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A n o t e  o n  r e c u r r i n g  s e r i e s  

By CHRISTER LECH 

We wish to prove the following theorem, which extends to any field of char- 
acteristic 0 a result, proved by SKOLE~ [4] in the field of rational numbers 
and by MAttLER [2] in the field of algebraic numbers. 

T h e o r e m .  I n  a /ield o/ characteristic 0, let a sequence 

c~ v=0 ,  1 , 2 , . . .  

satis/y a recursion ]ormula o/ the type 

C v ~ O ~ l C ~ , - l + ~ 2 C v - 2 + " "  + O~nCv-n v = n , n + l , n + 2 ,  . . . .  

I /  c~ = 0 /or in/initely many values o/ v, then those c~ that are equal to zero occur 
periodically in the sequence /rom a certain index on. 

I t  will be shown by an example that  the restriction for the characteristic is 
essential (section 6). 

From the theorem can be deduced a characterization of those sequences {c~} 
that  contain 0 (or: any number) an infinity of times (see MAHLER [2]). In 
particular, only a finite number of the c~ can be equal to zero if the quotient of 
two different roots of the equation l = a l t + ~ 2 t 2 + " ' + a n t  ~ is never a root 
of unity. 

SKOLEM and MAHLER used for their proofs a p-adic method, due to SKOLEM 
[3]. Our proof will closely follow that  of MAHLER, and is partly built on it. 

1. A sequence {c~} in any field may be considered as the TAYLOR-coefficients 
of a rational function if it satisfies a. linear recursion formula as above. By 
resolving this rational function into partial fractions it is possible to get an 
explicit expression for the c~. In a field of characteristic 0 we get 

m 
cx = Y~ Af  Pj (x) x = 0, 1, 2 . . . . .  , 

where the Pj (x) are polynomials whose coefficients, together with the Aj, are 
algebraic over the field that  is generated by the c~. Therefore, to prove the 
theorem, it is sufficient to prove the following lemma. 

Lemma. Let the /unction F (x) be defined by 

m 

F (x) = 5 Ay Pj (x), 
1=1 
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where the Pj (x) are polynomials whose coe//icients, together with the A j ,  belong to 
a /ield K o/ characteristic O. I~ F (x) = 0 / o r  an in/inity o/rational integral values 
o/ x, then there is a natural number r and di//erent numbers r a), r a) . . . . .  r (~) o/ 
the set O, 1 . . . .  , r - 1 ,  so that all the values 

r(l~ + r z ,  ra) + r z ,  . . ., r(~ + r z  z = 0 , _ _ l , + _ 2 , . . .  

and, in addition, at most a finite number o] rational integral values o] x make 
F (x) vanish. 

Without loss of generality we can suppose that  K is just the field generated 
by the Aj and the coefficients of the Pj (x). Denote by P the field of ra- 
tional numbers. 

2. First assume tha t  K is algebraic over P. This is the case treated by 
MArlLER. We give a sketch of his proof. Choose a prime ideal p of K, dividing 
neither numerator nor denominator of any Aj. Denote by  [,tlp (cocK) the 

corresponding valuation of K, normed so tha t  I PIp= 1, where p is the natural 
P 

prime divided by p. (In the sequel this special norming of a valuation will 
be tacit ly assumed.) Applying a generalization of FERMAT'S theorem we can find 
a natural number r, so tha t  

1 

(1) I A ~ - I l o  < v - ;  ~ 1 = 1 ,  2, . . . ,  m. 

As a consequence of these inequalities, the functions 

A~ x j = l ,  2 . . . .  , m, 

where x is restricted to rational integral values, can be represented by p-adic 
power series of x. Instead of F (x) consider now the r functions 

m 

F o ( z ) = . F ( a + r z ) =  ~ A T A ~ z P j ( a + r z )  (r=0,  1, . . . ,  r - 1 .  
1=1 

For rational integral values of z these functions can all be represented by p- 
adic power series. If  any of them has an infinity of rational integral zeros, it 
vanishes identically. In  fact, the zeros then have a p-adic point of accumula- 
tion in the region of convergence of the power series, and, as in the case of a 
power series of a complex variable, this is impossible unless the series vanishes 
identically. From the connection between F (x) and the r functions F ,  (z) we 
get the desired result about the rational integral zeros of F (x). 

