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C o m m u n i c a t e d  14 M a y  1958 b y  LENNART CARLESO/~ 

On homomorphisms and orthogonal systems 

B y  MATTS ESS~N 

1. Let  G be a compact topological group, and let D be a subgroup of the 
group of all continuous homomorphisms T of G onto G. We define a class of 
functions A~: ] q AD if for any  two homomorphisms belonging to D 

f / (T1 x ) / ~  x) d x = 0, (1.00) 
G 

whenever / (T lx  ) and ](T2x ) are different functions; and if 

f /(TI~) / ( T ~ ) d ~  = 1 (1.01) 
G 

whenever / (T x x) and / (Tz x) are identical. (We have especially f ] ! (x) I S d x = 1). 
G 

!(x) is continuous. (1.02) 

We can also say tha t  {/(Tx)} is an orthonormal system. 
We can now formulate the following problem: when does the fact tha t  / (x)E AD 

imply tha t  { (x) is a character or a simple combination of characters.~ We shall 
t rea t  two special groups. In  the first case, the group G is the topological group 
dual to the real line under the discrete topology. All functions ] (x )EAD are 
almost periodic, and Lemma 2 gives the tool we need for the proof of 
Theorem 1, which is the main result of the paper. In  the second case, the group 
G is the unit  circle under the usual topology. By using Theorem 1 we obtain 
a result for periodic functions with derivatives of all orders (Theorem 2). In  this 
case we shall also investigate what happens when the orthonormal system {/(T x)} 
is complete (Theorem 3). 

2. Let  G be the topological group dual to the real line under the discrete 
topology [1], and let the group D consist of those homomorphisms of G, which, 
when xEG is real, have the form T x = a x  (a is a real non-zero number).  On 
the real line, the class of continuous functions on G is identical with the class 
of almost periodic functions, and we have 

+T 

O - T  

We can now define this special class, which we shall call A0, in a less abst ract  
way. We say tha t  the almost periodic function / (x)E A 0, if 
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M{/(ax) / (bx)}=O, if a * b  and  ab*O, 

and  if M { I/(x)In} = 1. 

+oo 
a e ~kx L e t  / (x) ~- ~ k • 

-oo 

(2.00) 

(2.01) 

Condit ion (2.00) t hen  implies t h a t  

~=t, a,,5+,=O, if a * b  and ab*O 

(Parseva l ' s  re la t ion  for  a lmos t  periodic functions),  or s impler  

~, a , 5~=O,  if u * l  a n d .  u * O .  

+c¢ 
Condit ion (2.01) implies t h a t  Z [ a k l ~ = l .  

L e m m a  1. Let / 6 A o. Then M {/(x)} = 0. 

(2.02): 

(2.03) 

Proo]. Le t  2o = 0 .  We ob ta in  f rom (2.02) 

lao]2+ ~' a,a+,=O, if u * l  and 0. 
2~= u2lt 

(Z '  means  t h a t  the  sum is t a k e n  over  all non-zero indices v and  # . )  
{2~/]tl,}" is a countable  sequence of real numbers ,  and  we can choose a n u m b e r  

u different  f rom all these  numbers .  Thus  [% [2 = 0  and  the  l e m m a  is proved.  

2.1. W e  shall now show t h a t  i t  is sufficient to t r e a t  the  case, when  the  Four i e r  
series of / (x)  contains  t e rms  with pos i t ive  frequencies only. We can a lways  
assume t h a t  this series contains  t e rms  with  the  frequencies 2k and  - 2 k  (if t h a t  
is n o t  the  case, we can inser t  a new t e r m  a(k-)e -i*kx with a(~-)=0). W e  can t h e n  
r e n u m b e r  the  t e rms  in such a way t h a t  2-k  = - ~ t ,  for  all indices k, and  t h a t  
~t, is posi t ive,  if k is posi t ive.  Le t  us s t u d y  the even  func t ion  

e l  (X) = l (Z) + / ( - -  Z) 

and  the  odd func t ion  gn (x) = / (x) - / ( - x). 

