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§ 1. Introduction and preliminaries

1.4. This work originated in a simple observation on the behaviour of sets
of points in the euclidean plane when a certain operation of taking powers is
‘performed on them. Let 4 and B be two sets in the plane. We define 4+ B
to be the set of all points which can be expressed in the form a+& where
acd, beB and a+b is the usual vectorial addition of points. The expression
A+A4+ ... 4 will be denoted by A" if the repeated sum contains n terms,
and we shall call 4™ the n:th power of 4. The reason for choosing the symbol
A" instead of nd is that for real A the symbol A4 has already a universally
accepted meaning.

The observation mentioned above may be formulated as follows: The higher
the power is, the higher is the degree of convexity. (At present we shall make
no attempt to give this statement a precise meaning.) An inspection of Fig. 1
and 2 may make the meaning of this vague statement more clear.
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H. RADSTROM, Convexity and norm in topological groups

In the example of figure 1, it is clear that the sets ;IL A" fill up more and

more of the convex hull of 4 as n increases. In fact, for sufficiently large n

any given interior point of the convex hull of 4 will be an element of

1 . . . C g
- A™. The corresponding statement is not true for the example given in figure 2

but it is clear that any point of the convex hull of A in this case also is the

.. . . 1
limit as n — oo of points belonging to - A" 1In fact, we shall see later that
n

the convex hull of 4 in a certain sense, to be defined in section 1.4, is the

limit of the sets %} A,

1.2, These examples seem to suggest that high powers of small sets are in
some sense almost convex. Paragraph 3 will be devoted to giving these notions
a precise meaning. As a result we obtain a characterization of compact convex
sets in a euclidean space in terms of the operation of taking powers. The
usual definition of convexity involves the use of the operation of multiplication
with scalars. The characterization of compact convex sets which we obtain in
§ 3 does not involve this operation but only the addition. This fact is im-
portant, since it indicates the possibility of defining convexity in arbitrary
topological groups with the aid of an analogue for groups of the characterization
produced for sets in a euclidean space.

When one tries to work out such a program, it turns out that it is practical
not to study the analogues of convex sets directly, but rather the analogues
of a certain type of families of convex sets, namely those families which
consist of all sets of the type AK, where K is a given convex set and 1 a
non-negative real number. In an arbitrary group the analogous concept is
a family 4, of subsets depending on a non-negative real number 1 and satis-
fying: Aj.i,=As As,. (We use multiplicative notation so that 4B denotes
the analogue of 4+ B.) It is a well known fact that if K is a convex set
in euclidean space and 4, 4,=0 then (4, +4,) K=4 K+ A, K. If certain
farther conditions of a topological nature are satisfied by such a family of
sets Az, we call this family (or rather the mapping A—>A4;) a one-parameter
semigroup of subsets of the group. In particular, if the group is a euclidean
space with addition as group operation, we see from the characterization of
compact convex sets mentioned above that a one-parameter semigroup of com-
pact sets is of the form A4;=A1K where K is convex.

GLEASON (6) has used the concept of a one-parameter semigroup of subsets
of a group to establish the existence of an arc in any locally compact group
which is not totally disconnected. Some of his results are important for the
present investigation and will therefore be summarized in the proper place
(see section 2.8).

We give now a short summary of the contents of the present paper. Para-
graph 2 is devoted to the definition of one-parameter semigroups and to the
deduction of some consequences of this definition. After the discussion of one-
parameter semigroups in euclidean space in § 3, we turn to Lie groups in § 4.
The main result (theorem 4.12) states that any one-parameter semigroup in a
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Lie group has an infinitesimal generator which is a convex set. Here of course
the term “infinitesimal generator” has to be given a precise meaning (defini-
tion 4.12). .

Paragraph 5 is devoted to the introduction of the concept of a normed
group. A metric on a group is a norm if it is left invariant and if the spheres
Ss of radius 0 around the identity of the group constitute a one-parameter
semigroup. It turns out that a normed group is metrically convex in the sense
of MENGER (9). From this result it follows that a locally compact normed
group is separable, metric, connected and locally connected. It seems to be a
very plausible conjecture that for locally compact groups these conditions are
also sufficient in order that it be possible to remetrize the group so as to
make it a normed group. In § 6 we collect some theorems on normability in
this sense and prove the conjecture for commutative and essentially also for
compact groups.

1.3. As a continuity axiom for topological groups we postulate continuity of
" and of zy simultaneously in both variables.

As a continuity axiom for linear spaces we postulate that the space be a to-
pological group if addition is used as group operation. We shall say that the
group thus defined is the additive group of the linear space or that the linear
space 18 a group under addition. We also require that multiplication with
scalars be continuous in both variables simultaneously.

In general, we shall use multiplicative notation for groups. Exceptions will
be pointed out whenever they occur. The identity will be denoted by e in multi-
plicative notation (with indices if necessary) and in additive notation by 0.

Let 4 and B be two subsets of a group. By A B we mean the set of all
products ab where aed and beB. This is an associative operation. It is com-
mutative if the group is commutative. Repeated multiplication of a set 4 with
itself is denoted by A" We have

1 _A(yBa)=9(ABa)
(2) A4 (D B,)cN (4 B,).

In particular, if B, is a fundamental system of neighborhoods of ¢, then the
left side of (2) is 4 and the right side is the closure A of 4. Multiplication
18 monotone:

G 4,5 B, and A,c B, imply 4, 4,cB, B,.

If A contains ¢ then Bc A B and BcBA.
From the definition of A™ it is obvious that

(4) A A™ = 4",
We shall let 4° be defined as {e} and for positive n we put 4" = the set of
all inverses of elements in 4”. Then (4) is valid for mn =0 but not in general

for n and m of different signs.
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If at least one of the sets 4 and B is compact and the other closed then
AB is closed. If both are compact then 4 B is compact (see WEIL 12, p. 16).

We have
(5) ABcAB.
Proof: Kach of the following three conditions:

zeUA for all neighborhoods U of e
zedV » » » V »e
zeUAV » » » UandV of e

1s equivalent to zeAd. Let ab e AB. Then for all U and V we have ab

e(UAY(BYV). Thus abeU (AB)V which shows that abeAB.

We denote the set with the elements a, b, ... by {a,b,...}. The set
of all those z which have a certain property P is denoted by {z|P}.

If @ is a point we shall write aB or Ba instead of {a} B or B {a} re-
spectively.

1.4. In order to make it possible to define one-parameter semigroups of
subsets of a group in a concise form, we need a method to topologize the
set of all closed subsets of the group. One such method is the well known
method of Hauspor¥r (7, p. 143), which applies to arbitrary metric spaces.
Hausdorffs method is easy to extend to any uniform space. (Boursaxi, 4, p.
97, exercise 7.) In the case of a topological group, @, the procedure is the
following: Let K denote the set of all closed subsets of @, let N be a neigh-

borhood of the identity in @ and let H, be an element of K. By N we denote
the set of all those H ¢ K for which the following two inequalities hold: Hyc N H
and HcNH,. Now let N, be the elements of a fundamental system of

neighborhoods of the identity of @. The corresponding sets N, will then form
a fundamental system of neighborhoods of H,. The topology thus defined will
be called ‘“‘the Hausdorff topology for K. It is easily verified that this to-
pology is unique, i.e. that it is independent of the choice of the fundamental
system N,.

It is well-known that, topologized in this manner, the space K satisfies
Hausdorffs separation axiom.

Let H' be a closed subset of . Then the set K’ of all subsets of & which
are also subsets of H' is a certain subset of K. It is known that if H' is
compact then K’ is also compact in the sense defined by the Hausdorff
topology for K,

From the method originally used by HausDORFF in the metric case it follows
that if G is metrizable then K is metrizable. This means that in this case we
may describe the topology of K in terms of convergence of sequences. Haus-
dorffs method applied to groups gives a metric defined on K. We shall call
this metric the Hausdorff metric for K. If S; denotes the closed sphere of
Tadius 6 In a given metric for G then the corresponding Hausdorff metric for
K is defined by d(H,, H) = inf 6 where ¢ is a non-negative number such that
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HOCS,) H
and
HeS; H

In the metric case it has advantages to use sequential compactness instead
of compactness. Since in this case the two notions are equivalent we have the
following proposition. If 4 is a compact subset of G and 4,,v=1,2,3... a
sequence of closed subsets of 4, then A, contains a subsequence which is con-
vergent in the sense of Hausdorff topology.

1.5 Since the product 4 B of two closad sets 4 and B is not necessarily
closed, the function (4, B)—> 4B from KxK into the set of subsets of G is
not necessarily into K. Let us therefore consider the function (4, B)—~ 4B
from KxK into K and inquire whether this function is continuous in the
sense of the Hausdorff topology for K.

We shall say that a closed subset 4 of @ has property P if to any given
neighborhood U, of ¢ it is possible to find another, U,, so that AU,c U, 4.

We have the following proposition:
If the mapping (4, B) »> AB is continuous at the pomt (dq, {e}) then 4,
has property P. _
If 4, has property P and B, is arbitrary, then the mapping (4 B) > 4B
is continuous at (4,, B,). L
Proof: Suppose first that 4 B is continuous at (A4,, {e}). Then it is con-
tinuous in B separately. This means that given a neighborhood U, of e there
exists another, U,, such that
1" {e}cU,B
and .
2. BC U2 {e} = 82
together imply .
3. 4,le}cU, 4B
and
4. AyBcU,4,{e}=U, 4,.

In particular the choice B=U, makes 1. and 2. hold true. Leaving 3. to one

side we obtain from 4.:
: A4, U,cU, A,
which proves property P.
Conversely, suppose that 4, has property P. The continuity at (4,, B,) is

equivalent to the following statement Given a neighborhood, U, of e there
exists another, ¥, such that if 4, Be K and satisfy

() 44V A4, (B): AcVA4,, (y): B,c VB, (6): BcVB,,

then 4, B,cU AB and ABcUA4,B,.
Therefore suppose that U is given. Choose first U, with Ui ¢ U, secondly U,
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such that 44U,cU, 4, and then Ve U, nU,. Multiplying (x) with (y) and
(8) with (5) we obtain:

AyBycVAVB and ABcVA,VB,.
Thus the proposition will be proved if we show that VAV e U4 and V4,V

U4,. Since 4,c VA4, it is enough to prove the first of these two inequalities
for all 4 which satisfy (a) and (8):

VAVeV2A4,VcUid,U,cUi 4,cUiVAcUiAcUA.
This proves the proposition.

1.6. The following example shows that there are groups G containing sub-
sets A which do not have property P.
Let G be the group consisting of all regular two by two matrlces topologized

m the natural way. The identity is the matrix (3 (1)) Let A be the set of

all matrices of the form ((7; (1)), n=1,2,3... Let U(e) be the set of those
) 1+a,, ay2 . .
matrices for which [a;;|<e. Then U (¢g) 4, consists of all
Qg 1+a,,
matrices of the type
n(l+ay) ap ) <
i = 3 = 1, 2, 3 e
@ (MO e o Jasl=e, »

and AU (g,) consists of all matrices of the type

m (14 by) mblz) _
®) ("o b bl ey, m=1,2,3.

4 comparison between the matrix elements a,, and mb,, shows that not every
matrix of type (B) can be of type («). Let namely 612#0 Then m by, 1s
unbounded as m — oo, But if the matrix were of type («) |mby,| would have
to be =¢;. This shows that 4 does not have property P

1.7. We remark that the subset of 'K consisting of those sets which have
property P is closed under the operation A B. Let namely U, be given. Then
. there exist U, with 4U,cU, A and U, with BU;cU,B. Thus U; 4B>

AU,B2ABU,. But UyABcU,AB and ABU,2ABU, if U, is chosen
sufﬁclently small for example 80 that UicU,.

