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R e m a r k  t o  m y  p r e v i o u s  p a p e r  o n  a b i l a t e r a l  

T a u b e r i a n  t h e o r e m  

By ~kKE PLEIJEL 

This remark is directly connected with paper  [1] to which we refer for nota t ions  
and theorems. 

When  s - h  is an  integer the conditions of the Abelian theorem A ( - ~ , +  ~ )  
require more from a(2) than  is obr in the conclusion of the Tauber ian theorem 
T( - c~, + ~ ) .  This makes it na tura l  to ask whether  T( - oo, + ~ )  can be sharpened 
so as to give not  only a(2), a( - 2) E I s for positive values of 2 bu t  also 

and 

I-S(a(2) + a( - 4)) ~ r 

I-S(a(~) - ~( - 4)) e r 

when s - h = odd integer 

when s - h = even integer. 

Results of this kind were obtained in section 8 of [1] for the so-called non-excep- 
t ional cases. However,  in the exceptional cases these results did not  follow from the 
considerations in [1] bu t  are, as will be seen, consequences of a lemma due to H a r d y  
and  Litt lewood. 

The main asymptot ic  condit ion in T( - ~ ,  + ~ )  is split into relations (8), (9) of 
[1]. Assume for instance tha t  s -  h is an odd integer. According to the result  of 
T( - co, + ~ )  we know tha t  a(;t) and  a( - 2) E I s so tha t  also S(2) = a(2) + a( - 2) E I s 

and I-sI~S(~/A) E 1% Relat ion (9) of [1] can be wri t ten 

f : A - k ( A  = T - I P 2  (T  -~) + o(] T I-k-~), T ) -  l dI-S;9S (~/ A ) + 

where k = - �89 + �89 - 1) is a non-negat ive integer. I n  the way indicated in section 
4 of [1] this relation can be replaced by  

f:( A + T)-ldI-S~2S(~/X) = A T  -~ + o([ T [-1), 

where A is a constant .  
The lemma of H a r d y  and Li t t lewood reads (see [2], p. 198 for the simple proof) 

I / t  f ~ ( 2 + t ) - l dq~( 2 )--> A when t--> + oo and  i / q~ E I ~ then q~ E eo ~ ar~  q~( 2 ) -- ~(0)-->A 
when 2--> + ~ .  

Application of this lemma shows tha t  1-sl~S(~/A) E oJ ~ i.e. I-8(a(2) + a( - ~)) E co ~ 
for ),--> + cr provided s - h  is an odd integer. 
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The  case when  s -  h is a n  even  i n t e g e r  is s imi l a r ly  t r ea ted  w i t h  t he  help  of rela-  
t i o n  (8) i n  [1]. The  resu l t  is, t h a t  in  th i s  case I - ' ( ~ ( 2 )  - a( - 2)) e o~ ~ for  A--> + ~ .  

I t ake  t h e  o p p o r t u n i t y  to m e n t i o n  g ra te fu l ly  t h a t  m y  s t u d y  of bi la teral  T a u b e r i a n  t h e o r e m s  

was  suppo r t ed  b y  Na t i ona l  Science F o u n d a t i o n  Gran t  G-10098 d u r i n g  a s t ay  a t  t he  Univer -  

s i ty  of California a t  Berke ley .  
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