results by obtaining the

following combination of them:
Corollary 3. Let Ω be a bounded John domain in Rn and consider F⊂∂Ω.

Let τ∈(0, 1) and a≥0. Let s∈(0, 1) and take 1≤p<∞ such that ps<n. Thus, for

any q≤p∗s= pn
n−sp , we have that, for any function u∈W s,p(Ω, dx),

inf
c∈R

‖u−c‖Lp∗s (Ω,da
F )

�
(∫

Ω

∫
{z∈Ω:d(z,y)≤τd(y)}

|u(z)−u(y)|p
|z−y|n+sp

δ(z, y)spδF (z, y)bdzdy
) 1

p

,

where δF (z, y)=minx∈{z,y} dF (x) and b≤ap
q .

In general, we are able to include in our inequalities a large class of weights
defined by using the distance from the boundary. An instance of weights which is
not included in the previous results is, for example, the family of weights wF

φ , where
φ(t)=ta logb(e+t), a, b≥0.

Another space on which our results can be applied is the Heisenberg group
Hn, as it is a (2n+2)-Ahlfors-David regular metric measure space endowed with
the Carnot-Carathéodory metric d:=dCC (see [45] for the definition of dCC) and
the Lebesgue measure. The result reads as follows:

Corollary 4. Let us consider the Heisenberg space (Hn, dCC ,H2n+2), where
dCC is the Carnot-Carathéodory metric and H2n+2 is the (2n+2)-dimensional Haus-
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dorff measure on Hn. Let Ω be a bounded John domain in Hn and F⊂∂Ω a compact

set. Let s, τ∈(0, 1) and a≥0 such that daF ∈L1
loc(Ω). Let 0<γ≤s and take p>1 such

that (s−γ)p<2n+2. Thus, for any q≤p∗s−γ= p(2n+2)
(2n+2)−(s−γ)p , we have that, for any

function u∈W s,p(Ω,H2n+2),
inf
c∈R

‖u−c‖p
L

p∗
s−γ (Ω,da

FH2n+2)

�
∫

Ω

∫
Ω∩B(y,τd(y))

|u(z)−u(y)|pδγpF (z, y)δ(z, y)a
p
q dH2n+2(z)dH2n+2(y)

(|z1−y1|4+|z2−y2+2〈z1, y1〉|2)
2n+2+sp

4
,

where δF (z, y)=min(x)∈{z,y} dF (x), with dF the Carnot-Carathéodory distance from

x to ∂Ω. If we choose F=∂Ω, then we can obtain the inequality with the power db

at the right hand side for the range b≤ap
q +γp.

In general, for a given metric space X, our result can be applied for any metric
space endowed with the α-dimensional Hausdorff measure, as every α-Ahlfors-David
regular measure is comparable to the α-dimensional Hausdorff measure. Also note
that our results allow to obtain improved fractional Poincaré-Sobolev inequalities
for any ball in a metric measure space satisfying our conditions when the metric of
the space is the Carnot-Carathéodory metric, as balls in these spaces are Boman
chain domains.

5. Sufficient conditions for a bounded domain
In this section we extend Theorem 3.1 in [24] to the more general context of

doubling metric measure spaces, improving it by including weights. As an example,
we obtain sufficient conditions for a domain in (X, d, μ) to support the classical
improved (q, p)-Poincaré inequality. We refer the reader to Remark 1 for the basic
definitions concerning chains of balls of a Whitney decomposition of a domain Ω.

First of all, we prove an unweighted fractional (q, p)-Poincaré inequality on
balls. This lemma was first proved in the Euclidean case in [24, Lemma 2.2].

Lemma 4. Let B be a ball in a metric space (X, d, μ) with a doubling measure

μ. Let 1≤q≤p<∞ and let s, ρ∈(0, 1). Then,∫
B

|u(y)−uB |q dμ(y)

� r(B)sq

μ(B)
q−p
p

(∫
B∗

∫
{z∈B∗:d(z,y)≤ρr(B)}

|u(y)−u(z)|p dμ(z) dμ(y)
μ[B(z, d(z, y))]d(z, y)sp

)q/p

,(5.1)

for any u∈Lp
μ(B), where B∗ is defined as in Remark 1.