If G has the property that given any neighborhood U of e there exists
another, V, such that for all aeG we have aVa'c U, then every subset of
G has property P. Conversely, it can be shown that if G is not of the type

mentioned, then there exist sets 4, and B, so that AB is not continuous at
~(4,, By). We deduce that if G is abelian, then 4 B is continuous everywhere.
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The same conclusion holds if G is compact, since it is well known that every
compact set has property P. In an arbitrary group it is therefore also true

that 4B is continuous at (dy, By) if A,y is compact. )
Thus for compact sets A and B we have: 4B is compact and is a con-
tinuous function in both variables simultaneously.

1.8. We shall need the following proposition later. Let 4 be a compact
set, and let 4, and m,, v=1, 2, 3 ... be sequences of compact sets and posi-
tive integers respectively such that 47c A forall m<um,. Let r,,5=1,2,3...
be an enumeration of the rational numbers between 0 and 1. We denote the
largest integer <y by [y]. Then it is possible to find a sequence of integers
n, so that each of the following sequences converges to a compact subset of
A4 as y - oo '

. A["a ”’n,,]

Ty

AE:: mnv]y AE’:: mnv]} PR

Proof: Since r,=1 we have [r;m,]<m, and therefore A"l c 4 for all 5
and ». By a remark in section 1.4 it follows that there is a sequence #n{ such
that

1
Al

converges. From this sequence we may select a subsequence n{? such that

Al
n’V

converges, and so on. A diagonal procedure now yields a sequence n, with the
desired properties. :

§ 2. One-parameter semigroups

2.1. Definition: By a one-parameter semigroup of subsels of a topological
group G (for short: one-parameter semigroup in G) is meant a mapping ¢: 0—+As
of the non-negative reals into the set of subsets of G, satisfying the conditions:

].. Adl A§2 = A§1+§2 .

2. There exists «>0 such that As is closed if 0<6=<a and such that the
restriction of ¢ to the interval 0 Sd=u is continuous in the Hausdorff topology
sense.

Examples :

1. Let as be a one-parameter subgroup of @, i.e. a continuous mapping of
the real interval ~—a«=<d=« into @, which satisfies as, @s,=ass,- Then
As={as}, Bs={a_s} and Cs={a;]0=A1=<6} for 0= =« are the restrictions to
0=d=o of three one-parameter semigroups in G. v

In connection with these examples, we remark that whereas it is common to
assume that a one-parameter subgroup is a non-constant mapping, the corre-
sponding assumption is not made in the above definition of one-parameter
semigroups in @.
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2. Let G be the additive group of a linear space and let K be a closed
bounded convex set. Then the mappmg ¢ taking 6 into 4K is a one-para-
meter semigroup in G.

Proof: (We use additive notation.) It is a well known fact in the theory
of convex sets that for 8, 6,20 and K convex the distributive law 6; K+ J, K =
= (6, + 6,) K holds.

The continuity follows from the boundedness of K. Let U be any symmetric
neighborhood of 0. Then there is a f(U)>0 such that 6 Kc U for all 6 8.
Let 8,=8=<68,+B(U). Thus 6 K=0,K+(6—38,)KcdK+U. It also follows
that 5, Kc6 K+ U '=8 K+ U. Similarly the two inequalities just proved follow
if 6 lies in the range 6,28=8,—p (U). This establishes continuity.

The necessity of some condition like the boundedness condition is seen from
the following counter-example: Let K be the closed convex set in the cartesian
zy-plane bounded by the parabola y2=z. Then 6K for ¢ % 0 is bounded by
the parabola ¢*=dz. It is easily verified that this is not a continuous family
of sets. In fact, considered as a set of points in the space of all closed sub-
sets of the plane, the famlly 8 K is discrete, i.e. all its points are isolated
points.

3. Let 4 be a closed subgroup of G or, more generally, any closed subset
of G satisfying 4 A= A. Then the constant mapping 6 > 4 for all § is a one-
parameter semigroup in G.

2.2. If 4, is a one-parameter semigroup we have Ay dg=Agg=4y. Any
set A satisfying 4 Ac A is a subsemigroup of G. If moreover 4 contains the
identity then AA=4. Is it always true that, conversely, 4 4=.A4 implies °
ecA? The answer is no, even if A is supposed to be closed as is seen from
the example: G is the group of the rational numbers under addition and with
discrete topology. 4 is the set of all positive rational numbers. — If G is a
euclidean space it seems likely that the answer is affirmative for closed sets 4
but I have not succeeded in proving this. This question is important for the
theory of diophantine approximations.

The following remark concerns the case in which 4 is compact and non-
empty and the group G arbitrary. In this case we may even weaken the
assumptlon AA=A to AAc= A4 and still obtain not only the result ee4 but
even A 'c 4 which shows that A4 is a subgroup of @.

Proof: Let acA. Consider the set S={a"|n=1,2...}. WehaveaScSc4.
Thus aS<cScA. Suppose e QS Then there is an open nelghborhood Uofe
dlS]omt from S. Obvxously S is contained in the union of the sets a®U. But
S is compact since it is closed and cd4. Thus S is covered by a finite
number of sets a"U. Let m be the largest of the exponents n employed, and
let {>m and k=<m. Then a Qa"U since otherwise o' *e U contrary to the as-

sumption But, therefore, &' is in no one of the sets covering S and so not
in 8. Contradiction. Thus eeS. Hence § is the closure of T'={e, a,a%...}.
But a7=8. Thus aS=8 or S=a 3. Since e we obtain ¢ *eeS. We have
shown not only that 4 contains e but also that with any ae 4 we have a~ led,
which proves that 4 is a subgroup of G.

This shows that in general there are restrictions on the sets which are.

possible to use as A, for some one-parameter semigroup., The problem of
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characterizing these sets is difficult even in the euclidean case. We shall
therefore concentrate on the simplest case, namely the one in which 4,={e}.

If ¢ is a one-parameter semigroup in a group G and if 4 is a subset of &
satisfying 4 A=A4 and commuting with all the sets ¢ (), then the mapping
w:3—>A4¢(8) is also a one- -parameter semigroup in G provided the sets y ()
are closed and the mapping v is continuous for sufficiently small 5. We have

p (0)=A¢ (0). Conversely, if a given semigroup 1 can be exprested in this
way and if ¢ (0)={e}, we can thus reduce the study of y to the study of the
simpler case of ¢. A theorem stating sufficient conditions under which such
a reduction 1s possible is given in section 2.6.

Is this reduction possible for any given one- parameter semigroup ? If this
were the case then every problem on the structure of one-parameter semi-
groups ¢ could be transferred to the case when ¢ (0)={ej. However, this is
not so. We shall give two examples, in the first of which the above reduc-
tion is possible, whereas it is impossible in the second one.

Example 1. Let in the cartesian xy-plane be given the convex set K de-
fined by 0=y=1, 220. Put p(6)=6K for 6>0 and »(0) = the non-nega-
tive z-axis. Then v is a one-parameter semigroup. Put ¢ (d)= 0 L, where L 1s
the segment 0=<y=1 on the y-axis, Then.y (6)=1v(0)+ ¢ (6) (additive nota-
tion) and ¢ (0)={0}.

Example 2. Let K denote the convex set in the zy-plane bounded by the

positive z-axis and the graph of the function y= %& for x20. Put ¢ (0)=6K

for 6> 0 and v (0) = the non-negative z-axis.

Suppose now that it is possible to find a one-parameter semigroup ¢ with
¢ (0)=0 such that p (6)=¢ (8)+ v (0). We use a fact which will be proved in
§ 3, namely that ¢ (0)={0} implies that ¢ () is a bounded set for every 4, in
particular for d=1. Therefore there would exist a number y so that ¢ (1) is
contained in the strip 0=z =<y. From the assumption made it follows that
p(1)=¢ (1)+%(0). But p(0) contains 0. Thus ¢ (1)cy (1) which shows that
¢ (1) is contained in the rectangle, R,:

Y
sr=s Sy =
O=o=y, O=sy=q,o
Hence ’

y(1)=¢ () +y(0)cR+y(0).

But R+ (0) is the half strip: 220, 0=y = % Now this is a contradic-

tion, since 9 (1) contains points whose y-coordinates are arbitrarily close to 1 and

Y
1+y

2.3 Theorem: If a one-parameter semigroup, ¢ :0—> As is a mon-constant
mapping, then there is a B> 0 such that the restriction of ¢ to the interval
0=06=p 1s a homeomorphism into the space K of closed subsets of G.

Proof: Let I, denote the interval 0=<6=1 and let « be the number men-
tioned in definition 2.1. We observe that the restriction of ¢ to any interval
I, with 4> 0 is a non-constant mapping. Suppose namely that 45;= A4 = const.

is less than 1.
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for 8¢I,. Then AA=A and Ass=AsAs=A A=A so that ¢ is constant also
on I;. Iterating this we see that ¢ would be constant everywhere, contrary
to hypothesis.

We now define a function ¢ (8) of the real variable ¢, taking real values or
the value co. If there is no >0 with 4;,,=4;, then ¢ (§)=o0. In other
cases we let @(d) be the infimum of those & >0 for which As..=4s. This
function is monotoni¢c non-increasing. Namely, let 6, =9. If ¢ (6)= oo there is
nothing to prove. If A, .=As, then As..=As s dsie=As, s As=A4s,, so that
@ (8,) 29 (9).

Our next step will be to show that either there exists a y >0 such that
0 < 8=y implies 8-+ ¢ (8) >y, or p(8)=0 for all 6> 0. Suppose that the first
alternative does not hold. Then given any'y >0, there exists a 6 in the in-
terval 0 <é=y for which 6+ ¢ (8)<y. Now let 6, >0 be given. Thus there
exists a 0, in the interval 0 <0,<¢, for which d,+¢@(d,) =d,. Iterating this
procedure we construct a sequence 8, of real numbers satisfying:

O < 61{+1 § (s,, a:nd 6y+1 + (p ((Sy+1) g (S,, .

Since 8, is monotonic, non-increasing and positive 1t has a limit. Thus
8,—0,41— 0. But ¢(8,41)<6,—0d,,1. On the other hand, by the monotonicity
of ., we have @ (d,) = (,41). Since, by definition, ¢ is non-negative we obtain:

O § (p (61) é (P (6v+1) é 67_6v+1 - O

Thus
@ (6,)=0.
Let As..=As with ¢>0. Then it is easy to see that Asyx.=4s for
£k=0,1,2,3... . Suppose now ¢(8)=0. Then there exist ¢ >0 with ¢, -+ 0

and 4;..,=A4,. Thus Asixe,=As. But the numbers k¢, are dense in the non-

negative real axis. Let C(8) denote the set of those A for which A;=4,.
Since the restriction of ¢ to I, is continuous, the set I,n C(d) is closed. We
obtain the result: If 6=« then ¢ is constant on the interval with endpomts
8 and «. This result shows that the alternative: ¢ (d)=0 for all >0 is im-
- possible for then ¢ would be constant on I, contrary to hypothesis.

There remains only the alternative that there exists a y such that 0 <d=y
implies 8+ (8) > which shows that it is possible to have both & < 0=y
and ds; =As, only if 8,=0. It is clear that in this case J, has to be equal
to y (@ (d) is non-increasing). Thus ¢ is certainly one-to-one on every I, with
<7

Therefore choose § < min («, ). Then the restriction of ¢ to I is one-to-
one and continuous. Observing that I is compact and using a remark in sec-
tion 1.4, we obtain the desired result.

