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Directional Poincaré inequalities
along mixing flows

Stefan Steinerberger

Abstract. We provide a refinement of the Poincaré inequality on the torus T¢: there exists
a set BCTY of directions such that for every a€B there is a co >0 with

||Vin;(1Td)H<Vf, |2y = call fllf2(ga, for all f € H' (T?) with mean 0.

The derivative (V f, a) does not detect any oscillation in directions orthogonal to «, however, for
certain « the geodesic flow in direction « is sufficiently mixing to compensate for that defect.
On the two-dimensional torus T? the inequality holds for a=(1,+/2) but is not true for a=(1,e).
Similar results should hold at a great level of generality on very general domains.

1. Introduction and main result

1.1. Introduction
The classical Poincaré inequality on the torus T% states
IV fllz2ray = £l 22 (Ta)

for functions f€ H'(T?) with vanishing mean. A natural interpretation is that a
function with small derivatives cannot substantially deviate from its mean on a set
of large measure. The purpose of this paper is to derive a substantial improvement;
we first state the main result.

Theorem 1. (Directional Poincare inequality) There ezists a set BCT? such
that for every a€B there is a ¢4 >0 so that

va”%;(l'[[‘d) || <Vf, O‘> HLQ(Td) > CaHfHdL?(’]l“d)

for all fe HY(T?) with mean 0. If d>2, then B is uncountable but Lebesque-null.
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Figure 1. A well-mixing flow transports (dashed) every point relatively quickly to a
neighborhood of every other point.

The exponents are optimal. The proof is simple and based on elementary
properties of Fourier series—we believe it to be of great interest to understand under
which conditions comparable inequalities exist on a general Riemannian manifold
(M, g) equipped with a suitable vector field.

On the torus, the inequality has strong ties with number theory and can be
easily derived at the cost of invoking highly nontrivial results (Schmidt’s result on
badly approximable numbers, the Khintchine theorem). One remarkable feature is
that the inequality holds for a€B, where B is a set of Lebesgue measure 0 which
shows the inequality to be very delicate (however, as is explained below, slightly
weaker statements are very robust). A natural interpretation of the inequality seems
to be the following: given two nearby points z,y€T? for which f(x)> f(y), the
classical Poincaré inequality will detect a large gradient between them. The term
|(Vf,a)| might not detect the large gradient but following the ergodic vector field
will relatively quickly lead to a neighborhood of y (see Fig. 1). A priori being in a
neighborhood might not imply much because there could be still local oscillations on
the scale of the neighborhood, however, since we also invoke a power of ||V f|| 124y,
this controls the measure of the set on which local oscillations have a strong effect.
This heuristic suggests strongly that similar inequalities should hold at a much
greater level of generality. We discuss and prove some natural variants in the last
section.

1.2. Open problems

It would be of great interest to understand to which extent such inequalities can
be true in a more general setup. It is also not clear whether comparable inequalities
hold in LP(T%) (our proof heavily uses that p=2 but some of the methods might
generalize to even p). Generally, for suitable vector fields Y on suitable Riemannian
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manifolds (M, g) it seems natural to ask whether there exists an inequality of the
type

IV A1 5 Y 3oy = ell o any

for some §>0 and all feW1P(M) with mean 0. The parameter § can be expected
to be related to the mixing properties of the flow—it is difficult to predict what the
generic behavior on a fixed manifold might be (say, for a smooth perturbation of
the flat metric on the torus). On T? we can rephrase the Khintchine theorem [9] as
a statement about generic behavior for the flat metric.

Theorem. (Khintchine, equivalent) For every §<1/2, the set of a€T? for
which there exists a co,>0 such that

Vf eHl (TQ) /’]I‘2 f(x)dx:() = ||vf||L2(’]1‘2)H va HL2(T2 >CO¢Hf||L2 (T2)

has full measure.

This suggests §<1/2 as a natural threshold that might be achievable by other
two-dimensional examples—however, since the inequality is extremely delicate on
T?, the manifolds on which the inequality holds with §=1/2 might actually be very
rare. One would expect new topological effects to appear when considering the
sphere S equipped with a nontrivial vector field: the hairy ball theorem dictates
that for even d any smooth vector field vanishes somewhere and this will necessitate
a change of scaling in the inequality since a function f could be concentrated around
the point in which the vector field vanishes. Furthermore, while not every nonvan-
ishing vector field on S® has to have a closed orbit (i.e. Seifert’s conjecture is false),
many of them do—this puts topological restrictions on what directional Poincaré
inequalities are possible (since one could set a function to be constant along a pe-
riodic orbit and have it decay quickly away from it). However, there should be a
variety of admissible inequalities on the flat infinite cylinder (M, g)=(RxT?~!, can)
and this could be a natural starting point for future investigations.