The  funct ion  gl (x) is then  represented  b y  a cosine series with pos i t ive  frequen-  
cies {~tk}~, and  coefficients {bk}~ °. F r o m  (2.02) and (2.03), we get  t h a t  

b ~ b , = 0 ,  if u * l  and  0, (2.10) 

and  ~ [ b ~  [~ = 4. (2.11) 
1 

°~ b We  now define ano the r  funct ion:  L e t  hl(x ) have  the  Four ie r  series ~ k e t~kx. 
1 

B y  (2.10) and  (2.11), hl(x)/2 E A o. There  is a one-one cor respondence  be tween 
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:gl (x) and h 1 (x). I n  the  same way,  we can subs t i tu te  a func t ion  h 2 (x) with Four ie r  
o¢ 

series ~ ck e ~kx for  ga (x), which has  the  Four ier  sine series ~ ck sin 2k x, such 
1 1 

~ha t  h a (x) /2 E A 0. L e t  us say  t h a t  h (x) belongs to  the  class As, if h (x) E A 0 and  

if  h (x) has  a Fourier  series of the  fo rm ~ ak e ~akx, where  2k > 0. 
1 

I f  converse ly  we s ta r t  f rom two  a rb i t r a ry  funct ions  h 1 (x)E A s and  h 2 (x)E A 1, 
we obta in  two  new funct ions  gl (x) and  g2 (x) (even and  odd, respectively),  which 
a~lded give a funct ion which belongs to  A 0 (from h l ( x ) = a e  tnx and  h2(x )=e  ~mx, 
where  l a l = l b l = l ,  we get  the  funct ion  a cos m x + b  sin nx ,  which belongs to  
As).  I t  is ev iden t ly  sufficient to  s tudy  funct ions  belonging to  A r 

2.2. L e t  [ (x)E A s and  let  [ (x) have  the  Four ie r  series ~ ake ~k~. The  corre- 
1 

spond ing  sum (2.02), where  all frequencies are posi t ive,  can be in te rpre ted  as a 
convolu t ion ,  where  the  opera t ion  mul t ip l ica t ion  is used ins tead of the  usual  
o p e r a t i o n  addi t ion.  This leads us to  the  following l emma.  

L e m m a  2. Let ~ l ak ] be convergent. Let 
1 

o o  

- -  ~" a e t~kx / (X) -- ~ 
1 

oo 
- - ~ ' a  {~ - t y  l °g  ~[k a n d  F (i y) - z, k • 

1 

Then  / (x) E A s i/  and only i / I  F (iy) I ~  1. 

Proo/. I f  we app ly  Parseva l ' s  re la t ion  to  F ( i y ) e  uv and  F ( i y ) ,  we obta in  

i { I F ( i y ) [ ~ e ~ t Y }  = ~ a~5~,. (2.20) 

:Let / ( x ) e A x .  Then  the  sum (2.02) is 0 if u *  1, and  1 if u =  1. Thus  

M ( I r ( i y )  I~e "y)  = 0 ,  (2.21) 

i f  t * 0, and  M { I/~ (i y)]~} = 1. (2.22) 

'This gives F ( i y ) ] ~ - - l ,  and  the  necessi ty of the  condi t ion  is p roved .  
Le t  n o w  F( iy ) l~ - - l .  I t  follows f rom (2.20) t h a t  the  sum (2.02) is 0 except  

when  u = 1, a n d  t h a t  ~ ]ak I ~ = 1. The sufficiency is p roved .  
1 

~" a e i~kx 2.3 Theorem 1. Let / (x),~/_, ~ , let ](x) e A  s be such that 
1 

] ak l ~x = M (x) (2.30) 
1 

is  convergent f o r - c ~ < x <  c~, and let the sequence {~k}~ at most have one o / the  
points 0 and c~ as accumulation point. Then / (x)  consists o/ one oscillation only. 
A n  assumption that M (x) i s / in i t e  only when x > b or when x < b, is not su//icient to 
ensure this. 
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In  the proof of Theorem 1, the following theorem by  H. Bohr  is used [2]. 
Le t  the a lmost  periodic function /(z) have only negative frequencies, and  

suppose tha t  the set of frequencies does not  contain its upper  bound. Then ] (z) 
takes the value 0 in every right half plane. 

We can assume tha t  all frequencies {~k}~ ° of /(x) either are >/1 or ~< 1. 
Let  us first assume tha t  no smallest frequency ;tk exists, and tha t  all frequen- 

cies 2~ are>~ 1. Consider the function 

F (z) = ~ ak e -z lo~ ~k. 

(2.30) implies tha t  this series is absolutely convergent for all z, and F (z) is thus  
o o  

an entire function. Since ~ ]a~ ] is convergent, Lemma 2 gives tha t  [ F (i Y) I -  1. 