Proof. Let us consider a covering B={Bi}i∈J of B by J balls of radious ρ
K r(B)

for some K>1. This can be done in such a way that, when R is the union of two
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balls Bi and Bj with overlapping dilations (i.e. with λBi∩λBj 
=∅ for some λ>1
sufficiently small), R⊂B(y, ρr(B)) for every y∈R. Also, such an R satisfies R⊂B∗

and μ[B(z, d(z, y))]�μ(R). Observe that the index set is uniformly finite for every
ball B, as X is a doubling metric space.

Once we have this construction, observe that, for the union R of two balls in
B with overlapping dilations, we have, by the doubling condition

1
μ(R)

∫
R

|u(y)−uR|q dμ(y)

≤
(

1
μ(R)

∫
R

|u(y)−uR|p dμ(y)
)q/p

≤
(

1
μ(R)

∫
R

1
μ(R)

∫
R

|u(y)−u(z)|p dμ(z) dμ(y)
)q/p

�
(

1
μ(R)

∫
R

∫
R

|u(y)−u(z)|p diam(R)sp dμ(z) dμ(y)
μ[B(z, d(z, y))]d(z, y)sp

)q/p

� r(B)sq

μ(B)q/p

(∫
B∗

∫
B∗∩B(y,ρr(B))

|u(y)−u(z)|p dμ(z) dμ(y)
μ[B(z, d(z, y))]d(z, y)sp

)q/p

.

With this in mind, observe that, by Hölder’s and Minkowski’s,
1

μ(B)

∫
B

|u(y)−uB |q dμ(y)� 1
μ(B)

∫
B

|u(y)−uB1 |q dμ(y)

�
∑
j∈J

1
μ(Bj)

∫
Bj

|u(y)−uBj |q dμ(y)

+
∑
j∈J

1
μ(Bj)

∫
Bj

|uBj−uB1 |q dμ(y).

The first sum is bounded by the quantity above, so it is enough to estimate the
second sum. In order to do this, let us fix Bj , j∈J and let σ :{1, 2, ..., l}→J , l≤#J

an injective map such that σ(1)=1 and σ(l)=j, and the subsequent balls Bσ(i) and
Bσ(i+1) have overlapping dilations. Since l≤#J , we obtain

|uBj−uB1 |q ≤
(

l−1∑
i=1

|uBσ(i+1)−uBσ(i) |
)q

�
l−1∑
i=1

|uBσ(i+1)−uBσ(i+1)∪Bσ(i) |q

+
l−1∑
i=1

|uBσ(i+1)∪Bσ(i)−uBσ(i) |q.
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The two sums above can be bounded in the same way, so we will just work with
the first one. For each term we have

|uBσ(i+1)−uBσ(i+1)∪Bσ(i) |q

= 1
μ(Bσ(i+1))

∫
Bσ(i+1)

|uBσ(i+1)−u+u−uBσ(i+1)∪Bσ(i) |q dμ

� 1
μ(Bσ(i+1))

∫
Bσ(i+1)

|u−uBσ(i+1) |q dμ

+ 1
μ(Bσ(i+1)∪Bσ(i))

∫
Bσ(i+1)∪Bσ(i)

|u−uBσ(i+1)∪Bσ(i) |q dμ,

where we have used the conditions on the union of two balls of the covering with
nonempty intersection and the doubling condition. In the last two integrals we can
apply the first estimate above to obtain the desired result. �

With this lemma at hand, we can proceed to the proof of Theorem 4, which
gives sufficient conditions on a domain of a doubling metric space to support
(wφ, vΦ,γp)-improved fractional (q, p)-Poincaré inequalities for q≤p and suitable
functions φ and Φ.

Theorem 4. Let Ω be a domain in a doubling metric space (X, d) with a

Whitney decomposition WM as the one built in Lemma B and with the properties

in Remark 1. Let φ be a positive increasing function satisfying the growth condition

φ(2x)≤Cφ(x). Let 1≤q≤p<∞, and let s, τ∈(0, 1) and 0≤γ≤s.

(1) If there exists a chain decomposition of Ω such that

(5.2)
∑

E∈WM

⎛⎝ ∑
B∈E(WM )

r(E)(s−γ)q φ(r(B))
φ(r(E)) 
[C(B∗)]q−1 μ(B)

μ(E)q/p

⎞⎠p/(p−q)

<∞,

then Ω supports the (wφ, vΦ,γp)-improved fractional (q, p)-Poincaré inequality

inf
a∈R

‖u−a‖Lq(Ω,wφ dμ) � [u]W s,p
τ (Ω,vΦ,γp dμ),

where Φ(t)=φ
p
q (t).

