
A R K I V F O R  M A T E M A T I K  B a n d  4 n r  7 

Communicated 13 May 1959 by Er~AR HILLE 

S u b o p e r a t i v e  f u n c t i o n s  a n d  s e m i - g r o u p s  o f  o p e r a t o r s  

B y  CASSKrS Io r~wscu  TULCEA 

1. Le t  S be a locally compact  space endowed with a composition law 
(s , t ) - -+sot  defined for (s,t) E D c S •  ff the set of open par ts  of S, B = f f  a 
filter basis on S and # a posit ive Radon  measure 1 on S. Suppose t ha t :  

1) (s, t) -+ s o t is continuous on D ; 
2) for each t E S  and W E ~ ( t )  there exist U E B  and VE~0(t) such tha t  

U o V = W ;  
3) #(U)4~O for every non void set U E ft. 

A function f on S to [ - co, ~ ) is said to be suboperat ive if / (s o t) ~ [ (s) + [ (t) 
for e v e r y  (s, t)E D. In  this paper  various properties of suboperat ive functions 
and various measurabi l i ty  and cont inui ty  propert ies of certain representat ions of 
S are given. Funct ions satisfying conditions less restr ict ive than  the suboperat ive 
ones are also studied. 

Most of the results proved  below m a y  be considered as extensions of those 
given in ( 5 ) . p .  92-94 and (6) po 741-748. In  fact,  the subject  ma t t e r  of this 
paper  has been suggested by  the  reading of (5) p. 92-94 and (6) p. 741-748. 

2. I t  will be supposed in this pa ragraph  tha t  the following condition is satis- 
fied (we denote with ~( the set of all compact  par ts  of S):  

(H1) For every t E S there exist Kt E ~[C N ~ (t), Vt E B and a continuous mapping 
(s, u)-->p~(u) o] Kt• Vt into S having the [ollowing properties: (i) u o p : ( u ) = s  
[or every s E Kt and u E Vt; (ii) l i m s p s = s  ]or every s E Kt;  (iii)there is a constant 

(Kt) > 0 which satis[ies the inequality # (p:l (U)) ~ 2 (Kt) # (U) ]or every s E K~ 
and U E ~. 

The condition (HI) is a ref inement  of condition (P$), (6) p. 741. Le t  us re- 
m a r k  t ha t  if {H1) is satisfied, then, for every s E Kt and #-measurable  set A = S ,  
the set p ;1  (A) is #-measurable  and # (p~l (A)) < +~ (Kt) # (A). 

Proposition 1.--Let t E S, K 1 = Vt, K 1 E ~( and ] a locally #-inteqrable mapping 
o] S into a Banach space E. Then ]or every t'E Kt 

4) lim:+~..:.:, f +~, (n) II t (lo. (.)) - ! (p~. (.))[I g# (-) = o ,. 

1 Various indications concerning the  terminology  are g iven  in paragraph 6. 

W e  t ake  v ( u ) ~ 0  if v = h O P s  a n d  u ~  F t . 
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Le t  us r emark  first  t ha t  if h is a locally #- integrable  mapp ing  of S into a 
Banach  space :E and  C = {p~ (u)I s C Kt, u E KI},  then, for  every  s E Kt, h o Ps is 
#-measurable  and  

5) f ~ (u)II h (p~ (~))II d~ (u) < ~ (Kt) f ~vc (u)I] h (u)II d/~ (u) 

(we use (H1) and  we verify first 5) for h =  CfAX, where x E E and A is a ~u-in- 
tegrable pa r t  of S). Take  e > 0 and  choose a funct ion g, cont inuous and  with 
compac t  support ,  such t ha t  

6) f g (u)II <u) < 

Now for s, t ' E K t  we have  

f ~ ,  (u)II/(p~ (u)) - / (p~ (u))II d~ (u) < f ~ ,  (u)II/(P~ (u)) - g (p~ (u))II d~ (u) 

+ f w~, (u) II g ( p s  (u)) - g (p,, (u))II dtz (u) + f ~vK, (u) II 9 (pt. (u)) - ] (pt. (u))[I d/~ (u). 

