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Some groups of  order pr q~ with Abelian subgroups of  
order pr contained in the central 

By ERIK GSTLIND 

The group of order pr qs where p and q are different prime numbers may  be gener- 
ated by Ai B~ where A i runs through all elements of a subgroup of order pr and Bj 
all elements of a subgroup of order qs. There are prqSA i Bj and they are all different. 
Hence they exhaust the group G~ rq s. (Here and in the following"G~" denotes a group 
of order n.) This means that  if under certain conditions every A~ must be permutable 
with every B~ and if a pair of groups, G~ r, Gq s, fulfils these conditions, there is one 
and only one group of order p~q8 with just these groups as subgroups, because the 
relations between A~ and B~ are completely determined in this case. If  under these 
conditions one of the groups in the pair, say Gvr, is Abelian, Gvr is contained in ,he  
central of the group Gvrq s. 

I t  has been shown that  if p > qS and p ~e 1 (rood q) and G~ r is a cyclic subgroup 
of G~rqs, then G~r must be contained in the central of Gvrqs. This also means that  
there can only be as many abstract groups of a given order pr q~ with these conditions 
1ulfilled as there are different groups of order qS.1 In  the following the case where 
G~ r is an Abelian group generated by two elements will be considered and the theorem 
to  be deduced is: 

T h e o r e m :  I] G~ r is an Abelian subgroup o[ G v rq s generated by two elements o/di]- 
]erent order and p > qS and p ~-1 (mod q), or i[ G~r is an Abelian subgroup o/G~rqs 
generated by two elements o/the same order and p > q~ and pU ~ 1 (rood q), then G~ r must 
be contained in the central o/G~ rq 8. 

The proof requires some lemmas. 

L e n a  1. When p > qS, there is only one subgroup of order pr of the group 
G~rqs. 

t t 

Suppose G~ r and Gp r were two different subgroups of G~ rq 8. Then Gv r would 
contain at  least some element, say A',  not contained in G~r and of order p~, where 
v # O. (A')~AI would then produce p~+l different elements, when n takes the values 
1, 2 . . . . .  p, and A i runs through all elements of Gvr. They are all different, because 
if (A')m Ai  = (A')n A~ we would have (A') m-n = AjA~ -1 and A'  would be an element 
of G~ r if m # n, contrary to the assumptions, because in this case m - n  ~ 0 (rood p). 

1 E.  G6TLIND: :N~gra sa t se r  o m  g ruppe r  a v  o rdn ingen  pr qs. (Some l e m m a s  a b o u t  g roups  of 
o rde r  pr qS.) 1Vorsk Matematisk Tidsskri]t, 1948, p. 11, t oge the r  w i th  a cor rec t ion  no t e  to  t h i s  
:paper: N o t  till u p p s a t s e n  ":N&gra sa t se r  o m  g r u p p e r  av  o r d n i n g e n  pr qS,,, t h e  s a m e  journa l ,  
1949, p. 59. 
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When m = n we get Ai = A~ as the only possibility. Hence there are p,+l different 
elements of the type  (A') ~ A, all belonging to the group G~ rq s. But  when p > q~, p,+l 
is greater than p* q~ and in this case p,+l different elements of G~ rq s is an impossibility. 
This means tha t  when p > q' there cannot exist more than  one subgroup of order p*, 
and this group must  be self-conjugated. 

Le rnnaa  2. When p > qS and p ~e 1 (mod q), an element B ( #  E) in a subgroup 
Gq 8 of the group Gv rq 8 cannot be non-permutable with one and only one of the base 
elements of an Abelian subgroup G~r of G~rqs .  

Let  At, A2 . . . . .  A n be the base elements of G~ r, and let A 1 be an element not  permut-  
able with the given B. A, is of order p% Transformation of A, with B gives: 

B A  1B_ 1 _ ~ t j w ,  w a - -  Z ~ l  x l  2 . . . A  n 

B A i B - I = A  i (i = 2 ,  3, . . . , n )  

(1) 

(2) 

B , , A 1 B - m = A t m A w , + w , ~ + .  • . + w ,  t r n - 1  A w n + w n t + . . . + W n  trn-1 (3) 

However, B is an element in GqS and hence of order qU where u #  0 ( B # E ) .  
Substituting qU for m in (3) we get 

B quA I B -  ~ = E A 1 E = A 1 = At, quA~ 2+w~t+'" +w, tq~-l.. .  A~n+w,t+... +wntq ~-1. 