(2) If q=p, and if there exists a chain decomposition of Ω such that

(5.3) sup
E∈WM

∑
B∈E(WM )

r(E)(s−γ)pφ(r(B))
φ(r(E)) 
[C(B∗)]p−1μ(B)

μ(E) <∞,

then Ω supports the (wφ, vφ,γp)-improved fractional (p, p)-Poincaré inequality

inf
a∈R

‖u−a‖Lp(Ω,wφ dμ) � [u]W s,p
τ (Ω,vφ,γp dμ).
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Proof. We just prove the first statement, as the second one follows in the same
way. We can use Hölder’s, Minkowski’s and the Whitney decomposition of Ω to
obtain ∫

Ω
|u(x)−uB∗

0
|qwφ(x) dμ(x)�

∑
B∈WM

∫
B∗

|u(x)−uB∗
0
|qwφ(x) dμ(x)

�
∑

B∈WM

∫
B∗

|u(x)−uB∗ |qwφ(x) dμ(x)

+
∑

B∈WM

∫
B∗

|uB∗−uB∗
0
|qwφ(x) dμ(x).(5.4)

We begin by estimating the first sum. Using Lemma 4 with ρ=CMτ (where
CM<1 is such that ρr(B∗)≤τd(x) for any x∈B∗∗) and the fact that d(x)�r(B∗)
for any x∈B∗ (and the corresponding fact for B∗∗), then, taking into account the
choice of M and the growth condition on φ, we obtain∫

B∗
|u(x)−uB∗ |qwφ(x) dμ(x)� r(B)(s−γ)q

μ(B∗)q/p−1 [u]q
W s,p

τ (B∗∗,wΦ,γp).

Thus, ∑
B∈WM

∫
B∗

|u(x)−uB∗ |qwφ(x) dμ(x)

�
∑

B∈WM

r(B)(s−γ)q

μ(B∗)q/p−1 [u]q
W s,p

τ (B∗∗,wΦ,γp)

≤
( ∑

B∈WM

μ(B∗)
) p−q

p
( ∑

B∈WM

r(B)(s−γ)p[u]p
W s,p

τ (B∗∗,wΦ,γp)

)q/p

�μ(Ω)
p−q
p

( ∑
B∈WM

r(B)(s−γ)p[u]p
W s,p

τ (B∗∗,wΦ,γp)

)q/p

�μ(Ω)
p−q
p diam(Ω)(s−γ)q[u]q

W s,p
τ (Ω,vΦ,γp),

where we have used that {B∗}B∈WM
and {B∗∗}B∈WM

are families with uniformly
bounded overlapping contained in Ω and also that, in the domain of integration,
the distance from each variable to the boundary of Ω is comparable to the
other.
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Next, we estimate the second sum in (5.4). By using chains of the decomposi-
tion and again that d(x)�r(B∗), x∈B∗,

∑
B∈WM

∫
B∗

|uB∗−uB∗
0
|qwφ(x) dμ(x)

�
∑

B∈WM

μ(B)φ(r(B))

⎛⎝ k∑
j=1

|uB∗
j
−uB∗

j−1
|

⎞⎠q

≤
∑

B∈WM


[C(B∗)]q−1μ(B)φ(r(B))

⎛⎝ k∑
j=1

|uB∗
j
−uB∗

j−1
|q
⎞⎠ .

Since max{μ(B∗
j ), μ(B∗

j−1)}�μ(B∗
j ∩B∗

j−1) (see (2.10)), we can write, by using
Hölder’s inequality,

|uB∗
j
−uB∗

j−1
|q �

j∑
i=j−1

(
μ(B∗

i )−1
∫
B∗

i

|u(x)−uB∗
i
| dμ(x)

)q

≤
j∑

i=j−1
μ(B∗

i )−1
∫
B∗

i

|u(x)−uB∗
i
|q dμ(x),

where, for the first inequality, we have used that

|uB∗
j
−uB∗

j−1
|q =

∣∣∣∣∣ 1
μ(B∗

j ∩B∗
j−1)

∫
B∗

j ∩B∗
j−1

(uB∗
j
−u(x)+u(x)−uB∗

j−1
) dμ(x)

∣∣∣∣∣
q

�
j∑

i=j−1

1
μ(B∗

j ∩B∗
j−1)

∫
B∗

j ∩B∗
j−1

|uB∗
i
−u(x)|q.

