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A.s. convergence for infinite colour Pélya urns
associated with random walks

Svante Janson

Abstract. We consider Pélya urns with infinitely many colours that are of a random walk
type, in two related versions. We show that the colour distribution a.s., after rescaling, converges
to a normal distribution, assuming only second moments on the offset distribution. This improves
results by Bandyopadhyay and Thacker (2014-2017; convergence in probability), and Mailler and
Marckert (2017; a.s. convergence assuming exponential moment).

1. Introduction

Pélya urns with an infinite set S of possible colours of the balls have been
studied by Bandyopadhyay and Thacker [4, 5] and [6] and Mailler and Marckert
[25]. We consider here two special types of Pélya urns with the colour space S=R¢
(d>1), which both are associated with random walks on R?. To distinguish them, we
call them single ball addition random walk (SBARW) Pdlya urns and deterministic
addition random walk (DARW) Pélya urns. The DARW type is the Pdlya urn
considered in [4] and [5], and it is included among the more general urns in [6]
and [25] and studied further there. The SBARW Pélya urn differs from the urns
considered in [4]-[6] and [25] by having random replacements, but it is closely related
to the DARW type. We begin by giving a brief definition of an SBARW Pdlya urn,
and refer to Section 2 for the DARW type and for further details, including the
connection between the two models, as well as a definition of more general Pdolya
urns.

For simplicity, we first consider an important special case of an SBARW Pdlya
urn. In this case, the urn contains a (finite) number of balls, each labelled with a
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vector X;€R?, and starts at time 0 with a single ball labelled with 0. Furthermore,
the urn evolves by drawing a ball uniformly at random from the urn, noting its
label, )A(n say, and replacing it together with a new ball which is labelled with
Xn_H::)?n+nn, where 7,, are i.i.d. random variables with some given distribution
in R%. At time n >0, this urn contains n+1 balls. We describe the composition (=
state) of the urn by the measure (on R?)

(1.1) ,unZZZ(SXm
=0

where J, (the Dirac delta) denotes a point mass at x, and X, ..., X,, are the balls
in the urn.

The general SBARW Pdlya urn is an extension of this model; the evolution
proceeds in the same way, but the initial number of balls may be different from 1;
in fact, it may be any real number p>0, and the initial labels may be described by
an arbitrary measure po on R? with (R%)=pec(0,00), see Section 2 for details.
To draw a ball from an urn with composition u,, means that we pick a colour with
the normalized distribution fi,,, where we for any non-zero finite measure p on a
space S define its normalization by

(1.2) fri=p(S) " .

In the case above, where (1.1) holds, fi,, is the empirical distribution of the sequence
of colours Xy, ..., X,,.

We assume that the offsets 7,, have a finite second moment, i.e., E|n|? <oco. (We
use 7 to denote a generic offset 7,,.) Then Bandyopadhyay and Thacker [4, 5] and
(6] and Mailler and Marckert [25] proved, for the DARW model, that the normalized
compositions fi, are asymptotically normal. To state this formally, we rescale the
distributions, using the following notation from [25]. Let P(R?) be the space of
Borel probability measures on R%. If >0 and beR?, let O, ;:P(RY)—P(RY) be
the rescaling mapping defined by:

X-b
(1.3) if X~peP(RY), then TNGa,b(M)'

Note that if u,, is given by (1.1), and thus ﬂn:ﬁ_l >0 6x,, then rescaling fi,, by
Og,p is the same as rescaling all X; in the natural way:

i 1 ¢
(1.4) @a,b(ﬂn) = Tl—Jrl ; 6(Xi*b)/a'

We consider in this paper random probability measures, which formally are
described by probability measures on a space of probability measures. This can be
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confusing. In order to minimize confusion, we use, in statements about limits in
P(R?), the notation £ (N(0,Y)) to denote the normal distribution N (0, ¥) regarded
as an element of P(RY); we emphasize that this is a deterministic object.

We regard all vectors as column vectors. It is proved in [4]-[6] and [25] that,
for DARW Pélya urns, if m:=En, then

(15) GM,mlogn(ﬂn) L)[: (N(()’E[nnt])) )

with convergence in P(R?) with the usual weak topology; furthermore Mailler and
Marckert [25] showed that the convergence in (1.5) hold a.s. if |n| has a finite ex-
ponential moment. One of the main purposes of the present paper is to show that
a.s. convergence always holds, assuming only a second moment, for both types of
Pélya urns associated with random walks considered here.

Theorem 1.1. Consider an SBARW Pélya urn, with i.i.d. offsets n, €R? and
an initial composition uy that is an arbitrary non-zero finite measure on R, Assume
that E|n|?<oo and let m:=En. Then, as n— oo,

(16) em,mlogn(ﬂn) 5L (N(()’E[nnt])) )

in P(R?) with the usual weak topology.
The same result holds also for DARW Pdlya urns.

As remarked above, the right-hand side in (1.6) is non-random; it is a fixed
distribution in P(R%). Note also that the variance in the limit in (1.6) is E[nn‘] and
not Var[n]=E[nn']—mm?!, cf. Example 6.4.

Remark 1.2. If we inspect the urn by drawing a ball at random from the urn
at time n (without interfering with the urn process), and let X be is its colour,
then, conditionally on the urn composition p,, the distribution of X/ is fi,,. Hence,
recalling (1.3), (1.6) can also be written as

(1.7) L(% ﬂn) 23 £ (N (0, E[nnf]))

in P(RY). We can also rewrite (1.7) as a conditional convergence in distribution:

Xr—ml
(1.8) Conditioned on (u,)°, a.s., % &N(()’E[m]t]).

Remark 1.3. By unconditioning in (1.8), it follows that

X*—mlogn 4
1.9 T > Sy N(0,E[nnY).
( ) \/@ ( [7777])
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This is a much simpler result, which e.g. easily follows from the correspondence
with random recursive trees used below and the asymptotic normal distribution of
the depth of a random node in a random recursive tree, see [14, Theorem 6.17],
together with the usual central limit theorem for i.i.d. variables.

In the language of statistical physics, we study in (1.7)—(1.8) the quenched
version of the problem, where we fix a realization of the urn process (u,), and
then consider the random variable X, obtaining results for a.e. realization of the
urn process. The corresponding annealed version, where we just consider X as
a random variable obtained by randomly constructing the urn u, and choosing a
ball X in it, is the much simpler (1.9). Note that the distribution of X in the
annealed version is Efi,, the expectation of the random measure fi,, defined above.
Hence, (1.9) can be written as

(1.10) O iogn, mlogn (Bin) — L (N(0,E[n')).

We can regard (1.9)—(1.10) as the annealed version of Theorem 1.1. Similar un-
conditioning to annealed versions can be done in the theorems for random trees in
Sections 6 and 10.

The proofs by [4]-[6] and [25] are based on a connection between Pélya urns
and the random recursive tree, see Section 5. We do the same in the present
paper; we also introduce a weighted modification of the random recursive tree in
order to treat Pdlya urns with an arbitrary initial configuration, see Section 3.1.
The SBARW Polya urns correspond to branching random walks on the (weighted)
random recursive tree, and thus Theorem 1.1 is equivalent to a.s. convergence of
the empirical distribution, suitably normalized, for a branching random walk on a
(weighted) random recursive tree. Furthermore, as is also well-known, the random
recursive tree can be embedded in the continuous time Yule tree, and thus the result
can be interpreted as a.s. convergence of the normalized empirical distribution of
a branching random walk on a Yule tree. (This extends to the weighted random
recursive tree and a weighted Yule tree defined in Section 3.2.) Such a.s. convergence
results for branching processes have been shown, in much greater generality, by e.g.
Uchiyama [33, Theorem 4], and thus Theorem 1.1 essentially follows from known
results in branching process theory.

One purpose of the present paper is to make this connection explicit, by stat-
ing results for branching random walks on random recursive trees and Yule trees
in a form corresponding to the Pdlya urn theorem above, including the weighted
cases. We prove these results for random trees using the standard method of show-
ing convergence of a suitable martingale of functions, used also by Uchiyama [33],
Biggins [8] and [9] and others. (For this, we use a Sobolev space of functions; see
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Remark 7.11.) We give complete proofs, both for completeness and because we
want to show how the proofs work in this simple case where we can give explicit
expressions instead of estimates, and without the distractions caused by the greater
generality in [33], and also because we have not been able to find published results
with precisely the formulations used here, including the weighted case. Further-
more, we give proofs with explicit calculations both for the (weighted) Yule trees
and the random recursive trees; as said above, the results for these trees are equiva-
lent, so it suffices to prove one of the cases. Nevertheless, it is possible to prove the
result directly, with explicit calculations, for both cases, and we find it interesting
and instructive to do so and see the similarities and differences between the two
cases.

The Pélya urns, random trees and branching random walks that we consider
are defined in Sections 2—4, and the connection between them is given in Section 5.
The results for random recursive trees and Yule trees are stated in Section 6 and
proved in Sections 7-8. Theorem 1.1 above is proved in Section 9. Section 10 gives
analogous results for binary search trees and binary Yule trees. Section 11 contains
some open problems.