2. Proof of the statements

2.1. Outline of the argument

The proof of the classical Poincaré inequality on the torus is a one-line argument

if one expands in Fourier series and uses f de f=0 since
IV Fl1Zeray = 2m)* Y (kP larl® = 2m)* D lal* =[£I 72(00)-
kezd kezd

k#0 k#0
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The argument also highlights the underlying convexity of the quadratic form. Our
proof will be a direct variation of that result and uses the observation that

1(V 1, a)Hiz(W) = H< > akkeik~x7a>

kezd

Z ap(k, a)e* e

kezd

=(2m)* 3 Jawl?|(k, )],

kezd

2

L2(T4)

2

L2(T4)

This Fourier multiplier is not uniformly bounded away from 0 and will even vanish
for certain k€Z< if the entries of a are not linearly independent over Q. If the
entries of « are linearly independent over Q, then the Fourier multiplier is always
nonnegative but we have no quantitative control on its decay (see below for an ex-
ample). However, if we denote the Littlewood—Paley projection onto the frequencies
satisfying {k€Z?:|k|<N} by P<y, then trivially

||<VPSNf7 a>Hi2(Td) > ( Ilfd |<k7a>‘2) ”PSNin?(’]I‘d)'

i
keZ
[kl <N

The term in the bracket clearly has great significance in the study of geometry of
numbers and has been studied for a long time. It suffices for us to apply the results
and use the additional ||V f||;2(pa) expression to ensure that a fixed proportion of
the L?-mass is contained within a suitable ball of frequency space on which to apply
the argument.

2.2. Number theoretical properties

We now discuss subtleties of the inequality in greater detail: it is merely the
classical Poincaré inequality for d=1. Letting d=2 with a«=(1,0) yields

IV fllz2(12) 102 fll 22 (12) > c||f|\%2(T2) which is obviously false,

because f might be constant along the z-direction and vary along the y-direction.
More generally, the inequality fails for any o with entries linearly dependent over
Q and the functions sin (kyz+koy) for any ki, ke €Z% with ((k1, ko), a)=0 serve as
counterexamples. The next natural example is a=(v/2,1). Suppose f€C>(T) and

(97, (V1) 25y =0
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f is constant along the flow of the vector field (v/2,1) but every orbit is dense and
thus f=0. This is true for any vector with entries that are linearly independent
over Q, however, it is not enough to prove the inequality itself: it fails for (1,e) on
T2 despite linear independence. A simple construction for d=2 shows that linear
independence of the entries of « is not enough: let

=1
a= (12 W) ~(1,0.110001...)

n=1

where the arising number, Liouville’s constant, is irrational. If we set

N
fn(z,y)=sin <1ON! (Z 1(;)6"! —y) )7

n=1
then
”fNH%g(Tz) = 271'2 and ||vaHL2(']I‘2) < 6-10NI
while
o~ LoV —2.N!
(V. a) HLQ(TZ) =V2r2 <n%:+1 W) <10 for N >3.

2.3. An explicit example

The inequalities are not only sharp with respect to exponents, they are actually
sharp on all frequency scales. This is in stark contrast to classical Poincaré-type
inequalities which tend to be sharp for one function (the ground state of the under-
lying physical system): here, we can exclude all functions having Fourier support
in the set {£:|§|<N} for arbitrarily large N and still find functions for which the
inequality is sharp (up to a constant). We explain this in greater detail for d=2
with the admissible direction given by the golden ratio

Consider the sequence of functions given by

fn(xvy) =sin (Fn+1x_Fny)>

where Fj, is the n-th Fibonacci number. An explicit computation shows that

1+/5 [F2.,  |Foy1 1+V5
n||L2(T2 8;E n —0 n = nt 1 ntl F2 n 2
IV frllz2(r2) || O fr+ 5 y [, . F2 + F, 5 wllfallz2er2)
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A standard identity for Fibonacci numbers gives that

