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SUMMARY

We study a Markovian process, the state space of which is the product of a set of n points
and the real x-axis. Under certain regularity conditions this study is equivalent to investigating
the solution of & set of coupled diffusion equations, generalization of the Fokker-Planck (or
second Kolmogorov) equation. Assuming the process homogeneous in 2, but in general time-
inhomogeneous, this set of equations is studied with the help of the Fourier transformation.
The marginal distribution in the n discrete states corresponds to a time-inhomogeneous n-state
Markov chain in continuous time. The properties of such a Markov chain are studied, especially
the asymptotic behaviour in the time-periodic case. We obtain a natural generalization of the
well-known asymptotic behaviour in the time-homogeneous case, finding a subdivision of the
states into groups of essential states, the distribution inside each group being asymptotically
periodic and independent of the starting distribution. Next, still assuming time-periodicity, we
study the asymptotic behaviour of the complete Markovian process, showing that inside each
of the groups mentioned above the distribution approaches a common normal distribution in
x-space, with mean value and variance proportional to ¢. Explicit expressions for the proportion-
ality factors are derived.

The general theory is applied to the electrodiffusion equations, corresponding to n=2.
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B. NAGEL, Solutions of coupled diffusion equations

I. Introduction and statement of problem. Survey of sections Il to V

With “electrodiffusion” in the wide sense one can understand the combined effect
of a dynamic chemical equilibrium, a transport process effected e.g. by an external
electric field, and ordinary diffusion. One of the interesting features here is that if
the different substances in equilibrium have different mobilities in the external
field, the effective diffusion, superposed on the transport process, can get a con-
siderable contribution from the combined effect of the chemical transition and the
transport mechanisms.

The simplest case, the only one treated so far, is where we have a solu§ion of a
substance 4, which can exist in two ionic forms, 4, and 4,, forming a system in
chemical equilibrium 4,<= 4,, determined by transition constants k, and k,. 4, and
4, have diffusion constants D, and D, and mobilities %, and u, in an external elec-
tric field g(t), which we shall assume to be constant in space but possibly time-de-
pendent.

This process, in one space dimension, has been studied (Bak, Kauman [1] Ljung-
gren [2]), starting from the intuitively natural combination of chemical equilibrium
and diffusion equations

ac oc %

al: —klcl"'kzcz—%!](t)é;:‘l‘{‘p:lgﬁ’ 0
ac, ac, 8%c,
E = klcl - k262 - ’l,tzg(t)zz~ + D2ﬁ

¢, and ¢, are the concentrations of 4, and 4,.

Assuming g¢(t) constant or periodic, and also making some further simplifying
assumptions, the authors quoted above study the behaviour of ¢, and ¢, for large ¢,
especially the mean values and variances (giving the effective transport and diffusion
rates) of these distributions. Although many interesting results are obtained, the
solutions are not entirely complete and general.

The electrodiffusion problem has also been attacked by several authors using more
direct statistical methods. Starting from a two-state random walk model and assum-
ing g{t) periodic, Thedéen {3} has given a complete description of the asymptotic
behaviour for large ¢, including a proof of the asymptotic normality of the position
variable and explicit expressions for the mean value and the variance. Thedéen’s
results agree with the results obtained from (1), when restricted to the special cases
treated with the help of (1).

Considering the well-known close connection between ordinary random walk and
the usual diffusion equation, it is natural to expect an analogous connection to hold
also in this more general case.

Making an obvious generalization from 2 to n, we study in the following a not
necessarily time-homogeneous Markovian process, where the state space is the (set-
theoretical) product of a set of n points and the real axis. Assuming for simplicity
that the probability densities exist (this is actually not a restriction, as they always
exist as positive measures, and all equations remain true in this case as they stand
if they are taken in the distribution [generalized function] sense), the distribution
at a time ¢ is given by a column vector p(x,f) = {p,(,t),...pa(x,t)}, where py(x,t)
are non-negative and
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Zf J(x, tydr=1.

(All integrations are from —oco to oo, if not otherwise indicated.) Introducing the
column vector a={1,1,-1} and denoting transposition by 7, we can write the last
condition as

anp(x, t)dx =1.

The process is governed by the transition function, in our case an n X n matrix
Qx,t v, 1) =(qu(x,t; y,7)), defined for ¢>7,

giving the distribution at time ¢ from the distribution at an earlier time 7 through
the Chapman-Kolmogorov equation

ple,t)= f Qz, 9, 7)p(y, T)dy. (2)
As p(x, t) should be a probability density if p(y, 7) is one, @ must have the properties
G, 69, 7) 20 and af fQ(x, t;y, t)dx=a". 3)

(2) is essentially equivalent to

Qx, 8 2, 1) = fQ(x, Ly, T)QW, T2, t)dy, ty<T<t (4)

(2) or (4) expresses the Markovian character of the process: the probability distri-
bution at a time ¢ is completely determined from a knowledge of the distribution
at any one earlier time.

If the process is homogeneous in z-space (space translation invariant), homoge-
neous in time, or periodic in time with period w, we have

Qx,t; y,7) =@ (x-y,t,7) (5a)
Qz(x: Y, t—T) (5b)
Qx,t +w; ¥, T+w), respectively. (5¢)

If @ fuifills certain regularity requirements as {—t, one can derive from (2) a
differential equation for p(x,t), which is the generalization to » states of the ordinary
one-state Fokker-Planck (or second Kolmogorov) equation. We refer e.g. to [4],
Ch.X, for the derivation in the case n=1. The generalization to n>1 is obvious:
instead of multiplying with an arbitrary function R(x) we use an arbitrary row
vector R”(x), multiplied from the left. We only state the requirements on ¢, which
are used in the derivation of the differential equation. Of these only (R2), describing
the transition between the discrete states, is peculiar for the case n>1.