Since (s, u) --> p~ (u) is uni formly continuous on Kt  • K 1, there is a U E ~9 (t') 
such t h a t  II g (p~ (u)) - g (pt, (u))II ~< ~ for s E U N Kt and  u E g r We deduce, using 
5) and  6), t h a t  for s E U ~ K t  the sum in the second t e rm of the above in- 
equal i ty  is bounded by  (22 (Kt)+# (K1))e;  since e > 0  is a rb i t rary ,  the relation 
4) is completely  proved.  

Proposition 2.--Let tES,  B a compact set contained in pt(Vt) and A a rela- 
tively compact set whose closure is contained in p~l (B). Suppose that #* (A) # (B):# O. 
Then the interior o/ the set 

{ so t t ( s , t )  ED, sEA,  fEB)  
contains t. 

$ 

Let  g(s)=fqJA(U)qgB(p~(u))d/~(U) for every  s e g t .  If  sl, s2EKt then  ] g ( s l ) -  
- g (s~) ] is bounded above b y  

f ~0A (u) I~B (Ps, (u)) - ~0B (ps~ (u))[ d/~ (u) ~< f ~v~ (u) [~B (P~, (u)) - q% (p~, (u))] d/~ (u). 

Using proposi t ion 1, we deduce t h a t  g is continuous on Kt. I f  u E A we have  
~A(U)q)B(pt(u))=I; hence g ( t ) # 0 .  Bu t  if g ( s ) # O ,  then,  there  is a u E A  for  
which ~A (u) ~oB (Ps (u)) = I.  I t  follows t h a t  

{ so t [ ( s , t ) eD ,  seA,  t e B } = { s l s e K ~ ,  g ( s ) . 0 } ~ t .  

Hence the  proposi t ion is complete ly  proved.  

Remark . - -P ropos i t i on  2 is somewhat  similar to theorem 1, (1) p. 648. 
Le t  SI, Sg, Sh be three separa ted  (:= Hausdorff)  topological spaces and G a 

mapping  of Sg • Sh into $I, continuous on every  compac t  set  K c So• Sh. 
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Theorem 1.--Let /, g, h be three mappings o/ S into S s, Sg and Sh respectively. 
Suppose that g, h are /~-measurable and that, /or every (s, t )ED, / ( s o t ) =  
=G(g(s),  h(t)). Then, / is continuous on S. 

Let  t E S. Since g and h are #-measurable, there exist compact  sets B cp t (V t )  
and A ~ p [ I ( B )  such tha t  gA and hB are continuous and t t (A)#(B)=~0  (we may  
suppose tha t  V~• By proposition 2 the interior of A o B contains t; 
hence to prove the theorem, it is enough to show tha t  [n o ,  is continuous at t. 
Suppose tha t  f~.~ is not  continuous a t  t. Then there exists a directed family 
(s~)~ of elements belonging to A o B, which converges to t, and a VE'~(](t))  
such tha t  / (st) ~ V, for each i E I .  For  every i E I,  s~ = a~ o b~ where a~ E A, b~ E B. 
Since A and B are compact,  the family ((a~, b~))~ has a cluster point  (a, b) E A •  
and obviously a o b = t. Now let W E ~ ((a, b)) be such tha t  G (g (s'), h (s")) E V 
if (s' ,s") E W ~ (AxB) .  Then if we take ~ E I  such tha t  (a~, b~) E W we obtain 
/(s~)=G(g(a~), h(b~))E V. Since this leads to contradiction it follows tha t  ~ o .  
is continuous at t. 

T h e o r e m  2.--Let /, g, h be three mappings o/ S into [ -  ~ ,  ~ ) .  Suppose that 
h is /z-measurable and that, for each (s,t) ED, / ( s o t ) < g ( s ) + h ( t ) .  Then / is 
bounded above on every set K E ~ .  