2.4. Let p:0~ A; be a continuous mapping of some interval 0=Sd=a with
«>0 into the set K of closed subsets of the topological group G. Suppose
also that As As,=Adsss, for 056,, 056, and &, +d,=c.. Then p can be.
extended to a one-parameter semigroup ¢ in G.

Proof: If § is any non-negative real number put ¢ ()= (dsn)" Where n 18

any natural number satisfying zéa. It 1s necessafy to justify this definition
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by proving that if #; and n, are two different numbers satisfying this condi-
tion then
(Asm)™ = (dom,)™

but this is quite trivial since both sets are equal to
(Astn, )™ ™.
(Astny )" " = [(Aoin, n,) 1" = (Aom,)".)
Further it is clear that ¢ (d; +d,) = ¢ (5,) ¢ (Js) since
¢ (0, +0,) = (Aéx_zﬁ)" = (o Asyn)* = (Ao, (Ao = () $ (65).

{For example:

(Observe that if O+, <« then ! <« and % éoc.)
n n n

This completes the proof.
This proposition shows that a one-parameter semigroup in G is completely
determined by its behaviour in an arbitrarily small neighborhood of zero.

2.5. Let L be a given set. If there are two sets M and N with L=MN,
we shall call M and N (left- and right-)factors of L and the above equality a
factorization of L. If L=M N is a factorization of L, then to every l¢ L there
can be found an meM and an neN with I=mn. If m and n are uniquely
determined by ! we say that the factorization is a decomposition of L.

If L=MN is a decomposition, then there is an obvious natural one-to-one
correspondence between L and the set M xN, namely the correspondence de-
fined by mn <— (m, n).

The next theorem shows that under certain circumstances, the study of the
structure of a one-parameter semigroup may be reduced to the study of semi-
groups 0 - A; where A,={e}. A detailed study of such semigroups in_ euclidean
space and in Lie groups will be carried out in § 3 and § 4 respectively.

2.6. Theorem: Let ¢:5—> A, be a one-parameter semigroup wn o topological
group G. Suppose that A, is a discrete subgroup of G and that to every neigh-
borhood U of the identity there exists a neighborhood V, such that for oll ae A,
the inequality aVa'c U holds. Then there exists o one-parameter semigroup
w:0—> B, i G with By="e} and such that As= Ay Bs=Bs A, for all 6. More-
over any element in A, commutes with every set Bs, and there exisis a y > 0 such
that of 0=y the factorization As;= Ay Bs ts a decomposition.

Proof: Since 4, is discrete there is a neighborhood of e which contains no
other elements of A4, than e. This neighborhood contains the square of another
neighborhood U of e¢ with the properties: U is closed and U '=U. It follows
that if x>y but both are ¢4,, then U and yU are disjoint and also Uz
and Uy are disjoint.

Since ¢ is continuous at zero, there exists a p >0 such that for all 6=y
we have A;cUA,. Thus A, (for 6=<7) is contained in the union of all sets
of the type Uz where xeAd,. Since these sets are pairwise disjoint, the set
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As is split up into parts of the form Uzn 4;. We see that these parts are
right translates of one single set Bj, defined (for d<y) by Bs=Un 4;. We
have indeed Bsz=Uzn Asx, but since 4, is a group, dsx=A4s. The sets Bs
are so far defined only for 6<y. We shall extend the definition to all non-
negative values of 6 and show that the mapping 6 — B; is a semigroup satis-
fying the requirements of the theorem. First we verify that B; satisfies the
hypothesis of proposition 2.4. :

Since U is closed and A4; is closed, their intersection Bj is closed. Also the
continuity of the mapping é - B; for 0= <y is easy to verify. It remains
to prove that for sufflclently small d;, we have B; Bs,=B; .s,. Let U; be
a neighborhood of e with Uic U. Since B,= {e} and the mapping d - B; 18

continuous at zero there exists a number y, >0 such that B,c U, for all
0<y,. Let 6,<y, and 8,<y,. Then B, -B;cUic U On the other hand
B,;l B63CA61 Aa A51+5 Thus Ba Bd,CBﬁlﬂiz if 6{

The reverse mequahfy is more difficult. We start by proving that any
element of 4, commutes with every set B;s. Let V be the neighborhood de-
termined by U according to the hypothesis of the theorem. Since -+ B, is
continuous at zero there is a number p, > 0 such that B;cV for all d=vy,.
Now let ac 4, and 4=y,. Then

aBda_choB,ngcAo A0A0=Aa .
Further
aBsatcaValcl.
Thus
a Ba (I,—l (= Bd .
! instead of a gives the reverse inequality
1= B; (proved for 8 =y,).

The same argument applied to a~
and we obtain the desired result ¢ Bsa~

Now let zeBs s, where 6;< min (g, V1> yz). Thus z & 4s,45,= As, As,. There-

fore there exist y;eds and y,ed;, with =y, y,. Since &, <y there is one
a, &4y such that y,eBsa, and s1mlla.rly for y,. Thus zeBs a, Bs,a,. But
elements of A4, commute with the sets B, if d=y, which means that
weBs By,a,0,cUlaya,cUa,a,. On the other hand z & B, s, Where §;+ 0,y
so that z¢ U, which shows that Ua,a, and Ue are not disjoint and so a; a,=e.

Thus z & Bs, Bs, and this ends the proof of the relation Bj Bs,= Bs, s, (proved

for §;= min(g, Y15 -),2)) .

By the use of proposition 2.4 we are now able to-extend the mapping
60— B; to the entire non-negative real axis. Only a few details remain to
be proved.

We have seen that for d=y the set 4, is the union of mutually disjoint
sets Bsx where z runs through A4,. This means that given ae 4, there is
exactly one xed, with qae Bsz. If follows that 4;=Bs; 4, and that this is a
decomposition of 4; (for d=+y).

Next we verify that ae A, implies a Bs=B;a for arbitrary 6. If n is sui-
ficiently large, we know that @ Bjn=Bsna. Thus

110



ARKIV FOR MATEMATIK. Bd 2 nr 7
a (Bdln)n = Béln “a (Bdln)n_l == (Béln)n a.

We observe finally that this implies B; 4o=4,Bs; and that we can extend
the relation 4,=B; 4, to arbitrary §. This completes the proof.

2.7. Let ¢:0—>4; be a one-parameter semigroup in a group G’ and f a
homomorphism of another group @ onto G'. Put p=f"'¢, i.e. for every o let
4; be the inverse image under f of 4; and put y(8)=4s. Then v is a one-
parameter semigroup in G. ,

Proof: We denote by K the kernel of /, i.e. the inverse image of ¢ ¢ @'
K is a closed normal subgroup of G. Let M be any subset of G. Then the
inverse image of f(M) is equal to M K=K M. This shows that if M is the
inverse image of some set M'cG’ then M=MK. — Let M and N be the
inverse images of the sets M’ and N’. Then M N is the inverse image of
M N, ' '

The last remark proves that the relation A5 As,= As 15, holds. Since all
As for §Sa are inverse images of closed sets they are closed sets too. The
continuity remains to be proved. Let U be a given neighborhood of ecG.
Since f is open the set U’=f(U) is a neighborhood of ¢’. Thus for a given
'y there exists &(U)>0 such that if §y—e(U)Sd=8y+¢(U) then Ad;c U’ 4;,
and A4; cU’ A;. Taking the inverse images of both members in the two in-
equalities and using the remarks made above we obtain: Asc UK-4,, and
As,cUK-A;. But KAs =As, and KAs=A;. Thus AscUds, and 4, Ud,
which proves the continuity at §,.

2.8. In the paper (6) mentioned in section 1.2 Gleason has considered
one-parameter semigrops ¢ of compact sets containing e and with ¢ (0)={e}.
He outlines a proof (lc. Lemma 4) that non-constant semigroups of this type
exist in any locally cbmpact group which is not totally disconnected. From
this result he deduces the important consequence that there exists an arc in
such a group.

Also several other results obtained by Gleason (l.c.) are of interest in the
present connection. Thus it follows from one of the lemmas (Lc. Lemma 1)
that if ¢ is a one-parameter semigroup in a locally compact group and ¢ (6)
18 a compact set containing e for every d, then ¢ (d) is. connected for every o.

Gleason’s lemma 3 implies our theorem 2.2 in the special case when the
semigroup ¢ has. the properties mentioned above. Gleason also mentions the
problem to which §§ 5 ‘and 6 of the present work are devoted, namely to
find those groups in which the topology can be defined by giving a one-para-
meter semigroup ¢ such that the sets ¢ (8) for 6 > 0 constitute a fundamental
system of neighborhoods of the identity. He states a result which is essen-
tially equivalent to theorem 6.4 of the present paper.

It should be pointed out that those of Gleason’s results which have been
mentioned here concern semigroups of sets which are linearly ordered by in-
-clusion. In our terminology this corresponds to the assumption that ¢ (6)
contains e for every 4. It might also be worth mentioning that the result on
connectedness wich follows from Gleason’s lemma 1 is true also in the general
case (i.e. assuming only ¢ (0)={e} and ¢ (6) compact).
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-§ 3. One-parameter semigroups in euclidean space.

3.1. The present paragraph is devoted to a study of one-parameter semi-
groups & As in euclidean space. The problem of determining all such semi-
groups with 4,=1{0} is completely solved (Theorem 3.5).

In this paragraph, we do not assume that any metric at all is defined on
the space under consideration. It might therefore be more accurate to use one of
the terms finite-dimensional linear space” or ‘‘affine space” instead of
“euclidean space.” Since a euclidean metric (not intrinsically defined) can be
imposed on any finite-dimensional linear space, however, we shall not insist on
this point, but continue to use the term ‘euclidean space.”

In this paragraph, when the group G' under consideration is a linear space
under addition, we shall use additive notation and terminology except for one
case: for repeated addition of a set to itself multiplicative notation will be
used. Thus, for example, 4+ A4+ A4 is denoted by A® whereas 3.4 denotes
the set homothetic to 4 with respect to the origin and enlarged three times.

We have nAc A" and, if 4 is convex, nd=A4"
Proof: Every element of nd is of the form nx, where zed. But

ne=x+xz+ - +zed".

On the other hand if 4 is convex, then any element of 4" is of the form

n n

. . . 1
>z, where z,e4. But since 4 is convex, - >a,ed. Thus
=1 n 1

n
S, end.
1

Conversely, if 4 is closed and for some n=2,3,4 ... we have n.4 = A" then
A is convex. (This holds in any linear space.)

Proof: Let z and y be elements of 4. Then mz+(n—m)y is 4",
(m=0,1,2...n). Since it is also en 4, the points %x +(1—— %’1) y are eA.

If n=2, at least one of these points is different from both z and y, and they
all lie on the segment joining these two points. The rest of the argument
follows familiar lines.

3.2. If 4 is any set in a linear space, we denote the convex hull of 4 by
the symbol H (4), that is, the intersection of all convex sets containing 4.
(This definition does not coincide with that of Bonnesen-Fenchel (3, p.5).) We
denote the set of all finite subsets of 4 by F(A4), and the set of all those
subsets of 4 which contain at most d+1 points by F,(A4). It is easy to see
that H (4) is -equal to the urion of ail sets H (S), where S runs through F (4)
or in symbols (this holds in any linear space):

H(4)=U H ().

SeF(4)
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Proof: First observe that the right member is a convex set. To see this
let @ and & be ¢eU H(S). Then ae& some H (S,) and be H (8,). Thus H (S, US,)
contains both a and b and therefore contains the segment joining them. This
shows that the right member is convex and since it contains 4 we see that

H(4)c U H (S). Secondly, observe that Sc A implies H (S)c H (4) and there-
fore U H (S) c H(4).