365



B. NAGEL, Solutions of coupled diffusion equations

For every 6 >0 we should have (lim means lim,_, ;0)

1. Continuity: limAin Q(z, 7+ At y, t)de=0. (R1)
lz-y|>6

2. Existence of a local instantaneous transition probability between the discrete
states:

limBl— [f Qz, T+ A1y, -r)dx~E] =y, 1) R2)
T jz~y|<b

Here E is the nx#» unit matrix. From (R 1), (R 2) and (3) follows
9u(y,7) >0, i+k and a"Qy,7)=0. (6)

(3) and (4) require, loosely speaking, the existence of first and second mo-
ments:

3. lim —l—f (x—y)Qx, T+ Ar; y, T)dx = A(y, 1), (R3)
At Jiz-yi<s

4. lim —I—f (— ) Q(x, T+ Ar; y, T)dx = B(y, 7). (R4)
Az |r-y|<8

Furthermore the convergence in (R1)—(R4) should be uniform in y. This condi-
tion is automatically fulfilled if the process is homogeneous in space.

Combining (R3) and (R4) with (R2), observing that  can be chosen arbitrarily
small, we find that 4 and B are diagonal matrices. B is evidently non-negative.
We assume @, A and B continuous in 7, and sufficiently regular in y for the final
equation (7) to have a meaning.

Using (R1)-(R4) and generalizing the ordinary derivation in the indicated way,
we get the equation

2

0 7
5 P@ )= Q. t)p(z, 1) — a%[A(w, Hp(, )]+ 4 52 Bl P, )] (7

Assuming from now on that the process is homogeneous in x, we find from (5a)
and (R2)-(R4) that ¢, 4 and B are independent of y.

The electrodiffusion equation (1) is evidently the special case of (7) where n=2,
and @ and B are independent also of ¢.

For simplicity we shall in general study a process starting at £ =0, which is not
an essential specialization. Furthermore, to get rid of the special starting distribution
for t=0, we introduce the fundamental solution of (7), belonging to £=0, i.e. an
n X n matrix G(z,t), satisfying

2 ety = [0 — a2 + 3802, ] &z, 1) (8
ot " A
limo G(x,t)=0(x)- E, where §(z) is the delta function. (8a)
t>+
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With the help of G(x,t) we can express the solution of (7) with initial values
p(z,0) at £=0 as

px, b)= f x—y,t)p(y, 0)dy. 9

Comparing (9) and (2) we find
Gz —~y, 1)~ Q= t;y,0). (10)

(8), (8a) is the fundamental equation. We are interested in the properties of the
solution G(z,t), especially in the asymptotic behaviour for large ¢.
We recall the conditions on Q(t), A(t), and B(t):

They are continuous; Q(f) has non-negative off-diagonal elements, and
a’Q(t)=0; A(t) and B(t) are diagonal, and B(t) is non-negative. (n

As the coefficients in (8) are independent of z, the obvious thing is to make a
Fourier transformation and go over to the characteristic function

Pt, p)= Jei”G(x, t)dz. (12)

Then (8), (8a) go over into
= P(t,2) = [Q0) +ipA®) — AP*BOIPE D), (13)
P(0,p)—E. (13a)

For a process, homogeneous in z, the right hand side of (4) is easily seen to be a
convolution integral. As convolution in z-space corresponds to multiplication in
Pp-space, (4) is in this case equivalent to

P(t’to,p) =P(t,T,P)P(T,to,P)> t0<T<t) (14)

where P(¢,7,p) is the characteristic function corresponding to Q(x,t; ¥,7) =@y (v~y,t,7)
[ef. (5a), (10), and (12)].

Equation (13), being a system of ordinary first order linear differential equations
with a simple dependence on the parameter p, is in general simpler to study than
the coupled second order partial differential equations (8). Of course, as G(x,t) is
the quantity of most direct physical interest, we have to translate the properties of
P(t,p) into the corresponding properties of G{z,t).

In Sect. IT we prove that the solution of (13) really gives a unique Markovian
process with the properties (R1)-(R4). We also derive some properties of P(t,p),
useful in the following. In Sect. III we study more in detail the behaviour of P() =
P(t,0), giving the time behaviour of the distribution in the n states, integrated
over z, cf. (12). This is a time-continuous, but in general time-inhomogeneous, n-state
Markov chain. In particular we study the behaviour for large ¢ when the transition
function Q(¢) is periodic. It turns out, as a natural generalization of the wellknown
case where Q(f) is constant, that we get a certain number of ‘“‘non-interacting”
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groups of final states. Inside each of these groups the distribution is asymptotically
periodic and independent of the distribution for ¢ =0. The probability division be-
tween the different groups depends on the initial distribution, however.

In IV, using the results obtained in ITI, we study P(¢,p) for large ¢ and small p,
assuming also A(f) and B(t) periodic. From this study follows that inside each of
the above-mentioned groups we approach for large ¢ a common normal distribution
in z-space with mean value and variance proportional to ¢. Asymptotically the whole
group diffuses as a homogeneous substance, and at the same time we have a periodic
transition between the states of the group (if Q(¢) is constant, this periodic transition
is absent, of course). The effective diffusion constant is a sum of two terms one
involving B(t) and §(t), and the other one, which could be called the electrodiffusion
component, depending on Q(t) and A(¢). As should be expected, the last term is zero
if the section of A(f) which corresponds to the group of states in question has all
elements in the diagonal equal.