Hence 

and 
t q u -  1 (rood pr O 

q U - 1  
w,  + wf t + --- + wi t ~ 0 ( m o d  pT 0 . 

From the number  theory we know tha t  

t ~(pr')-= 1 (mod pr,) (6) 

and (4) together with (6) gives 

when t m 1 (mod pr 0. 

When p -  1 ~ 0 (rood q) the only possibility is tha t  t-= 1 (mod p*l) which gives 
t =  1 and in tha t  case (5) is reduced to 

qUw~--0 (rood P'0 (i = 2, 3, . . . ,  n) 
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(4) 

(5) 

q~ (pr O -~ 0 (mod q) (7) 

But  p and q are different prime numbers.  Hence (7) implies 

p -  1 -= 0 (rood q). 

where t = 1 and w i = 0 for all i do not both hold. (We know tha t  a relation of type (1) 
must  hold when p > qS because in this case G~,r is self-conjugated, as was shown 
above.) I te ra ted  transformation of A 1 using (1) and (2) gives 



ARKIV r S R  MATEMATIK. B d  3 nr  10  

and since (p, q)=  1 

wl-- 0 (mod p'i) 

which gives w i = 0 .  This means tha t  when p -  1 ~ 0 (mod q) (1) takes the form 
B A 1B -1 = A 1 and Lemma 2 is proved. 

L e r n r n a  3. When p > qS and p m i (mod q), an element B ( #  E) in a subgroup Gq s 
of the group G~ rq 8 cannot be non-permutable with both of two base elements gener- 
ating an Abelian subgroup G~ r and being of different order. 

Let  A 1 of order pt and A s of order p~ be two base elements together generating 
G~ r, and let pt > p% I t  is assumed in the following tha t  p > q~. 

Suppose we have 

B A I B - 1  - A ~ A  ~ - ~ ~ (8) 

B A r B  -1 = A~A~ (9) 

where m = 1 and n = 0  do not both hold and v = 0  and w = 1 do not both hold. 
(The transformation of A 1 and A s with B gives elements contained in G~r when 
p > q8 according to Lemma  1.) 

The proof of Lemma 3 will proceed in three steps (3a, 3b, 3c). 

3 a. I f  there were an element A~ in G~r with which B were permutable,  it could 
not  be of the highest order (in G~ r) if p ~ 1 (mod q). 

A i belongs to G~ r and hence must  be of the form 

A i - A h A  k - -  1 2 

because A 1 and A 2 generated G~r. I f  A i should be of the highest order (which is p~) 
in G~ r, i t  must  hold tha t  

h ~e 0 (mod p) (10) 

because otherwise A i could not be of higher order than  pt-1. But  when (10) is fulfilled 
A i and A s form a base for G~r. Then we would have a base consisting of one element 
permutable  with B, Ai, and one not permutable with B, A 2. However, this is im- 
possible according to Lemma 2 when p ~ 1 (rood q). Hence A~ cannot be of the 
highest order when p ~ 1 (rood q). 

3 b. I f  there were an element B of order qm (m # 0) fulfilling (8) and (9), every 
element of the highest order (p~) in Gvr would be contained in a cycle (produced 
through iterated transformations with B) of qi (1 < i < m) different elements all of 
the highest order,: provided tha t  p ~ 1 (mod q). 

The transformation of an element of the highest order with B will give a new 
element contained in G~r (according to Lemma 1 because it is assumed tha t  p > qS) 
and of the same order as the transformed element. Let  A10 be an element of the 
highest order (p~), and let Ali be defined thus: 

B ~ A1o B - i  = AI~. (11) 

But  B is of order qm. Hence 

Bqm AloB -qm = E A l o e  = Alo = Alqm. 
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This means tha t  there can be at  most q~ different elements in the cycle of elements 
of the highest order constructed through repeated t ransformation with B and 
start ing from a given element of the highest order in Gvr. However, two elements, 
say Ali and A1j. (where i # ~), of such a cycle cannot be equal if i - ] ~ 0 (mod q) 
and p ~ 1 (mod q) because, if they  were, we would have 

B~ Alo B -i  = BJ Alo B-J  

according to (11) and hence 

B i-j A1o = Alo B ~-j (12) 

