
A R K I V  F O R  M A T E M A T I K  B a n d  1 nr  3 

Communicated October 13, 1948 by T. CARLEMAI~" 

On certa in  a s y m p t o t i c  s o l u t i o n s  o f  Riccat i ' s  d i f ferent ia l  

e q u a t i o n  

By HERBERT OLSSON 

1. Discussing Schrfdinger's wave equation G. WENTZEL 1 has shown a method, 
the so-called W B K-method (Wentzel, Brillouin, Kramers) for calculating solu- 
tions of Riccati 's differential equation. Later  on R. E. LA~GER 2 discussing 
asymptotic solutions of ordinary differentilal equations of the second order ex- 
presses certain critical remarks concerning the W B K-method and establishes 
tha t  the procedure is of only formal and minor significance. 

As the W B K-method forms a very simple procedure for calculating solu- 
tions in the case tha t  the analysis converges it seems to be of some interest 
to prove tha t  if the series thus calculated diverges, on certain conditions they 
can represent asymptotic  solutions and thus contrary to LA~GER'S assumption 
the W B K-method in certain cases can be used even when the series calculated 
in this way diverges. 

2. Consider the differential equation 

y"--(9212(x) + g(x))y = 0 (1) 

where 9 is a parameter  independent of x, capable of assuming indefinitely great 
real values and suppose tha t  /2 (x) and g (x) are real and tha t  /2 (x) is  bounded 
from zero when 

a<_x<_b. 
I f  the value 

y' (x, 9) z (x, 9) -- 
9"Y( x, 9) 

should approach a fixed limit when ~-~ c~ it  is necessary tha t  y(x, e)does 
not vanish if ~ is large enough. For assume that ,  when ~ ~ ~0, it should be 
found such values of ~, say 91, so tha t  for some x 1 of the interval a - - b  an 
integral y (x, 9) and y '  (x, 9) vanish at  the same time, we obtain 

y '  (x, ~1) y"  (x, ~1) 
z =~ lira - -  lira 

I Eine Verallgemeinertmg der Quantenbedingungen fiir die Zwecke der Wellenmechanik, 
Zeitschrift der Physik 38 (1926) p. 518. 

The asymptotic solutions of ordinary differential equations of the second order, American 
Mathematical Society 2. 40. 1934 p. 545 spec. p. 551. 
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and  if 
y! 

- -  "-~ a 
-01Y 

when 
91-> c~ 

we obtain  tha t  

and thus  

Y" --  ( 0~(X) t -01Y 1 2 -01y' /3 (x) + -0~ ] .  y, ~ a / (x) 

a = --q-_ . / ( X )  

and thus z cannot  approach a fixed limit when -0-+ oo for all values of x of 
the interval  a -  b. 

Thus when -0 > ~o, z mus t  be regular and finite and we have to consider 
solutions of the equation (1) which, when 

where ~0 is large enough, are positive all over the interval  a -  b. 
By  the condition 

y (a, -0) = Y0 and y '  (a, -0) - -  y;) (2) 

we suppose tha t  a positive integral y (x, -0) is defined and tha t  ~ (x, -01) defines 
an integral of (1) where 

which satisfies the same conditions (2) as y (x, ~). Hence we have 

(x, ~1) > y (x, -0) 

when x > a or because y (x, r is a positive integral the solution v] (x, -01) cannot  
vanish over the interval  a -  b for any  values -01 > -0. 

Thus considering such solutions of (1) which do not  vanish on a -  b we know 
tha t  the following possibilities can exist 

lim y '  (x, ~) _ + / (x). (3) 
e~r -0y(x,Q) 

3. The differential equation (1) t ransforms by  I 

e J'u(z,Q) dx 
y = e al (4) 

into Riccati 's  equation 
-0U' -~- 02u 2 - - 0 2 / 2 - g  = 0  (5) 

and thus  if u (x, -0) is a solution of (5) we know from above tha t  the following 
possibilities can exist 

1 Where a 1 is any constant. 
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Supposing now that  

u (z,  5) =-  Uo (z)  + z@ (x, 5) 

the function z@ satisfies Riccati's equation 

@z~o + @2z~o + 2@2ZoUo + @u~o--g = 0 

by choosing u o (x) so that  

Uo (x) = _+ / (x). 

