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A Cantor set whose polynomial hull
contains no analytic discs
Alexander J. Izzo and Norman Levenberg

Abstract. A generalization of a result of Wermer concerning the existence of polynomial
hulls without analytic discs is presented. As a consequence it is shown that there exists a Cantor
set X in C3 whose polynomial hull is strictly larger than X but contains no analytic discs.

1. Introduction
 of a compact set
It was once conjectured that whenever the polynomial hull X
N

X in C is strictly larger than X, the complementary set X \X must contain an
analytic disc. This conjecture was disproved by Gabriel Stolzenberg [17]. However,
 \X, if nonempty, is a onewhen X is a smooth one-dimensional manifold, the set X
dimensional analytic variety as was also shown by Stolzenberg [18] (strengthening
earlier results of several mathematicians). In contrast, recent work of the ﬁrst
author, Håkan Samuelsson Kalm, and Erlend Fornæss Wold [10] and the ﬁrst author
and Lee Stout [11] shows that every smooth manifold of dimension strictly greater
 \X is nonempty
than one smoothly embeds in some CN as a subspace X such that X
but contains no analytic discs.
In response to a talk on the above results given by the ﬁrst author of the present
paper, Hari Bercovici raised the question of whether a nonsmooth one-dimensional
manifold can have polynomial hull containing no analytic discs. This question was
the motivation for the present paper. The authors would like to thank Bercovici for
his stimulating question.
In the paper [7] of the ﬁrst author, a construction is given that yields a Cantor
 \X is nonempty but contains no analytic discs, and the
set in C3 such that X
result is used there to answer Bercovici’s question aﬃrmatively by showing that, in
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fact, every uncountable, compact subspace of a Euclidean space can be embedded
in some CN so as to have polynomial hull containing no analytic discs. In the
 \X is
present paper, a diﬀerent construction of a Cantor set in C3 such that X
nonempty but contains no analytic discs is presented. The Cantor sets given by the
construction in [7] are diﬀerent from the ones given by the construction presented
here, and they have diﬀerent properties. For instance, the Cantor sets X in [7] have
the stronger property that the uniform algebra P (X) has a dense set of invertible
elements. This implies that the polynomial and rational hulls of X coincide. In
contrast, the construction given here does not yield density of invertible elements,
and as shown in the ﬁrst author’s paper [8], it can be used to obtain rationally
convex examples.
It will be convenient to say that the polynomial hull of a set X ⊂CN is nontrivial
 \X is nonempty.
if the set X
The Cantor sets of the present paper will be obtained by generalizing a result
of John Wermer [21] inspired by an idea of Brian Cole [3]. Speciﬁcally, Wermer
produced a compact subset Y of C2 such that, letting π:C2 →C be projection onto
the ﬁrst coordinate, π(Y ) is the unit circle, π(Y ) is the closed unit disc, and Y
contains no analytic discs. We generalize this by replacing the unit circle by an
arbitrary compact set X ⊂CN with nontrivial polynomial hull and replacing the

closed unit disc by X.
Theorem 1.1. Let X ⊂CN be a compact set whose polynomial hull is nontrivial. Then there exists a compact set Y ⊂CN +1 such that, letting π denote the
restriction to Y of the projection CN +1 →CN onto the ﬁrst N coordinates, the following conditions hold:
(i) π(Y )=X
 \X
(ii) π(Y \Y )= X
(iii) Y contains no analytic discs
 is totally disconnected.
(iv) each ﬁber π −1 (z) for z∈ X
By applying this theorem with X taken to be a Cantor set in C2 with nontrivial
polynomial hull, we will obtain the promised Cantor set. The ﬁrst example of
a Cantor set with nontrivial polynomial hull was constructed by Walter Rudin
[15] using a modiﬁcation of an argument of Wermer [20] who produced the ﬁrst
example of an arc with nontrivial polynomial hull. Later, examples of Cantor
sets whose polynomial hulls even have interior in C2 were given by Vitushkin [19],
Jöricke [12], [13], and Henkin [5].
Corollary 1.2. There exists a Cantor set in C3 whose polynomial hull is nontrivial but contains no analytic discs.
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In an earlier draft of the present paper (see [9]), Theorem 1.1, but with C2N
in place of CN +1 , was proven by generalizing the argument given by Wermer for
the special case when X is the unit circle in the plane given in [21] (and also
presented in [1, pp. 211–218]). The proof of Theorem 1.1 presented below is based
on the suggestions of a referee. The authors thank the referee for suggesting this
approach in which the set Y is obtained from a set E constructed by Tobias Harz,
Nikolay Shcherbina, and Giuseppe Tomassini [4]. The set E is constructed in [4]
by a generalization of Wermer’s construction the technical details of which are
considerably more complicated than those in [9]. It seems likely that a construction
along the lines of the one given in [9] could be used to give a simpler proof of
a statement along the lines of [4, Theorem 1.1] in the case when n is an even
integer.
As a step toward proving Theorem 1.1, we will prove the following general
result which may have further applications.
Theorem 1.3. Let Σ⊂CN +1 be a set, and let τ :Σ→CN denote the restriction
of the projection CN +1 →CN onto the ﬁrst N coordinates. Suppose that
(i) Σ is closed in CN +1
(ii) each point of CN has a neighborhood U such that the set {z∈C:(λ, z)∈
Σ for some λ∈U } is bounded
(iii) τ is surjective
(iv) CN +1 \Σ is pseudoconvex.
−1