Fn-‘,—l _ 1+\/5
F, 2

1
F2=—,
n \/5

|72 :,/M:M.
L2(T2) L (T2) 10 \/5

Since these functions f,, have their Fourier transform supported on 4 points in Z?
and since F,41/F,—(1++/5)/2<2, we can conclude that every dyadic annulus in
Fourier space contains an example for which the inequality is sharp (up to a con-

lim
n—o0

which implies that

1+v5

Oufut—3

Oy fn

Jim IV fullL2(T2)

stant). Put differently, our inequality is close to being attained on every frequency
scale. This sequence of f, has the advantage of simultaneously showing that the
following statement is sharp. The proof uses a classical result of Hurwitz.

Proposition. Let d=2 and a€T? be any vector for which

IV 22 KV f, ) [ 22 r2) = call 12 pe)
holds for all f€ H*(T?) with mean 0. Then the constant satisfies

Ca < M.

V5
Up to certain transformation, the example above is essentially the only example
for which the inequality is tight: normalizing a=(1, 8), the example shows that the
inequality is sharp for =(14+/5)/2 and there are only countably many other j3
for which it is sharp (these can be explicity given). For all other numbers the
upper bound could be improved to ¢, <|a|/v/8. Removing yet another countable
set of exceptional directions, we could replace v/8 by v/221/5 and the process could
be continued (this follows from classical results about the structure of the Markov

spectrum, see [2]).

2.4. Badly approximable systems of linear forms

We now introduce the relevant results from number theory. Let L1, ..., Ly:Z% —
R be defined as

Li(x)=a1121+...a1424 = {1, X)
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Lo(x) = apz1+...a0q2q = (g, X)

The relevant question is whether it is possible for all ¢ expressions to be simultane-
ously close to an integer. Using ||-||:R— [0, 1/2] to denote the distance to the closest
integer, the pigeonhole principle implies the existence of infinitely many x€Z? with
_d
z

max(HLl(x)H, e ||Lg(x)||) < (max(|gcl|7 ey |xd\)) .

Dirichlet’s theorem cannot be improved in the sense that there actually exist badly
approximable vectors oy, ..., ag such that for some ¢>0 and all x€Z?

_d
z

maX(HLl(x)H, - ||Lg(x)||) > c(max(|x1|, ey |xd\)) .

The existence of such elements was first shown by Perron [11]. Khintchine [9] has
shown that the ¢d-dimensional Lebesgue measure of such tuples (a1, ..., ay) is 0 and
Schmidt [13] has proven that their Hausdorff dimension is ¢d.

2.5. Proof of Theorem 1

Proof. We will prove the statement explicitly for the following set B: for any
(d—1)-dimensional badly approximable vector ag_1, consider the linear form L:
Z4~ ' SR given by

L(x):=(g-1,x)
and the concatenation
a=(1,a4-1).

Recall that ||-||:R—[0,1/2] denotes the distance to the closest integer and is trivially
1-periodic. Let now k€Z? with k#0. If k vanishes on all but the first component,
then

[ (o, k)| = [k1| > 1.

If k£ does not vanish on all but the first component, then

[, k)| = [k1+L((k2s -y ka)) | > || L((k2, oo kd)) |

C C
> >
~ max(|kaf, ..., [ka—1 )4t T [k
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where ¢>0 is some constant which exists because ay_1 is badly approximable. Let
now

f= ape™ e H'(T?)
kezd

and note that ag=0 because f has mean value 0. We have

2
a
[V /. HL2 (1) ~ (2m) Z Jax || (K a| > c?(2m)" Z |k|2kd| 2"
kezd kezd
It is easy to see that
2
Yoo lmP< Wi cer
- 2
1951 2 pa
k|22 ||f||LL2($)>
because the opposite inequality would imply that
IVFIZ ey = Y [k laxl* > > |k |ar|?
kezd |k‘22“||vff|\”22(§d)
L2(1d)
IV 122 zay
>4W > |ak|* > 2|V fI1 72 ga);
L2(T) IV F1l 2 oy
k2275
L2(1d)
which is absurd. Altogether, we now have
||<Vf H 2 Z |ak|2 > 2(2 )d Z |ak|2
2| L2 (pay 2 7) | [2d-2 Zelam | [2d-2
hend it
2(md
\MSZW(’](:‘))
2end I1FI252, i
2242 ||y f|2L 2 Z x|
L2(T%) 1951 ;2 pa
k| <20
ST 2 vy