A new application of Lemma 4 gives

|uB∗
j
−uB∗

j−1
|q �

j∑
i=j−1

r(Bi)(s−γ)q

φ(r(Bi))
μ(B∗

i )−q/p[u]q
W s,p

τ (B∗∗
i ,wΦ,γp),

so the second sum in (5.4) is bounded by the sum

∑
B∈WM

φ(r(B))
[C(B∗)]q−1μ(B)

⎡⎣ k∑
j=0

r(Bj)(s−γ)q

φ(r(Bj))
μ(B∗

j )−q/p[u]q
W s,p

τ (B∗∗
j ,wΦ,γp)

⎤⎦ .
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Rearranging the sum as in [24], we get∑
B∈WM

∫
B∗

|uB∗−uB∗
0
|q dμ(x)

�
∑

E∈WM

∑
B∈E(WM )

r(E)(s−γ)q φ(r(B))
φ(r(E)) 
[C(B∗)]q−1 μ(B)

μ(E)q/p
[u]q

W s,p
τ (E∗∗,wΦ,γp).

Now, Hölder’s inequality together with the hypothesis allow us to bound the sum
above by [u]q

W s,p
τ (Ω,vΦ,γp) times the following expresion⎡⎢⎣ ∑

E∈WM

⎛⎝ ∑
B∈E(WM )

r(E)(s−γ)q φ(r(B))
φ(r(E)) 
[C(B∗)]q−1 μ(B)

μ(E)q/p

⎞⎠
p

p−q

⎤⎥⎦
p−q
p

,

and the result follows. �

Remark 7. Observe that, in the case 0≤γ<s, the constant in the obtained
Poincaré inequality depends on the size of the domain Ω. This also happens if
one thinks of a nonimproved version of the result, as one can check in the proof of
Theorem 3.1 in [24].

6. An example of application of Theorem 4: the case of John domains in
a complete metric space

In this section we will prove a positive result for John domains in complete
doubling metric spaces. We begin with a generalization of [24, Lemma 2.7]. To this
end, we will use the dyadic structure given by Hytönen and Kairema and introduced
in Section 2. We will also use the concept of porous sets in a metric space.

Definition 2. A set S in a metric space (X, d) is porous in X if for some ˇ∈(0, 1]
the following statement is true: for every x∈X and 0<r≤1 there is y∈B(x, r) such
that B(y,ˇr)∩S=∅.

Examples of porous sets are the boundaries of bounded John domains in a
complete metric space (see [38] for the result in the Euclidean case and observe that
Ascoli-Arzela’s theorem allows us to prove the result in a complete metric space).

Lemma 5. Let (X, d, μ) be a metric space endowed with a doubling measure,

and let S⊂X be a porous set. Let 1≤p<∞. If x∈S and 0<r≤1, then∫
B(x,r)

logp 1
d(y, S) dμ(y)≤ cμ(B(x, r))

(
1+logp 1

r

)
,

where the constant c is independent of x and r.
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Proof. We follow here the notations of Theorem A. Let us define

CS,γ := {Q∈D : γ−1d(zQ, S)≤ r(b(Q))≤ r(B(Q))≤ 1},

where zQ is the center of the two balls b(Q) and B(Q) associated to the dyadic
cube Q.

Suppose R∈D is a dyadic cube such that r(B(R))≤1 and such that d(y, S)≤
2
(

C1
c1s

)2
r(b(R)) for some y∈R. Then,

d(zR, S)≤ d(zR, y)+d(y, S)≤ r(B(R))+2
(
C1

c1s

)2
r(b(R))

≤ C1

c1
r(b(R))+2

(
C1

c1s

)2

r(b(R))=
(
C1

c1
+2

(
C1

c1s

)2
)
r(b(R)),(6.1)

so we have R∈CS,γ for γ= C1
c1

+2
(

C1
c1s

)2
.

Fix j a nonnegative integer such that C1s
j+1≤r<C1s

j , and consider a dyadic
cube Q∈Dj+1 for which Q∩B(x, r) 
=∅. We can cover B(x, r) with cubes like this,
as Dj+1 partitions X, so it will be enough to prove that, for any of these cubes Q,
we can get ∥∥∥∥log 1

d(·, S)

∥∥∥∥p
Lp

μ(Q∩B(x,r))
�μ(Q∩B(x, r))

(
1+logp 1

r

)
,

as we are working in a doubling metric space, which implies that the size of any
covering of B by cubes of the size stated above, is uniformly bounded.