2. Poélya urns

As said in the introduction, we consider a general version of Pélya urns, where
we have a measurable space S of colours (i.e., types), and the state, or composition,
of the urn is given by a finite measure  on S. This version of Pélya urns has been
introduced in a special case by Blackwell and MacQueen [10], and in general by
Bandyopadhyay and Thacker [6], see also [4] and [5], and by Mailler and Marckert
[25]. Although our main theorem is only for Pdlya urns of the special types associ-
ated with random walks, we give the definition of Pdlya urns in a general form as
in [4]-[6] and [25]. Furthermore, we allow also random replacements, see also [20].

The interpretation of the measure u describing the state of the urn is that if
ACS, then p(A) is the total mass of the colours in A. The classical case with a
finite number of discrete balls of assorted colours, can be treated by representing
each ball of colour x by a point mass §,; in other words, if the urn contains m balls
with colours x1, ..., T, then it is represented by the measure

(2'1) /J:Z&Tm

and thus g is a discrete measure where p{x} is the number of balls of colour z.
It has often been remarked that the classical case easily generalizes to non-integer
“numbers of balls” of each colour; in the measure formulation considered here, this
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means that p is an arbitrary discrete finite measure. The general measure version is
a further generalization, where S may be infinite and p may be, e.g., a continuous
measure.

To define a measure-valued Pélya urn process, we assume that we are given
a colour space S (a measurable space). We let M(S) denote the space of finite
measures on S, let M, (S):=M(S)\{0}, where 0 denotes the zero measure, and
define for each pe M., (S) its normalization fi as the probability measure (1.2). We
assume also that we are given a replacement rule, which may be deterministic or
random. In the deterministic case it is a (measurable) function z+— R, mapping S
into M(S); in other words, R, is a kernel from S to itself [23, p. 20]. In the random
case, each R, is a random element of M(S); formally the replacement rule is a
(measurable) mapping x+— 7R, mapping S into the space P(M(S)) of probability
measures on M(S), i.e., a probability kernel from S to M(S), but it is convenient
to represent each R, by a random R, € M(S) having distribution R,.

The Pélya urn starts with a given initial composition o€ M. (S). In each step,
we “draw a ball from the urn”; this means that, given everything that has happened
so far, if the current composition of the urn is u,,, then we randomly select a colour
X, with distribution f,,. We then “return the ball together with the replacement
Rx,”, which means that we update the state of the urn to

(2.2) Pnt1:= pn+Rx,,.

In the case when the replacements R, is random, (2.2) should be interpreted to
mean that given X,, and everything that has happened earlier, we take a fresh
random Rx, with the distribution Rx,. Thus, given X,, Rx, is independent of
the history of the process. (It is shown in [20] that an urn with random replacements
is equivalent to an urn with deterministic replacements on the larger colour space
S8 x10,1]; we will not use this.)

The update (2.2) is repeated an infinite number of times; this defines the
Polya urn process as a Markov process. The process is well-defined, with every
tn €M, (S), since we have assumed that each R, is a finite measure. (Thus R, is
non-negative; there are no subtractions of balls in this version.)

Remark 2.1. We use the name “replacement” to conform with [4]-[6] and [25],
although R, really is an addition to the urn rather than a replacement, since we
also return the drawn balls. (The real replacement is §,+R,.) A version with a
true replacement, without replacement of the drawn ball, is studied in [25], but will
not be considered here.

One special case, which we call single ball addition is when each replacement
consists of a single ball of a random colour (with distribution R, depending on
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the colour = of the drawn ball as above). In other words, for each z€S, R, is a
random measure of the type R, =0, for a random variable r,€S. In this case, let
r,:=L(r;)€P(S) be the distribution of r, and define 7z,, € M(S) as the composition
pn T Of i, and the kernel z+—r, (from S to itself), see [23, p. 21], i.e.

(2.3) )= [ (A ditn(0) = [ Plro € 4)din (o)

Note that the total mass i, (S) =, (S) and that therefore fi,, =i, -r. Hence, in the
Poélya process above, given the present state u,,, the distribution of the colour of the
next ball added to the urn is ﬁn Furthermore, if Y,, is this colour, i.e., Y,,:=rx, €S,
then pin,11=pn+9dy,, and thus, by (2.3),

(24) ﬂn-‘rl :/,Ln+1'r:/,6n'r+6y71"r:ﬂn‘f'ryn-

This means that 7i,, also is a Pélya urn process, as defined above, with deterministic
replacements r,. We state this formally.

Lemma 2.2. Let (u,) be a single ball addition Pdlya urn process, with random
replacements Ry=0,_ . Then, with ry:=L(ry) and G, :=p, r, the sequence (fi,,) is
a Pdlya urn process with deterministic replacements r, €P(S).

The Pélya urns studied in [4]-[6] and [25] have deterministic replacements that
furthermore are probability measures; hence these urns are of the type (2.4), and
Lemma 2.2 shows that, provided the initial value is of the type pg-r, these urns
correspond to urns u, with random single ball additions; more precisely they are
given by i, -r.

Ezample 2.3. The urns studied in Blackwell and MacQueen [10] have the spe-
cial form R,=d,; hence they are single ball addition Pélya urns where the added
ball has the same colour as the drawn one, just as for the original (two-colour)
urns in [16], [27] and [32]. In this case r,=z and [, =, so there is no difference
between the two Pélya urns in Lemma 2.2.

Ezample 2.4. The SBARW Pdélya urns discussed in Section 1 are a special case
of the single ball addition case, where S=R? and the replacements are translation

invariant, i.e., rwgm—i—ro for all z€R?. In other words, with n:=rg, if we draw a
ball of colour X,,, it is replaced together with a ball of colour X,,+n,,, where (1,)
are independent copies of the random variable neR? (with 7, independent of X,).

By Lemma 2.2, an SBARW Pélya urn corresponds to an urn with colour space
R? and deterministic replacements r,=/L(x+n). This is the type of urns studied
in [4] and [5]; they are also studied in [6] and [25] together with more general ones.
We call such urns DARW Pdélya urns.
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Note that for a DARW Pélya urn, the translation invariance of r shows that
the relation 7i,, =gy -r in Lemma 2.2 can be written as a convolution

(2.5) Ty, = [n kT = lp ¥ V.

3. Random trees

The random trees that we study are (mostly) well-known; see for example
[3], [14] and [34]. For convenience, we collect their definitions here.

The trees that we are interested in grow (randomly) in either discrete or contin-
uous time; we thus consider either an increasing sequence of random trees 7;, with
an integer parameter n>0, or an increasing family 7; of random trees with a real
parameter ¢ >0. (We use different fonts for the two cases; this will be convenient to
distinguish them in e.g. the proof of Theorem 6.1 where we consider trees of both
types simultaneously, but has otherwise no significance.)

For a tree T, we let |T'| denote its number of nodes; however, when we consider
weighted trees, we instead let |T'| denote the total weight, i.e., the sum of the weights
of the nodes.

3.1. Trees growing in discrete time

The random recursive tree T,, is constructed recursively. Ty is just a root.
Given T,,, we obtain T;,+1 by adding a new node and choosing its parent uniformly
at random from the already existing nodes. (We have chosen a notation where T;,
has n+1 nodes; this is of course irrelevant for our asymptotic results.)

We consider also a generalization of the random recursive tree that we call
a weighted random recursive tree; this is characterized by a parameter p>0 (the
weight). The definition is as for the random recursive tree, but we give the root
weight p and every other node weight 1, and when we add a node, its parent is
chosen with probability proportional to its weight. In other words, when adding a
new node to T}, its parent is chosen to be the root o with probability p/(n+p), and
to be v with probability 1/(n+p), for each of the n existing nodes v#o0. Note that
taking the weight p=1 gives the random recursive tree.

The binary search tree is defined by a similar recursive procedure, but we now
have two types of nodes, internal and external. Ty consists of a single external node
(the root). The tree evolves by choosing an external node uniformly at random,
and then converting it to an internal node and adding two new external nodes as
children to it. (One child is labelled left and the other right.) Thus T, has n internal
nodes and n+1 external nodes; an internal node has 2 children, and an external
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node has 0. Depending on the circumstances, one might either be interested in
the complete tree T;, with 2n+1 nodes, or just the internal subtree 7}, with the n
internal nodes.

3.2. Trees growing in continuous time

The Yule tree T¢, t>0, is the family tree of the Yule process, which is a simple
Markov continuous-time branching process starting with a single node (= individ-
ual) at time 0 and such that every node lives for ever and gets children according
to a Poisson process with intensity 1.

By symmetry and lack of memory, it is obvious that if 7, is the stopping time

(3.1) Tpi=min{t: |Te| =n+1},

then the sequence T,,:=7, is a sequence of random recursive trees.