We shall give two proofs of this theorem. The first is essentially based on 
proposition 2. The second is an adapta t ion of a proof given in (6) p. 742-743. 

I) Let  t E S  (we m a y  suppose tha t  V~xpt (Vt )cD) .  Take A l i V e ,  A1E~K such 
tha t  # (A1) ~: 0 and let B 1 = Pt (At) c p t  (Vt) ; using ((H1) , (iii)} we deduce # (BI) ~= 0. 
Since h is #-measurable there exists a compact  set B ~ B 1 on which h is bounded 
above and such tha t  /~(p~l(B)NA1)=~0. NOW there is a set A c p [ l ( B ) N A  1 on 
which g is bounded above and such tha t  #* (A)=~0. I t  follows t h a t / i s  bounded 
above on A o B. Since t E S is arbi t rary  and since by  proposition 2, A o B E ~ (t) 
the theorem is completely proved. 

I I )  Suppose tha t  ~ E ~ and tha t  / is not  bounded above on K. Then there 
exists a sequence (t(n))n~N of elements belonging to  K such tha t  ](t(n))>~2n for 
every n E 2/. The set K being compact  the considered sequence has a cluster 
point  t E K .  Let  U E ~ ( t )  and K 1 c V t ,  K 1 E : ~  , t t ( K ~ ) r  such tha t  ps(u) EKt 
if u E K  1 and s E U N K t .  We m a y  suppose tha t  t(n) E U N K ,  for every n E N .  

For  each n E h r define A (n) = {s ] s E g 1, g (s) >t n} and B (n) = {s I s E Kt, h (8) >~ n}. 
We shall show that ,  for every n E N, 

7) A (n) U p$(~) (B (n)) ~ K 1. 

I n  fact, take u E K 1. Then u o pt(n) (u) = t (n) for each n E N ; since 

2 n < f (t (n)) < g (u) + h (p~(.) (u)) 

we deduce tha t  either g (u) >/n and then u E A (n) or h (pt(,) (u)) >/n and then 
u Ep[(~)(B(n)). 

Now, for each h E N ,  B(n)  is /~-measurable and B ( n ) ~ B ( n +  1). Let  
B ( ~ ) = n , e N B ( n ) .  Since s E B ( c ~ )  implies h(s)=c~ and since this leads to 
contradiction we must  have B (oo)=  O. I t  follows then tha t  llm, GN~u (B (n))= 0;  
hence there is a noEN such tha t  if n>~n o we have #(B(n) )<#(K1) /22(K~) ,  
whence 

# (p[(~) (B (n))) ~< ~ (Kt)/~ (B (n)) < ~u (K~)/2. 
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-1 (B  (n))) > #  (K1)/2, whence, using 7), /~. (A (n)) >/~ (K1)/2. But  then /~(Kl-pt(~ ) 
Since for each n E N, A (n) ~ A (n + 1), this imp]ies that  A ( ~ )  = N ~N A (n) # O, 
relation which leads again to contradiction. Hence the hypothesis that  f is not 
bounded above on every K E ~ leads to contradiction and so the theorem is 
completely proved. 

Remarks.--1) A family :~c :K is #-dense in S if for every K E ~  and e > 0  
there is K E:~ such that  p ( K - K ~ ) ~ < e .  I t  is easy to see (using the method of 
proof I) tha t  the conclusion of theorem 2 remains valid if instead of supposing 
that  h is /~-measurable we suppose tha t  the family of sets K E :~ on which h 
is bounded above is #-dense in S. 

2) The conclusion of theorem 2 remains valid (use the method of proof I I )  
if instead of supposing that  h is/~-measurable we suppose that  g is/~-measurable. 