The almost  periodic function F (z) has only negative frequencies, and their  upper  
bound is not assumed. I t  follows from Bohr 's  theorem tha t  there exists a z 0 = 
x 0 + i Y0 such tha t  ~v (z0) = 0. We know tha t  ] F (i y) I ~  1, tha t  is to  say tha t  the  
values tha t  F(z)  takes on the imaginary axis, are situated on the unit  circle. 
Schwarz's reflection principle implies tha t  

F ( x o +  iyo) F ( - x o + i y o ) =  l .  

But  F(z )  is an entire function, and F(zo )=0 ,  which gives a contradiction. We  
conclude tha t  a smallest frequency exists, e.g. 21. The Fourier  coefficient a 1 is 
different f rom zero. 

Consider G (z) = e zl°~'  .F (z). Evidently I G (iy) l - 1, and 

Thus G (z) converges uniformly to  a 1, when x--> + co, and G (z) is an entire function 
which is bounded in every right half plane. Suppose tha t  G(z) i s  not  identically 
constant.  Then there exists a sequence of numbers {z,*}~ with R e ( z , , ) - * - c o  
such tha t  I G(z,)l--+co. Schwarz's principle gives 

G(x,* + iy,~) G( - x ~  + iy,~) = 1. 

This is only possible if a 1 = 0, which is a contradiction. We conclude tha t  G (z) 
is identically constant,  tha t  F ( z ) = a l e  -z l°~' ,  and tha t  / ( x ) = a l e  ~'~:. The firsb 
par t  of the theorem is proved, when 2~ >/1. 

I f  ~k~<l for all k, we can consider the sequence {1/~k}F={2~}~ ° and the  
function 

F 1 (z) = ~ a~ e -z log a'k, 
1 

which can be t reated in exactly the same way as F (z) in the previous par t  of 
the proof. The first par t  of the theorem follows. 

We prove the second par t  of the theorem by  constructing a nontrivial  func- 
tion /(x), which belongs to  A 1. We s tar t  f rom an analytic function with absolute 
value one on the unit  circle. Take for instance 
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co 
z - -a  a+(l_lal2)k~=lzk5~_l, l a l < l .  

1 - 5 z  = 

Let  us put  z = e - W l ° ¢ 2 ( w = u + i v ) .  We get 

~ ( w )  = - a +  (1 - l a  I ~) ~ e~ - l e  - ~ 1 ° ~ .  (2.31) 
k = l  

This series is convergent (even absolutely convergent) for u > (log ]a I)/(log 2) and 
divergent elsewhere. We also have [ F ( i v ) l ~  1. Then by Lcmma 2 

o 0  k 
! (x) = - a ~ + (1 - ]a 1 2 ) ~ a  ~-'  ~ '~  (2.32) 

belongs to A 1. Theorem 1 follows. 

3, We shall now investigate the case, when G is the unit circle under the 
usual topology. Let  D be the group of all continuous homomorphisms of G, 
i.e. T x = n x  (mod 2•), where n is an integer. The characters of G have the form 
e i'~. The function / (x) E A~, if 

2~ 

21- f /(nx) f(mx)dx=(~n.m ( 3 . 0 0 )  

0 

(n and m are non-zero integers), and i f  /(x) is a continuous function with 
period 2~. 

3.1. The argument in 2.1 applies in particular to  periodic functions, and i t  
is therefore sufficient to consider functions belonging to A~, which have Fourier 

series of the form ~ a k e  tkx. Let  us calI this class of functions A 2. 
1 

T h e o r e m  2. Let / (x) E A2, and let ] (x) have derivatives o/all orders/or - oo < x < co. 
Then f (x) consists o/ one oscillation only. This conclusion cannot be drawn/ tom au 
assumption o/ the existence o/ a /inite number o/ derivatives. 

Proo/. Let  / (x) have the Fourier series ~ ake ik~, and let [ (x) have M periodic 
1 

derivatives. Then l ak [ <~ U ( i ) / k  M for all k. Assume / (x) has derivatives of all 
orders. Then the series 

is convergent for all M. But  / ( x ) 6  A1, for when n and m are integers, (3.00) 
implies tha t  

~. a~5~,=O, if n * m  and n m * O ,  nv~ml~ 
and that  

1 
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If u is irrational, then 

(2.02) and (2.03) thus are fulfilled, and ](x)E A r We can use Theorem 1, and 
the  first part  of the theorem is proved. The function (2.32) belongs to As, has 
3 /  periodic derivatives if l a l <  2 -M and thus gives the counterexample we need 
for  the proof of the second part  of the theorem. 

