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Extremal representat ion o f  stationary stochastic processes 

By ENDERS A. ROBINSON 

1, We let the real variables t and r represent  t ime and angular  freq~Jeucy 
respectively. A t ime-funct ion b (t) m a y  be considered to be the impulse ~ie~p~J~s( 
function of a t ime- invar iant  linear system. I f  b (t) is one-sided (i. e. if b ( t ) = 0  
for t < 0  so t h a t  no response occurs prior to its stimulus) then the syst(m~ i.~ 
said to be realizable. The tranS/er /unction of a system with impulse respo~s~ ~ 
b (t) is defined to be the formal  Laplace t ransform 

B ( p ) = f ~  b(t) e -ptdt ,  p = a + i a )  (a, co real). 

Let t ing a = 0  we obtain the formal  Fourier  t ransform 

B (i o~) = ]B (i o))l e ~e(i~) = ~ b (t) e -~tdt ,  

where [B (ico)l is called the gain, and P (leo) the phase-shift, of the system. The 
group-delay of the sys tem is defined to be 

d P  (iw) 
Ta = d r 

I n p u t  /(t) and ou tpu t  g(t) of the system are related by  the convolution: 
/(t)*b (t)=g(t). The Laplace t ransforms F ( p )  and G(p) of input  and output  
respectively are related by  the multiplication: F (p )B  ( p ) =  G (p). 

We shall call a function w(t) a wavelet if it is one-sided (i.e. w ( t ) = 0  for 
or 

t < 0 )  and L 2 (i.e. ~0 lw(t)l 2 d t < ~ ) "  The function space of all wavelets w(t) 

(with measure d t) will be denoted by  L 2 (0, ~ ) .  

2. A purely non-deterministic,  second-order, s ta t ionary  stochastic process x (t) 
(for continuous t ime pa ramete r  t) has a one-sided moving-average repres~mtation 

x ( t)  = w ( t  - s )  d y ( s ) ,  l(1) 

where w (t) is a wavelet  and y (s) is a process with orthogonal increments for 
which E {[d y (s) l 2} = d s. The corresponding spectral representation [Cramdr, 1] is 
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1 f , f  e.~tW(ito)dY(io~), (2) 

where W (i~o) is the L2-Fourier t ransform of w (t) and the formal derivative 
d Y (i eo)/d co is the formal Fourier  t ransform of the formal derivative d y (s)/ds. 
The Y (i m) process has orthogonal  increments for which 

E {ld Y (ito) l~}= 2~tdeo. 

For  any  given s ta t ionary stochastic process x (t) there are infinitely m a n y  
such representations; more precisely, there is a one-sided moving average repre- 
sentation, and a corresponding spectral representation, for every wavelet w (t) 
tha t  satisfies So w (t + s )w (s)d s = ~b (t), where ~b (t) is the autocovariance of the 
process. I n  this paper,  we shall give necessary and sufficient conditions tha t  a 
representation possess extremal properties. 

3. A constant  A 0 of modulus 1 is called a trivial all-pass transfer function. 
The function 

AI (p)= [I Pk-- P_ IPk- 1[ [p~+ 11 
k ~ + p  pk--1  p k + l  ' 

where {Pk} is a non-empty  set satisfying Re p k > 0  and 

Re p~ 
~ l + l n [ '  <~176 

is called a Type 1 all-pass transfer function. The function 

A S ( p ) = e  -~p (cr 

is called a Type 2 all-pass transfer function. The function 

where fl (2) is a non-decreasing function whose derivative vanishes almost  every- 
where and 0 < fl ( ~ )  - fl ( - oo ) < oo is called a Type  3 all-pass transfer function. 
The function 

A (p) = A 0 A 1 (p) A 2 (p) A 3 (p) 

(where any  or several of the factors on the r ight m a y  be absent) is called an 
all-pass trans/er ]unction. I f  all the factors except A 0 are absent,  then A (p) is  
called trivial; otherwise A (p) is called non.trivial. 

4. If M(ito)>~O, 

f [  (~ log M (i ~) 
IM (ieo)12dto< c~, j _ ~  -1T~- ~ d w >  -oo ,  
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then 
1 ~ log M (i 2) W~ 1-i2pp-i~ ] ~  d 2 ]  

is called the minimum-delay transfer function for the gain M (i 2). The wavelet 
w o (t) whose Laplace fransform is W 0 (p) is called the minimum-delay wavelet 
for the gain M (i2). 

Krylov [4] and Karhunen [3] have established the following canonical repre- 
sentation for the transfer function of a system whose impulse response is a 
wavelet. 

Lemma 1. W (p) is the L~-Laplace trans/orm o/ a wavelet i/  and only i/, in 
the right hall p-plane (i. e. Re p>  0), 

w (p) = A (p) Wo (p), 

where A (p) is an all-pass trans/er /unction and W o (p) is the minimum-delay 
trans/er /unction with the same gain as W (p). This representation o/ W (p) is unique. 