Corresponding to the weighted random recursive tree above, we define also
a weighted Yule tree, where the root (the initial node) has weight p>0 and every
other node has weight 1, and each node gets children with intensity equal to its
weight. (Thus, only the initial node is modified.) For the weighted Yule tree, we
modify (3.1) and define 7,, as the first time that the total weight is n+p; then T,
is a weighted random recursive tree with the same weight p. Note that if p is an
integer, then the weighted Yule tree can be obtained by taking p independent Yule
trees and merging their roots.

Many authors use a different version of the Yule tree, which we call the binary
Yule tree to distinguish the two versions. The difference is that each individual lives
a random time with an exponential distribution Exp(1) with rate 1, and that each
individual gets 2 children when she dies. (We do not define any weighted version.) It
is obvious that the number of living individuals follows the same branching process
(the Yule process) for both versions, but that the trees 7;, which contain both the
living and dead individuals, will be different. In fact, if we now let 7,, be the first
time that the tree has n dead individuals, and thus n+1 living ones, it is easy to
see, again because of the lack of memory, that the sequence T, defines a binary
search tree, where the dead individuals are internal nodes and the living individuals
are external nodes.

We shall use some simple facts from branching process theory.

First, it is a well-known fact [3, Theorems II1.7.1-2] that for the Yule tree (and
much more generally),

(3.2) |T:| /et 22 W >0
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for some random variable W. (In fact, for the Yule tree, W ~Exp(1), but we do not
need this.) For the weighted Yule tree, every child of the root starts an independent
Yule tree, and it follows easily that (3.2) holds in this case too. (Furthermore, W
then has the Gamma distribution W~T'(p).)

Taking t=7,, in (3.2) yields, for a general weight p,

(3.3) —”;p LI
and thus, a.s.,
(3.4) T, =log(n+p)—log W+o(1) =logn+0O(1).

(Here and below, the implicit constant in O(1) may be random.)
We note a standard fact.

Lemma 3.1. If T; is the weighted Yule tree, for any p>0, then for every t<oo
and r<oo, E|T¢|" <o0.

Proof. Tt is well-known that E|7;|"<oo for the standard Yule tree with p=1,
see [3, Corollary III.6.1].

For general p, we may by monotonicity (in p) assume that p is an integer,
and the result then follows by regarding the tree as a union of p independent Yule
trees. O

4. Branching random walks on trees

Given a rooted tree T and a probability distribution v on R?, a branched
random walk on T, with offset distribution v, is a stochastic process (X, )yer indexed
by the nodes of T' that is defined recursively as follows:

(BW1) Let n,, v€T, be i.i.d. random variables with 7;~v.

(BW2) X,:=0, where o is the root of T'.

(BW3) If w is a child of v, then X,,:=X,+ny.

In other words, if v<w means that v is an ancestor of w,

(4.1) X, = Z .

The tree T is usually random; we then tacitly assume that the random variables
7, are independent of the tree T.
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Remark 4.1. Alternatively (and equivalently), we may start with a rooted tree
T and random variable 7, by taking v:=L(n), the distribution of n; (BW1) then
says that 7; are independent copies of 7. In this setting, n is called the offset. In the
sequel, we use 7 in this sense, to denote a generic random variable with distribution
v.

Remark 4.2. We never use 1,, and may thus ignore it. For v#o, we may
think of 7, as associated to the edge leading to v from its parent; then X, is the
sum of these values for all edges on the path between o and v. (Alternatively, we
could change the definition and let X,:=v,; this would not affect our asymptotical
results.)

We are interested in the empirical distribution of the variables X, ; this is by
definition the random probability measure on R (or R?) defined by

1
(42) ﬁiif 6Xv7
P

veT

where J, (the Dirac delta) denotes a point mass at x, and |T'| is the number of
nodes in T'. In other words, given (X, ),er, & is the distribution £(Xy ) of the value
Xy seen at a uniformly randomly chosen node VeT.

For a weighted tree, we modify the definition (4.2) by counting each node v
according to its weight w,. In our cases, w,=1 for every v#o, and thus, recalling
that |T'| denotes the total weight,

. 1 1
(43) u:m;wvéxvﬁ(péxaqLZéxv).

v#o

Similarly, the random node V€T is chosen with probability proportional to its
weight, and then still f=L(Xy ). Since only the root has a weight different from 1, it
is obvious that the asymptotic results below are not affected be these modifications,
and the results hold for both definitions (4.2) and (4.3). However, the modifications
are natural, and convenient in the proofs below, so we shall use (4.3) in the weighted
case.

In analogy with the Pdlya urns defined earlier, we also define the unnormalized
measure

(4.4) pe=Tla=">_ wlx,.
veT

We consider an increasing sequence or family of (random) trees T,, with an
integer parameter n>0, or alternatively an increasing family 7; of random trees
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with a real parameter t>>0. We consider also an i.i.d. family (7, ), of offsets, defined
for all veT:=J,, T, [or U, T¢]. (Thus 7, is defined for all veT;, [T¢], but does not
depend on the parameter n [t].) We denote the empirical distribution by f, [fi:], and
our goal is to show that it, suitably rescaled, a.s. converges to a normal distribution
as n—00 or t—00; see Section 6 for precise statements. As in Theorem 1.1, this is
a question of convergence of a random probability measure in the space P(R9) of
probability measures on R? with the standard (weak) topology, cf. Remark 1.3.
We give a simple lemma that will be used later.

Lemma 4.3. If T; is a weighted Yule tree and E|n|*><oo, then for every t<oo,
2
E(Zveﬂ | Xo|) < oo0.

Proof. Trivially, | X,|<>_, cr [Mw] for every v€T; and thus

(4.5) STIXIT D nwl.

veT: weT:

It follows, using the Cauchy—Schwarz inequality, that

o) E((S X)) <P Y Bl ) <72 Eln?

vET: u,WE Ty

and thus, using Lemma 3.1,

2
(47) E(Y 1%) <ERPEIT* <oo. O
vET:

5. Pdlya urns and trees

The proofs by Bandyopadhyay and Thacker [4, 5] and [6] and Mailler and
Marckert [25] are based on a natural connection between Pélya urns and branching
Markov chains on random recursive trees, and in particular between DARW Pdlya
urns and branching random walks on random recursive trees. In our setting, we use
two versions, one for SBARW urns and one for DARW urns, and we include also
the weighted case (when po(S)#1).

5.1. SBARW Pdlya urns

Consider a Pélya urn of the single ball addition type, see Section 2; we let the
initial composition g have arbitrary mass p>0, but assume that it is concentrated
at 0; thus, up=pdy. Regard this initial mass as a ball with weight p and colour
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0; let all balls added later to the urn have weight 1. Regard the balls in the urn
as nodes in a tree, where the initial ball is the root and each new ball added after
drawing a ball becomes a child of the drawn ball. It is obvious that the resulting
random tree process is the weighted random recursive tree defined in Section 3.1.
Furthermore, if the Pélya urn is of the SBARW type, then the labels on the ball
form a branching random walk (4.1), with the same offset 1; note that the measures
tn and fi,, defined earlier (Sections 2 and 4) are the same for the Pélya urn and the
branching random walk.

This means that, at least when po=pdg, the first part of Theorem 1.1 is equiva-
lent to a result for the random recursive tree, see Theorem 6.1 below and Section 9.

5.2. DARW Pélya urns

For the DARW Polya urns, we describe the connection used by [4]-[6] and [25]
as follows. Consider first an arbitrary measure-valued Pélya urn with deterministic
replacements R, € M(S). Denote the successive additions to the urn by, see (2.2),

(5.1) Aplng1 7= a1 —pn = Rx,,,

and let Apg:=pg, the initial composition. We may pretend that the different addi-
tions Apug, k<n, are identifiable parts of u,,. Hence when we draw a ball, we can do
it in two steps; we first select an index k<n, with probability Aux(S)/un(S), and
then, given k, select X,, with distribution Aug. This defines a growing family T,
of trees, where T}, has node set {0,...,n}, and T}, is obtained from T, by adding
n+1 as a new node with mother k, the index selected when choosing X,, in the
construction of the Pélya urn.

From now on, we assume that all replacements R, are probability measures,
i.e., have mass R, (S)=1. Then it is obvious that this random family of trees T), is
the weighted random recursive tree with weight p=po(S). We mark each node n
in this tree by the measure Apu,, and also, for n>0, by the colour X,,_; of the ball
drawn to find this addition; we write Z,:=X,,_1. Then, given the trees T,,, n>0,
these marks, and thus the Pélya urn, are defined recursively as follows, with 0=0,
the root of the tree,

(P1) Apo:=pio

(P2) If a node v#o has mother u, then Z, is drawn with the distribution A,
and then Ap,:=Rz,.