Then for every compact set X ⊂CN , we have τ −1 (X)⊂[τ
(X)]ˆ.
 need not be polynoNote that in the context of Theorem 1.3, the set τ −1 (X)
−1

(X)]ˆ does not in general hold.
mially convex, and thus the equality τ −1 (X)=[τ
2
2
2
For instance if Σ={(z1 , z2 )∈C :|z1 | +|z2 | ≥1 and |z2 |≤2}, then τ −1 ({z∈C:|z|≤
1}) contains the unit sphere in C2 but does not contain its polynomial hull, the
closed unit ball.
Before concluding this introduction, we make explicit the deﬁnitions of some
 of X
terms already used above. For a compact set X in CN , the polynomial hull X
is deﬁned by
 = {z ∈ CN : |p(z)| ≤ max |p(x)| for all polynomials p}.
X
x∈X

 =X. By an analytic disc in CN ,
The set X is said to be polynomially convex if X
we mean an injective holomorphic map σ:{z∈C:|z|<1}→CN . By the statement
that a subset S of CN contains no analytic discs, we mean that there is no analytic
disc in CN whose image is contained in S.
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The research in this paper was begun while the ﬁrst author was a visitor at
Indiana University. He would like to thank the Department of Mathematics for its
hospitality.

2. The proofs
Proof of Theorem 1.3. Let K be the mapping from CN into the set of nonempty compact subsets of C whose graph is Σ, i.e., such that
K(λ) = {z ∈ C : (λ, z) ∈ Σ}.
Note that the requirement that K(λ) is nonempty for each λ is fulﬁlled by condition
(iii). We leave it as an exercise to verify that the combination of conditions (i) and
(ii) is equivalent to the statement that K is upper semicontinuous in the sense
that for every λ0 ∈CN and every open set V of C containing K(λ0 ), there exists
a neighborhood U of λ0 such that K(λ)⊂V for every λ∈U . Therefore, condition
(iv) gives, by Słodkowski’s theorem on the equivalence of conditions for a set-valued
function of one complex variable to be an analytic multifunction [16, Theorem 3.2]
(or see [2, Theorem 7.1.10]), that for every plurisubharmonic function φ on CN +1 ,
the function Φ on CN deﬁned by
Φ(λ) = max{φ(λ, z) : z ∈ K(λ)}
is subharmonic on each complex line in CN and hence is plurisubharmonic on CN .
 be arbitrary, and let p be an arbitrary polynomial on
Now let w0 ∈τ −1 (X)
N +1
C
. Since |p| is plurisubharmonic, the conclusion of the preceding paragraph
gives that the function ψ on CN deﬁned by
ψ(λ) = max{ |p(λ, z)| : z ∈ K(λ) }
is plurisubharmonic. Obviously
(1)



|p(w0 )| ≤ ψ τ (w0 ) .

 the well-known equality of holomorphic hull and plurisubharSince τ (w0 ) is in X,
monic hull (see for instance [6, Theorem 4.3.4] or [14, Theorem VI.1.18]) gives that
(2)



ψ(τ w0 ) ≤ max{ψ(λ) : λ ∈ X}.

Combining (1) and (2), we have
|p(w0 )| ≤ max{ψ(λ) : λ ∈ X}.
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But the deﬁnition of ψ gives that
max{ψ(λ) : λ ∈ X} = max{|p(w)| : w ∈ τ −1 (X)}.
Thus
|p(w0 )| ≤ max{|p(w)| : w ∈ τ −1 (X)},
−1

so w0 is in [τ −1 (X)]ˆ. We conclude that τ −1 (X)⊂[τ
(X)]ˆ.



Proof of Theorem 1.1. Let E ⊂CN +1 be the set given by [4, Theorem 1.1] and
let τ :E →CN denote the restriction of the projection CN +1 →CN onto the ﬁrst N
coordinates. The set E has the following properties:
(a) E is closed in CN +1
(b) each point of CN has a neighborhood U such that the set {z∈C:(λ, z)∈
E for some λ∈U } is bounded
(c) τ is surjective
(d) τ −1 (z) is totally disconnected for each z∈CN
(e) CN +1 \E is pseudoconvex
(f) for every R>0, the intersection of E with the closed ball of radius R centered
at the origin in CN +1 is polynomially convex
(g) E contains no analytic discs.
Properties (a), (e), (f), and (g) are given in [4, Theorem 1.1]. The other properties
are not given in the statement of the theorem; the reader is invited to examine
the proof of [4, Theorem 1.1] to verify that the set constructed there has these
properties.
Let Y =τ −1 (X). Then Y is compact by conditions (a) and (b), and (i) of the
theorem holds on account of condition (c). It is easily shown that condition (f) yields
 is polynomially convex. Thus Y ⊂τ −1 (X)⊂E

that τ −1 (X)
, so (iii) and (iv) of the
theorem follow from conditions (g) and (d), respectively. In view of conditions (a),
−1