3. Now assume tha t  K is not algebraic over its prime field P. Observe tha t  
if we were able to find a valuation of K, continuating a p-adic valuation of 
P, so tha t  a precise analogue of the inequalities (1) could be proved, then the 
reasoning of the preceding section could be carried through. Actually we shall 
construct such a valuation of K. Denoting it by ~ (:r (~ e K) and meaning by 

~ the corresponding natural prime q) @) = ~ we have to prove tha t  for ~ome 

natural number r 
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1 

(2) 9 ( A I - 1 )  < p  , -1  ] = 1 , 2  . . . . .  m. 

4. Since K is generated by  a finite number  of elements, i t  mus t  be of finite 
t ranscendence-degree k over  P.  I t  m a y  therefore be considered as an algebraic 
extension of a field P ( ~ I  . . . .  , ue), where gi . . . . .  gk are algebraically inde- 
pendent  over  P.  This algebraic extension mus t  be finite and hence simple, as 
the characterist ic  is 0. Thus every element  of K m a y  be wr i t ten  in the form 

1 (~) Q(ul  . . . .  , zD t eo ( z i  , / . . . ,  xk) + P l  (ul . . . . .  z k ) 2 +  .-. + P~-I (Zl . . . .  , ~k)  ~l-1)~ 

where ), satisfies an equation,  irreducible in P ( ~ 1 , - - - ,  z~), 

~9(~1 . . . . .  ~ k ' ~ ) ~ - ~ l  J v C l  ( g l  . . . .  , ~ k ) ~  l-1 "~- "'" ~- C l ( g l ,  o . . ,  ~ k )  = O, 

Q(Ul ,  . . . ,  uk), the P,(Ul . . . . .  gk) and the C , (u l ,  . . . ,  u k ) b e i n g  polynomials  
wi th  ra t ional  integral  coefficients. 

Le t  Aj (~1 . . . . .  uk ; ~) (i = 1, 2 . . . . .  m) be expressions of the form (3) for the 
numbers  Aj and denote by  D (zl . . . .  , uk) the discr iminant  of ? (Zl . . . .  , ~ ;  2), 
regarded as a polynomial  in 2. 

After  these preliminaries we proceed to the  const ruct ion of the  valuat ion.  

5. Choose k rat ional  integers a 1 . . . .  , ak,  so t h a t  when these numbers  are 
subst i tu ted  for ~1 . . . . .  ~ ,  then  D (ul . . . .  , x~) and the denominators  of the 
Aj (ul . . . . .  uk ;2 )  do not  vanish. F ix  in P [ 2 ]  one irreducible factor  of the 
polynomial  ~ ( a  1 . . . .  , ak; 4) and let v q be a root  of this factor, thus  
~0 (a~ . . . .  , a k ; v  q )=0 .  According to section 2 there  are a va lua t ion  of the  field 
P (v~), corresponding to some prime ideal p, and a na tura l  number  r, such t h a t  

1 

(4) I ( A i ( a i ,  . . . ,  a~; v q ) ) r - 1 1 ~ < p - ~  =-~ i = 1 ,  2 , . . . ,  m, 

p denoting the na tura l  pr ime divided by  p ( ] p ] , = l ) .  
k J [ ~ /  

We denote by  P (v ~) the perfect  p-adic extension of P ( v ~ ) . -  Le t  e~, . . . ,  ~ 
be elements of P ( v  ~) which are algebraically independent  over  P1). We have  

lira t (a .  + p~  e.)  - a~ ], = 0 v = 1, 2 . . . . .  k, 

which means  t ha t  in the  sense of the va lua t ion  of P(v~ i the numbers  
a ~ + p ~ e l , . . . , a ~ + p ~ e ~  tend to a l , . . . , a ~  respect ively when n tends to  in- 
finity. We assert  t ha t  for large values of n there  is also in P (v~) a root  2 (") 