If we further specialize to a DARW Pdlya urn, then, see Example 2.4, for v#£o,
assuming 7 to be independent of everything else,

(5.2) Apy =Rz, =rz, =L(N+Zy| Zy).
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Remark 5.1. Tt is easily seen that the relations in Sections 5.1 and 5.2 are
connected by the correspondence in Lemma 2.2; if we take the tree in Section 5.1
and mark each node with colour « by R, (pRg for the root), then we obtain the
corresponding process in Section 5.2.

6. Results for trees

We state here the results for the (weighted) random recursive tree and Yule
tree; proofs are given in Sections 7-8. As said in the introduction, the results
for Yule trees are essentially proved by Uchiyama [33, Theorem 4]; the weighted
Yule trees considered here are not quite included in his conditions (which otherwise
are very general), but his result is easily extended to the present case. See also
Section 10, where similar results for the binary search tree and the binary Yule tree
are given.

Recall the definitions of the random trees in Section 3, the empirical measures
fir, Or fi; in Section 4, and O, in (1.3).

We assume that E|n|?<oo, and let as above m:=EneR?. Convergence in the
space P(R?) of probability measures is always in the usual weak topology.

Theorem 6.1. Let T, be the random recursive tree and suppose that E|n|? <oco.
Then, as n—o0, in P(RY),

(61) em,mlogn(ﬂn) a‘s)ﬁ (N(OaE[nnt])) .

More generally, the same result holds for the weighted random recursive tree
with an arbitrary weight p>0 defined in Section 3.1.

Theorem 6.2. (essentially Uchiyama [33]) Let T; be the Yule tree and suppose
that E|n|?><occ. Then, as t—o0, in P(R?),

(6.2) O i me (i) == L (N (0, E[nn])) -

More generally, the same result holds for the weighted version with an arbitrary
weight p>0 defined in Section 3.2.

Remark 6.3. As for Theorem 1.1, the results can be stated as conditional con-
vergence in distribution, see Remark 1.2. Let V,, be a random node in the random
recursive tree T, as in Section 4 chosen with probability proportional to its weight
(and thus uniformly when p=1). Then (6.1) is equivalent to

Xy, —mlogn

(6.3) E( ew

‘Tn» {m}v) =2 L (N(0,E[nnfT))
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which can be written

s Xy, —mlogn 4
6.4 Conditioned T.} and {n,}, a.s, —2———-— — N(0,E[nn']).
(6.4) onditioned on {7}, } and {n,}, a.s Toan (0,E[nn"])
The same applies to Theorem 6.2, and the binary trees in Section 10; we leave the
details to the reader.
Note also that by unconditioning in (6.3)—(6.4), we obtain a (simpler) annealed
version, cf. Remark 1.3.

Ezample 6.4. As a special case of the results above, let n=1 (deterministically).
Then X, is the depth of v, and thus Theorems 6.1 and 6.2 show that the distri-
bution of node depths in a (weighted) random recursive tree or a Yule tree a.s. is
asymptotically normal. Note that in this case, with the normalizations above, the
limit is N(0,1). (This is known, at least in the unweighted case, for example from
[14, Remark 6.19 and (6.25)] or [33]; see also [14, Theorem 6.17] on the insertion
depth, which is related to the annealed version, and the corresponding result for
binary search trees and binary Yule trees in [12] and [13].)

This special case implies that in the asymptotic variance E[nn'] in the theorems

above, we can interpret mm?® as coming from the random fluctuations of the depths;

t
)

thus the contribution coming from the fluctuations of the offsets is E[nn'|—mm
which is the covariance matrix of 7.

Remark 6.5. The same problem for conditioned Galton—Watson trees, which
includes for example uniformly random plane trees and binary trees, has been stud-
ied by Aldous [2]; see also, e.g., [21]. The results for those random trees are very
different from the present ones, with convergence in distribution to a non-random
limit (known as ISE).

7. Proof of Theorem 6.2

In this section we prove Theorem 6.2; we then show in Section 8 that The-
orem 6.1 is a simple consequence of Theorem 6.2. On the other hand, it is also
easy to prove Theorem 6.1 directly using same arguments as for Theorem 6.2 with
only minor modifications; we give in Section 8 also this, alternative, proof for com-
parison. (This is the method used by Mailler and Marckert [25], under somewhat
stronger conditions.)

The basic idea is the same as in Uchiyama [33] (and in many other papers),
although the details are different from the very general case in [33]; we construct
a martingale from the characteristic function (Fourier transform) of the empirical
distribution, and then use martingale theory to obtain a.s. uniform convergence
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of this martingale, leading to convergence of the characteristic function of suitable
rescaled O, p(f1). See further Remark 7.11.

We consider a branching random walk on the Yule tree 7; with offsets 7, as
described in Sections 3-4. In this section, we assume until further notice (at the
end of the section) that d=1. (Actually, all formulas except (7.16) extend with at
most notational differences to d>1, but we do not use this; see also Remark 7.11.)
We assume also, for simplicity, that p=1, so that we consider the standard Yule
tree; the minor modifications for a general p are discussed in Remark 7.9 after the
lemmas.

Let F; be the o-field generated by all events (births and offsets) up to time ¢.

C denotes positive constants that may vary from one occurrence to the next.
They may depend on the offset distribution, but not on n, ¢t or other variables.

Denote the characteristic function of the offset distribution by

(7.1) ©(s) :=Ee'n,
Fix throughout the proof §>0 such that Re ¢(s)>3 when |s|<d, and let J be the

interval [—4, ].
Define the Fourier transform of a measure p€ M(R) by

(7.2) Als) = / &% dyi:

recall that this is the characteristic function if p is a probability measure. Define
the complex-valued random function, with p,; given by (4.4) for Ty,

(7.3) Fy(s):=fu(s)=Y_ "X, seR.
vET:
Note that F3(0)=|T¢|, and that F:(s)/F:(0) is the characteristic function of the
probability measure fi¢, see (7.31) below.
Although Fi(s) is defined for all real s, we shall mainly consider F; as a function
on J. We begin by computing the first and second moments of F;(s).

Lemma 7.1.
(i) For every t=0 and s€R,

(7.4) EF,(s) =€),
(i) For every t=0 and s1,s2€J,
p(s1)+p(s2) t((s1)+p(52))
E(F:(s1)F:i(s2)) = e\ PSS
(Flen)File) = oy oo - o(or ¥o2)
(75) SR

o(s1)+(s2) —p(s1+s2)
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Proof. (i): Each existing node v gets a new child, w say, with intensity 1, in-
dependently of the past. If this happens, then F(s) increases by el*Xw =¢is(Xo+nw)
Since 7, independent of F;, the conditional expectation given F; of this possible
jump of Fy(s) is E(els(XvFm0) | F)=elsXvp(s). It follows by standard Poisson pro-
cess theory that, for any fixed s€R, there exists a martingale M, (depending on s)
such that, in the notation of stochastic calculus,

(7.6) dFi(s) = ¥ ip(s) dt+ M = p(s) Fy(s) dt+ dMy].
veT

In particular, taking the expectation, we obtain

0
(7.7) EEF}(S) = p(s)EF(s).
This differential equation, with the initial value EFy(s)=1, has the solution (7.4).

(ii): Arguing as for part (i), we obtain for every real s1, so

O B(R(s1)Fi(s2)
=E Z ((Ft(81)+eisl(xv+’7'“) (Ft(82)+ei52(X”+"w)) —Ft(sl)Ft(52)>
vET:
:E(Ft(gl)Ft($2)6152nw+Ft(51)Ft(82)€islnw+Ft(51 +52)€i(51+52)nw)
(7.8) = (90(51)+<P(52))E(Ft(51)Ft(52))Jrga(sl +52)EF; (51 +52).

For s1,s2€J, we have

(7.9) Re(p(s1)+p(s2) —p(s1+s2)) = S+ —1:%>0

A~ w
e~ w

and thus (7.8) has the solution (7.5), again recalling the initial value Fy(s)=1. O
The proof is based on the following martingale.

Lemma 7.2. Let

(7.10) M;(s):=

Then My(s), t=0, is a (complezx) martingale for every fized s€R. Furthermore, for
s€J, this martingale is uniformly L*-bounded:

(7.11) E|M(s)]*?<C, t=0,s€.J.
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Proof. The first part is standard: it follows from (7.6) above that e~ #(*)* Fy(s)
is a martingale.
Furthermore, (7.10) and (7.5) yield, for s1,s2€J,

o(s1)+p(s2)
@(s1)+p(s2) —p(s1+s2)

(7.12) _ p(s1+s2) (o (s1452)—p(51)— 0 (52)
o(s1)+e(s2) —p(s1+s2)

E(M;(s1)My(s2)) =

Using (7.9), this yields the estimate, still for sq, sp€J and all t>0,

(7.13) |E(M:(s1)My(s2))| <2|p(s1)+¢(s2)|+2|p(s1452)| <6.
Furthermore, F;(—s)=F;(s) and thus M;(—s)=M;(s); hence (7.11) follows by tak-
ing s1=—s2=sin (7.13). O

Remark 7.3. The proof shows also that, typically, M;(s) is not L2-bounded
for every real s, see (7.12), which holds as soon as the denominator ¢(s1)+p(s2)—
©(s1+s2)#0. Hence it is necessary to restrict to some interval J. (Our choice of .J
is not the largest possible, but it is convenient for our purposes.)