But  (12) is impossible when p ~ 1 (mod q) because then 3a  holds, and A10 which is 
of the highest order cannot be permutable  with B ~ where v • 0 (mod q) since this 
implies tha t  Alo is permutable  with B. (When v • 0 (rood q) there is a k such tha t  
v k ~  1 (mod q~) and k i terated transformations of Alo with B ~ will give B'~kAlo = 
= A l o B  -'Jl' and hence B A l o  = A I o B .  ) Hence i - j - - 0  (mod q) if two elements AI~ 

and Alt in the cycle are alike and the number  of different elements in the cycle 
is ~ 0 (mod q). 

3 c. When two cycles contain some element in common they  contain all elements 
in common. 

I f  there were an element A2j belonging to a cycle C2 contained in the cycle C 1 
constructed on A10, then for some i: 

Bi  Alo B -~ = A~i. (13) 

But  then B ~ A 2 j B  -~ will also belong to C 1 for all v ( B * A 2 j B  -~ = B ' + * A l o B  -*-i  
according to (13)), and since the cycle C2 may  be constructed on A2j (as on every 
other element belonging to the cycle C,) we get tha t  C1 = C2. 

3a, 3b  and 3c then give tha t  when p >qS and p • 1 (mod q) every element of 
the highest order in G~r belongs to one and only one cycle of the type  described. 
Hence the number  N of elements of the highest order in G~r must  be a multiple of q, 
because in every cycle the  number  of different elements is a multiple of q (according 
to 3b). The number  of highest-order elements in G~r is 

N = pucp(p t) = p,,+t-l(p _ 1) 

(which means A~ for all i combined with the A~ where (j, pt) = 1). 
Hence 

p,,+t-1 ( p _  1) ---- 0 (mod q). 

But  since (p, q) = 1 we get 

p - 1 ---= 0 (rood q) 

which contradicts the assumption tha t  p ~ 1 (mod q). This means tha t  no B ( #  E) 
can be non-permutable with both A1 and A 2 when p > q' and p ~ 1 (mod q). Thus 
Lemma  3 is proved. 
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L e m m a  4. When  p > q8 and  p* ~ 1 (mod q), an  e lement  B ( ~  E)  in a subgroup  
Gas of the  group G~rqs cannot  be non-pe rmutab le  wi th  bo th  of two base  e lements  
genera t ing an  Abel ian subgroup  G> r and  being of the  same order.  

4 a.  Like 3 a wi th  the  difference t h a t  when pt  = pU, Ai ( = h k A 1A ~) is of the  highest  
order  provided t h a t  h or k or bo th  are incongruent  0 modulo  p. 

4 b .  Like 3b.  

4 c. I n  this case the  va lue  of N is 

N = p~ ~0 (pt) -F (p ~ -- ~ (pt)) ~o (pt) = p2 (t-l~ (p~ _ 1). 

Hence  because N m u s t  be  a mult iple  of q 

p2 (t-l) (p~ _ 1) ~-- 0 (rood q) 

and  since (p, q) = 1 we ge t  

p~ - 1 - -  0 (mod q). 

Hence  we get  t h a t  in this case no B ( 5  E)  can  be non-pe rmutab le  wi th  bo th  A 1 and  
A2 when p > q8 and  pZ ~ 1 (mod q). (p~ ~e 1 (rood q) implies t h a t  p ~ 1 (rood q), 
which is a condi t ion needed  for  the  proof.) 

L e m m a s  2, 3 and  4 immedia t e ly  give the  theorem.  
A consequence of the  theorem,  toge ther  with the  result  ment ioned  in the  beginning, 

is t h a t  when p > qS and p2 ~ 1 (rood q) there  are only  as m a n y  abs t r ac t  groups of 
order  pZq8 as twice the  n u m b e r  of abs t rac t  groups of Order qS, because in this  case 
there  are only  two groups  of order p~, the  Abel ian groups (2) and  (1,1) and  each of 
t h e m  determines  one and  only one group of order  p~ qS toge ther  wi th  a given group  
of order  qS. Fo r  instance,  when p > q4 and  p 2 ~  1 (rood q), there  are  30 groups of 
order  p~ q4. 

Uppsa la  Univers i te t .  

Tryckt  den 6 oktober 1954 
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