3.2. Consider the orthonormal system {/(nx)}~+2_~, which we will call F.  

Theorem 3. The system F is complete in L ~ (G) i /and only i / / ( x )  = a e ~ + b e -'~, where 

lal~+Jb[~= 1 
Re(ab) =0. 

+t:,o 
a e tk~ Lemma 1 implies that  ao=0.  Expand the function Proo/. Let  / ( x ) ~  ~ k • 

{1/2~)e  ~ in the system F. 

~ {Oal i f l~l~>2" 
l f,~:~j e~X/(nx) d x =  if n = l .  

o a - 1  i f  n = - l .  

Since G is complete, we can use Parseval's formula, which gives 
2~ 

o 

:From ~ l  ae 12 = 1, it follows that  a~ = 0, when I k[~> 2. Thus [ (x)= ae 'x + b e -'x. From 

2~ 

~ /(x)/(-x)dz=O 
0 

i t  follows that  R e ( a b ) = 0 ,  and the necessity of the condition is proved. The 
sufficiency follows from 

e ' X = a l ( x ) + ~ l ( - x ) .  
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Communiqu6 le 10 septembre 1958 

Sur l'6quation x~-t-y" ~=z 

P a r  TRYCVE NACELL 

1. Dirichlet a Ie premier  montr6  clue l '6quat ion 

x 5 + y~ = z 5 (1) 

est impossible en hombres  entiers diff6rents de z6ro. Le bu t  de cette Note  est 
de mont re r  que l '6quution (1) est impossible en nombres  enticrs dans le corps 

quadra t ique  cngcndr6 par  V5. Ce r6sul ta t  est, bien entendu,  compris dans le th6o- 
r~me ggn6ral de K u m m e r  sur ! '6quat ion de Fermat .  E n  effet, il r6sulte de ce 
th6or~me que l '6quat ion (1) est impossible dans le corps du quatr i6me degr6 
engendr6 par  e ~./5. 

2. Dans  le corps K (~/5) une base des nombres  entiers est donnde par 1, ½(1 + Y5). 
Dans  la suite nous d6signons ce corps par  K.  Le nombre  des classes d ' id6aux 

est 6gal £ 1. L 'uni t6  fondamenta le  (ceUe qui est > 1) est le nombre  e = ½ ( 1  + ~/5), 
don t  la norme est 6gale ~ - 1 .  Le nombre  ~ =  ~.5 est un  nombre  premier dans 
le corps. 

Nous  allons d6montrer  quelques lemmcs sur les unit6s du corps. 

Lemme 1. La  condit ion n6cessaire et suffisante pour  que l 'unit6 

E =  _[_~M ( M = 0 ,  -+l, +2 ,  etc.) (2) 

soit congrue £ un  nombre  rationnel modulo 5, est que M soit divisible par  5. 
Ici  e = ½ (1 + Vg). 

D ~ o n , ~ r . t i o ~  On a ~ = ½ (3 + ~/~), ~ = 2 + / g ,  ~ = ½ (7 + 31/~) e t  ~ = ½ (11 + 

+5~/5) .  Donc e 5 ~ 3  (rood 5). Si E est congrue £ un hombre  rat ionnel  modulo  
5, et  si M = 5 m + r avec 0 ~< r ~< 4, il est 6vident que l 'unit6 ~ est aussi congrue 
& un  nombre  rat ionncl  modulo 5. Donc on conclut  que r = 0. D ' au t r e  part ,  si M 
est divisible par  5, on voi t  ais6mcnt que l 'unit6 E est congrue £ -+ 3 M/s modulo 5. 

Si on exige que l 'unit6 E soit congrue ~ -+ 1 modulo 5, il fau t  6videmment  que 
M soit divisible pa r  10. Ainsi nous avons  aussi 

Lemme 2. Pour  que l 'unit6 E, donn6e par  (2), soit congrue £ -+ 1 modulo  5, 
il f au t  et  il suffit que M soit divisible par  10. 

3. Nous  avons  aussi bcsoin du lemme suivant :  
Lemme 3. Soit E une unit6 dans K telle qu ' on  ait  E - - 1  (mod 5). Si le nombre  
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E 5 -  1 
H = - -  (3) 

5 ( E -  1) 

est  une  unit6, on  a n6cessa i rement  E = 1. 