Lemma 7.2 implies that for every fixed s€J, the martingale M;(s) converges
a.s. A crucial step is to improve this to uniform convergence for all s€J, i.e., a.s.
convergence of M; as an element of the Banach space C(J). However, we shall not
work in C(J), since we find it difficult to estimate the first or second moment of
| M¢||c(sy=sup,e s [M;(s)| directly; another technical problem is that C'(.J) does not
have the Radon—Nikodym property (see below). Instead we use the Sobolev space
WZ(J) defined by

(7.14) WE(T):={feL*(J): f' € L*(J)},
with the norm

(7.15) 152 = 1F T2y 1 ()

Remark 7.4. The definition (7.14) has to be interpreted with some care, since f
in general is not differentiable everywhere. The general definition of Sobolev spaces
in several variables [1] and [28] uses distributional (weak) derivatives. In the present
one-variable case, we can just require that f is absolutely continuous on J, so that
f’ exists a.e. in J in the usual sense, and then assume f, f'€ L?(J). Equivalently,

WIQ(J):{f:f(a?):f(O)—&—fOzg(y) dy for some gELQ(J)}.
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Then WZ(J) is an Hilbert space. Furthermore, there is a continuous inclusion
W2(J)cC(J), and thus an estimate

(7.16) Ifllewy <Clfllwziry,  feWE).

This is a special case of the Sobolev embedding theorem [1, Theorem 5.4]; in the
present (one-variable) case, it is an easy consequence of the Cauchy—Schwarz in-
equality, which implies that if f€W?(J) and [a,b]CJ, then

b
(7.17) If(b)—f(a)K/ |f' (@) da < (0=0) 2 f'l| 2oy < (0=a) 2 Flwz ).

Hence feC(J), and (7.16) follows easily from (7.17).

The (random) function F; defined in (7.3) is an infinitely differentiable function
of s. Furthermore, since we assume E|n|?<oo, the characteristic function ¢(s) is
twice continuously differentiable; hence so is EF;(s) by (7.4) and M, (s) by (7.10).
In particular, M;eWZ(J) for every t>0.

Lemma 7.5. (M;)i>0 is a right-continuous L?-bounded martingale in W2(J).
Proof. We begin by estimating the norm. By (7.15) and Fubini’s theorem,
EHMt”%/Vf(J) :EHMtH%P(J)+E||Mt/||%2(J)
:E/J M, (5)]? ds+E/]‘%Mt(s)

(7.18) :/]E|Mt(s)|2ds+/]E‘%Mt(s)

’st

2
’ ds.

We know that E|M,(s)|? is bounded by (7.11), but it remains to estimate the last
integral.

Denote the right-hand side of (7.12) by h(si,s2;t), so E(Mt(Sl)Mt(SQ)):
h(s1, s2;t) when s1,s9€J. Taking partial derivatives with respect to both s; and
s2, we obtain, for s1, so€J°, the interior of J,

02 02

851832E(Mt(51)Mt(82)) = h(Sl,SQ;t),

1 =—F
(7 9) 881882

where the right-hand side exists because (7.9) holds and, as said above, ¢ is twice
continuously differentiable; furthermore, this implies, using the explicit form of
h(s1,s2;t) in (7.12),

82

— % h(sy, 0t :O(l 1+42 tRe(w(sl+Sz)—v>(sl)—so(Sz)))
Fo19sy o1 525 1) FL+e
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(7.20) = O(1+(1+t2)e’t/2) —0(1), si,s2€J.

In the left-hand side of (7.19) we interchange the order of differentiation and ex-
pectation. To justify this, we note first that by (7.3), |Fi(s)|<|T¢| and \%Ft(s)K
> et | Xu|. Hence, using (7.10) and Lemmas 3.1 and 4.3, and letting C; denote
constants that may depend on ¢ but not on sy, so,

82 aMt(Sl) 8Mt(82) ‘
051089 0s1 052

<cir{({rots o) (1] 2]

(7.21) < CtE(mH 3 |XU|>2 < CtE|7;|2+C’tE(Z |XU|>2 <Oy < o0
veT: vET:

E‘ (Mt(sl)Mt(SQ))‘ :IE’

Consequently, if [a, b] and [c, d] are any two subintervals of J°, then Fubini’s theorem
yields

aMt 81 aMt(Sg) o b d 8Mt(81) aMt(SQ)
/ / S )d31 dSQ_E/a / o dsy dss

S1 059 0s2
=E((M;(b)—Mi(a)) (My(d)—Mi(c)))
(7.22) =nh(b,d;t)—h(a,d;t)—h(b,c;t)+h(a,c;t)

and differentiation (with respect to b and d) yields the desired formula

E(@Mt(sl) 6Mt(82)) B 0%h(s1, s2;t)
881 382 - 381882 ’

Together with (7.20), this shows, for s€J°,

E’é)Mt(s) ‘2:_E<8é\s/[t( )aé\jt( 3)) :_82h(51,32;t)

(7.23) $1,82€J°.

88 681882 §1=8,59=—5

(7.24) =0(1).
Finally, we use (7.24) together with (7.11) in (7.18), and find
(7.25) E| M2y <C, t20.

In other words, {M;} is an L?-bounded family of random variables in WZ(.J).

In particular, each M, is integrable, and thus the conditional expectation E(M;|
F.) is defined for every u<¢. Point evaluations are continuous linear functionals
on W2(J) by (7.16). Hence, if 0<u<t and s€.J, then, using also that M,(s) is a
martingale by Lemma 7.2,

(7.26) E(M; | Fu)(s) =E(Mi(s) | Fu) = Mu(s).
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Consequently, E(M;|F,)=M,, and thus M;, t>0, is a martingale with values
in W2(J). We have shown L2?-boundedness in (7.25). Finally, t— M, is right-
continuous by the definition (7.10), since F} is a right-continuous step function. O

Lemma 7.6. There exists a random function M., €WZ(J)CC(J) such that
M; 2% My, in WE(J) as t—oc.

Proof. This follows from Lemma 7.5 since W2(J) is a Hilbert space and thus
has the Radon—Nikodym property, see [30, Theorem 2.9 and Corollary 2.15], using
[30, Theorem 1.49] to extend the result from the discrete-parameter martingale
(My)nen to the continuous-parameter (My);>o. U

Lemma 7.7. As t—o0, M;*> M., in C(J), ie., a.s. My(s)— My (s) uni-
formly in seJ.

Proof. An immediate consequence of Lemma 7.6 and (7.16). O
Lemma 7.8. M. (0)>0 a.s.
Proof. By (7.10) and (7.3),

(7.27) My(0) =t F(0) =T,

which a.s. converges to the strictly positive limit W by (3.2). O

Remark 7.9. We have so far assumed that p=1. The results easily extend to
general p>0, provided we, as in Sections 3-4, count the nodes according to their
weights w, and thus change (7.3) to

(728) Ft (5) = Z wveiSXv = erZ eiSXv .
vET: v#£o

Recall that |7;] now is the total weight; thus F;(0)=|T¢| still holds. Similarly,
recalling (4.3), the characteristic function of fi; is still Fy(s)/F;(0). In the proof of
Lemma 7.1, we then obtain the same differential equations (7.7) and (7.8), but the
initial condition is now Fy(s)=p, giving

(7.29) EF;(s) = pet?(®)
and
+82)
E(Fy(s1)Fy(s2)) = pPel (e +e(s2) 4 ¢(s1 y
( HeaRl 2)) ’ p@(51)+90(82)—90(81+82)
(7.30) (et(s@(81)+¢(82)) _ete(sa +52)).

We define M;(s):=F;(s)/EF;(s)=p e *¥(*)Fi(s) and obtain again the estimate
(7.11). The rest of the proofs above holds without changes; in particular, Lem-
mas 7.5-7.8 hold as stated for any p>0.
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Proof of Theorem 6.2. We first continue to assume d=1, but allow p>0 to be
arbitrary, see Remark 7.9.

Let fi; be the empirical distribution (4.2) for the Yule tree 7T; at time ¢>0.
Denote the characteristic function of fi; by fir. Then, by (4.2), (7.3) and (7.10)
when p=1, and their modifications (4.3) and (7.28) in general, using ¢(0)=1,

2 1 .
(731) ﬂt(S) = m Z wvelsx" = = et(ﬁo(s)*l).

If s(t) is a function of ¢ such that s(t)—0 as t— o0, then the uniform convergence
in Lemma 7.7 together with the continuity of M, implies that M;(s(t)) > M., (0),
and thus, using also Lemma 7.8, M;(s(t))/M;(0) 22 M. (0)/M(0)=1. Conse-
quently, (7.31) shows that a.s., as t— o0,

(7.32) Fie(5(t)) = (140(1)) PO =1) — ptle(s)=D-+o(1)

Now consider the rescaled measure O, ;(ji¢), where we take a=a(t):=+/t and b=
b(t):=mt. By (1.4), its characteristic function is given by

— 1

(733) @a,b(ﬂt)(s) _ Ftl Z eis(X,Ufb)/a _ efisb/aﬁt(s/a).

