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Quadratic set-valued functions 

By DAGMAR RENATE HENNEY 

A rea l -va lued  funct ion L (x) which is defined on a real  l inear  space R will 
be called in accordance with  S. K u r e p a  [2] a quadratic functional if 

L ( x + y )  + L ( x - y ) = 2 L ( x )  + 2 L ( y )  

holds t rue  for every  pa i r  x, y in R. 
The ma in  objec t ive  of th is  note  will be to  inves t iga te  cases in which for set- 

va lued  funct ionals  the  re la t ion M (t + s) + M (t - s) = 2 M (t) + 2 M (s) will be equi- 
va len t  to  M ( t ) = t 2 M  (1) where t, s are  any  real numbers .  

Le t  E n denote  an  n-dimensional  l inear  space, A,  B, C, M ... are  subsets  of E n. 
B y  A + B we denote  the  sumset  of A a n d  B, i.e. the  set of all  vectors  a + b with 
a in A and  b in B. B y  t M we denote  the  set  of all t m where m is in M. 

We will now proceed to prove a theorem which is r e la ted  to  results  ob ta ined  
b y  H.  Rs  [1]. The not ion  of con t inu i ty  for se t -va lued  funct ions will be 
used in the  sense def ined in t h a t  paper .  

Theorem. Let M (t) be a /unction which to each real number assigns a compact 
set in E a in such a way that 

M (t + s) + M (t - s) = 2 M (t) + 2 M (s). (1) 

I f  M (t) is a continuous function of t, then the function M (t) has the form 
M (t) = t ~ M (1). 

I f  M (t) in addition is assumed to be convex the converse is also true. 

Proof. The sufficient condi t ion  will be proven  b y  use of induct ion.  
Le t  s = t = 0  in M ( t + s ) + M ( t - s ) = 2 M ( t ) + 2 M ( s ) .  I t  follows t h a t  M(0 )  

+ M (0) = 2 [M (0) + M (0)] which shows t h a t  M (0) + M (0), being bounded,  is equal  
to  (0).  Hence M ( 0 ) =  (0).  

Nex t  le t  s = 0. Then M (t) + M (t) = 2 M (t) which shows t h a t  M (t) is convex 
since i t  is closed. 

The re la t ion M ( n t ) = n  2 M( t )  is therefore t rue  for n = 0  and  is t r iv ia l ly  t rue  
for n = 1. Assume now t h a t  M (n t )=  n ~ M (t) holds for all n < m. We will show 
t h a t  the  re la t ion holds also for n = m + 1. We make  use of the  fact  t h a t  if M 
is a n y  convex set in a l inear  space R and  zr fl are  non-negat ive  real  numbers  then  

( o~ + fl ) M = o~ M + fl M .  
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l.,.i t +m in (1): t h e n  M l ( m i l ) s ] M [ ( n ~  .... 1 ) . , l : : - 2 M ( m s ) + 2 M ( s  ). T h i s  
!~v,-. I ! 1 ( , ,  - 1 ) ' ]  [ 2 m  z q 2 - - - ( m - - l ) 2 ] J I ( . ~ )  - ( , r  ~ 1)~M(.s).  T h e r e f o r e  M ( n t )  

,~" ll t l l  for every,  n a t u r a l  n u m h e r  ~. t l ep lae in~ '  I hv  l.J~ in M ( ~ t ) :  :n~'M(t) 
I hu,' v.,, ,~;,t,~i~ M ( t ) ' - ~ , Z J l ( l ; ' , @  " s 

3I [(n,',t)t] := ~/' M (/,,'.m) : : (~ m) ~ M (l). 

b;il~(.,, a s  w e  shal l  see heh>w,  M ( t )  M (  - 1) it f o l l ows  t h a t  fo r  e v e r y  rea l  n u m b e r  
,' :~t~({ f~,r (,very rat i()na] tmml)(,r r 

:11 ( r l )  r'-' .t/(/). 

\ l~( ,  .11 (q) y 2 M ( l )  for a n y  m.al ~.mb, r //. Sin('( '  i ( t )  is a c o n t i n u o u s  fune -  
ti,,a~ hv hy l )o the se s  t h e n  r,,--~// a n d  

M(/I):  lira M ( r , , ) - l i r a  r ~ , . l [ ( l ) ~  ! / ~ M ( 1 ) .  

\ \ , .  p, ' , ,ve M ( s ) - : - M ( - . ~ )  by p u t t i n g  t - - ( ) i n  (1). T h e n  M ( . s ) + M ( - s ) = 2 M ( s ) .  
tt(.~,, l hc  le f t  m e m b e r  does  n o t  c h a n g e  if .s' is r e l , l a eed  1)y - s .  T h e r e f o r e  t h e  
s,~ffici4.m.y of t h e  t h e o r e m  is p r o v e n .  

I,',)r l l le  c o n v e r s e ,  a s s u m e  M ( t ) - t ' 2 M  ~heve M is c o n v e x .  T h e n  

M (t :- .,9 ! M (t -- s) (t !-,~)~ M . (t ....... )" ,1I 

[(t ~ s ) 2 + ( t  .~.)~]M 

- (2 t ~ -i-2.s") M = 2 3I(t.) ! 2 M ( s ) .  Q.E .D. 
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