In addition Karhunen [3] has established the following result. 

Lemma 2. Let w (t) and v (t) be wavelets and let 

fo ~  v ( t ) d t = O  for r > 0 .  

Then v (t)~-O i/ and only i~ 
w( t )=Aowo( t )  

where [A o [ = 1 and w o (t) is the minimum-delay wavelet with the same gain as w (t). 

5. From the canonical representation (Lemma 1) it can be shown that  a 
system A (p) is realizable and has gain [A (i e o)] = 1 for almost all frequencies eo 
if and only if the system is an all-pass system. Moreover it is seen that in the 
right half p-plane (i. e. Re p > 0) an all-pass transfer function A (p) is analytic 
and has zeros {pg} (where the set {Pk} may be empty). 

The following three lemmas can be established directly from the definition of 
the all-pass transfer function. 

Lemma 3, The group-delay vg o/ an all-pass trans/er /unction is positive (resp. 
zero) /or - ~ < eo < c~ i/ and only i/  the all-pass trans/er /unction is non-trivial 
(resp. trivial). 

Lemma 4. The modulus ]A (p)] o/ an all-pass trans/er /unction satis/ies I A (p) l < 1 
(resp. I A ( p ) l = I )  in the right hal/ p-plane i/ and only i/  the all-pass trans/er 
/unction is non-trivial (resp. trivial). 
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I t  follows from the canonical representation (Lemma 1) tha t  if a wavelet 
w (t) is the i n p u t  to an all-pass system A (p), then the output  v (t) is also a 
wavelet. Because [A (i co)l = 1, we have 

iv(io,)l=lA (io~) w (i o~)l = l w  (i o~)l 

so the output  wavelet v (t) has the same gain as the input  wavelet w (t). Con- 
sequently, from Bessel's equali ty (for quadratic integrals of L~-Fourier trans- 
forms) it follows tha t  

o f :  I w ( t ) l ~ d t  = Iv( t )12dt  

which says tha t  input and output  wavelets have the same total energy. The 
following lemma, however, tells us tha t  the partial energy of the output  wavelet 
is delayed with respect to the partial energy of the input  wavelet. 

Lemma 5. Let a wavelet w (t) be the input to an all-pass system A (p) and let 
the wavelet v (t) be the resulting output. I /  the all-pass system is non-trivial, the 
partial energy o/ the input exceeds the partial energy o/ the output /or some ~ > 0 :  

fo fo Iw(t)12dt > Iv(t)12dt 

I /  the all-pass system is trivial, the partial energy o/ the input equals the partial 
energy o/ the output /or all ~ > O. 

6. We now have the minimum-delay wavelet theorem. 

Theorem 1. Let w (t) be a wavelet in the class o/ all wavelets with gain M (i w). 
Then each o/ the /ollowing conditions is necessary and su//icient that 

w (t) = A o w o (t), 

where wo(t ) is the minimum-delay wavelet with gain M (ioJ) and IAol = 1: 

(a) The set (w (t - r), r >10} is closed in L 2 (0, ~ ) .  
(b) The group-delay o/ w (t) is a m in imum/or  - ~ < r < ~ .  
(c) The modulus I W (p)[ is a maximum in the right hall p-plane. 

(d) The partial energy I w (t)12 d t is a max imum/or  all o~ >~ 0. 

(e) For a purely non-deterministic, stationary stochastic process x (t) with spectral 
density ~ (i co) = M 2 (i m) and with moving-average representation (1), the least- 
squares linear prediction z (t) oJ x (t + o~), o~ > 0 , / t o m  the whole past x (s), s <<. t, is 

z ( t ) = f  t _ ~ w ( t + a - s ) d y ( s ) ,  

the minimum prediction error is 
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f ct +~ x (t + a) - z (t) = w (t + ~ - s) d y (s) 

and the min imum mean-square prediction error is given by the partial energy 

ff +~ fl E { l x ( t + ~ ) - z ( t ) l ~ } =  Iw( t+zc - s ) l~ds= Iw(~)l~dv. 

(/) _For a purely non-deterministic, stationary stochastic process x (t) with spectral 
density r (i 0)) = M s (i 0)) and with moving-average representation (1), the closed 
linear manifold spanned by x (s), s ~ t, is the same as the closed linear man#old 
spanned by y (s), s ~< t, for all t. 