Finally, in V we apply the formulas obtained in IV to the original electrodiffusion
problem (1). The results are in complete agreement with those given by Thedéen [3].

It should be pointed out that this electrodiffusion process is the simplest non-
trivial application of the theory studied in this paper (the case n=1 being trivial,
of course, as we can in this case give an explicit form for the solution of (8), valid
for all ¢; cf. [4], Ch.X). As n=2 and Q(t) is constant, most of the work in Sect. III
concerning the behaviour of P(t) can be bypassed.

At the end of V we indicate some possible generalizations.

IL. Existence, uniqueness, and some properties of the Markovian
process related to eq. (13)

It is known from thé theory of linear differential equations that the system of
equations (13) with initial conditions (13a) and continuous coefficients has for every
2 (even complex) a unique solution, with a continuous first derivative in ¢. Moreover,
as the coefficients are integral functions of p and the initial conditions are indepen-
dent of p, P(t,p) is for every ¢ an integral function of p. It is also easy to see that
every derivative (6"P/op™)(¢,p) is continuous and has a continuous first derivative
as function of ¢. These functions as well as P(¢,p) are simultaneously continuous in
t and p; hence we may interchange the order of differentiation between 9/d¢ and
o jop™.

From the work in I leading to (13) follows that if there exists a Markovian process
(i.e. a function or, more precisely, a measure Q(z,¢; y,7) satisfying (3) and (4)) with
the properties (5a) and (R1)-(R4), where @, 4, and B are now assumed independent
of y, it must be given by the inverse Fourier transform of the unique solution P(t,t,p)
of (13), fulfilling the condition (13a) at time ¢ =1 instead of #=0. Hence uniqueness
is ensured.

The proof of existence is not quite as simple. What we have to prove is that if
Q. A, and B are functions fulfilling conditions (11), the solution P(t,7,p) of (13)
really defines a Markovian process with the desired properties, i.e. that the inverse
Fourier transform @,(x—y,t,7)=@(,¢; y,7) exists as a measure satisfying (3), (4),
and (R1)-(R4). The verification of the second part of (3), (4), and (R1)-(R4) is
rather simple. The crucial point is to prove that the matrix elements of @,(x —y,%,7)
are (bounded) positive measures.

368



ARKIV FOR MATEMATIK, Bd 5 nr 27

According to Bochner’s theorem (see. e.g. [4] Ch. VII) this is equivalent to proving
that the matrix elements of P(i,7,p) are, for t>7, positive definite functions of p.
(For shortness we shall in the following often omit the phrase “the matrix elements
of”” and simply write “P(t,7,p) is positive definite”, though, strictly speaking, this
statement when applied to a matrix may have another meaning; the same remark
also applies to the concepts “positive” and ‘“non-negative”.)

We recall that a function f(p), defined on the real axis, is called positive definite
if it is continuous and if for any set of real points (py,...p,) and corresponding
arbitrary complex numbers (&,,...§,) we always have

f(p: —pk)515k> 0. (15)

ik

As we shall have no reason to introduce more general positive definite functions
than continuous ones, we include for shortness of expression the continuity condition
in the definition of positive definiteness.

One of the simplest properties of a positive definite function, which follows directly
from (15), is that it is uniformly bounded on the real axis, more precisely

|#()| <f(0), £(0) real and >0. (16)

The theorem of Bochner states that the Fourier transformation
i(0)= 7 du(e) an

establishes a one-to-one correspondence between the set of bounded positive measures
on the real axis and the set of positive definite functions.

For simplicity we prove the positive definiteness of P(t,p), solution of (13), (13a),
but it is evident that the proof carries over directly to the general case P(f,7,p).

In the proof we need some simple properties (see e.g. [5], Ch. XIV) of the solution
R(t) of the matrix equation

%mn=&nmm R(0)=E. (18)

Here S(¢) is assumed to be continuous and in general complex.
First we state a result which will be used in Sect. III. The determinant |R(t)|
is given by the Jacobian identity

| R(t)| = exp [? Lsﬁ(r)dr] | R(0)], (19)

which shows that R(f) is non-singular. If S(¢) has real diagonal elements |R(f)| is
real and positive.
(18) is equivalent to the integral equation

t

Rm=E+JSMRhML (20)

0
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which can be solved by iteration, and we then obtain the solution in the form of
an infinite series

Ri)=E+ f 'du,S(ry) + f dr, 8(z,) f ", S+ oo, 21)
0 0

0

which is absolutely convergent for all ¢.
The explicit solution (21) will be used in the proof.
Besides we need some simple facts about positive definite functions:

a. 1 is pos. def.; if f(p) is pos. def., then so is k- f(p), £=0.

b. A linear combination (a finite sum or, with some obvious precautions, an inte-
gral), with non-negative coefficients, of pos. def. functions is again pos. def.

c. If f(p) is pos. def., then so is €'*? f(p), a real.
(@) and (c) imply that €' is pos. def.

d. exp(—pp?), §20, is pos. def.

e. If {fn(p)} is a sequence of pos. def. functions, converging in every point to a
continuous function f(p), then f(p) is pos. def.