It 1s well known (Bonnesen—Fenchel (3, p. 9)) that if the linear space is of
finite dimension d, then H (8)=J H (T') where 8 is any compact set (in particular
for S finite) and T runs through all sets ¢ F,;(S). Together with the previous
result, this gives the formula (valid in all linear spaces of dimension d):

H(d)= UH(S).

SeFy(4)

Besides these more or less well-known facts about the convex hull, we shall
need the following facts from the theory of convex sets: The sum of two
convex sets is convex, the intersection of any number of convex sets is con-
vex, the union of an increasing sequence of convex sets is convex and A,
uz0, 4 convex, imply Ad+pud=0A+u) 4

3.3. After the above preliminaries, we return to the problem of charac-
terizing one-parameter semigroups in euclidean space. Lemma 1 below is the
basic result which makes such a characterization possible. This lemma, which
has interesting consequences other than those we are presently interested in,
contains the solution of the following problem. For a given set 4 in a
euclidean space, is it possible to find another set B(4) so that 4+ B(4) is
convex? Stated in this vague form, the problem has a trivial solution, we
can take B equal to the entire space. This shows that some supplementary
requirement is necessary to make the problem interesting; we may, for example,
require that B be bounded if 4 is bounded or that B be small in some sense
if 4 is small. Lemma 2 solves the problem in both of these forms.

Lemma 1. Let A be any set of points in a d-dimenstonal euclidean space,
and let azd. Then A+aH (4A)=(a+1)H (A).

Proof: We observe that if the equality in question holds for a certain set,
then it holds for all translates of that set:

A+oaH(A)=(e+1)H (4)
implies
A+z+oH(A+z)=A+r+aH(4)+az=

=(a+1)H(A) +(a+1)z=(a+1) H (4 +2).

Our. first step is to prove the result for a set S containing at most d+1
points. By the above remark, it is ‘enough to prove it under the assumption
that one 'of . these points is the origin. Therefore let S={g, q; ...qs}, Where

2,=0 and the ¢, are not necessarily dlfferent Then H (S) cons1sts of all points

Whlch can be written in the form Z A, q,, where 4,20 and Z A, =1. The
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set S+aH (S) consists of all points z for which there exist 1, satisfying the
above conditions and an integer k such that

a
(1) xIQk+°€ ;Aqu'

d
Similarly z ¢ («x-+1) H (S) implies that there exist x, =20 with > 4, <1 and
v=1

(2) w=(oc+1)§:l/1,, q,.

Suppose now that ze(x+1)H (S), 7.e., that z can be expressed in the form (2).

. <catl
There are two cases. Suppose first that > u, < ;%. Then x‘=a2%,u, g

a+1

expresses z in the form (1) with £=0 and 1, = W, . Suppose then that

o o & d
> > Wil This implies 2:1 o> Thus for one value at least of the

index » we must have p, > _%—I Denote that value by k. Then
o .

d d
z={e+ 1);;@ qv=9x+oc§1&q“

where 4,= (lx—+%iu£1 and A,= “+1p, for v% k. Then 4,20 for all v and
o

a  at+l 8 1 _ a+1 1

$a-2f,leetl ]

r=1 y=1 72

“ = 1. We have thus shown that if z can be
o

written in the form (2), then it can be written in the form (1), which means
that («+1)H (S)c S+« H (S). Conversely, we clearly have S+a H (S)c H (S) +
+oaH (S)=(ax+1)H (S). Thus the lemma is proved for S.

Now let 4 be any set of points of the d-dimensional euclidean space. Then
if SeFy(d), we have 458 and hence 4 +a H (4)2S+a H (8)=(a+1) H(S).
Thus 4+« H(A):; FU(A)(oc-I- 1)H (S)=(a+1)H (4). Conversely, we have 4 +a -

£Xg

"H{A)cH(A)+ o H(4)=(x+1)H(A4), which proves the lemma.

o

The following slight generalisation will also be needed.

Lemma 2. Let 4 be any set of points in d-dimensional euclidean space, and
let wzd. Then A"+ H (A)=(a+n)H(4)(n=1,2,3...).
Proof: We apply finite induction to lemma 1:

A"+ aH(A)=A"+A+aH(A)=A"+ («+ 1) H (4)=(n+a+1) H (4).

This shows that not only does every bounded set 4 admit a bounded set B
such that 4+ B is convex but the same B will do for all powers of 4.
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3.4. Theorem: Let 4 and 4,,v=1,2,3 ..., be closed subsets of a euclidean
space and suppose that they satisfy the relations lim A% =A and lim A4,=1{0},

. y—> 0 V> 00
where n, are positive integers. The limits are taken in the Hausdorff metric for
the set of closed subsets of the space. Then A is a convex set.

Proof: Let d be the dimension of the space. Let U be a convex symmet-
ric neighborhood of the origin. For all sufficiently large » we have A c A% + U
and A7»cA+U. Since A,— {0}, we have also dH (4,)— {0}, which im-
plies that the set dH (d4,) is contained in U for sufficiently large ». Let a,
be an element of dH (4,). Since the set dH (A4,)—a, contains 0, the set
A+dH (4,)—a, contains A. Suppose now that N (U) is a number so large
that dcd)»+U, A} cd+U and dH(4,)eU for all 2N (U). Then, for
y2 N (U), we have

AcA+dH(4,)—a,cA)» +dH(A,)+U—a,c A} +U+U+Ucd+ UL

Write C, (U) for the set A)» +dH (4,)+ U—a,. By lemma 2 of the preceding
section, C, (U) is convex.
Since 4cC,(U)c 4+ U* for all v= N (U), we have

AcC(U)ycAd+ U,

where
]

C(0)= 0,00 |
Being the intersection of convex sets, the set C(U) is convex. Now let U run
threugh a fundamental systemn of neighborhoods of 0. Then U% also runs
through such a system. Let C be the intersection of the corresponding sets
C(U). Thus AcCcN(4+U%=A4. Since 4 is closed, we have 4=A4 and
therefore 4 =0C. Since € is defined as the intersection of convex sets, it is
itself convex. Thus A 1s convex.

We remark that the hypothesis of the theorem implies that 4 is compact.
Namely, let U be a compact neighborhood of 0. Then for all sufficiently
large v, :the relatiop 4,c U holds. Further 4 ¢ 4)» + U for sufficiently large ».
Let x4 be a value of » for which both these inequalities hold. Since 4, is a
closed subset of the compact set U, the set A, is compact. Thus Aje+ U is
compact and contains 4 as a closed subset, which shows that 4 is compact

We remark also that it follows from the theorem that if A is any closed
set to which there exist arbitrarily small closed sets 4, each having a power
43 equal to A, then 4 is a convex set. This gives rise to the following
suggestive formulation of a characterization of compact convex sets: We say
that the point set 4 has a square root if there exists a set B with B2=4d.
Then a necessary and sufficient condition that a compact set 4 be convex is
that it have an infinite sequence of successive square roots, i.e., that there
exist sets 4, with 4y=4 and 42,,=4,, v=0,1,2.... We omit the proof
of this statement. :

3.5. The following theorem contains the charactenzatlon of one-parameter
semigroups ¢ with ¢ (0)={0} in euclidean space.
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Theorem: To any one-parameter semigroup ¢ with ¢ (0)=1{0} in euclidean
space, there exists a compact convex set A such that ¢ (6)=08A. Conversely, if A
18 a compact convex set in euclidean space, then the mapping ¢: 6 >384 s a
one-parameter semzigroup with ¢ (0)=1{0}.

Proof: Let ¢ be given. By the definition of one-parameter semigroups,
there exists a real number 8> 0 such that ¢ (9) is closed for 0 = <p. Observe

that ¢ (B)= [¢ (g)] and that, because of continuity,

¢(§) ~> {0} as » > oo,

v

Apply theorem 3.4. This shows that ¢ (8) is convex, and the remark following
the same theorem shows that ¢ (8) is compact. Since the same argument can
be used for any non-negative number 6 <p, we see that ¢ (d) is convex and
compact for all 6=8. By the extension procedure of section 2.4, the same
result is shown to hold for all 620. Put ¢ (8)=A4s. Thus 4, =(4s)" =n 4, (the

last equality sign since A4, is convex). Further
n

md,=(4,)"=n(4 )'=ndm or Ap= %%Al-

1
n n n

Putting 4,=A, we see that 4;=04 for rational 8. The general result follows
by continuity. This proves the first part of the theorem.

The second part is easy. (Cf. section 2.1 example 2. The result ¢ (0)={0}
follows from the fact that 4, being compact, is bounded.)

§ 4. One-parameter semigroups in Lie groups

4.4. The results of the preceding paragraph make it possible to characterize
those one-parameter semigroups in an arbitrary Lie group for which ¢ (0)={e}.
It will turn out that these semigroups in a certain sense (see definition 4.12)
are generated by infinitesimal, compact, convex sets and that, conversely, any
compac{t,}convex infinitesimal set generates a one-parameter semigroup ¢ with
¢ (0) = le}.

We shall need only the following simple fact from the theory of Lie groups:
Let there be given a Lie group G. Then there exists a euclidean space g, a
neighborhood U of the origin in g and a mapping f of U into @ so that

1. fis a homeomorphism of U onto a neighborhood of the identity in G.

2. There exists a neighborhood V of the origin in ¢ such that [f(V)]2cf(U)
and such that if zeV and yeV then f(z)f(y)=Ff(x+y+7(x, y)) is a continuous
mapping of ¥V xV into g satisfying

(@ 9)| = Ble]-[y]-
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Here k is a real number and |z| denotes the euclidean distance from z to the
origin of g. Moreover, ¥V may be assumed to be the closed euclidean sphere
of radius one.

Proof: We choose a sufficiently many times differentiable coordinate system
(see PoNTRJAGIN 11, p. 181) for a neighborhood of ec@. Thus to any point in
this neighborhood there is assigned an n-tuple of real numbers where n is the
dimension of G. We let g be the n-dimensional linear space consisting of all
n-tuples of real numbers, U the neighborhood of the origin in ¢ consisting of
those n-tuples whose elements are the n coordinates for a point in the above-
mentioned neighborhood of ee@, and we let f be the mapping of U into @
taking any n-tuple into the corresponding point of G. Then f is a homeo-
morphism on U. Let U’ be a neighborhood of 0 in g such that [f(U)]2e /(U
Thus if z,ye U’, we have f(z)f(y)e 1(U) so that 2 (f (z) f (v)) 1s defmed From
the fact that the coordinate system is differentiable and that f ' (f(x)f(0))=
and {7 (f(0)f(y))=vy, it follows that

U@ @) =z+y+r(z, y),

where 7(z,y) is defined on U’'x U’ and takes values from ¢. It follows also
that the coordinates 7 (z,y) (¢=1, 2, ... n) of r(x,y) are sufficiently many
times differentiable. Furthermore, 7; (x 0)—71 (0, ¥y)=0. Now let ¥ be a com-
pact neighborhood of 0 with ¥ € U’ bounded by a second-degree hypersurface.
We may then make ¢ a euclidean space by introducing a euclidean metric in
whi|(‘:h‘|V is the closed unit sphere. We denote the distance from zeg to Oeg
by | z|.

Now let 2 and y be two elements of V. Put s=|z| and t=|ly|, and let

Zp= i—:, Yo= ij Thus z, and y, lie on the boundary of V. Let p (z, y) be any

twice continuously differentiable real valued function defined on ¥ x ¥ satis-
fying o (x, 0)=0(0, y)=0. We have then

=) [ [00 ar o(ox,, Ty))dodr.