(g) The /unction F (i 0)) o/ the /orm 

N 

F ( i 0 ) ) = l . i . m .  ~ c N j e - ~ r  
N--~r162 ] = 1 

(where cNj are complex constants and rNj >~ O) that is determined by the method o/ 
least squares to approximate e ~ (o~ > O) with respect to measure M ~ (i co) d col2 7~ 
is 

1 w ( ~ + t )  e _ ~ t d  t P (i 0)) = W (i ~o) 

and the min imum mean-square error is given by the partial energy 

[ e ~ - r ( i 0 ) ) l ~ M ~ ( i o ) )  d~o= Iw(v)l~dr. 

Proo/. Condition (a) follows immediately from Lemma 2 by noting tha t  a 
set in t t i lber t  space is closed if and only if any element orthogonal to each 
member of the set identically vanishes. Conditions (b), (c), and (d) follow from 
Lemmas 3, 4, and 5, respectively, and from the canonical representation (Lemma 1). 
Conditions (e) and (/) follow from the work on prediction theory by  I-Ianner 
[2], Karhunen  [3], and Wiener [6]. Condition (g) follows from condition ( e )by  
utilizing the isomorphism of the closed linear manifold spanned by  x(s) ,  s<~t 
(probability measure) and the closed linear manifold spanned by  e t~s, s<<.t 
(measure M ~ (i 0)) d 0)/2 zt) such tha t  x (t) and e ~ t  ( : ~ < t < ~ )  are corresponding 
elements (see, e.g. ,  Robinson [5], p. 83). Q.E.D. 

7. Summing up, the spectral density (I)(leo) of a purely non-deterministic 
s ta t ionary stochastic process being given, we see that  there exists a class of 
different spectral representations (2), such tha t  the transfer function W (p) 
satisfies W (i 0)) = A (i 0)) ~/~ (i 0)), where A (p) is an arbi t rary all-pass transfer 
function. Alternatively, the autocovariance function r  (which is the LL 
Fourier t ransform of (I)(i 0))) being given, there exists a corresponding class of 
moving-average representations (1), such tha t  the wavelet w (t) (which is the L ~- 
Fourier t ransform of W (i w)) satisfies S0 w (t + s) w (s) d s = ~b (t). Among these 
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representat ions there is one called the predictive (or Woldian) decomposition 
given by  

f l  A~ fo,' e~~176176176176 x ( t )  = A o w o ( t  - s) d Yo (s) = ~ 2-oo 
~ - oo 

(where I A o I = I ,  and w o ~ W  o is min imum-delay  for the gain ~/O ( ~ m ) ) w h i c h  has 
ext remal  propert ies as given by  Theorem 1. 

The realizable system with input  x (t) and ou tpu t  z (t) where z ( t ) is  the least- 
squares linear prediction of x (t + ~), :r > 0 ,  has t ransfer  function 

N 
I" (iw) =l . i .m.  ~ c~e-"~ - -  

N-+o~ 1=1 

1 oo 

Wo~iw)~i Wo( ~+t) e-'~t dt  

(where CNj are complex constants  and rNj ~> 0). The min imum mean-square  pre- 
diction error has the decomposit ion 

L N = I w ( t + ~ ) - - l . i . m .  ~ CNjW(t--rNj) l~dt 
N--+oo i=1 

N 
I w (t + e) - 1.i.m. ~ CNj W (t -- rN~)I s d t. 

N--~ oo J~l  

We note tha t  the first t e rm is the part ial  energy of the wavelet  w (t), and the 
second te rm vanishes for a rb i t ra ry  a if and only if the set {w ( t -  r), r >~0} is 
closed, i.e. if and only if w (t)=A o w 9 (t). 

Uppsala,  January ,  1961. 

R E F E R E N C E S  

1. CRAM~R, H. ,  On  h a r m o n i c  analys is  in cer ta in  func t iona l  spaces.  A n n .  Math .  41, pp. 215-  
230 (1942). 

2. HANNER, O., Dete rmin is t ic  and  non-de te rminis t ic  s t a t i ona ry  r a n d o m  processes.  Arlz. Mate-  
mat ik  1, pp. 161-177 (1949). 

3. KAR~UN~N, K. ,  ~ b e r  die S t r u k t u r  s tat ionRrcr  zufMliger Funk t ionen .  Ark .  Matemat ik  1, 
pp. 141-160 (1949). 

4. KRYLOV, V . I . ,  On  func t ions  regular  in a hal f -p lane  (Russian) .  Mat .  Sbornik  N.S; 6 (48), 
pp.  95-138 (1939). 

5. ROBINSON, E .  A.,  In / in i t e l y  m a n y  variates. Griffin, London,  1959. 
6. WIENER, N.,  Stat ionary time series. Wiley,  New York,  1949. 
7. WOLD, H., A study in  the analysis  o] stationary time series. Thesis,  Un ive r s i t y  of Stock- 

hoIm. Uppsa la ,  1938 (second edit ion,  1954). 

Tryckt den 30 januari 1962 

Uppsala 1962. Almqvist & %Viksells Boktryckerl AB 

384 