(@), (b), (), and (e) are easily proved directly from the defining condition (15).
{¢) also follows, with the help of Bochner’s theorem, from the fact that a translation
a distance « of the measure in z-space corresponds to a multiplication with exp{iap)
in p-space. Finally, (d) is a consequence of the fact that exp(—gp?), >0, is (apart
from a positive factor) the Fourier transform of exp(—x?/48).

We can now prove

Theorem 1. If Q(t), A(t), and B(t) satisfy the conditions (11), then the matrix element s
of P(t,p), solution of (13) and (13a), are for every t >0 positive definite functions of p.

Remark. The condition a”@(t) =0 is not used in the proof.
Proof. The continuity requirement is evidently fulfilled.
Before using formula (21) we make a transformation in (13), putting

t t

P(t, p)=exp [ —mtE + ipf A(r)ydr— %pzf B(1) d‘r] P'(t, p). (22)

0 0

Here m is chosen so that mE +Q(t) has non-negative diagonal elements in the whole
interval (0,t) that we study. One should notice that all three terms in exp are diagonal
and hence commuting matrices, so that the usual law exp(a +-b) =expa-expb is valid.
For shortness we use the notation

t
D(t)=exp [—— %p2f B(1) d'r] , (23)
0
where the diagonal elements of D(t) are

di(t) = exp [_ %sz

0

t

bi(‘t)d‘r] . (24)

We shall prove that D(t)-P’(¢,p) is positive definite. Then properties (a) and (c)
above imply that P(¢,p) is positive definite.
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The transformation (22) in (13) leads to a similar equation for P’(f,p), with the
first factor on the right hand side of (13) substituted by

t

Q'(t)=D7'(1) exp [— ip f;A(r)dr] [Q(t) + mE]exp [ip foA(r)dr] D).  (25)

Applying the solution formula (21) and multiplying by D(t) we get
D(t)- P'(t, p) = D(t) + f dt, D(t) Q' (z,) f drlf dr, D)@' (7)) @Q'(zy) + ... (26)

If we study a certain matrix element of a term on the right hand side of (26),
we obtain from the repeated matrix multiplication a sum of terms, where each term
is a product of the non-negative elements of Q(t) + mE, purely imaginary exponentials
exp[ipa(t)] coming from the factors exp[+ipfsA4(r)d7] in (25), and factors of the
form d; and d;* from D(#) in (25) and (26). From (a) and (c) follows that it is the
last type of factors which is of importance. A moment’s reflection shows that they
contribute to each term of a matrix element of a factor of the form

do(t)dz Y (v) iy (1,) di, (T,) .. d(T). 27)
Except for the last factor dg, the factors in (27) can be paired together in the form
d(r)di\(t), =7 (28)

From (24) and the non-negativity of b, (r) follows that every such pair, and hence
the whole product (27), is-of the form exp( —p?f), where § is a function of ¢ sT>Tap -
non-negative in the integration region. In every term in (26) the integrand is thus
positive definite, and as the integration evidently gives a continuous function of
,{b) shows that every term on the right hand side of {26) is positive definite, thus
also the partial sums, and from the convergence for every p of the series (26) and
property (e¢) we conclude that D(t)- P’(¢,p) is positive definite, and then so is P(t,p).
The proof is complete.

It could be remarked that although P(i,p) is of course uniquely defined and an
Integral function of p also for ¢<0, it is then in general no longer positive definite.

Generalizing to P(t,7,p) and applying Bochner’s theorem we find that P(¢,7,p) is,
for every t>7, the Fourier transform of a bounded positive measure @,(xr —y.t,7).
Hence the first property in (3) is established. (4) is equivalent to (14), which is a
trivial consequence of (13). (14) only means that we can perform the integration of
(13) from ¢, to t in two steps, going first from £, to v and then from 7 to ¢. There
only remains to prove the second relation in (3) and (R1)-(R4). Again we put v=0
without losing generality.

(12) shows that the second condition (3), expressed in P(t,p), takes the form

a”P(t,0) =a". (29)
But (29) follows directly from (13) and a7 Q(t) =

As P(t,p) is analytic for all p, it is infinitely diffe;'entiable for p=0, and (12) then
shows that all moments of G(x,t) exist for £>0 and are given by
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f "Gz, ydz =i "(@*Pjop™) (1,0), n=0,1,2,.... (30)

(13a) gives
P(0,0)=FE; (¢"P[op™)(0,0)=0, n=1,2,.... (31)

(30), (31) and the remark at the beginning of this section about the existence of the
first time derivative of 0"P/op" shows that

lim 1 [Jx"G(x, At)dx — 6onE] =i~ "@"*'Platap™)(0,0). (32)
A0 AT

(6o is Kronecker’s delta).

The right hand side of (32) is easily evaluated with the help of (13), remembering
that we may interchange 9/0t and 8"/0p™. In this way one easily establishes (R2)-
(R4), except for the fact that one should integrate over |x| <4 only and not over
all z, as indicated on the left hand side of (32). However, applying (32) to the case
n=4, we find

limi_ fx“G(x, Anydx=0, (33)
and this implies
lim~1— f 2z, At)yde=0, »=0,1,2,3,4 (34)
At jz]>6

for every 6 >0.

y=0 gives (R1), and »=0,1, and 2 show that the extension of the integrals in
(R2)-(R4) to the whole axis does not change the values.

Altogether, we have proved the following theorem:

Theorem 2. (Ezistence and uniqueness.)

For every set Q(t), A(t), and B(t) satisfying conditions (1I), there exists one and
only one Markovian process (i.e. a measure-valued tramsition function Qz,t; y,7)=
Qi(x—y,t,7), t>1, satisfying (3) and (£)) fulfilling (R 1)~(R 4) with the given @, A,
and B. Q,(x—y,t,T) has the characteristic function P(t,7,p), defined as the solution
of (13) with initial value P(z,t,p)=E.