~) The  exis tenco of such e lements  e ~ , . . . ,  e~: follows from the  fact  t h a t  P (v ~) has  the  
ca rd ina l i t y  of the  con t inuum.  To ob ta in  an  effective const ruct ion,  let  p ,  (x~ . . . .  , xk) (v=  1, 2, 3 . . . .  ) 
be an  e n u m e r a t i o n  of a l l  po lynomia l s  in  k va r i ab les  w i t h  ra t iona l  in tegra l  coefficients. W r i t e  
el  . . . . .  ek as  inf in i te  sums of r a t iona l  numbers .  Define these  sums  by  steps,  eve ry  s tep 
consis t ing  in  the  add i t ion  of one t e r m  to  each sum and  the  r t h  s tep  h a v i n g  no inf luence 
on ]p~(e~ . . . . .  ek) p ( p < v )  b u t  assur ing  t h a t  p~ ( e ~ , . . . ,  ek )% 0. Th is  cons t ruc t ion  can  be 
precisod b y  some univoca l  law. 
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of the  equation ~ (a 1 + pn el . . . . .  ak + pn ek ; x) = 0,. such tha t  A (n) tends to v a 
when n tends to infinity. For  it is clear tha t  the polynomial congruence 

( a l + P n S l , . . . , a k + P n e k ; x ) - - ~ v ( a l , . . . , a k ; x )  ( m o d p  n) 

is satisfied. Furthermore,  f o r  large values of n the discriminant of q0 (al + p n  el,  
. . . ,  ak + p n  ek; x) will have the same valuation as the number  D ( a l ,  . . .  , ak), 
which is different Irom zero. According to HENSEL ([1], pp. 68-70, 153--156 we 
can therefore deduce, since there is a factorization in P (v a) 

(a 1 . . . . .  a~ ; x) = (x - 0) ~p (x), 

that ,  for large n, there is a factorization in P (tg) 

(a 1 + io n sj . . . .  , ak + p~ ek ; x) = (x - 2 (~)) ~on (x) 
with 

lim 12(~) - v~ Ip = 0. 
n = o o  

As the rational functions in a valued field are continuous in the sense of 

the valuation, we can find an  n for which 

1 

(5) ] (At ( a l + p n  el ' . - . ,  ak + p~  ek; 2(n))) ~ - ( A j  (al,  . . . ,  ak; v~)) ~ Ip < p  p 1 

1 = 1 , 2 ,  . . . ,  m. 
Fixing this value of n, we have, by  (4) and (5), 

1 

(6) I ( A j ( a l + p n e l , . . . , a k + p n ~ : ; 2 ( n ) ) ) ~ - - l l ~ < p  ~,-1 i = 1 , 2  . . . . .  m. 

The valuation of K = P (zl ,  �9 �9  x~ ; 2) is now obtained by  a n  embedding of 
this field in the valued field P (zg) in conformity to the formulas 

~t~ -+ a,  + p n e, 

2 -+ 2 (~). 

I t  is indeed evident from our choice of the e, and 2 (n) t ha t  the field P ( a  1 q-  

+ P" el . . . .  , ak + p" ek ; 2 (n)) ( ~ P (va)) is isomorphic to K. The val idi ty  of the 
inequalities (2) is expressed by  (6). Our proof is thus completed. 

6. There are fields of prime characteristic in which the s ta tement  of the 
theorem (and of the lemma) does not  hold. We shall show this by  an example. 
Let  e be the uni ty  element of the prime field with p elements and let u be 
an indeterminate over the same field. The sequence 

c ~ = ( e + g ) ~ - e - u "  v = 0 ,  1, 2 . . . .  

satisfies the recursion formula 

c, = (2 e + 2 , )  c,_1 - (e + 3 z + z ~) c,-2 + (~ + ~2) c~-3. 

I t  is seen tha t  c~=0  if and only if v is an integral power of p. 
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