Since the integrand is a continuous function of o, 7, 7, and y, and V is com-
pact, it follows that there exists a constant % greater than the modulus of the
integrand for all relevant values of the variables. We obtain therefore

t s
lo(z, v)| = kf fda dt=kst.
L]
Applying this result to the functions # (x, y), we obtain |7 (z,v)|< k|| |y].
Put k=(tz k)t Thus |7 (z, y)|<k||z| | »|, which proves the proposition.
=1

4.2. Most of the arguments in the rest of this paragraph are based on the
proposition just proved. Although it will never be necessary in order to carry
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the arguments through to specialize the mapping f, wo shall nevertheless as-
sume that f is the exponential mapping (see CHEVALLEY 5, p. 116). This assumption
will simplify the proof of lemma 4.7. It corresponds to choosing the coordi-
nates as canonical of the first kind (Pontrisacin 11, p. 187). The space g will
therefore be the underlying linear space of the Lie algebra of G. We shall denote
also the Lie algebra of @ by g (but we shall not have to deal with the com-
mutation operation). The reason for choosing f in this special way is that the
exponential mapping is intrinsically defined, which gives intrinsic meaning also
to the term “generate” defined below (definition 4.12). The choice of the
exponential mapping for f is admissible, since it corresponds to the choice of
an analytic system of coordinates which is therefore certainly sufficiently many
times differentiable, an assumption made in the above proof.

The natural methods to use when dealing with Lie groups are based on the
theory of differential equations. For example, it is possible to obtain the one-
parameter subgroups of a Lie group as solutions of certain differential equa-
tions. Unfortunately, analogous methods for dealing with problems concerning
one-parameter semigroups in a Lie group have not yet come to light. Such
methods would have to be based on a new type of differential calculus where
the dependent variables are not points in a euclidean space, as in classical
calculus, but rather sets of points. It is no doubt possible to construct such
a theory which would then be applicable to our present problems. Judging
from attempts in this direction which I have undertaken, it seems clear that the
concept of convexity will occupy a central position in such a theory. The main
theorem (4.12) of this paragraph also supports this view. It may be formulated
as follows in terms of a calculus for sets: The differential of a one-parameter
semigroup is a convex set.

43, Put [4| = sup la| for any 4 cg.
Let A and B be subsets of V, or in other words

4] and | B]f both =1.

Then
(1) . FHHAf(B)ed+B+sT
2) A+Bcf?(f(4)(B)+8V

provided 62k [4|-| B

Proof: Any element of the left member of (1) can be expressed in the form
F(f(x)f (y), where z and y are ¢V. According to section 4.1 we have,

(@) f@)=z+y+r(z, y)ed+B+k|4]-[B|V,
which proves (1). Similarly (2) follows from
g+y=1"({ (@)} @)—r (9
upon observing that V=—V, ‘
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4.4 Lemma: There exists @ number a >0 and a finite number h such that
if KcV, 6 and e=«, and m, n are integers with m=n, then

N I e
o Eae A

and
1 0K " ™ SKN]™
@ (S e (P E)
h(sl+z71)___l m m
where (in (3)) the number y is defined as g ———— e +6) a= & o, = ;5.

Remark: The pair of formulas (1) and (2) expresses the fact that two of
the sets involved have a Hausdorff distance of infinitesimal order two in d as
6~ 0. Similarly (3) can be put together with another formula (4) in a pair
expressing the fact that two sets have a Hausdorff distance =y. The formula

(4): /7 ([f ((Sn_K)]'") cf™ ([/‘ (6_]%:;&7)]’") is not incorporated in the lemma

since it is trivially true (observe that 6 KcdK+¢V). The exact expression
for y does not matter in applying (3) as we shall do. We need only the fact
that -0 as ¢—>0 and § is kept small.

We note also that the symbol (g K)m is meant to denote an m times re-
peated sum gK + SK + ... gK, according to the convention of section 3.1.
Proof of (1): By formula (1) of section 4.3, we have
/(01 Ky)  (0; Ko) f (01 Ky + 0y Ky -k 0,0, V),

provided that ¢,, 0,=1. Using this, we can establish the formula

(a) K] cf((cK)"+k(cmpV),
valid if ¢m < min (1, %) We observe. that if 6<m1n( Ilc) then we obtain (1)
for a=2 We prove (a) by induction. It is trivially true for m=1. If (a)

is true for the value m, then
[f (o K)]"** =[f (¢ K)]" f /(o K) ci((e K)" +k(em)?V)f (o K),
and the above mentioned formula gives
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K] cf((c K)"+k(ompEV+ocK+ka(om+korm?) V)=

=f((c K" +k(o®n2+o (o m+katm?) V).

. 1 . .
Since o m=¢ (m+1) <> we have kom = 1 which gives

k
o?mt+o(om+ko?m?)=o?mi+202m = o? (m+1)%
This proves (a).
Proof of (2): The proof is similar to that of (1). We first show that if

¢ m £ min (1, 710) then

(0 E)"cf  ([{(e K)]") +k(em)?V.
This is trivial for m=1. Suppose that it is true for m. Then

(cK)Y""'=@K)"+oKcf ' ([f(c K)]")+k(omp*V +a K.
Observe that according to formula (a)vin the proof of (1), we have
(@)™ Som+ko?m?.
Thus formula (2) of section 4.3 gives
(K" 'cf (f (e K)"f(oK))+ko(om+ko?m?) V+Eko?m? V.

The proof now ends exactly as the proof of (1).

Proof of [3): Let f>0 be a number so small that for oy, x5, %, ¥ €SV,

the expressions /' (f(z,)f (z.)), /7 ((f (%) f (42)), and {7 (f (21 +91) | (22 + ) are
defined. We put

0 (@, @, 1, ¥) =1 (f (@1 +91) f(xz + )= (F (@) £ (@) —17 (f () £ (%))
The function p obviously satisfies the relations
@ (O’ 0’ yl’ 1/2) = Q(xly $2, Or 0) = 9(0} w2: O, y2) = g(zla 0’ yl’ 0) = 0

By an argument similar to the one used to obtain an estimate of the function
r in section 4.1, we prove the existence of a constant &’ such that

1\9(%, Ty, Y1, Yo)|| S ’l%“H?h””*'“szl?/l”)

We have also seen (section 4.1) that /7 (f (v1)f (¥2)) =4 + ¥ +7 (41 ¥,) Where
|7 (w1, %) < k91| |y2|. Combining these results, we obtain the following. If

xls xz: yl: ?/2 § ﬁ: then
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(¢ (x1+y1)f(12+y2))=f_1 (f (@) F (@)t + 9o+ 7 (Y15 ¥2) +0 (21, Tey 1, Ya),

where | <%y | [a]l and o] < ¥ (loxll [+ [oa]).

Now let K’ and K" be subsets of ¥V and let ¢’, ¢'', 7/, "' be numbers =<p.
By using the estimates for r and g, we easily verify (cf. section 4.3) that

(b) f—l (f (O', K’+T, I,Y) f (0” K// +T” V))Cf—l (i (0/ K/) f (GI, K’I))+
+[e e +hkT TR (6T +e T V.
We shall now establish the formula .

¢"—1

(c) A+ NI ef (U (B +e — 7,

where ¢ = 1-+kt+3k%k’ 0. This can be done if mo and mt are sufficiently
small (£ a number « to be determined later). We prove this by induction.
The statement is obviously true for m=1. Let it be assumed for m. Then

FHfeE+T V™) ef (f(o' B+7' V) (e K+ V),

m

where

and o’ B=f"([f(c K)]™).

c
o'=ocm+ko?m? and v =7 1
o—

From formula (a) of the above proof of (1), it follows that | ¢’ B|| < o’ so that
BcV. We note that (a) is valid if om < min l,ilé . Then e m-+ko®*m?=
=20m, so that if om=1p, we have ¢'<p. It is also clear that if vm is

small, then 7’ is small, so that there exists a number « >0 such that if om
and Tm are both = «, then we can apply (b). We find that

U@ K+x V"D e/ ([ e K"+ (x+7 +kvo +k (' t+o7) V.
The coefficient for V is

m_1 m__1 T e™m—1
¢ +ktrg——~+k’a’r+k'a'rc .
c—1 c—1 c—1

c"—

I This shows that the coefficient
c—

We observe that ¢’ 71 S2mor=2071

for V is not larger than

7:+rgc€~1— (1+kt+3k o)=7 (1 +

c"—1 ) "t —1
paal .
Thus (c) is proved.
Putting A = max (k,3%') and o = g, T= s, and observing that 1+% (e +1)=

= e"*%), we obtain formula (3).
This proves the lemma,
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4.5. Lemma: Let A, and B, be two sequences of compact sets in g such that
d (4,, B,) >0, where d denotes the Hausdorff distance (see 1.4). Suppose also
that there exists a number 8 so that A,V and B,cfV forallv=1,2,3....
Let m, and n, be sequences of integers with m,<mn, and n,—> 00 as y—> 0,

Then either the two sequences of sets in G [f (%)] " and [f (%)] " both con-

v (4

verge to the same limit or they both diverge.

Proof: Put d(4,, B,)=¢,. Then we have for all v: 4,cB,+¢s V and
B,cA,+¢,V, and we know by the hypothesis that £, — 0.

ANT™ . '
Suppose that [f (77)] converges to a set Cc@G. We assume first that

v

A,caV where a is the number in lemma 4.4. We have

(T 2o <l (e

Since the first expression converges to C, (3) of lemma 4.4 shows that the
last expression also tends to C. We see therefore that the expression in the
middle tends to C.

Now C,= [/ (%)] ’ c[f (M) ", Since the right side tends to C,

the sets C, are contained in an arbitrarily small neighborhood of C for suffi-
clently large », in particular in some compact neighborhood of C. Thus every

subsequence of the sequence C, contains a convergent subsequence. Let €, be
a sequence converging to Dc (. Then again by (3) of lemma 4.4, the sequence

B, +é&, V]| L
f T converges to D. But this is a subsequence of a sequence
pi’
converging to C. Therefore D=C. We see that every convergent subsequence
of C, converges to C. This means, however that C, converges to C.
In order to prove the lemma, we have left only to show that the restric-

B

tion A,caV is inessential. Choose the integer p so large that ; =a. Put

v . 1

n, = [’L] and m) — [ﬂ] Let 4. and B, be defined by - 4, = > 4, and
P P Ny ny

correspondingly for B,. Since A,cﬂV\and n,p=<mn, we have 4, = %3 A,c@~

BV e g Ve aV and similarly BycaV.

. y 1
We assume again that [f(nlA,,)] converges to a set Cc@G. But -

v (4

-4, = 771;.4,. Thus [/(%A;)] "> C. Now m,=p m,+ 6, p, where 00, <1.
. ’ W 2
Since %A,’, tgnds to {0}, it follows that [f(%A;)] tends to {e¢}. Hence
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(1 "y P . . .
l f (;A,’.)] converges to C. From the result already obtained, it is easy to

v

1 ™y L .
see that the sequence [ f(W B’)] converges to C. Again using the equality

=pm,+ 0, p, we conclude that also [ / (% B,',)] "= [ f (;} B,,)] ’ converges

v
to C, which proves the lemma.

4.6. We shall now develop two procedures of construction which we shall
call “procedure I” and “‘procedure II.” Procedure I applied to any given
compact subset K of ¢ produces a one-parameter semigroup ¢ in G satisfying
¢ (0)={e}. Conversely, glven such a semigroup in @&, procedure II when ap-
plied to this semigroup, gives rise to a compact subset of g. We shall describe
procedure I in this section.