2@m)t IS 1172

= PR 2

Rearranging gives the result. [

We remark that a classical insight of Liouville allows to give a completely self-
contained proof in the most elementary case. If we pick a=(v/2, 1), then the only



Directional Poincaré inequalities along mixing flows

information required to make the above argument work is the existence of a ¢>0
such that
c

] for all k= (ky, ko) € Z*.

|(k, )| = [k1V2+ko| >

However, this follows at once with ¢=1/3 from
1< |23 — k3| = | (V21 —k2) (V2k1 +k2)| < 3|K||(V2k1 +K2)|.

A similar argument works for any (1, «) with « algebraic over Q (Liouville’s theo-
rem). More generally, a classical characterization of badly approximable numbers
in one dimension as those numbers with a bounded continued fraction expansion
implies that our proof works for

a=(1,p8)cR?

if 8 has a bounded continued fraction expansion. A theorem of Lagrange (see e.g.
[8]) implies that this is always the case if 3 is a quadratic irrational. Moreover,
this characterization is sharp on T2?: if # has an unbounded continued fraction
expansion, then the inequality is not true for (1,3) and the sequence

fn (1,) _ 627rz'kn -z

with k,, = (numerator, — denominator) of rational approximations of 5 coming from
the continued fraction expansion will serve as a counterexample. A very interesting
special case is Euler’s continued fraction formula for e (see, e.g. [7]), which implies
that e has an unbounded continued fraction expansion and that the inequality with
a=(1,e) fails on T?.

2.6. Proof of the Proposition

Proof. The direction o has to have both entries different from 0. We use a

classical result of Hurwitz [4] which guarantees the existence of infinitely many
k:(k}l, kQ)GZQ with

1
< —.
~ V/bk?

For any such (ki, k3), this can be rewritten as

ar Ky

ay ko

oo

Vb|ka|

la1ka —anky| <
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We now consider f(z)=e?>"**. Simple computation yields

L Jas|lk]
IV fllz2cos) [{V £, @] 2oy < ﬁﬁllﬂlizm)-

However, as |k|—o00, we have that k1 /ks— a1 /as and thus

|aa| ||
k2]

ki af
2 2

The constant in the result of Hurwitz is sharp for the golden ratio a=a; /o=
(14++/5)/2=¢. Moreover, it is known (see e.g. [1]) that for every

ap+b

a€R\Q which is not of the form cord

a,b,c,d€Z |ad—bc|=1,
the constant v/5 could be replaced by v/8. Our example showing the sharpness of
the Proposition using Fibonacci numbers was therefore, in some sense, best possible.

2.7. Fractional derivatives

As is obvious from the proof, fine properties of the derivative did not play a
prominent role, indeed, the proof really only requires an understanding of how fast
the induced Fourier multiplier grows. This allows for various immediate generaliza-
tions. We introduce pseudodifferential operators P(D) on H*(T?) via

P(D) Z apet® = Z apP(k)e* e,

keZa kezZd

Our proof can always be applied if | P(k)|— o0 if |k|—00. One example on T? would
be that for a€B and all s>0

1
1V £ 115 oy KV £ )] 2 oy 2 ol 1 e

which is again sharp by the same reasoning as above. The following variant was
proposed by Raphy Coifman: if we define

DS § :akeik-x:: 2 akk|k|5716ik'x,
kezd kezd

then the d-th derivative along the flow is large

H<Ddf’a>HL2(1rd) 2 call fllz2(ray.



Directional Poincaré inequalities along mixing flows

2.8. Several ergodic directions

We can also derive a statement for more than one ergodic direction. The same
heuristics as above still apply: the main difference is that incorporating a control
in more than one ergodic direction poses additional restrictions and requires less
global control in the sense that a proportionately smaller power of ||V fl| 2(r4) is
necessary.

Theorem 2. Let 1<(<d—1. Then there exists a set By (T%)¢ such that for
every (a1, g, ..., ap) EBy there is a ¢, >0 with

' ¢
IV £ 192 ey (Z v, ai>HLW)> > call fllE ity
i=1
for all fe H*(T) with mean 0.