By the porosity of S we know that, since μ is doubling, S has zero μ-measure
[30, Proposition 3.4], so it is enough to consider points y∈Q∩B(x, r)\S. Since x∈S,
we have that

d(y, S)≤ d(y, x)≤ r≤C1s
j ≤C1(c1s)−1 diamQ,

i.e.,

(6.2) 1≤C1(c1s)−1 diamQ

d(y, S) .

Consider now a sequence of dyadic cubes Q=Q0(y)⊃Q1(y)⊃...⊃Qm(y), each of
them containing y and Qi(y) and Qi+1(y) being immediate ancestor and son, re-
spectively. This, in particular, means that

(6.3) 2C1

c1
s−1 ≥ diamB(Qi(y))

diam b(Qi+1(y))
≥ diamQi(y)

diamQi+1(y)
≥ diam b(Qi(y))

diamB(Qi+1(y))
≥ c1

2C1
s−1.
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We choose m such that the last cube in the sequence satisfies

(6.4) c1s
2

C1
d(y, S)≤diamQm(y)< c1s

C1
d(y, S).

From (6.2) it follows that m≥1, and by (6.3) and (6.4),(
2C1

c1
s−1

)m

≥
m−1∏
i=0

diamQi(y)
diamQi+1(y)

= diamQ0(y)
diamQm(y) >C1(c1s)−1 diamQ

d(y, S) ≥ 1.

Thus,

m≥ log 2C1
c1s

(
2C1

c1s

)m

= 1
log

(
2C1
c1s

) log
(

2C1

c1s

)m

≥ 1
log

(
2C1
c1s

) [log C1 diamQ

c1s
−log d(y, S)

]
≥ 0.(6.5)

Furthermore, (6.4) and (6.1) yield Qi(y)∈CS,γ for i=0, 1, ...,m when γ is as in (6.1).
Thus, we obtain∑

R∈CS,γ
R⊂Q

χR(y)≥ 1+m≥ 1+ 1
log

(
2C1
c1s

) [log C1 diamQ

c1s
−log d(y, S)

]

≥ 1
log

(
2C1
c1s

) [log
(

2C1

c1s

)
+log C1 diamQ

c1s
−log d(y, S)

]
≥ 0,

as 2C1>sc1.
If we now integrate and apply triangle inequality, we get∥∥∥∥log 1

d(·, S)

∥∥∥∥
Lp

μ(Q∩B(x,r))

≤
∣∣∣∣log

(
2C2

1 diamQ

(c1s)2

)∣∣∣∣μ(Q∩B(x, r))
1
p +log

(
2C1

c1s

)∥∥∥∥∥∥∥∥
∑

R∈CS,γ
R⊂Q

χR

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

�
(

1+log C1

c1sdiamQ

)
μ(Q∩B(x, r))

1
p +

∥∥∥∥∥∥∥∥
∑

R∈CS,γ
R⊂Q

χR

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

=
(

1+log C1

c1sdiamQ

)
μ(Q∩B(x, r))

1
p +

∥∥∥∥∥∥∥∥
∑

R∈CS,γ
R⊂Q

χR

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

,
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where we have used that 2C1>ec1s (this is immediate by taking into account the
definitions of C1, c1 and s in Theorem A), and the fact that, in particular, diamQ≤
C1s

j+1≤r<1. Now observe that

diamQ≥ c1s
j+1 = c1s

C1
C1s

j >
c1s

C1
r,

so ∥∥∥∥log 1
d(·, S)

∥∥∥∥
Lp

μ(Q∩B(x,r))

�
(

1+log 1
r

)
μ(Q∩B(x, r))1/p+

∥∥∥∥∥∥∥∥
∑

R∈CS,γ
R⊂Q

χR

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

.