Let Kcg be glven We assume first that K is small enough to be contained
in a«V, where « is the number given by lemma 4.4. By formula (1) of that
lemma, we have, for all m and #n satisfying m =n the inclusion

) m m 2
)] e () 2 () )
n n n
Thus [ ! (% K )] cf(xV+ka2V). Denote the right member of this inequality

by 4, and put 4,=f (1—1} K ) This makes it possible to apply proposition 1.8

(with m,=v). We find that there exists a sequence =, of positive integers
such that for every rational number r between 0 and 1, the sequence

1 fra, | [rn,]
[ f (— K )] converges. We shall denote the mapping # — lim [ / (;%— K ) ]

Py v
by o¢*.
Using (1) of lemma 4.4 again we obtain an estimate of ¢* (r):

)™ e )™ e (52T vea (22 )
it ' cflarV+Eka?r2V),
so tha
(a) [fo*(r)| = ar+ko2r2
This shows that ¢* (r) - {e} as r—~>0.

Now let 7, and 7, be given rational numbers between 0 and 1 and satisfying
r,+7r,=1. Then we have:

A[,Srﬁ”'z)"v] =A£:‘1"v]+‘[72”v]+av - Agl"v -AEP"V] -Aa
where 0, for each » denotes one of the numbers 0 and 1. A passage to the
limit as » - co gives
(b) ¢* (ry 1) =¢* (1) ¢* (r2)-
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It is now easy to see that uniform continuity of the mapping ¢* follows
from (a) and (b). Thus ¢* can be extended to a mapping defined for all real
numbers between 0 and 1. It then follows from proposition 2.4 that this new
mapping can be extended to a one-parameter semigroup ¢ in G. It follows
from (a) that ¢ (0) = {e}.

(87,1
We shall also show that the relation ¢ (6)=lim []‘(nl K )] holds for all

.

positive real numbers 6 and not only for those which are rational and less
than one. From the formula [4; (%)] = ¢ (0) we see that it is enough to prove
this for §=1. Let therefore »,—~ 3 as 1+ ~>o0, (1=1,2...). We have

¢ (0)=lm lim Al

i—+00 »—>00

With the aid of (a), it is easy to justify an inversion of the order of the
limits, which gives the result.
We finally remove the restriction K caV by the following device. Let K

. 1 .
be any compact subset of g. Choose the integer p so large that » KcaV.

Apply the above procedure to the set 1 K. This gives a one-parameter semi-
group ¢'. We see also that ¢ (8)= (¢’ (6))” defines a semi[%rro]up ¢ in & and that
if n, is the sequence for which ¢’ (6)=Ilim []‘(l - K)] o, then pn, is a

p—> 0

[6pn,]}
sequence for ‘which ¢ (6) = lim [ f(pln K )] . This requires a proof that

the difference between [6 pn,] and p[dn,] is Inessential, which is easy (cf the
end of the proof of lemma 4.5.)

Summarizing these considerations, we describe procedure I as follows. Given
a compact set Kcg, the procedure consists in choosing a sequence %, of in-

tegers such that
: 1 o]
¢ (6) = lim [f(; K)]

exists for each non-negative é and such that ¢ is a one-parameter semigroup
with ¢ (0) = {e}.

The above results show that such a ch01ce is always possible.

We conclude with the remark that with some easy and inessential changes
the above argument can be adapted to show that given any sequence of po-
sitive integers tending to infinity, the sequence n, can be chosen as a subse-
quence of the given sequence.

4.7. Before describing procedure II we shall prove a lemma which is useful
in the existence proof which will accompany the description of procedure II.
The proof of this lemma is the only place in the proof of theorem 4.12 where
we use the fact that f is the exponential mapping. We need the fact that if

124



_ ARKIV FOR MATEMATIK. Bd 2 nr 7

m is an integer and z & @ is sufficiently close to e then ||/ @) =m|[ @)
(see CHEVALLEY 5, p. 116).

Lemma: Let ¢ be a one-parameter sem@'group i G satisfying ¢ (0)={e}.
Then there exist constants B and 1 so that { ¢ (8)c 81V for all 65p.

Proof: Put ¢ (6)=|/{" ¢ (9)]. If 8 is sufficiently small, say < B, then ¢ (3) = /(V),
which shows that (p( ) 1s deflned for all 6=p6. Since ¢ 18 a continuous func—

tion of 4, and f* and || are continuous functions of the sets ¢ (8) and /¢ (6)
respectively, we see that ¢ (8) is continuous. In particular ¢ (6)—~0 as ¢~ 0.

Now consider a fixed 6>0 and = f. Then ¢ (%) is a compact set. Let

be an element of this set for which H/‘1 ()| s a maximum. Then ¢ (77@) =

é
=|f*(x)||. Thus by the property of f mentioned above, we have m¢p( ) =

ol @] =1 ). But o o (2)] - Thusmw(%)éq:(a).

This has been established under the assumption § = . Changing variables, we
may also say that if m is any integer and & any real number such that
dm = f, then

@ (m6) = m e ().

Now suppose that there exists a sequence &, —~ 0 and a sequence [, — oo of
real numbers such that ¢ (6,)=4,1,. We observe that the numbers in the in-
terval between 0 and 8 which can be expressed in the form m d, are dense in
that interval. We have also ¢ (mé,) Zmd,l,. Let (a, b) be any interval con-
tained in the interval (0, ). Then if m d, & (a, b), we have ¢ (md,) Z m 6,1, = al,.
But since I, - oo we see that the function ¢ is unbounded on (a, b), which is
inconsistent with its continuity.

Thus there exists a number [ so that ¢ (6) < 6/, which proves the lemma.

4.8. We now proceed to describe procedure II.
Suppose that ¢ with ¢ (0)={e} is a one-parameter semigroup in ¢. We note
that then ¢ (8) is compact for every 8. We shall consider the sets Ks;cg de-

. . é . . ' .
fined by Ks=lim n,f ¢ (n—), where 7, is a sequence of infegers such that
p-» 00 » ’

the limit exists. Qur first step will be to prove the existence of such se-
quences #,. A
By lemma 4.7, we have, for all § < 8 and all » the equality nf ™ ¢ (%) cdlv.

By a procedure analogous to the one used in section 4.6, we construct a se-

quence n, such that K;=lim n, f ' ¢ (é) exists for those 6 which are rational
ny

numbers between 0 and B. Since K;cd!V, we have K;—> {0} as 6—>0. If

6, and d, are two non-negative rational numbers with 4, +d, = 5, we have

Ks s, = lim n, {7 ¢ (6 9 )-— lim n, 7 (qS (ﬁ) ¢ (%)) Using lemma, 4.7 again,

1’ n‘l‘
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we see that | 1 ( )Hi = o I, and similarly H f‘l ¢(%) | = 2l Therefore for-

4

mula (1) of section 4.3 gives
K51+5 cllmnv[f ¢(6)+f ¢( )-l—kéél :|=K51+K62-

Similarly formula (2) of the same section gives

K,;1+K52=lim Ny [f_l (i)(%) + f_l ¢ (2—2)]
c lim n, [f ¢ ((S +62)

Thus K51+52 = Kﬁl + K"z'
From these results, it follows that the mapping 6 — K, is uniformly contin-

uous, so that the mapping can be extended to the entire non-negative real
d-axis. It also follows that the sets Kjs, thus defined for all 6 2 0, satisfy

K;=lmn, ¢ (—) for all sufficiently small . Indeed let 7,, 75, ... be a

N ﬁlg V] = Kspro,.

é
sequence of rational numbers tending to 8. For each », we have n, f~ ¢.( ) =

=limn, f~ ¢( ), and the result follows since lim lim = lim lim.

100 »—>00 {—>00 {—»00 ¥

From the fact that ¢ is a euclidean space and that the mapping & — Kj is
a one-parameter ‘semigroup in g, we deduce (theorem 3.5) the important fact
that there exists a compact conver set K such that K;=4 K.

Thus procedure II may be described as follows:

Given a one-parame*er semigroup ¢ in G with ¢ (0)={e}, procedure II con-

. . . . . - ) .
sists in choosing a sequence m, of integers so that lima =, f* ¢ (n—) exists for
td

= 00
all non-negative real numbers 4.
The above results show that such a choice is always possible and that the
limit is of the form 8 K, where K is a compact, convex subset of g.

4.9. The last steps to be taken before we can formulate a structure theorem
for one- parameter semigroups in Lie groups consist in investigating the results
of the successive application of our two procedures. We consider here the case
when procedure II is followed by procedure I. . .

Let ¢ be a given semigroup in G satisfying ¢ (0) = {¢}. We suppose that
procedure I has been applied to ¢, so that we have formed a compact convex

set K and a sequence n, with 6 K =limn, f ¢ (nﬁ) for all non-negative 4.

v

Put A,=n, ¢ (3) and B,=8 K for v=1,2,.... Then we can apply lemma

v

4.5 with m,=[yn,], where y is a non-negative real number. Since
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G [ G - (222)

Is a convergent sequence with limit ¢ (y 6), we see by the lemma that
S K\ Trn]
[]‘( )] also converges to ¢ (y 4).

v

In particular, we obtain for 6=1 the result that if procedure II takes a
semigroup ¢ into a set K then this set K again gives us back the semigroup
¢ if procedure I is applied to K with the same sequence %, as in procedure II.

The result also tells us what happens if we start procedure I with 6 K
instead of with K. Instead of ¢, we then obtain the semigroup which maps
y on ¢(dy). This may be expressed by saying that we obtain ¢ with a
change of scale. :

410. We now consider the result of applying the procedures in the order
I, TI. Starting from a set K we obtain a semigroup ¢ by I. We should
expect to get- K back by applying IT to ¢. This is not true unless K is
convex, In fact, we always get the convex hull of K.

qlrn,l
Thus let K be given and suppose that ¢ (y) = lim [f (nl K)] for all non-

negative y. Suppose first that KcaV, where o is the number described in
lemma 4.4. By (1) and (2) of that lemma, we have

G R
O R (T R

. trn,)
We shall show first that (l K ) tends to y H (K), where H (K) denotes

t4

the convex hull of K. We have obviously

(—1~ K)[y Mol g gy,

Ny ny

. [y n,]
We know too that every sequence of sets (l K) contains a convergent
ny

subsequence. By theorem 3.4, the limit of every convergent sequence of these
sets must be convex. It is also clear that any such limit contains y K. Since

the'vlimit of Dlnl"] H (K) exists and is y H (K), we see that every limit of a con-

1\ . . o
vergent sequence of sets (n_ K ) contains y K, is contained in y H (K), and
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is convex. This shows that every such limit coincides with y H (K), in other
v »,]
words that lim (l K) =y H (K).

Thus we know that every term in (a) or (b) converges as ¥ >oco. In the
limit, we obtain

(a’) o)y H(E)+ky*V
and
(b") yH(E)cf $(y)+kpy V.

We are now ready to see what the result of applying procedure II will be.

A first, and very reassuring fact to observe is that lim = f'¢ (%) exists

n—oo
(n=1,2,...) and is equal to y H (K). This is important since it shows that
it 15 mot mecessary to use a subsequence m, in order to produce convergence. The
proof is easy. The two formulas (a’) and (b’) give

nfe (%) cyH(K)+k (’f) 14
and A

yH(K)cn]"lqs(%)—l—k(yj) V.

n
This proves the result. :

It is also clear that the limit of ;15/‘1¢ (y6) as 6 —>0 exists where d is a

continuous variable instead of a sequence.