For any fixed s€R, s/a=s/v/t—0 as t—oc0, and thus (7.32) applies with s(t):=
s/a=s/+/t; hence (7.33) yields, a.s.,

—

(734) @a7b(ﬂt>(3) — e—isb/agt(e(s/a)—1)+o(1) _ et(ga(s/\/f)—1—ims/\/f)+o(1).

Furthermore, ¢(s/vt)=1+ims/vt—1E[n*]s?/t+o(t™'), and thus a.s., as t— o0,

—

(7.35) O (fir)(s) = e 2ElF I +o(1) __y o= 3E[")s*

This shows that for each fixed s, the characteristic function of ©, (fi:) converges
a.s. to the characteristic function of N(0, m?+a?).

Consider now an arbitrary d>1. For any fixed u€R?, consider the linear projec-
tions u* X, €R, which are obtained as in (4.1) from the offsets u'n,. Applying (7.35)
(with s=1) to these variables yields

(7.36) O (i) (1) 2 e~ 3Elw)?] _ o~ 3u'E[nn]u

for every fixed u€R?. This implies that @avb(ﬂt)ﬁﬁ (N(0,E[nnt)) as., see
7. O
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Remark 7.10. The final part of the proof, from (7.32), is very similar to stan-
dard proofs of the central limit theorem, and we can interpret (7.32) as showing
that fi; asymptotically is like the distribution of a sum of independent copies of 7;
note that (7.32) says that ji,(s)~e*(*(®)=D which is the characteristic function of
a sum of a random Po(¢) number of independent copies of 7.

Remark 7.11. The main idea in the proof above, as in many other related works,
including [25], is to obtain uniform convergence of certain random functions in some
interval J30, i.e., convergence in C(J), since this allows us to obtain convergence
for an argument s=s(t) depending on ¢. (Lemma 7.7.) Pointwise convergence a.s.
to a random function follows in our cases, and in many related problems, from the
martingale limit theorem. One method to improve this to uniform convergence goes
back to Joffe, Le Cam and Neveu [22]; the idea is to use the Kolmogorov continuity
criterion [23, Theorem 3.23] to show that the limit can be taken as a continuous
function; then uniform convergence follows by the martingale convergence theorem
in a space of continuous functions. We have here chosen a slightly different method;
we use a Sobolev space WZ(J) and show that the martingale is bounded there;
then both existence of the limit and uniform convergence follows. Nevertheless the
methods are quite similar; the first requires estimates of moments of differences
while the second requires estimates of moments of derivatives, and the required
estimates are similar. Hence, for practical applications, the two methods seem to
be essentially equivalent.

Uchiyama [33] uses pointwise convergence of random functions; he does not
explicitly show uniform convergence, but he too uses estimates on moments of
differences, in a way which seems related.

Another method to obtain uniform continuity, see Biggins [8] and [9], assumes
that the random functions are analytic functions in an open domain in the complex
plane. Then pointwise estimates of moments yield automatically (by Cauchy’s
estimates) uniform estimates of the functions and their derivatives on compact sets,
and thus uniform convergence on compact subsets. (It may be convenient to use
the Bergman space of square integrable analytic functions in a suitable domain, cf.
[15].) This is the method used by Mailler and Marckert [25] for the Pélya urns and
random recursive trees discussed in the present paper; it is elegant but it requires
in our case exponential moments of the offset distribution so that its characteristic
function can be extended to an analytic functions in a complex domain.

Chauvin, Drmota and Jabbour-Hattab [12] (for binary trees) use a combination
of both the Kolmogorov criterion and properties of analytic functions.

Note that also when the offset is vector-valued and takes values in R¢ with
d>1, we consider one-dimensional projections and use a one-dimensional Sobolev
space. We may define M;(s) as above for s€R? and show, by the same arguments,
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that M,(s) is a L?-bounded martingale in the Sobolev space W(B), for a small
ball BCRY. However, we cannot use this to claim convergence in C(B) (or in
a smaller ball), since the Sobolev imbedding theorem in higher dimensions require
more derivatives, see [1, Theorem 5.4]. (One might use a Sobolev space W2(B) with
more derivatives, but that would require more moments for the offset distribution,
apart from complicating the proof.)

8. Proof of Theorem 6.1

Proof of Theorem 6.1. Since the (weighted) random recursive tree can be real-
ized as the (weighted) Yule tree at the stopping times 7,, defined by (3.1), we obtain
by taking t=7, in (6.2), where [, now refers to the random recursive tree,

(81) 6\/ﬁ, mty (ﬂn) 3_5)[’ (N(O7]E[77nt])) .

Combined with (3.4), this implies (6.1). To see this in detail, we can write (8.1) in
the form (6.4): conditioned on {7;} and {n,}, a.s,

Xy, —mlogT,
Vlog T,

This implies (6.4) by (3.4) and the Cramér—Slutsky theorem (still conditioning on
{T:} and {n,}). O

(8.2) ~4 N(0,E[nnt).

We have chosen to prove Theorem 6.1 using the continuous-time Yule tree.
However, it is also possible to argue directly in discrete time in the same way. We
find it interesting to sketch this version of the argument too, for comparison, leaving
some details to the reader; see also the proof of [25, Theorem 1.6], where the result
is proved under stronger assumptions using similar and partly the same arguments.
We consider an arbitrary p>0.

Define F,,(s) as in (7.28). Then, labelling the nodes in order of appearance,
Foi1(s)=F,(s)+e'*X»+1 and thus, cf. (7.6),

1 i ¢(s)
E(Fnt1(s) | Fn) =Fp(s)+—— wee X p(s) = Fy,(s)+ F.(s)
( * ) n+p Ug; n—+p
(8.3) = %ﬂ;(s)Fn(S)-
In particular,
(8.4) EF, . (s) = ") g g ()
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and thus by induction, since Fy(s)=p,

D(p+1) Dlntp+e(s))

[(p+e(s))  T(n+p)

While this formula is more complicated than (7.29), it is still easy to get asymp-
totics. As a well-known consequence of Stirling’s formula, see [29, (5.11.12)], for
any complex a, b,

(8.5) EF,(s)=

I'(n+a) —b

. =(1 1))n® .
(8.6) T(n+) (140(1))n*=*, n—o0
Hence,

L(p+1)
8.7 EF,(s) = (140(1)) =2 _n¢G) n—s 0.
(87) (5)= (1o(1) 2o
For the second moment, we similarly obtain, cf. (7.8),

E(Fpt1(81)Fos1(s2) | Fn) = Fo(s1)Fu(s2)+ ﬁp (@(31)Fn(51)Fn(sz)

Fp(52) P (1) P (52) 4 0(s1+ 52) Fu (s -52)
_ n+p+<p(sl)+<p(32)F (51)F(s )+80(81+52)
n+p ni{°1 n\°2 n+p
and thus, using induction and (8.5),
T(n+p+e(s1)+p(s2) ( P*T(p)
F(n+p) L(p+p(s1)+e(s2))
Z L(k+p+e(si+s2)—1) F<p+1)sa(sl+52)>
L(k+p+e(s1)+e(s2) T(p+e(si+s2)) )
(

We define, similarly to (7.10), M, (s):=F,(s)/EF,(s) (at least for s€.J, which
implies F,(s)#£0 by (8.5)). It follows from (8.3) that M, (s) is a martingale for each
s. Furthermore, it follows from (8.9), (8.6) and (8.7) that, uniformly for s, s2€J,
recalling (7.9),

(88) Fn(81+82)

(8.9)

(8.10) E (M, (s1)My(s2)) =O(1+Zn: k—s/z) =0(1).
k=1

Moreover, (8.6) holds uniformly for a and b in any fixed bounded sets in C, and
thus (using Cauchy’s estimates), we can differentiate (8.6) with respect to a and b,
arbitrarily many times. It thus follows from (8.9) and (8.5) that also, for s, sa€.J°,

sa (PR (1 ) o,
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Hence, cf. (7.23)—(7.25), M, is an L?>-bounded martingale in W2(.J). We can now
argue as in Section 7, and obtain for any s(n)—0, cf. (7.32),

(8.12) fin(s(n)) = (1 +0(1))n¢(8(n))*1 — elogn(e(s(m)—1)+o(1)

and the proof is completed as in Section 7. (A minor simplification is that now
F,(0)=n+p and thus M, (0)=1 deterministically, so Lemma 7.8 is not needed.)

We thus see that there is no essential difference between using the discrete time
random recursive tree or the continuous time Yule tree in our arguments. However,
the formulas for the first and, in particular, second moments are much simpler in
the continuous time case, which leads to simpler calculations in order to obtain the
desired estimates.