Ddmonstration. H est  6v idemmen t  pos i t i f  e t  aussi  le n o m b r e  eonjug6 H' .  Done  
nous avons  

H . H ' =  + 1 .  (4) 

Vu que E = I  (mod 5) il r6sul te  du  L e m m e  2 que la  norme  de E es t  6gale 
+ 1. Done nous avons  

E . E ' =  + 1 .  (5) 

I1 su i t  de (3) e t  (5) qu 'on  a 

H ' =  _ _  E '5 - 1 1 - E 5 

5 ( E ' -  1) 5 E 4 ( 1 - E ) "  

De (4) on a u r a  alors [ E  s -  1"~ z. 1 
H H ' = I = \ E _ I ]  2 5 E  4 

E 5 - 1 5 E 2. d 'ofi  - -  = 
E - 1  

On vo i t  a i s6ment  que eet te  6qua t ion  adme t ,  en dehors  de la  rac ine  double  E = 1, les 

deux  racines  E = ½ ( - 3 ___ V5). Comme aucune  de ces racines  n ' e s t  pa s  ----- 1 (mod 5), 
le l emme  se t r o u v e  demontr6 .  

4. Soi t  ~ = ½ (a + b V5) un  nombre  ent ier  d a n s  K qui  n ' e s t  pas  divis ible  pa r  ~/5. 
Ici  a e t  b sont  des  nombres  ent iers  ra t ionnels ,  a non div is ib le  p a r  5. Alors  on 
vo l t  a i s6ment  que  

a 5 

~ 5 _ _ - - ~  _ 7 a a (rood (VS)a). 

Or, la  cinqui~me puissance d ' u n  nombre  ent ie r  ra t ionnel ,  non d iv is ib le  p a r  5, es t  
eongru £ ou _+ 1 ou ___7 modulo  25. Done  nous avons  le r6 su l t a t  : 

Lemme 4. Si ~ es t  un  hombre  ent ier  dans  K qui  n ' e s t  pas  d iv is ib le  pa r  V5, 

le hombre  ~5 est  congru ~ ou  + 1  ou + 7  m o d u l o  ((g)~.  

Ajou tons  qu 'on  a ~4--__ 1 (mod  ]/5) 

pour  t o u s l e s  en t ie rs  ~ non div is ib les  p a r  Y5. 

5. U n e  cons6quence imm6dia t e  du  L e m m e  4 est  le 

L e m m e  5. Si l ' 6qua t ion  x 5_  yS=z5 ( x y z #  0) (6) 

est  r6soluble en hombres  ent iers  x, y, z dans  K ,  il  f au t  que l ' un  des  nombre s  

x, y, z soi t  d iv is ib le  pa r  V5. 
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Ainsi on peut  supposer dans (6) que z e s t  divisible par  V5. hTous pouvons  
aussi supposer que les nombres  x, y, z sont  premiers entre eux deux & deux. 

6. Au  lieu de l '~quation (6) nous consid6rons l '6quat ion plus g6n6rale & cinq 
nombres  inconnus 

x 5 - y~ = E .  2 ~ z  s, (7) 

o~ nous avons  pos~ 2 = }/5. 
Nous  allons mont re r  que cette 6quat ion est  impossible quand  les ineonnus 

x, y, z, E e t / z  satisfont aux conditions suivantes : # est un nombre  entier rat ion- 
ne l> /0 ;  E est une unit6 dans K ; x, y e t  z sont  des nombres  entiers dans K tels 
clue x y z ~ O .  

Supposons au  contraire que l ' gqua t ion  (7) soit rdsoluble et  ddsignons une solu- 
t ion  par  Ix, y, z, E ,  ~]. :Nous supposons que (x, y) = (x, z) = (y, z) = (x, 2) = (y, 2) = 1. 

Le  t e rme  ~ gauche  dans (7), x S - y  5, est le produi t  des trois facteurs  

x - y ,  2 x y + ½ ( 2 + l ) ( x - y )  ~, 2 x y + ½ ( 2 - 1 ) ( x - y )  ~. 