We shall now study some further properties of G(z,t}, related to the behaviour
for z—+co and to the local regularity.

(30) shows that for every ¢ >0 moments of all orders exist. As P(t,p) is an integral
function, it is well-known that the Fourier transformation formula (12) can be
extended to arbitrary complex values of p. In fact, as the series expansion around
p=0 of P(¢,p) is absolutely convergent for all p, this implies the convergence of

00

Z%’ R", for any positive R, arbitrarily large. (35)

0

Here m, represents the absolute value of some matrix element of the moment of
order n. It is then easy to see that the right hand side of (12) converges and defines
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an integral function (which must be equal to P) even if we use complex values, say
P+1¢, p and ¢ real. If we put p=0, P(t,iq) then being real and positive, we find

f e “Q(x,t)ydx < oo, all real g, (36)

L.e. G(x,t) vanishes faster than any exponential as 2— + oo.

Later on we shall sharpen (36), showing that G(z,t) in fact vanishes faster than
some Gaussian exp(—ba?).

If the initial distribution p(y,0) has finite moments including order m, say, relation
(9), or better the Fourier transformed relation (~ denotes Fourier transformation)

B(t,p) =P(t,)p(0,p) 37)

shows that p(z,t) has also finite moments including order m. Namely, if #(0,p) has
derivatives in p at p=0 including order m, then so has §(t,p), as P(t,p) is analytic.

We have thus found that as a consequence of P(t,p) being, as function of p, very
regular locally, G(x,t) is well-behaved (decreases rapidly) at infinity.

Conversely, the behaviour of P(t,p) as p—+ oo is in a similar way related to the
local regularity of Q(x,t).

Without any further conditions on @, 4, and B we can say nothing more than
that G(x,t) is a positive measure, as is shown by the trivial case B(f) =0, A(t) =a(t) E,
which has the solution

t

P(t, p)=exp [zpf a(t) d‘l:] Pw), Pt)=P(t,0)

0

or Gz, t) =0 (x - fta(r)dr) P). (38)

0

However, if we add the assumption, reasonable in physical applications, that the
diagonal elements of B(t) are positive (or positive simultaneously at least at one
time), it is not difficult to show that G(x,t) is very regular, indeed an integral func-
tion of z.

To show this we can use the following simple comparison theorem for systems of
linear differential equations:

Theorem 3. Given a continuous real matriz S(t) with non-negative elements outside
the diagonal. Then R(t), solution of

(%R(t) = S(t)R(t), R(0)=E, (39)

is for £ >0 non-negative and has positive diagonal elements.
If §'(t) is another continuous matriz, which may be complex, and if

Re si(t) < silt), |sin(®)| <sult), i+Fk, (40,
then for R'(t), solution of
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IRO=SORW, EO)-T, ()
we have |rix(@)| <rult) for t>0. 42)
Proof. Put R(t)=e¢ ™R,(t) 43)

in (39), where m is chosen so that S(t) + mE is non-negative. Applying (21) to R,(¢)
we find that all terms on the right hand side of (21) are non-negative, while the first
term E ensures positivity of the diagonal elements. The statement of thevfirst part
of the theorem is then true for R,(#), and thus also for R(f).

For the second part of the theorem we may imagine that we have already per-
formed a transformation of type (43), with the same m in both cases, on E(f) and
R'(t), so that Res;;(t)>0. This transformation evidently leaves invariant the rela-
tion (42) which is to be proved. Next, we transform away the imaginary parts of
the diagonal elements of S'(f) by putting

E'(ty=D(t) B"(t), (44)
where D(t) is diagonal with elements
t
d,(t) =exp [zf Im s;(7) d‘r] . (45)
0
As |di(t)| =1, we have | rix(t)| =|rix(t) | and for R'(t) we get
gt R'(t)=8"(t)R"(t), R'(0)=E, (46)

where §”'(t) has real diagonal elements fulfilling
0 < sif (1) < su(t), (47)
and |sin(®) | < swlt), 1+k. (48)

Expressing the solution of (46) with the help of the series (21), it is easily realized,
considering (47) and (48), that we get upper bounds of the absolute values of the
matrix elements of R”(t) by substituting s,(t) for six(f) everywhere in the series.
This proves the second part of the theorem.

Applying the first part of Theorem 3 to P(t)=P(t,0), solution of

2pm=euPwn, PO)-F, (49)

we find that P(#) is non-negative (this is also a consequence of Theorem 1, cf. (16))
and has positive diagonal elements. Furthermore we found in (29) that

aTP(t)=aT. (50)

A non-negative matrix having the property (50), i.e. such that the sum of the
elements in a column is 1 for every column, is called a stochastic matrix, as it can
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be used as transition matrix of an n-state Markov chain in discrete time. P(t) is
thus, for every £ >0, a stochastic matrix with positive diagonal elements and positive
determinant, cf. (19). We shall return to a study of P(t) in Section III.