9. Proof of Theorem 1.1

We extend the notations (7.2) and (7.1) to R%. Let a,:=+/logn and b,:=
mlogn.

Proof of Theorem 1.1. Step 1:
Consider first an SBARW Pélya urn, with initial composition pdg, for some
p>0. Then, as shown in Section 5.1, the sequence ., is the same as for a weighted
random recursive tree, and thus (1.6) follows from Theorem 6.1.
Step 2:

Consider now a DARW Pélya urn pu,, with initial composition pg=pr=pdo*v
for some p>0. Then Lemma 2.2 and (2.5) show that the urn is given by p,=
prxv for an SBARW Pélya urn !, with the same offset distribution v and initial
composition uh=pdy. Hence, fi, =i, *v, and thus, cf. (7.33), for every s€R?,

@amn)(s) :e—is~bn/anﬁn(i) :e—is~bn/anm(i)ﬁ(i)

G, Gnp an

(9.1) =600, ) (5) ().

29

Here, (s/a,)—1 as n— o0 since a,, —00, and Step 9 shows that a.s., for all s,

o —

(9.2) O, b, (i) (5) — €2 FII,
Hence, (9.1) yields a.s., for all scR?,
- = 2]32

(9.3) Oa v, (in)(5) — e 7E1S

which proves (1.6) in this case.
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Step 3:

Consider now a DARW Pélya urn p.,,, with arbitrary initial composition pg€
M. (R?). Let p:=po(R?), and consider a Pélya urn with the same offset distribution
v but initial composition u{:=pr. Then Step 9 applies to the second urn, which
shows that a.s., for all seR?,

.

(9.4) Our b (1) (5) — e~ 2EW1S,
By Lemma 9.1 below, this implies
(9.5) O (fin) () 255 € BEDTS

for every s€R?, which implies (1.6). (We may again use [7], or note that the proof
of Lemma 9.1 shows that a.s. (9.7) holds for all s simultaneously.)
Step 4:

Finally, consider an SBARW Pdlya urn u!, with arbitrary initial composition.
We use Lemma 2.2 and construct a corresponding DARW Pélya urn p,=p,, *v.
Step 9 applies to the latter urn, which shows (9.3) a.s., and then (9.1) shows (9.2)
which proves the result in this case.

This completes the proof of Theorem 1.1, assuming the lemma below. O

Lemma 9.1. Let p,, and !, be two DARW Pdlya urn processes, with the same
offset distribution v€P(RY) but (possibly) different initial distributions uy and .
Assume that pio(R?)=pl(RY). Then, for any sequence s, ER? with s, —0, as n— oo,

(9-6) [ (50) = i (51)| =5 0.
Hence, for every scR?,

0 |©arb (n) (5) O, (1) (5)] 235 0.

Proof. We use the coupling with a weighted random recursive tree T,, in Sec-
tion 5.2, and may assume that both Pélya urns are defined by (P1)—(P2) from
the same trees T,,. We use the notations Apu! and Z/ for the second urn. Let
AZ,:=Z!—Z,eR%

Recall that by (5.2), for any v#0 and conditioned on Z,, we have

(98) Aﬂv :‘C(Zv+n)'

Hence, by (P2), if v has a mother u#o, then, conditioned on the tree process (T,)
and on Z,, and Z!,, Z, has the distribution £(n+Z,), i.e., Zvin—i—Zu7 and

(9.9) 2L+ 2! =+ Zu+ AZ, L Z,+ A Z,.
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Hence, we may couple the two urn processes such that when v has a mother u#o,
then

(9.10) AZy =7 —Z,=NAZ,.

If v is a daughter of o, we may, for example, choose Z, and Z/ independent.
Note also that (5.2) implies,

(9.11) A/;z,(s) :]E<eis‘(Zv+7l) | Z,) = e R O)

For any node v#£o, let u(v) be the ancestor of v that is a daughter of 0. (With
u(v)=w if v is a daughter of 0.) Then, repeated application of (9.10) shows that
AZ,=AZ, ). Consequently, for v#o,

| Apio(s) = Ay (5)| = €7 p(s) =€ Zrip(s)| = [er*Zr == 2 | |io(s)]

(9.12) < |eis-ZU _elsZ, |eis-AZU _ 1| _ |eis~AZ“(1,) 71|'

We sum (9.12) over all veT,, with v#o0. Let D be the set of nodes in T, that
are daughters of o, and for each u€ D, let N, (u) be the number of descendants of
w in T,,. Then, with p=po(R)=p;(R),

| (8) — 11, (5)] < 3 | Aa(s) — Ayt (s)]

veT,
<|Bpols)=Bup(s)|+ 3 [e A7 -1
o#£veT,
ueD

Dividing by |T;,|=n+p we find for the normalized distributions

—~ = 2 N, .
(9.14) |in(5) =i ()] < ;erZ yklmzu_”.
ueD

Number the elements of D as uy, us, ... (in order of appearance). It is well known,
at least in the unweighted case, that the relative sizes N, (ug)/n of the branches
converge a.s. as n—00, say

(9.15) Np(ug)/n 25 Ve, k>1.

In fact, this is an instance of the Chinese restaurant process with parameters (seating
plan) (0, p), see [31, Section 3.2]; take one table for each u€ D and all its descendants,
and then the probability that node n+1 joins a table with ny nodes is ng/(n+p),
and the probability that it starts a new table (and thus belongs to D) is p/(n+
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p). Hence, (9.15) follows from [31, Theorem 3.2], which furthermore shows that
V=W Hk 1(1 W;) for an ii.d. sequence W;~Beta(l, p). (This result can also
be proved easily using a sequence of classical two-colour Pélya urns, cf. e.g. [19,
Appendix A].) It follows that, a.s.,

(9.16) inzlfﬁ(lf
k=1 j=1

and thus the limits V4 in (9.15) form a random probability distribution on N. (The
random distribution GEM(0, p) [31].) For a discrete distributions, pointwise con-
vergence of the probabilities to a limiting distribution is equivalent to convergence
in total variation, see [18, Theorem 5.6.4], and thus (9.15) and (9.16) imply

(9.17) i _Nnv(luk) _
k=1

We now return to (9.14) and find, for any sequence s, €R?,

V| 25 0.

(918) ﬁ;(sn) :un Sn \ +ZV |elsn Azuk

n uk
Vil .

Here the last sum converges to 0 a.s. by (9.17). Furthermore, note that AZ,, does
not depend on n. Hence, if s, —0, then the first sum converges to 0 a.s., by (9.16)
and dominated convergence. Consequently, (9.6) follows from (9.18). Finally, (9.7)
follows because @amn)( y=e~ibn/an i (s/a,) and similarly for fi/,. O

10. Binary trees

Theorems 6.1-6.2 have analogues for binary search trees and binary Yule trees.
(In fact, the unweighted cases of Theorems 6.1-6.2 can be seen as special cases of
the results for binary trees, see Example 10.4 below.) We let in the present section
T, and 7T; denote these random binary trees. Recall from Section 3 that in the these
trees, nodes are either internal (dead) or external (living), and that each internal
node has two children, labelled left and right. If v is an internal node, we denote
its left and right child by v and vg, respectively.

In this context, it is natural to generalize the definitions in Section 4, and allow
the offsets to have different distributions for left and right children; furthermore, we
may allow a dependency between the offsets of the two children of a node. Hence,
in this section we assume, instead of (BW1) in Section 4 (see also Remark 4.1), that
we are given a random variable n* = (., 7r) ER? x R? with distribution v*:=L(n*),
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and that 0=y, s ), VET, are i.i.d. copies of n*. This defines n,, for every w#o,
which is enough to define X, as before; recall (4.1) and Remark 4.2.

This setting (for the binary Yule tree) is a special case of the one in Uchiyama
[33], where also, more generally, the number of children may vary. Theorem 10.2
below (at least the external case) is thus a special case of [33, Theorem 4], (and
Theorem 10.1 an easy consequence), but as in Sections 7-8 we give (rather) complete
proofs with explicit calculations for both binary Yule trees and binary search trees,
for comparison with the proofs of Theorems 6.1-6.2 and other similar proofs in the
literature.

This setting has also been used by Fekete [17], who showed (among other
results) a weaker version of Theorem 10.1 below with convergence in probability;
we improve this to convergence a.s.

Since we have two types of nodes, we define besides fi given by (4.2), where we
use all nodes, also the internal and external versions. Let 7' and T¢ be the sets of
internal and external nodes in T, respectively, and let

. 1 1
(101) [L' = T (5)(1), ﬂe = 5)(1).
7 2 7o 2

veT! veTe

Note that, since the trees are binary, |T¢|=|T"|+1, and thus |T|=|T"|+|T¢|=2|T'|+
1. In particular, for the binary search tree, |7} |=n, |T¢|=n+1 and |T,|=2n+1.
Let

(10.2) m:=En +Eng € RY.