Le plus g rand  eommun  diviseur de deux quelconques de ces hombres  est 6videm- 
men t  6gal £ 2. Pa r  consequent  on conclut  de (7) qu 'on  doit  avoir  

- y = ( s )  

x y + - ~ -  (x - y)~ = E1 x[, 

2 - 1  
(9) 

off x 1, Yl, Zl sont  des nombres  entiers dans K tels que 

(Xl, Yl) : (Xl' Z1) = (YI, Zl) : (Xl' 2) : (Yl, 2) = 1. 

E0, E1 et E2 sont  des unit6s dans K. E n  gliminant x et  y des ~quations (8) et 
(9) on aura  

5 5 1 
-t2J 0 " IL. ~ ] .  

E1 xl - E 2  y ,  = ] ( x  - y )2  = ~ 2  ~ + 2 ~  .10 

d'ofl  x~ - E3 y~ = E4 2 S+2~ zl °, (10) 

off E 3 et E 4 sont des unit~s dans K. En  appl iquant  lc Lemme 4 ~ l '~quat ion 
(10) nous aurons 

E s - + _ l  ou ~-___2(mod22).  

D'apr~s le Lemme 1 l 'unit6 Ea eat done une einqui~me puissance d 'une  unit6 dans 
K.  Si nous posons E 3 - E  5 - 5, x l = u ,  E s y l = v  et z~=w, l '6quat ion  (10) pen t  s'~crire 

u 5 - v 5 = E 4 2 ~+2" w 5. (11) 

Ainsi, d ' une  solution Ix, y, z, E, #] de l '~quation (7) nous avons  obtenu une au t re  
solution [u, v, w, E4, 2#] .  Ces solutions sont  li6es par  la relat ion 
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z = u v  V w E g  1. (12) 

E n  p roc~dan t  de  ta m~me mani~re  avec  l ' 4qua t ion  (11) nous aurons  une  t ro i -  
si~me ~qua t ion  

5 5=E6~5+4~,wSl, (13) U 1 - -  V 1 

0~1 Ul, Vl, W 1 son t  des nombres  ent iers  dans  K tels  que 

(Ul ,  Vl) = (Ul ,  Wl)  = (Vl, Wl)  = (Ul ,  ~)  = (Vl,  ~) = 1. 

E 6 es t  une  uni t4  dans  K.  
Nous  avons  ainsi  ob tenu  une  t rois i~me solut ion [ul, vl, Wl, Ee, 41u ] de l ' dqua t ion  

(7). E n t r e  les so lu t ions  subsis te  la  re la t ion  

W = 71,1 V 1 V g  1 E7 ,  ( 1 4 )  

off Ev est  une  unit4.  
P a r m i  rou tes  les solut ions [x, y, z, E, ~u] de  l '~qua t ion  (7) il y a au  moins  une 

avec  la propri~t~ su ivan te  : Le  nombre  des fac teurs  p remie r s  non-associ~s du  h o m b r e  
z e s t  m in imum,  even tue l l ement  = 0. Supposons  m a i n t e n a n t  que n o t r e  solut ion 
ini t ia le  [ x , y , z , E , # ]  sa t i s fa i t  g ce t te  condi t ion  minimale .  Alors il rdsul te  de  (12) 
et  de (14) que les nombres  u, v et  u 1, v I sont  des unitds.  

E n t r e  les nombres  u, v, u I e t  v 1 subs i s t en t  les re la t ions  su ivantes ,  ana logues  
aux  re la t ions  (8) e t  (9) : 

u - v = Es" ~3+2~ z~, (15) 

i + l  
u v + ~ (u - v)~ = E~ u~, 

~ t - 1  
u v + - - ~  (u - v)2 = Elo v~, 

(16) 

oh Es, E 9 et  El0 son t  des  unit~s dans  K .  E n  m u l t i p l i a n t  les deux  re la t ions  (16) 
o n  a u r a  

~5  __ V 5 
E9 El0 (ul Vl) 5. 

5 (u - v) 

Ic i  le t e r m e  g d ro i t e  est  une  uni t& Si nous  posons  E = u / v ,  le n o m b r e  E est  
une  uni t~ ¢ 1 .  D 'apr~s  (15) on a E - - 1  (mod 5). I1 en rdsul te  que le nombre  

E 5 -  1 
H = - -  

5 ( E -  1) 

doi t  fitre une unit~.  Or d ' apr~s  le L e m m e  3 c ' es t  imposs ib le  quand  E ~  1 (mod 5) 
e t  E # I .  

N o t r e  th4or~me sur  l '~qua t ion  (7) se t r o u v e  a ins i  demont rd .  
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