Since S is porous in X, we can follow the proof of [27, Theorem 2.10] in
our context. We obtain a finite positive constant Kˇ, depending on the porosity
constant ˇ, and families

{R̂}R∈Ck
S,γ

, Ck
S,γ ⊂CS,γ , k=0, 1, ...,Kˇ−1,

where each {R̂}R∈Ck
S,γ

is a disjoint family of cubes R̂⊂R, such that∥∥∥∥∥∥∥∥
∑

R∈CS,γ
R⊂Q

χR

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

�
Kˇ−1∑
k=0

∥∥∥∥∥∥∥∥
∑

R∈Ck
S,γ

R⊂Q

χR̂

∥∥∥∥∥∥∥∥
Lp

μ(Q∩B(x,r))

≤
Kˇ−1∑
k=0

‖χQ‖Lp
μ(Q∩B(x,r)) �μ(Q∩B(x, r))1/p.

Hence, we get∥∥∥∥log 1
d(·, S)

∥∥∥∥
Lp

μ(Q∩B(x,r))
�
(

1+log 1
r

)
μ(Q∩B(x, r))1/p,

which finishes the proof. �

Following [24] it is possible to construct a chain decomposition of a given John
domain Ω on a metric space in such a way that, for a given ball B∈WM in a Whitney
covering of the domain, we have that the chain associated to B satisfies

(6.6) 
[C(B∗)]�
(

1+log 1
diamB

)
.
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Using this result and the fact that a John domain in a complete metric dou-
bling space has porous boundary, we can prove an (wφ, vφ,γp)-improved fractional
(p, p)-Poincaré inequality on John domains.

Theorem 5. Let 1≤p<∞, τ, s∈(0, 1) and 0≤γ<s. Let φ be a positive in-

creasing function and define wφ and vφ,γp as in Theorem 4. A John domain Ω in a

complete doubling metric space (X, d, μ) supports the (wφ, vφ,γp)-improved fractional

(p, p)-Poincaré inequality.

Proof. We may assume diam Ω≤1. We will check condition (5.3) of Theorem 4.
If E is a ball in WM , then⋃

B∈E(WM )

B⊂B(ωE ,min{1, cdiam(E)}),

where ωE is the closest point in ∂Ω to xE and c is a positive constant independent
of E. This follows from the fact that, if B∈E(WM ), then E is closer to x0 than B,
so B is closer to ∂Ω than E (recall that diamE�d(xE , ∂Ω)).

Using this and (6.6), we obtain∑
B∈E(WM )

φ(r(B))
[C(B∗)]p−1μ(B)

�
∑

B∈E(WM )

φ(r(B))μ(B)
(

1+log 1
diamB

)p−1

�
∑

B∈E(WM )

φ(r(B))μ(B)
(

1+logp 1
diamB

)

�
∑

B∈E(WM )

∫
B

φ(r(B))
(

1+logp 1
d(y, ∂Ω)

)
dμ(y)

�
∫
B(ωE ,min{1,c diamE})

φ(r(E))
(

1+logp 1
d(y, ∂Ω)

)
dμ(y).

Since X is a complete space, the boundary of the John domain Ω is porous in S, so
we can apply Lemma 5 to ωE with r=min{1, cdiamE} in order to obtain∑

B∈E(WM )

φ(r(B))
[C(B∗)]p−1μ(B)

�φ(r(E))μ[B(ωE ,min{1, cdiamE})]
(

1+logp 1
min{1, cdiamE}

)
.
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Thus, we can check (5.3) for Ω, obtaining

sup
E∈WM

∑
B∈E(WM )

φ(r(B))
φ(r(E)) 
[C(B∗)]p−1r(E)(s−γ)pμ(B)

μ(E)

� sup
E∈WM

φ(r(E))
φ(r(E))r(E)(s−γ)p

(
1+logp 1

diamE

)
μ[B(ωE ,min{1, cdiamE})]

μ(E)

� sup
E∈WM

r(E)(s−γ)p
(

1+logp 1
diamE

)(
min{1, 2cr(E)}

r(E)

)nμ

<∞,

where we have used the doubling condition on μ and the fact that the ball E is
in the ball B(ωE ,min{1, cdiamE}). This last sum is finite as 1+logp 1

t �
1

tηp , for
0<η<s−γ if t<1. �

Remark 8. The growth condition on φ is not necessary. Moreover, the result
also holds for a function φ satisfying φ(2t)≤tδφ(t), where δ>γ−s (the case γ=s is
allowed here).

Also, it is interesting to compare this result with Theorem 2 in the sense that
here we just need μ to be a doubling measure in order to get the inequality, whereas
in Theorem 2 one asks μ to be a more regular measure.
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