Finally we note that these results are true without the restriction Kca V.
This is easily proved by the use of a device similar to the one used in sec-
tions 4.5 and 4.6. We omit the details.

411. Let ¢ be a given semigroup in @ with ¢ (0)={e}. By applying pro-
cedure IT while using a certain sequence n, of integers, we obtain a compact
convex set K. We know that procedure I and the same sequence of integers
will give us back ¢. Thus ¢ is obtained by an application of procedure I,
and we know that II can be applied with any sequence of integers, or even
with a continuous passage to the limit. Therefore we have the following pro-

: —1
position. For any semigroup ¢ in G with ¢ (0)={e}, the limit ‘lsim f—f;(a)
-0
exists and i1s 3 compact convex set.

Conversely, let K be a given compact set in g. By procedure I using a
sequence 7,, we obtain a semigroup ¢. Procedure II can now be applied to
¢ with any sequence of integers. It gives us H (K). We know that if we apply
procedure I to H (K) with any sequence of integers we get ¢ again. This shows
that if K is convex, we could have used the sequence 1, 2,3 ... in the first
place.  This is generally true. By the foregoing, it is clear that any conver-
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[y 7,1 L
gent sequence of the type [f (lK )] converges to the same limit as
7 :

oy

1 yn,) L.
[f (7; H (K))] so that all convergent sequences have the same limit. On

the other hand, it follows from the last remark of section 4.6 that any such
sequence contains a convergent subsequence. This shows that every such se-
quence 18 convergent. We therefore see that for any given compact set

[y n]
Kcg the limit lim [f (i K)] exists.

n— 0
. . . . 1
In this case also we can substitute a continuous variable for " The proof

18 easily carried through by \lemma 4.5. Thus we have: for any given compact
set K g the limit llslﬂ [f(0 K)]"? exists and is equal to ¢ (y), where ¢ is a
one-parameter semigroup in G with ¢ (0)={e}.
4.12. We now summarize the results obtained so far in this paragraph.
Definition: Given a one-parameter semigroup ¢ wn a Lie group G and a sub-

set K of the Lie algebra g of G, we say that K generates ¢ if for every y=0,
we have ¢ (y) = lim [f (6 K)]¥®) where f denotes the exponential mapping.
50

Theorem: Let G be a Lie group, let g be the corresponding Lie algebra and
[ be the exponential mapping. Then:

(1) every compact subset of g generates a one-parameter semigroup ¢ in G which
satisfies ¢ (0)={e};

(2) every compact subset of g generates the same semigroup as its convex hull;

(3) every one-parameter semigroup ¢ in G which satisfies ¢ (0)=le} is gener-
ated by a unique compact convex set in g;

(4) the compact convex set K which generates a given ¢ s delermined by
1.,
K =lim _ /7 ¢ (d).
50

4.13. If the Lie group is commutative it is known that it is a homo-
morphic map of a euclidean space. The homomorphism may be considered as
the exponential mapping. The kernel of the homomorphism is a discrete sub-
group (submodule) of the euclidean space. We obtain

Theorem: Let G be a commutative Lie group, g the corresponding Lie algebra
and | the exponential mapping (or in other words G=g/N where N is the kernel
of the homomorphism f). Let the compact convex set K cg generate the one-para-
meter semigroup ¢ wn G. Then ¢ (8)=f (6.K).

Proof: We first apply proposition 2.7. This gives us a one-parameter semi-
group ¢* in g which satisfies ¢*(0)=N and f¢*=¢. Then 'we apply theorem
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2.6.to ¢*, which gives us a one-parameter semigroup  in g such that ¢* (6)=
=9 (0)+N (we use additive notation since ¢ is 'a linear space) and with
p(0)=1{0}. Now ve apply theorem 3.5, which tells us that v (6)=05 M, where
M is a compact convex set. Summing up, we obtain

6 (8)=F (0 M+N)=f (8 M).

Using (4) of theorem 4.12, it is now easy to verify that ¢ is generated by M.
But since it is also generated by K and both K and M are convex, it follows
from (3) of 4.12 that K=M. This proves the theorem.

Remark: We have not much general information about the structure of the
sets ¢ (0) defined by a one-parameter semigroup in a Lie group. The theorem
just proved shows that at least in the commutative case, these sets are con-
tinuous open maps of compact convex sets, and that if sufficiently small they are
even homeomorphic to such sets. Although it seems plausible' that this is true
in general Lie groups also, I have not succeeded in proving or disproving it.

4.14. We conclude this paragraph with a theorem which throws some light
on the problem just mentioned. For the validity of this theorem, it is essential
that / be the exponential mapping.

Theorem: Let G be a Lie group and g the corresponding Lie algebra. Let ¢
be a one-parameter semigroup in G which ts generated by a compact, convex subset
K of g, Then ¢ (y)>f (y K), where | denotes the exponential mapping.

Proof: We have the formula [f(y)]" =/ (my). Therefore we see that

[lax)]=r (%)

Indeed, let z¢ % K. Then x = my, where ye1—1® K. Thus

1@ =1 -y ()]

which proves the inclusion.
Trom the definition and theorem of section 4.12, we have

¢ (y) = lim [£ (3 9] L

In particular, let § tend to zero through the values ;7;', , where m=1,2,3....

Then ¢ (y)=1lim [f (%)] . We can now apply the formula just proved.

We see that [f (%)] Of(y K). Thus the passage to the limit gives ¢ (y)
2 f(y K), which proves the theorem.

Remark. Theorem 4.13 shows that in the commutative case we have equal-
ity instead of inclusion in ¢ (y)2f (y K).
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§ 5. Normed groups

5.4. Detinition: A normed group G is a group on which there is defined a
left-invariant metric with the following properties: The metric defines a topology
on G such that in this topology G is a topological group. If Ss denotes the closed
sphere of radius 6 around the identity of G, then the mapping 6 — S5 1s a one-
parameter semigroup. — If G 1s a normed group, the distance from e to v &G s
called the norm of = and 1s denoted by |z||. — A topological group G is said to
be mnormable if it is possible to define its topology by a metric so as to make G
a normed growp.

Remark: The term ‘“norm” has been used in connection with groups in
several different ways. Some authors use the word to denote the distance
from ¢ to an element of the group in any metric group. AroNszaIN (1) re-
quires conditions on the metric which do not coincide with those of the above
definition. If the group is a linear space, then the term “norm” has a uni-
versally accepted meaning. It seems very likely that in this case our defini-
tion is equivalent with the usual one.

Examples:

1. If ¢ is a normed linear space in the usual sense, then it is also a normed
group under addition. The proof is made by verifying conditions R 1-5 of
the next section. This is easy, and we omit the details. The converse prob-
lem, however, seems to be rather difficult. It can be formulated as follows:
Let G be a linear space on which is defined a function |z| so that G becomes
a normed group under addition. Is it true that G is a normed linear space ?
From theorem 3.5, it follows that the answer is affirmative if G is finite-
dimensional. Such a space is therefore a Minkowski space (finite-dimensional
Banach space). I do not know the answer to this problem in the general case.

2. Let G be the group of all complex numbers % of unit modulus under
multiplication. Putting ||5| = |arg 5| where arg % is chosen between — & and
7, we see that ||n| is a norm for G.

3. Let G be the direct product of a countable number of groups Gi, i =
=1, 2, 3 ... isomorphic with and normed in the same way as the one of ex-
ample 2. An xz&@G can be written as z=(»,, 5, ...) where n¢G;. Then the

function || = sup % 7] is a norm for @. For the proof, which is easy, we

refer to the more general formulation in theorem 6.1.

5.2. Let G be a topological group the topology of which is defined by a
left-invariant metric. Let 7 (z) denote the distance from e to z and S, the
set {z]r(x) =0} (i.e. the closed sphere of radius ¢ around e¢). Then the fol-
lowing conditions are satisfied. :

R1. 7(z) is defined for all z&@ and assumes non-negative real values.
R2. r(z)=0 if and only if z =e.

R3. r(x)=r(z™).

Ra*r(zy) =7 (@) +r(y).
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R5. Let ze( and d>0. Then there exists £¢>0 with r(xyaz ') £ 6 for
all y such that r(y) = .

Correspondingly, the sets S; satisfy the following conditions.

S1. US@Z
=0

S 2. So={e}.

s3. S;=8;"

S 4%, Sal S’51 c Salﬂsz
S5. Given ze¢@ and 6 >0, there ex1sts e>0 with z8.27 ' Ss.
s6. NS = Sd,

6> do
The verifications are simple and are omitted.

Suppose now in addition that  is a norm for G. Then 8 4* can be sharpened to
S 4. S,s‘ S‘s2 = S"rﬂsz'
The corresponding condition for r is:

R4 The condition R4* and the following condition hold: given 6,20,
0,20 and ze @ with r(2) =0, +9,, there exist  and y with zy=2 and » (z) =0,
and 7 (y)=20,.

5.3. Conversely, we shall show that each of the sets of conditions R and S
suffice to characterize normed groups. More precisely: Let G be a group on
which is defined a function r (#) satisfying R 1, 2, 3, 4* and 5. Then
d(z,y) =r (@ 'y) is a left-invariant metric on @ in terms of which G is a
topological group. Moreover, if the condition R 4 is satisfied, then 7 is a
norm for G. .

Proof: We define sets S; by S;={z|r(z)<d}. It is easy to verify that
these sets satisfy S 1, 2, 3, 4*, 5 and 6. It follows from these conditions that
the sets S; for'd>> 0 constitute a fundamental system of neighborhoods of e
in a topology for G which makes G a topological group (see axioms GT I-1V
of WEm, 12, p. 9). It is also trivial to verify that d (z, y) is a left-invariant
metric.

Now suppose that condition R4 also holds. Then S4 holds. Further, since
a metric is always a continuous function in the topology defined by it, the
function 7 (z) is continuous. Since S; is defined as the inverse image under
r (x) of a closed interval of the real axis the set Ss; is closed. It remains to
show that 6 - S; is a continuous mapping, 4.e., that given a neighborhood U
of ¢ and a number d,, there exists ¢>0 with S,cUS,, and S,,cUS; for
all § in the interval §p—e<8=<4d,+e Since we lose no generality in assuming
that U belongs to a certain fundamental system of neighborhoods of e, we
may choose U=S8, for some y > 0. By choosing ¢=9y we obtain é =4, +y and
dyZ0+y. Since 8s varies monotonically with 8, these inequalities imply that
85,€ 851y, =8, Ss=USs and Ssc8s,+y=38, Ss,=USs,, which proves continuity.
This completes the proof of the proposition.

5.4. The corresponding proposition obtained by starting from conditions S is:
Let G be a group in which is defined sets S;, where J is a non-negative
parameter. Suppose that the sets S, satisfy conditions S 1, 2, 3, 4*, 5 and 6.
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Then there exists a function r(z) satisfying R 1, 2, 3, 4* and 5 such that
Ss=1{z|r(x)=8}. The sets S; for 6>0 constitute a fundamental system of
neighborhoods of @ in a topology which makes G a topological group. I,
furthermore, condition S4 is satisfied, then r(z) is a norm for G.

Proof: By S3 and S4* we have 8;2Ss2 S, and thus eeS;. Now let
8,2 6,. Then by S4* we have 85,28, S5, s,. Since S;,-5, contains e, it follows
that SalDS,sl.

Now let r(z) be the infimum of those non-negative numbers for which z & Ss.
By S1, this infimum exists. From S6 it follows that xeS,(z). Let 6 be
greater than or equal to r (z). Thus z&S,;ycSs. Conversely, if z&8S;, then
by the definition of r we have 7 (z) < 8. This shows that Ss={z|r(z) = 4}
It is now easy to verify conditions R 1, 2, 3, 4* and 5.