3) Let G be a mapping of [ - o o ,  o o ] x [ - o o ,  oo] into [ - o o ,  oo] and suppose 
that  G is bounded above on every set of the form [ - o o , a ' ) x [ - o o , a " ) ,  where 
a', a"  E ( -  oo, co). Let  /, g, h be three mappings of S into [ -  oo, oo). Suppose 
that  h is /~-measurable and tha t  / (s o t) ~< G (g (s), h (t)) for every (s, t) E D. Then 
it can be shown that  f is bounded above on every K E :~ (use the method of 
proof I). The conclusion remains still valid if instead of supposing that  h is 
#-measurable we suppose that  the family of sets K E ~ on which h is bounded 
above is /~-dense in S. 

For every Banach space E denote by  E (E, E) the set of linear continuous 
mappings of E into E endowed with the usual structure. 

Theorem 3.--Let T: s--> T (s) be a strongly p-measurable mapping o/ S into 
F~(E,E) such that T ( s o t ) = T ( s ) o T ( t )  /or every (s,t) ED. Then T is strongly 
continuous on S. 

Let us define on S the functions /~=h~(xEE) and g by the equations 
/~ (s) = h~ (s) = log II T (s) x ]] and g (s) = log ]IT (s)II- Theorem 2 implies that,  for 
each x E E ,  /x is bounded above on every K E ~ .  We deduce tha t  T is (uni- 
formly) bounded on every K E :K and in particular tha t  s--> T (s)x is locally 
#-integrable for each x E E. 

Now let t E S  and A c V t ,  A E ~  such that  # ( A ) # 0 .  Since for every uE Vt, 
s EKt and x E E we have 

T (s) x - T (t) x = T (u)  T (p~ (u))  x - T (u)  T (Pt (u) )  x 

it follows that  IlT(s)x-T(t)xll is bounded above by 

(sup~A 11T (u)1[/# (A)) f ~% (u)11T (Pt (u)) x - T (Ps (u)) x [1 d/~ (u). 

The strong continuity of T follows then from proposition 1. 

3. In  this section three results (theorems 4, 5 and 6) are proved. The first 
two concern suboperative functions and the third representations of S into 
s  E). I t  is not necessarily supposed, here, that  (H1) is  satisfied. Instead 
various other conditions ( (H~)-(Hs))  are introduced. I t  wilt be mentioned in 
every case which of these conditions are supposed to b e  satisfied. 

58 



ARKIV FSR MATEMATIK. Bd 4 nr 7 

(H2) For every t E S  there exist K E ~  and V E~9(t) such that 

inf {re ((s o K) U (K o s)) [s E V} > O. 

(Ha) For every t E S  there exist K t E ~ O  lq(t) and V t E B  such that, for each 
s E K t, u---> s o u is an open mapping of V t into S (condition (Ha) is understood 
as implying that K t • V t ~ D). 

(Ha) For every t E S there is a Vt E B and a mapping qt of Vt into S such 
that lim B qt = t and qt (u) o u = t /or each u E Vt. 

(Hb) S c R  ~ (n~>l), B={V~(0)  N S I s > 0 } ,  # is the Lebesgue measure and: 
(i) for each t E S  l iminf,_~0/t .(V~(t)NSt)/#(V~(t))>O; (ii) /or each t e S ,  Bt is a 
filter basis, weaker than the basis ]~ (t) = { V~ (t) N S t ] e > 0}. 

We have denoted with S t , for every t ES, the set { to  s i(t, s )ED,  s E S}. By  
Bt we have denoted the set {Utl U E B}, where, for each U E ~, 

U t = { t o u i ( t , u )  ED, u E U } .  

Theorem 4.- -Let  f be a it-measurable suboperative mapping of S into ( -  ~ , c~ ). 
I f  (H1) and (H2) are satisfied then f is bounded on every set K E ~ .  