An application of the second part of Theorem 3 gives

Theorem 4. If a(t) =maz {|a,(t)],...|a,({)|}, b(t)=min {bi(t),... ba(t)}, and B(t)=
max {by(t),... b,(t)}, where {a,(t)} and {b;(t)} are the diagonal elements of A(t) and B(t),
respectively, we have the following majorization of the elements of P(t,p+1q){(p,q real):

t t t
| 2ast, P +i9) | < Puclt) exp [— %pzfob(r) dv + 3¢ foﬁ(r)dr +q| f oa(r)dr] . (51)

Proof. Substituting p+14¢ for p in the first factor on the right hand side of (13)
we get the expression

Q(t) —q A(t) — p* B(t) + 3¢ B(t) + i[p A(t) —pg B(0)]. (52)
The substitution

P(t, p+1ig) =exp [— ip® f
0

t

t t
b(r)dT + %quoﬂ(t) dr+|q| foa(r)dr] P'(t,p+1q) (53)

then leads to an equation for P’, which together with (49) forms a set of equations
tulfilling the conditions of Theorem 3. Thus we have |pix(t,p +19)| <puft), and the
theorem is proved.

If we put ¢=0 in (51) and assume that

£
b=1 f Ob(v:) dv (54)

is positive, i.e. that at some point in (0,¢) all b;(t) are positive simultaneously, we
see that P(t,p) decreases faster than some Gaussian function as p—>+ oo. Taking
the inverse of (12) we then find that G(x,?) is very regular, in fact one can extend the
inverse Fourier transform to all complex values z=x 4y, and G(z,) is then an
integral function.

In the same way as for G(z,#) it follows from (37) that for any initial distribution
p(x,0), p(x,t) is an integral function of z if b>0. §(0,p) is positive definite and hence
bounded, cf. (16).

So far we have used the inequality (51) only for ¢=0. If we exploit (51) also for
q=+0, we obtain an improved estimate of the decrease of G(x,t) as x—>+ co. (51)
evidently implies that for any number

c>%—ftﬂ(1)dt>0 (55)
0

we can find a number M (depending, in general, on ¢) so that

lpik(t1p+iQ) I <]”ike_bp‘Hm- (56)
b is given by (54).
Let us first assume b>0. Then we have seen that G(z,t) is an integral function,
and (56) implies the inequality

|9l +iy,6)| <M (b))~ F exp (— o2/ +y2/4b). (57)

26: 5
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(67) follows from (56) and the Fourier integral expressing g, in py, if we integrate
along the line p—4 x/2¢, —co<p<oo.

In the case b=0, where G(z,t) may be just a positive measure, we have the weaker
result

fexp (a®/4c) Xz, ) dz < oo (58)

t
for every c>1 f B(t)dr.
0

(58) is an immediate consequence of the following simple theorem.

Theorem 5. If f(p) is a positive definite integral function, fulfilling on the imaginary
axis

fig)<Ae"®, for some A>0 and b >0, (59)

then for the positive measure u(x) associated with f(p) by Bochner’s theorem we have
~[exp (2%/4b)du(x) < oo for every b>V'. (60)

Proof. Follows from
fexP (—bg%) - flig)dg < oo, (61)

if we introduce f(ig) expressed in u(x) and interchange the order of integration,
which is easily seen to be allowed.

We have shown that b=}[5b(r)dr >0 is a sufficient condition for G(x,t) to be an
integral funetion. It is probable that this property of G(x,f) holds also under weaker
conditions on B(t); in this case one must instead impose some extra condition on
@Q(¢). The following conjecture seems reasonable:

If for some ¢ at least one [¢b,(r)dr and all elements of Q(t) are different from zero,
then G(z,t’) is an integral function of x for ¢’ >¢.

Added in proof: Dr E. Asplund has kindly pointed out to the author that if we assume B(t)=0,
the majorization (51) implies that the support of G(z,!) on the z-axis is compaect, as follows
directly from the Paley-Wiener theorem (in the generalized form valid for distributions; see

L. Schwartz, Théorie des distributions, Tome II). More precisely, one can show that G(x, ) is
zero outside the interval with endpoints

¢ ¢
f min a;(r)dv and f max a;(7) dt,
¢ 0
a result which is physically almost self-evident.

III. Properties of P(t), especially the asymptotic behaviour in
the time-periodic case

In this section we shall study the matrix P(¢) =P(¢,0), solution of

2 Ply=QuP0), PO-E, (62)
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which gives the probability distribution between the n discrete states of the Markovian
process at time ¢. As we saw in Sect. II (cf. (50)), P(t) is a stochastic matrix with
positive diagonal elements and a positive determinant.

Concerning the properties of stochastic matrices see e.g. [5], Ch. XIII; cf. also [6].
The terminology in this field is not quite uniform; we shall use a mixture of the
terminologies of the books mentioned above. Observe that what we call a stochastic
matrix is the transposed of a stochastic matrix as defined in [5].

A stochastic matrix P always has one eigenvalue equal to 1; this is a direct con-
sequence of

a*P=a". (63)

Furthermore all eigenvalues 1 satisfy |1| <1; especially if P has positive diagonal
elements, A=1 is the only eigenvalue (possibly multiple) with |1| =1. These two
properties follow easily from the following simple result, which is sometimes called
the theorem of Fréchet:

If p,, is the smallest of the diagonal elements of a stochastic matrix P, then all
eigenvalues of P satisfy

|4~ Poe| <1~ Py (64)

As the proof is short we repeat it here:
Assume A an eigenvalue, (z,,...2,) the corresponding eigenvector from the left, i.e.

;xipikzkzk, k=1,...n.

Assume |z, |=max {|x, |, ... |2,|}; evidently | %, | >0. Putting k=m, we find
IA _.pmml l xml = |i*zmxipim| < I Tm lignplm = lxm| (1 = Dmm),

or ilﬁpmml<l_pmm'

But it is easy to see that if 1 satisfies this inequality, A also satisfies (64): the circle
in the complex A-plane defined by (64) contains all the circles obtained in the same
way by using the other diagonal elements instead of the smallest one.