If we observe that S4 implies R4, we can apply the proposition of the
preceding section, which completes the proof.

5.5. We have seen in the preceding sections that each of the sets of con-
ditions B and S can be used as an axiom system for normed groups. The
theorem of the next section gives still another characterization of normed
groups. We need the following preliminaries.

MeNGER (9) has introduced the notion of a convex metric space. According
to his definition, a metric space is convex if for any two different points z
and y in the space, there exists a third point z different from z and from y
such that z lies between z and y in the sense that equality holds in the tri-
angle inequality for the three points z, z and y: d (z, 2) +d (2, y) =d (z, y), where
d is the metric. By a slight abuse of language, it has become common to refer
to the metric of a convex metric space as a convex metric. This has certain
advantages when dealing with several different metrics defined on the same
topological space, and we shall therefore adopt this usage. Our definition of
a convex metric will, however, be slightly different from that of Menger.

Definition: A metric d(x,y) on a set M of points will be called convex +f
the following condition 1s satisfied: Let 6, = 0, 8, 20 and x, y be two points of M, so
that d (x, y)=0,+0,. Then there exists ze M with d (z, 2)=0, and d (2, y)=0,.

It follows from theorems of Menger that if the set M is compact or even
complete, considered as a metric space with the metric d, then this definition
coincides with that of Menger. It should also be pointed out that if for
two given points z and y we determine for each a between 0 and 1 a point
z(x) with d(zz)=ad(zy) and d(2y)=(1—a)d (zy), then the set of these
points z (x) does not necessarily form a segment in the sense of MENGER (l.c.).
If d makes M a complete metric space, it is nevertheless true that the points
z and y can be joined by a segment consisting of points z (x) depending on o«
as described above. This follows from one of the theorems of Menger referred
to above. From this result, Menger deduces that a complete convex metric
space is connected and locally connected.

Our deviation in terminology from that of Menger simplifies the formula-
tion of the following theorem.

5.6. Theorem: A mecessary and sufficient condition that a metric group G
be a normed group 1s that the metric be left-invariant and convex.
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Proof: 1. Suppose that G is normed. The necessity of left invariance lies
in the definition of normed groups. The necessity of convexity follows directly
from the fact that condition R 4 must be satisfied. In fact, let d (x, y) be the
given metric on G. Then d (z,y)=d (e, 'y)=7(z"'y). Let a and b be given
points in @ and « a number between 0 and 1. From R 4, we infer the exist-
ence of a point ¢ in @ such that r (@ *¢)=ar (a7 b) and 7 (¢ b) = (1—a) 7 (™" b).
(Observe that a™* ¢ ¢*b=a"'b). This is just the condition for convexity of d.

2. Suppose that the given metric d is left-invariant and convex. From sec-
tion 5.2 it follows that conditions R 1, 2, 3, 4* and 5 are satisfied. Retracing
the argument of the first part of the proof, in the opposite direction, we see
that the convexity of d together with R 4* implies R 4. Applying proposition
5.3, we see that @ is normed. The theorem is thus proved.

We have seen already in paragraphs 3 and 4 that there are many connec-
tions between the theory of convex sets and the theory of one-parameter semi-
groups of sets. The above theorem establishes another such connection.

5.7. Theorem: A complete normed group is metric, connected and locally con-
nected. ‘

Proof : The result follows immediately from theorem 5.6 and the theorem
of Menger quoted at the end of section 5.5.

Theorem: A locally compact normed group is separable, metric, connected and
locally connected.

Proof: Since any normed group is metric and any locally compact group
is complete we have only separability left to verify. But this is an immediate
consequence of connectedness and local compactness.

According to a conjecture of Menger which was proved in 1949 by Bine (2)
and Moise (10), any compact, connected and locally connected, metrizable
space can be given a convex metric. This fact suggests the following problem.
Is every locally compact, separable, metrizable, connected and locally connected,
topological group normable? Paragraph 6 -is devoted largely to a partial
solution of this problem.

§ 6. Normability theorems

In this paragraph we collect theorems stating various sets of sufficient condi-
tions for a group to be normable. The emphasis is on locally compact groups.

6.1. Theorem: Let G be a finite direct product of normed groups or a countable
direct product of compact normed groups. Then G is normable.

Proof: Let G=G,xG,x - xG,, .where each @ is normed. Let || [; denote
the norm on Gi. If z=(xy, @, ... %,) is an element of G and z: ¢G;, we put
|z|| = max |z]f. We easily verify conditions R 1, 2, 3, 4* and 5 of section 5.2.

B

In order to verify R4, let z=(z, ... 2,) ¢G and |z[|=8,+8,. Thus for some
value of i (say for i—j) the coordinate 2z of z satisfies ||z [i=6; +J,. Since
condition R 4 holds for G, there exist a; and. ¥ Gy with a; y; =2, [%lli =6,
and ||y;|s=0,. For ¢5j, we have ||z ]; <6, +J,, and therefore there exist ; and

134



ARKIV FOR MATEMATIE. Bd 2 nr 7

yi with @ yi=z, i =0, and |y i £6,. Putting z=(x,, 5 ... 2,) and y=
=¥, Y . - - Yn), We have zy=z, |z|=4,, and |y||=J,, which shows that condi-
tion R4 holds for . This proves the first part of the theorem.

Now let G be the direct product of a countable sequence of compact normed
groups G;, v=1,2,3 ... . Since the group G is compact, the norm || |; has
a maximum on ;. We may assume that this maximum is equal to 1 by
multiplying the norm with a suitable constant. Let x=(z;, %, ...) be an ele-

ment of ¢. We put ||z] = max % [x:]i. Because the | [} are bounded, the maxi-

mum exists and is assumed for some value j§ of the index ¢ Verification of
conditions R 1...5 is carried out in the same way as in the previous part of
the proof. It is also clear that the norm thus defined gives the correct topology
on the group G. This proves the theorem.

6.2. Theorem: A separable, metrizable, connected, locally conmected and com-
mutative locally compact group is normable.

Proof: This follows directly from the above theorem and a well-known struc-
ture theorem for commutative groups which states that a group with the prop-
erties given in the hypothesis is the direct produet of a finite number of real
lines and a finite or countably infinite number of real lines modulo one. Since
both the groups used as factors in the product are normable (c.f. examples 1
and 2 of section 5.1) the theorem follows.

This theorem shows that for commutative, locally compact groups the condi-
tions given as necessary for normability in theorem 5.7 are also sufficient.

6.3. Theorem: FEvery factor group G|K of a locally compact normed group
G with respect to a closed normal subgroup K s normable.

Proof: Let | || be the norm given on ¢ and let zK be a coset of K. Put
r(zK)= mi}r{l lzul. Because G is locally compact, this minimum value is as-
“e

sumed for some ueK. Then the function » defined on the set of all cosets
of K satisfies conditions R 1...5 of section 5.2. Since the truth of this
statement is a wellknown fact for conditions R 1, 2, 3, 4* and 5 (which refer
to the situation in an arbitrary metric group), we have only to verify condi-
tion R4. Let z¢G be given with 7 (2K)=4, +J,, and let w be an element of
K for which |zu| is minimal. Thus |zu| =4, +8,. This implies that z and y
exist with zy =zu and [z||=6, and ||y|=6,. Thus r(x K) < |ze| = J, and
r(yK) = |yel| = d,. Since the triangle inequality (= condition R 4*) holds for 7,
we also have

r@K)+ryK)Zr(xKyK)=r(2K)=26, + 0,.

This shows that 7 (z K) = 6, and r(yK) = 6,. This proves condition R4, The
function # is therefore a mnorm. Since it obviously also defines the correct
topology for G/K, the theorem is proved.

Remark : There may of course exist other norms on /K defining the
correct topology for this group. We shall call the norm defined by the pro-
cedure used in the above proof, the natural norm for G/K.
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6.4. Theorem. Any connected Lie group is mormable.

Proof : Let K be a compact, convex, symmetric neighborhood of the origin
in the Lie algebra of the group G. Let K generate (definition 4.12) a one-
parameter semigroup ¢ in @. From theorem 4.12, it follows that ¢ (0) = {e}
which means (since a one-parameter semigroup is a continuous mapping) that
given any neighborhood U of e, there exists a 6 >0 with ¢ (6)cU. From
theorem 4.14, we know that if K is chosen sufficiently small, we have
¢ (0)Df (8 K), where | is the exponential mapping and 0 =6 = 1. Since 6K
for 6>0 is a neighborhood of the origin in the Lie algebra of @ and f is
open it follows that f(d K) is a neighborhood of ¢ in G and therefore the same
is true for ¢ (8) for § > 0. This shows that the sets ¢ (8) for § > 0 constitute
a fundamental system of neighborhoods for the topology of G.

It is easy to see that ¢ (6) is symmetric for all 8, since K is symmetric.
This proves condition 83 of section 5.2. We know also that S4 is satisfied,
since ¢ is a one-parameter semigroup. S5 follows from the fact that the sets
¢ (d), >0, constitute a fundamental system of neighborhoods of e. Since
¢ (6) contains e for all 6, S2 holds. It follovs from S 4 that ¢ (8) increases
monotonically with 4. This verifies S 6. Finally S1 follows from the fact that
G is connected. We know already that the system ¢ (8), 6> 0, defines the
correct topology for G. This proves the theorem.

Remark: We could also have proved the theorem with differential geometric .
methods by introducing a left-invariant infinitesimal riemannian metric on
the group. Then it is easy to see that the length of the shortest arc joining
two points is a convex metric on the group. The proof given is, however,
more in the spirit of the present work and yields also a more general result
than the other method. It shows namely that the infinitesimal generator of
the spheres in the metric can be chosen to be any symmetric convex set
containing 0 in its interior, whereas for a metric deduced from an infinitesimal
riemannian metric the corresponding generator has to be an ellipsoid. Of course
also this more general statement can be proved by differential geometric meth-
ods since the more general metric can be obtained by making the group a
Finsler space rather than a riemannian space.

6.5. In view of the result of Bing and Moise mentioned in section 5.7 it
seems very likely that for compact groups the conditions (separability,) me-
trizability, connectedness and local connectedness should be sufficient to guar-
antee normability. If this conjecture were true, it should be possible to verify
it quite easily with the aid of the known structure theorems for compact groups.
However, attempting to carry such verifications through, I have found that
certain complications arise, which are due to difficulties in dealing with the
property of local connectedness in the general case. The theorem below gives
a partial solution of the problem. It follows easily from the results already
obtained in this paragraph combined with known results on the structure of
compact groups.

Theorem: Let G be a separable, memza,ble connected and locally connected,
compact group. Then G contains a totally dzsconnected closed central subgroup K
such that G/K s normable.
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Proof: Denote the center of @ by C. It is known (see van KaMPEN (8),
in particular theorems 1 and 3) that C contains a totally disconnected closed
subgroup K such that G/K is isomorphic to the direct product of C/K with
a finite or countably infinite number of simple Lie groups. The factor group
C/K is connected, locally connected and abelian. By theorems 6.2 and 6.4 it
follows that every factor of the direct product is normable. Thus the theorem
follows from theorem 6.1.

Remark: The group K used in the above proof is defined as the centre of
that subgroup of G which is generated by the totality of all normal simple
Lie subgroups of @.

Corollary : If K is finite, then G is normable.

Proof: Consider the natural homomorphism of @ onto G/K and apply pro-
position 2.7, The result then follows from theorem 2.6.
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