Theorem 10.1. Let T, be the binary search tree and suppose that E|n*|*><oo.
Then, as n—o0, in P(RY),

(103) Gm,mlogn(ﬁn) 5L (N(Oa E[WLUH+E[’”RUH)) :

Furthermore, the same result holds for the internal and external empirical distribu-
tions i, and fis .

Theorem 10.2. (Uchiyama [33]) Let T; be the binary Yule tree and suppose
that E|n*|><oo. Then, as t—oo, in P(R?),

(10.4) O g, it (1) == £ (N (0, Elnunt ] +E[nrng]) ) -

Furthermore, the same result holds for the internal and external empirical distribu-
tions fi, and [i.
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Remark 10.3. Note that in Theorems 10.1-10.2 it does not matter whether
there is a dependency between 7 and nr or not; m and the asymptotic variance
E[nnt ]+ E[nrng] are obtained by summing separate contributions from 7 and 7ng.
This is not surprising, since if we consider X, for a fixed node v, it is a sum of
either n,, or n,, for all u<v, and these are all independent. Furthermore, there are
typically about as many left and right steps in the path to a node v, and it is easy to
see that the distribution of Xy for a uniformly random node V', after normalizing
as above, has the normal limit in (10.3) and (10.4), cf. Remark 1.3.

Ezample 10.4. Let ng=0. Then each right child can be identified with its
mother; this reduces the binary Yule tree to the Yule tree, and the binary search tree
to the random recursive tree, and the theorems above (for external nodes) reduce to
Theorems 6.1-6.2. (This reduction of the binary search tree to the random recursive
tree identifies the nodes in the random recursive tree with the external nodes in the
binary search tree. It is related to the well-known rotation correspondence [14,
p. 72], which, however, identifies the nodes in the random recursive tree with the
internal nodes in the binary search tree.)

Proof of Theorems 10.1 and 10.2. The arguments in Sections 7-8 require only
minor modifications. We therefore omit many details. We assume again d=1. We
denote the characteristic function of n* by

(10.5) ©* (51, 82) :=Eell1m+s2me) - 5, 5 e RY,
and the characteristic functions of the marginal distributions 7 and nr by
(10.6) oL(8) :=Ee' M =*(5,0), @r(s):=Ee"*™® =*(0,s).

We consider the binary Yule tree T; and define, in addition to F(s),

(10.7) Ftl(s) — Z eiSX”, Fte(s) — Z els X

veET; veETE

For the exterior version F7 we can argue as in Section 7. We assume again first
d=1. Each external node v dies with intensity 1, and then gets two children. This
changes F¢(s) by

(108) 7615X1} +618X‘UL +€15XUR _ 618Xv (714»61377% +elsan)
For convenience, define

(10.9) P(s) :=E(e* 45 —1) = | (5)+pRr(s)—1
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and
1/’(517 52) ::E[(eismuL _|_6isva _1) (eié‘znvL —|—ei82"”R _1)}
=" (s1,82)+¢" (52, 51)+ oL (s1+52)+r(S1+$2)
—pL(s1) —pL(s2) —pr(s1) —pr(s2)+1
(10.10) =" (51, 82) + 9" (52, 81) +P(s1+82) —p(51) —P(52).

It follows from (10.8) that, cf. (7.7),

(10.11) %EFE(S) = (pL(s)+or(s) —1)EFf(s) = §(s)EFE ()
and thus
(10.12) EFE(s) =P,

Similarly, cf. (7.8) and (7.5),

O B (Fe (1) F (52))

ot
= (@(s1)+@(s2) ) E(FF (s1) Ff (s2)) +1(s1, 52)EFf (s1+52)

and hence, at least for s1, s in a suitably small interval J=(—4,J),

©"(51,52)+0"(52,81)  4(G(s1)43(s2))
E(FE(s1)FS(s2)) = =2t 52) TP 1 el
(FE(s1) 7 (s2)) P(s1)+(s2) —P(s1+52)

(10.13) — ¥(s1,52) B (s1+s2)

P(s1)+9(s2) —p(s1+s2)

The rest of the proof for i° is as before. It follows that M;(s):=F¢(s)/EF®(s) is
an L?-bounded martingale in WZ(J) (if J is small enough) and we obtain, cf. (7.32),

Fe(s/V/t)  FR(s/Vt) _ B/ VD -1)Fo(1)

(10.14) [i(s/Vt) =

Tl FE(0)
Furthermore, (10.9) implies
(10.15) B(s) =1+is(En+Eng) — 5 (Elnuit] +Elnrng]) +o(s%).

Consequently, cf. (7.34), it follows from (10.14) that, again with a:=+/f and b:=mt
and for any fixed seR, a.s.,

(10.16) O o () (s) = !B/ VD—1mims/ Vi to(l) __ o= (Blmnt [+ Bk

The proofs of Theorem 10.2 and 10.1 for i® are completed as before.
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To transfer the results to the internal version, we note that each internal node
has two children, and that these children comprise all internal and external nodes
except the root. Hence,

(10.17) Fi(s)=1+ Z (5% 45X r)
veT]

and

Ff(s)—Fj(s) = Fi(s)—2Fj(s) =14 »_ ("X el Xon —2e1X0)

'UETti
(10.18) C1p Y e (e e ).
vET]
Thus,
|ER(s)—Fi(s)| <1+ Z |6is?7uL 1 el _2|
vET]
143 (1] e 1)

vET]

(10.19) <12 D ([s70 | AL+ 570 AT).
’UE'Tti

Conditioned on the tree process (7;)¢, the internal nodes are added one by one, and
thus the standard law of large numbers implies that for any fixed s€R, as t— o0,

(10.20) \T'l D (Ismu A1) S E[|sm|A1).
vET]

Let again s(t):=s/+/t for some fixed s€R. Then for any given £>0, |s(t)|<e for all
large ¢, and thus (10.20) implies that a.s.,

10.21) limsu /\1 <hmbu € Al enL|AL].
( ) tﬂoop |7—|| ;I T}UL| p |7—|| ;I | T]'UL‘ ) [| 77L| ]

As €—0, the right-hand side of (10.21) tends to 0 by dominated convergence, and
thus (10.21) implies that

(10.22) \T'\ > (Is(t)ne | A1) 255 0.
veT]
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The same holds for 7),,, and thus (10.19) implies

Fe(s(t) Fis@)|_ 1 2 8.8,
(10.23) |7;|| - |7?| <W"'WU;i(|3(t)77v|_|/\1+‘3(t)77vR|/\1>—>0~

Since |T2|/|T}|1=1+1/|T/|—=1 a.s., (10.23) and (10.14) yield, a.s.,

(10.24) /i(s/\/b _ Ftl(‘;él\/%) _ Ff(;;/e|\/¥) %4_0(1) :et(ﬁ(S/\/z)—l)_;’_O(l).

It follows that (10.16) holds also for ji', and the results for ' now follow by the
arguments used above for i® (and earlier in Sections 7-8).
Finally,

N 7 I g e

10.25 = + :

and the results for ji follow from the results for ' and g¢. O

Ezample 10.5. Let n*=(—1,1) (deterministically). Then X, is the difference
between the number of right and left steps in the path from the root to v, and [
(or fi') is known as the vertical profile of T. Theorem 10.1 shows that the vertical
profile a.s. is asymptotically normal, with

(10.26) O togm, o(fin) = L (N(0,2))

as proved by Kuba and Panholzer [24]. This can be compared to (completely
different) results for uniformly random binary trees by Marckert [26] and Bousquet-
Mélou and Janson [11].

11. Some open problems

The results above suggest some possible directions for future research.

11.1. Stable limits?

We assume throughout the present paper that the offsets have finite second
moments. If this does not hold, we may still conjecture that asymptotically, the
empirical distribution f a.s. is as the distribution of a sum of independent copies of
7, cf. Remark 7.10. In particular, this leads to the following problem.
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Problem 11.1. Suppose that the offsets have a distribution in the domain of
attraction of a stable distribution A with index a<2. Does [i after suitable normal-
ization converge a.s. to A?

Fekete [17] has shown such results with convergence in probability for the
binary search tree.

In the proof above, the second moment is used not only in the final part (cf.
Remark 7.10), but also in showing that M; e W2(.J) and in the proof of Lemma 7.5.
Hence some new idea is needed for this problem.

Note that it is easy to show that the annealed variable Xy, has the asymptotic
distribution A, cf. Remarks 1.3 and 10.3.

11.2. Fluctuations?

The theorems above yield convergence to a deterministic limit. What can be
said about the fluctuations? For example:

Problem 11.2. Let d=1 and let 5%:=En?€(0,00). For z€R and n>1, let I, ,:=
(—o0,mlogn+x/logn]. Then Theorem 6.1 says that a.s., for every fixed z€R,

(11.1) fin(Inz) — ®(2/5),

where ® is the standard normal distribution function. What can be said about the
distribution of the difference between the two sides in (11.1)7 Is it asymptotically
normal?
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