It is obvious that a slight modification of the proof gives the result that if P’ is
an arbitrary (complex) matrix, such that the sums of the absolute values of the
elements in every column is bounded above by 1, then every eigenvalue of P’ satisfies
|A] <1. Using (51) this shows that all eigenvalues of P(¢,p) (p real) fulfil |1] <1.

Our P(t) thus has A=1 as only eigenvalue with modulus one. If this is true for a
stochastic matrix P, the Markov chain determined by P*, =1,2, is called weakly
regular (we shall also apply this term to the corresponding P). In this case

P* =lim P" (65)

N—=>00

exists, i.e. the Markov chain converges towards an asymptotic distribution. This
distribution p., determined from the starting distribution p, by

Poo= Pw_po, (66)
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in general depends on p,. p, is independent of p, if and only if A=1 is a simple
eigenvalue. This means that P> has all columns = p.,, which is also the unique right
eigenvector belonging to the eigenvalue A=1 of P. We are then in the regular case.
A special case here is the positively regular chain, where p,, has all elements positive.

Given a weakly regular stochastic matrix P, with multiplicity g(>1) of the eigen-
value 1, we can by a simultaneous permutation of row and column indices (corres-
ponding to a renumbering of the states of the Markov chain) put it in the following
normal form

Pl 0 PIR

(67)

Here P,,...P, are positively regular stochastic matrices, corresponding to the g
groups of essential states, whereas Py is not stochastic. As P,...P, exhaust all eigen-
values 1 of P, and P is weakly regular, P, has all eigenvalues smaller than one in
modulus, and hence

lim P%=0.

n—>o00

The states corresponding to Py will be called unessential.
As we know that lim P* exists, the relation lim P"+! = (lim P*) P shows that

Py 0 P?Pm(E—PR)_l

P=Vo pr | Prra@-Py (©9)

o | 0

The criterion for a stochastic matrix P to be positively regular is that for some m,
P™ is positive; then also all P™, m’ >m, are positive. If, as in our case, P has positive
diagonal elements, one can always take m=n—1 (P is an n Xn matrix), as follows
from the following property:

If A4 is a non-negative » X n matrix with positive diagonal elements, then 4™, m >n,
has zero elements in exactly the same places as 4™1.

Proof. Evidently (4”), >0 implies (4"*!),, >0 etc., so that A™ has not more zeros
than 4™-1,

Assume now (A™); >0, 1 == k, some m >n. This means that at least one terma;; @, 4. ..
@i, _1x>>0. It is now evident that if two of the indices in the chain 4, ¢,,...k% are equal
(as they must be if m >>n) we can short-cut the elements between these indices (divide
them away) and still have a positive term of a matrix product A™, m’' <m. In this
way we can go on till there are at most n —1 factors left, thus proving that (47), >0
for some v <n —1. From the first statement in the proof we conclude that (4"-1),>0.

We shall now return to our study of P(¢). To obtain the structure of the normal
form (67) of P(t) we need not solve the equation (62) for P(t) explicitly. It is sufficient
to study the corresponding normal form of
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Q1 O Ql,g+1 ~--le

t 0 @, .
Q= f Qr)dr= ~ (69)
0 Qs .

Y Qs

Here @, ...Q, are square matrices such that (@, +m, E)*~1 have all elements positive;
m;>0 is chosen so that the matrix @, +m; E, where E is the unit matrix of the right
dimension (n; X n,), has positive diagonal elements. This condition ensures that the
reduction in the normal form in (69) is carried as far as possible. @, ...Q, have every
“column sum” (sum of all elements in a column) equal to zero, whereas in every
one of @,,,...Q; at least one column sum is negative; this means that for every
v, g+ 1<y <s, at least one of the matrices @y,...Q,_1,, standing above , is non-zero.
To perform the reduction to normal form in an actual case, with not too large n,
it might be useful to form (Q,+.-mE)*?, which, if we chose m properly, has no re-
dundant zeros.

We now assert that P() has the same normal form as Q,, with P(t) corresponding
0 Qpiq--.0Q;.

The proof follows rather directly from the series solution (21). We first make a
transformation P(r)=e¢™"*P'(), where m is chosen so that Q'(r)=Q(v) +mE has
positive diagonal elements in (0,¢). This transformation evidently does not change
the normal forms (67) or (69). Applying (21) to the equation determining P’(t), and
observing that for 0 <z <t @'(7) has at least as many zero elements as Q;, one realizes
that P’() has no more zero elements than Q;, but is certainly zero in the places
denoted by 0 in (69). This proves the assertion.

A consequence of this relation between the normal forms of P(¢) and Q, is that if
0<7<{, then the normal form of P(r) is the same as or a refinement of the normal
form of P(t): a group of essential states of P(t) may split into several groups in P(z),
or some of the unessential states in P(t) may form a group of essential states in P(z).
It is also seen that if Q(t) is periodic with period 1, say, then P(t) has for £>1 the
same normal form as P(1).

We now assume Q(#) periodic, Q(¢ +1) =Q(#). The normal form of

1
Qc=1 = f Q(T) dr
1]

determines the normal form of P(f) for ¢> 1. The equation (62) then decomposes into

SPW=QOP(, i=1..; P(0)=F. (70)
d

(TtPR(t} = Qr(t) Py(t); Pg(0)=E. (71)
d «

FF0=QOPR + Q) P, i=1...0; Pu)=0. (12
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We first study equations (70) and (71). P.{t) are for t >1 positively regular, which
implies that one is a simple eigenvalue, and all other eigenvalues are smaller than
one in modulus. Pg(t) has for £>1 all eigenvalues smaller than one in modulus.