Proceeding in this way u (x, 5) can be written in the form 

u (x, @) = ~ u,, (x) . ~ + z. (x, @) 
~ 0  

1) 2) lim u (x, 5) = -+ ] (x) 

3) lim u (x, 5) cannot approach a fixed limit 

4) lim u (x, 5) --= oo. 

(6) 

where Zn is a function of x and @ and the coefficients u~ (x) can be calculated 
in succession to 

~t~ 1 2 ul + u l - - g  
U 2 - -  

ul 2 u o 2 u@ 
and 

) U v + l  ~ - - - - -  2 U~ ~- Up" U v + l - - p  
p = l  

if v >-- 2, which calculation is identical with the procedure of the W B K-method. 
The function z~ then satisfies Riccati's equation 

n 
@z, ~, + @~z~ + 2 d ~ , ~ , u ~ A  

4- @ n - I -  nL- ~ - n + ]  + " ' '  + @n--1 - -  0 (7) 

and for zn the following possibilities 

4. Now let 

can exist 

1) lim z. 
@~oo 

2) lim zn 
@~oo 

3) lim zn 

(x,  5)  - -  o 

(x, 5) cannot approach a fixed limit 

(z,  5) = ~ -  

@n -- 1 Zn ~ Vn (8) 

the equation (7) then can be written 
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" 1 u ~ -  1 Un ~ U~ 
~ + ~_~" +2Q v~.=o ~'u~ ~5 + - e + ~; + "  + ~ = o. (9) 

I n  equat ion (9) we write 

and 

n 
~ u. 1 v. (2, 5) 

, = ~  ~7 + 2~n . -1  - ~ "  

U n - - 1  .~_ ~- . . . . . . . . .  ~- Un. ~ -  On.(X, ~) .  

5 ~ e 

Now considering the  first possibility. For  every  fixed integral  value of n ~ l 
and any  x of the  in terval  a -  b we have  

lim ~ (x, 5) = 0 
0~oo  

and 
lira 6~ (2, ~) ~ 0 

Q~ov 

and thus equat ion (9) can be wri t ten  

v~ + 2 ~ v, (u o + ~n. (x, p~) + & (x, ~o) = O. (9 a) 
Wri t ing  

v 1 + 2 5 v (Uo + ~ (x, e)) = 0 (10) 

we know t h a t  the  equat ions (9 a) and (10) a t  every point  x of the  in terval  
a -  b for every  fixed value n have  solutions vn (x, 5) and v (x, 5) and  if these 
solutions sat isfy the  same initial conditions we have  

I V ( X ,  5 ) - - V n ( 2 ,  5 ) [ <  -~ 
2 

where s is any  posit ive number  provided t h a t  5 is large enough. 
F rom equat ion (10) we have  

x 
-- 2o J" (uo + t: n (x L ̀o)) d x  

v (x,  5)  = c (e )  e 
where 

and if the  integral  
Ic(5)[ < ]~5 "-1 

I1 = f uo (x)dx 

converges, and  there is no restr ict ion in the supposit ion t h a t  both  the  integral  
I1 and 5 are positive, we also have  

]~(x, 5 ) l < ~  
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and thus  

and we can write 

where 

Iv~(~,~)l< ~ 

1 

l im e~ (x, Q) = 0. 

5. By  using the W B K-me thod  we thus have  shown the following theorem: 
I] f" (x) is bounded /rom zero on a -  b and the integral 

g~ 

11 = f / (x) d x 
a 

converges then the equation (5) has asymptotic solutions which have the /orms 

u2 (x) u~ (x) + en (x, ~) u (x, e) = + 1 (x) + ule(x) + -0 2 _ + . . . . . . . . .  + O ~ 

over the interval a -  b. 
6. Now writ ing 

u(x,~)= + / (x )  + ul(z) + u2(z) + ~(z,  ~) 
- ~ ~ 

from equat ion (4) we have  
x 

--~ ~x) l ~e  a, -e  a, 
I f  

fig 

Is  = f u~ (z) d x  
a 

converges, t h a t  is if the  integral  

I~. == ] + 212 4]~ ] dx  
tg 

converges when a--< x ~ b we thus  have  the  known theorem:  1 
I] ]" (x) is bounded from zero on a - -  b and the integrals 11 and I s converge then 

the equation (1) has asymptoHc solutions 

.,~ (x) + ~. (x, e)] 
! 

fig 

y(x) =T / ( x )V �89  1 + + + + 

over the interval a -  b. 

' Loc. cir. LANGER p. 550. 
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