Suppose tha t  there exists a set K E ~ on which f is unbounded.  Then there 
is a sequence of elements belonging to K, (t(n))n~N, such tha t  /(t(n))<~ - n  for 
every n EN.  Let  t be a cluster point  of the considered sequence and let 
VElq( t )  and K E ~  be such tha t  

inf {re ((s o K) (J (K o s))is E V} = d > 0. 

Let  M = s u p , ~ K f ( s )  and for every n E N  let E ( n ) = { s I f ( s ) < - . . - n + M } .  We de- 
duce E (n) ~ (t (n) o K)  t3 (K o t (n)), whence 

�9 # (E (n))/> tt ((t (n) o K)  U (K o t (n)) >1 d, 

if t(n) EV. Since t is a cluster point  of the sequence (t(n))n~N, t(n) E V  for in- 
finitely m a n y  n E N .  I t  follows tha t  E ( c o ) =  N n ~ N E ( n ) * O .  But  f ( s )=  - o o  for 
s E E ( ~ ) ;  hence the hypothesis tha t  f is unbounded on K leads to contradiction. 

Theorem 5.---Let f be a it-measurable suboperative mapping of S into ( -  ~ , ~ ). 
I f  (H1) and (H2) are satisfied then d = l i m i n f s / E [ 0 ,  oaf. 

Suppose tha t  d = - o o .  Take t E S  and let M=sups~Kt[f(s)] .  By 2 ) t h e r e  
exists a U E B such tha t  U o t c Kt. Since d = - ~o there exists a u E U for which 
f (u) < - M - f (t). But  then - M ~< f (u o t) ~< f (u) + f (t) < - M.  I t  follows tha t  the 
hypothesis d = - o o  leads to  contradiction. Hence d E ( -  ~ ,  ~ ] .  

Suppose now tha t  d E ( - o o ,  c~), let s > 0 - a n d  choose an U E B  such tha t  
d -  e ~< f (s) if s E U. Take t E U satisfying the inequali ty f (t) ~< d + e. By  2) there 
is an U' EB such tha t  U' o t c U .  I n  U'  we m a y  find a t' for which f(t')<-..d+e. 
We deduce d-e<-. . f ( t 'ot)<-. . f ( t ' )+/(t)<-. .2(d+e),  whence since e > 0  is arbitrary,  
d E [0, oo). Hence the theorem is completely proved. 

Theorem 6.--Let T: s--> T(s) be a mapping of S into E(E, E) such that 
T ( s o t ) = T ( s ) o T ( t )  for (s,t) 6D.  1 ~ I f  (Ha) and (H4) are satisfied and i/ 
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lims T =  I strongly (uni/ormly) then T is strongly (uni/ormly) continuous on S. 
2 ~ I/ (H1) , (Ha) and (Hs) are satis/ied and i/lim~ T = I weal~ly, then T is strongly 
continuous on S. 

1 ~ Let t E S  and x E E .  Choose V E B  such tha t :  (i) V c V  tN IYt, where V ~and 
l~ t are the sets considered in the statements of the conditions (Ha) and (H4); 
(ii) q~(u)EK t for uE  V; (iii) sup~v][T(u)x H< oo. Take a E V and let b=qt(a). 
By (Ha) and (Ha) , b o V E ~ ( t )  and for s E b o V  

II T (s) �9 II II T (b)II II T ( u ) x  II. 

I t  follows tha t  T is (uniformly) bounded on every set belonging to ~ .  
Now let e > 0  and let V l c V ,  V 1EB such that,  for u E V  1 

II T ( u ) x  - x II sups  K, li T ( s ) x  II. 

Take a 1 E V 1 and let b l=q t (a l ) .  Then, for s E b 1 o V1 we have 

t lT ( s ) x -T ( t ) x l l= l lT (b i  o u ) x -  T(bl oal)xll <-~IIT(bi)ll I IT (u )x -  T(al)xll <~e. 

Hence T is strongly continuous on S. The uniform continuity is proved exactly 
in the same way. 