Proof. We consider ¢<d—1 vectors f31, B, ..., B¢ from T4~ with ¢ associated
linear forms L;:Z% !—R via L;=(3;,x) such that they form a system of badly
approximable linear forms and set

Q] = (1761)

Qp = (1764)

The same reasoning as before (distinguishing between k vanishing outside of the
first component or not) implies again for every single 1<i</

|<Oéi7 k‘>’ = ’k‘l —‘rLi((kJQ, ey k‘d)) ’ > HLZ((]{iQ, ey k‘d)) H
from which we derive that whenever k is not concentrated on the first component

14 d—1

> [{ai, k)| = max (|| Ly (k)]], ..., || Le(R)]]) = e(max(|kal, ..., [ka])) " T

i=1

If k is concentrated on the first component, we get a bound of ¢, which is much
larger. For

f _ Z akeik:-z

kezd
k0
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a simple computation shows that

¢

¢
Z H<vfa ai>||iz(ﬂ-d) = (27T)d Z |ak|2 <Z |<k70‘z>|2>

i=1 kezd
2(d—1)

> Jagl? (max(|kal, ..., kal)

kezd

> Y a2l

kezd

The rest of the argument proceeds as before; finally, we recall that any two norms
in finite-dimensional vector spaces are equivalent and thus, up to some absolute
constants depending only on ¢,

L ¢ ¢ 2
(Z H<vf7 ai>HL2(’Ed)> ~e (Z H<Vfa O‘i>”i2(1~d)>

i=1 i=1

and the result follows. O

2.9. The Hausdorff dimension

As is obvious from the proof, we are not so much interest in the distance to the
lattice but care more about the distance to the origin. It seems that there is ongoing
research in that direction [3], [5] and [6], which is concerned with establishing bounds
on the dimension of the set

max (| L1 (x)[, ... [ Le(x)]) = e(max(z1], ..., |xd|))_%+1,

where |-| is the absolute value on R. For any such system of linear forms given by
aq, ..., ap satisfying that inequality, we can improve Theorem 2 with the same proof
to

) ¢
19182 (Zu<w,ai>y|m)> > call £
=1

for all f€ H'(T?) with mean 0. We also remark the following simple proposition
(the essence of which is contained in [5]).
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Proposition. Let d>2. a€R? is admissible in Theorem 1 if and only if there
exists NeR such that

= (A AB)

and 3 is badly approzimable linear form in R4™1,

Using the result of Schmidt [13], we see that the Hausdorff dimension of the
set of badly approximable vectors in R4~! is d—1 and the construction increases
the dimension by 1. The Hausdorff dimension of the set of admissible vectors in
Theorem 1 is therefore d. The argument is indirectly contained in the earlier proofs.

2.10. Variants

This subsection is concerned with inequalities of the type

”vf”L?(TZ)H va ||L2(T2 c||fHL2(’IF2)

for some 0<0<1/2. The case 6=1/2 was discussed above and following the same
arguments immediately imply that §>1/2 is impossible. However, the threshold
0=1/2 is also sharp.

Theorem. (Khintchine) For every §<1/2, the set of a€T? for which there
exists a co, >0 such that

||vf||L2(']I‘2)H va HLQ(T2 >C||fHL2(']I‘2
holds for all f€ L*(T?) with mean O has full measure.

Another celebrated result in Diophantine approximation is the Thue-Siegel—
Roth theorem stating that for every irrational algebraic number o and every >0
we have

Co
q2+6

a—glz

q

for some ¢, >0. This immediately implies, along the same lines as above, that for
every vector of the form a=(1, 5) with 5 being an irrational algebraic number and
every €>0

1/2 1/2
IV A1z [V £, 0} [ agms) = CancllFll 2 ra)-
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Recall that the inequality does probably not hold for a=(1, 7) because 7 is probably
not badly approximable. However, there are weaker positive results. A result of
Salikhov [12] implies the existence of a ¢>0 such that

™— P > %.
al q
Repeating again the same argument as above, we can use this to derive

IV A1ty 7 £ (L) gy 2 €l L ey

Similarly, a result of Marcovecchio [10] shows

IV A1y IV £ (1, 10g 2)) | ate) > ell 1l 2 e

and similar results are available for other numbers (i.e. 72, log3,¢(3),...).
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