(b), (c), and (e), Theorem 1.3 gives that τ −1 (X)⊂[τ
(X)]ˆ = Y , so Y =τ −1 (X).
 and this together with the equality
Therefore, condition (c) gives that π(Y )= X,
 \X, i.e., (ii) of the theorem holds. 
Y =τ −1 (X) yields π(Y \Y )= X
Proof of Corollary 1.2: As mentioned in the introduction, there are several
examples in the literature of Cantor sets in C2 having nontrivial polynomial hull.
Let X be one of these Cantor sets, and let Y be the set in C3 given by then applying
Theorem 1.1. Let J be the largest perfect subset of Y . (Recall that a subset of
a space is called perfect if it is closed and has no isolated points. Every space
contains a unique largest perfect subset (which can be empty), namely the closure
of the union of all perfect subsets of the space.) By [7, Lemma 4.2], Jˆ\J ⊃ Y \Y , so
condition (ii) of Theorem 1.1 gives that Jˆ is nontrivial, and since Jˆ⊂ Y , condition
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(iii) gives that Jˆ contains no analytic discs. It follows from conditions (i) and
(iv) of Theorem 1.1 that J is a Cantor set by the well-known characterization of
Cantor sets as the compact, totally disconnected, metrizable spaces without isolated
points. 

References
1. Alexander, H. and Wermer, J., Several Complex Variables and Banach Algebras,
3rd ed., Springer, New York, 1998. MR1482798
2. Aupetit, B., A Primer on Spectral Theory, Springer, New York, 1991. MR1083349
3. Cole, B. J., One-point parts and the peak point conjecture, Ph.D. dissertation, Yale
University, 1968. MR2617861
4. Harz, T., Shcherbina, N. and Tomassini, G., Wermer type sets and extensions of
CR functions, Indiana Univ. Math. J. 61 (2012), 431–459. MR3029404
5. Henkin, G. M., Envelopes of holomorphy of Jordan curves in Cn , Proc. Steklov Inst.
Math. 253 (2006), 195–211. MR2338698
6. Hörmander, L., An Introduction to Complex Analysis in Several Variables, 2nd ed.,
North-Holland, Amsterdam, 1979. MR0344507
7. Izzo, A. J., Spaces with polynomial hulls that contain no analytic discs, Math. Ann.
(accepted). DOI: 10.1007/s00208-019-01838-z
8. Izzo, A. J., No topological condition implies equality of polynomial and rational hulls,
Proc. Amer. Math. Soc. (accepted). DOI: 10.1090/proc/14628
9. Izzo, A. J. and Levenberg, N., A Cantor set whose polynomial hull contains no
analytic discs. arXiv:1801.03205v2.
10. Izzo, A. J., Kalm, H. S. and Wold, E. F., Presence or absence of analytic structure
in maximal ideal spaces, Math. Ann. 366 (2016), 459–478. MR3552247
11. Izzo, A. J. and Stout, E. L., Hulls of surfaces, Indiana Univ. Math. J. 67 (2018),
2061–2087. MR3875251
12. Jöricke, B., A Cantor set in the unit sphere in C2 with large polynomial hull, Michigan Math. J. 53 (2005), 189–207. MR2125541
13. Jöricke, B., Hausdorﬀ dimension of Cantor sets and polynomial hulls, Proc. Amer.
Math. Soc. 134 (2006), 1347–1354. MR2199178
14. Range, R. M., Holomorphic Functions and Integral Representations in Several Complex Variables, Springer, New York, 1986. MR0847923
15. Rudin, W., Subalgebras of spaces of continuous functions, Proc. Amer. Math. Soc. 7
(1956), 825–830. MR0082650
16. Słodkowski, Z., Analytic set-valued functions and spectra, Math. Ann. 256 (1981),
363–386. MR0626955
17. Stolzenberg, G., A hull with no analytic structure, J. Math. Mech. 12 (1963), 103–
111. MR0143061
18. Stolzenberg, G., Uniform approximation on smooth curves, Acta Math. 115 (1966),
185–198. MR0192080
19. Vitushkin, A. G., On a problem of Rudin, Dokl. Akad. Nauk SSSR 213 (1973),
14–15. MR0333243

A Cantor set whose polynomial hull contains no analytic discs

379

20. Wermer, J., Polynomial approximation on an arc in C 3 , Ann of Math. (2) 62 (1955),
269–270. MR0072260
21. Wermer, J., Polynomially convex hulls and analyticity, Ark. Mat. 20 (1982), 129–
135. MR0660131
Alexander J. Izzo
Department of Mathematics and Statistics
Bowling Green State University
Bowling Green
OH 43403
USA
aizzo@bgsu.edu
Received February 25, 2019

Norman Levenberg
Department of Mathematics
Indiana University
Bloomington
IN 47405
USA
nlevenbe@indiana.edu