2 ~ The hypotheses in the s ta tement  implies that ,  for every t E S, lims(t)T = T (t) 
weakly. We deduce, using (Hs), tha t  T is weakly #-measurable (see for instance 
(7)). I f  we take a denumerable set D c S  such tha t  D ~ S  it follows from (Ha) 
that ,  for every t ES and x EE, T(t)x  belongs to the closed linear space spanned 
by  {T(s)x I s E D}. Hence T is strongly #-measurable and using theorem 3 we 
deduce tha t  T is strongly continuous on S. 

4. The conditions (H1) , (Ha) , (Ha) are refinements of the conditions (Pg), (P~) 
and (P10) given in (6). Let  G be a locally compact  group, S c G  an open semi- 
group such tha t  ~qge ( e = t h e  unit  elemeng of G), B = { U N S I U  open neigh- 
borhood of e}, /~ the restriction to S of a left invariant  Haar  measure of G 
and o the law of G. I t  is easy to see tha t  in this case the conditions 1)-3) 
and (H1)-(H4) are satisfied by  the system {S, ]~, ju, o}. Let  us also remark 
tha t  if {S, B, #,  o )  and (S' ,  B', # ' ,  o,} satisfy one of the conditions 1)-3) or 
(H1), (Ha), (Ha) then the system {SxS' ,  B|  # |  o,,) satisfies the same 
condition (B | B'  = {U x U' ] U E B, U' e B'} and o,,  is the composition law defined 
by  the equation (s, s') o (t, t') = (s o t, s' o t')). 

5. Theorem 2 is an extension of theorem 25.5.1, (6) p. 742-743 (we take  
S = ~ 0 - ( I )  ). Theorem 2 and the remark following it remain valid if instead of 
supposing tha t  / (s o t) ~< g (s) + h (t) for (s, t) E D, we suppose tha t  / (s o t) ~< g (s) + 
+ h  (t) for (s, t)E D - ( N •  where N is a locally #-negligible set (see (3) p. 618). 
Theorems 1, 3 and 6 are extensions of theorems 25.6.1, (6) p. 743-744, 25.7.1, 
(6) p. 747, 25.6.2, (6) p. 745-746 and 25.7.2, (6) p. 747-748. I n  connection 
with theorems 1, 2, 3 and 6 see also (4) and (5). For  theorems 4 and 5 see (6), 
p. 241-242 and p. 253-254 and (8). Theorems 1-5 are taken from the author ' s  
Yale thesis. 
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6. See (2) for  t h e  d e f i n i t i o n s  a n d  t h e  r e s u l t s  c o n c e r n i n g  t h e  i n t e g r a t i o n  t h e o r y .  

f m e a n s  fs" F o r  e a c h  t E S we d e n o t e  b y  ~ (t) t h e  s e t  of a l l  n e i g h b o r h o o d s  of t. 

T h e  n o t a t i o n s  s o t  a n d  A o B  a re  u n d e r s t o o d  as  i m p l y i n g  t h a t  ( s , t )  E D  
a n d  A • B c D.  F o r  e v e r y  t E S, K t  a n d  Vt a re  t h e  se t s  i n t r o d u c e d  in  t h e  s t a t e -  
m e n t  of t h e  c o n d i t i o n  (Hi) .  

I f  X is a se t  a n d  K c X ,  t h e n  ~K is t h e  c h a r a c t e r i s t i c  f l m c t i o n  of K .  I f  / 
is a m a p p i n g  of a se t  X i n t o  a se t  Y a n d  A c X ,  t h e n  we d e n o t e  w i t h ] A t h e  
r e s t r i c t i o n  of / t o  A .  F o r  e a c h  t e R  ~ a n d  r  V ~ ( t ) = { s l d ( t , s ) < r  w h e r e  d 
is t h e  e u c l i d i a n  d i s t a n c e  i n  R =. 

This paper was sponsored by the office of Ordnance Research, under contract  
DA-19-059-ORD-2707. 
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