As Q(t) is periodic it is known (see e.g. [7]) that the solutions P(f) have the form

Pt)=8,t)expR;t, Ppg(t)=Sz(t)exp Bgt, (73)

where S;(t) and Sg(t) are periodie, period 1, and equal to E for t=0. § and R are
not uniquely determined: we have, putting t=1, exp R =P(1), which means that R
is the logarithm of P(1) (the logarithm of a matrix can be defined for a non-singular
matrix), which is not uniquely defined, due to the many-valueduess of the logarithm.
In particular the eigenvalues of R are the logarithms of the eigenvalues of P(1),
and hence determined up to multiples of 2mi.

For the general definition of the function of a matrix, applicable also in cases
where the series expansion definition fails, see for instance [5], Ch. V. We shall here
write down only the fundamental formula expressing the funetion f(A4) of a matrix
A in terms of the scalar function f(A) on the spectrum of 4 and certain fixed poly-
nomials of 4, Z;, which are independent of the function f:

8

f(A) = z [f(lk) Zkl + f,(}‘k) Zk2 +...+ f‘"‘"“”(lk) Zlc, mk:I . (74)

k=1

Ay...As are the eigenvalues of 4, with multiplicities m, in the minimal equation of 4;
thus m; is not larger than the ordinary multiplicity of the eigenvalue 4,.

From the connection between the eigenvalues of R and P(1) follows that every
R; has a simple eigenvalue 0 (we choose the principal value of the logarithm), and
all other eigenvalues have negative real parts. In the same way all eigenvalues of
Ry have negative real parts. (74) then shows that we can write for large ¢

exp Rit=P +0(e ), some o>0, (75)
and exp Ryt =0(e?), some B>0. (76)
Evidently PP =lim [P(1)]". (77)

As Py(1) is positively regular, P{* has all colums equal and positive, e.g. can be
written in the form

Py =p¢°°a,T, Pi PoOSitive. (78)
(73), (75), and (78) give

Py(t) = pia(t)a” +0(e™*), (79)
where we have put Dioolt) = Si(t) Dico- (80)
As PN +7)= P} [P, (81)
and hence piw(r)aT=£i_r£°Pi(N+ 7) = P(1) P, (82)

the periodic distribution p;.(t) is positive for all ¢.
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In a similar way one finds
€Xp (Ri) Dico = Diocos all ¢. (83)

It should be pointed out that except in the case when Q(t) is constant, exp Ef is
in general not a stochastic matrix for t40,1,2.... We shall add some remarks rela-
ted to this question at the end of the section.

(76) shows that the probability of an unessential state goes to zero for large ¢.
Asymptotically only the essential states are populated, and inside each of these
groups we approach a positive periodic distribution p;.(f), which is independent of
the distribution for { =0. However, the distribution between the g groups of essential
states depends on the initial distribution. To see how the initial probability distribu-
tion of the unessential states is divided between the groups of essential states we
have to solve eq. (72).

Substituting Pp(t)=P;(t) Crlt) (84)
we find from (72)

d

Jtom(t) ‘—'Pi-l(t) Qm(t)PIz(t)§ Cm(o) =0, (85)

or P(t) = Pyt) f :Pfl(r) Qir(t) Palz)d7. (86)
Introducing (73) and (75) we can write (86) in the form
Palt)=S0PF S7(0) Q) Pl
#5100 [ Foxp Bi6=7) ~ PPIST0) Qo) Pair: (87)

As Py(v) and exp B,(t —7) — P decrease exponentially for large v and { — 7, respectively,
whereas the other factors in the integrals are periodic and hence bounded, one
finds that the second integral in (87) tends exponentially to zero for large ¢, and the
first one approaches a constant value Pi%. This gives, with (78) and (80),

Pig(t) = Pico(t)a" P53 +0(e™), some y>0. (88)
We put br=aTPg%. (89)
b, is then a column vector with n, elements (nj is the number of unessential states),
which are non-negative: as a submatrix of the stochastic matrix P(t), Py(f) must
be non-negative for all ¢.

Collecting the results (79), (88) and (89) we have shown that P(t) goes exponentially
towards the asymptotic form

Proo(t)a” 0 | Proo(t)d

Pr@)=| o (90)

Powlt)a” | Dou(t)b
0o | o
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(90) gives the asymptotic distribution p.(f) from the distribution p, at ¢ =0 through

Pos (£} =P (1) Po. (91)

(90) and (91) can also be rewritten in the following way. We express the initial
distribution in terms of the component vectors belonging to the groups of essential
states and the group of unessential states:

Po= {01 Do1> -+ % Pogr “RPOR}, (92)

where py,, ... por are the normalized distributions inside each group, and «,, ™. x; are
non-negative numbers, whose sum is one.
Then we can write the asymptotic distribution in the form

Pwlt)= {(“1 + “RbTPOR)pr(t)’ (P “Rbg'POR)paw ®, 0}' (93)

Finally we make some comments on the following problem, related to the question
whether exp R;f in (73) can be chosen to be a stochastic matrix for arbitrary ¢ even
for non-constant Q(¢):

What are the conditions on a stochastic matrix P in order that it can be taken as
the transition matrix (over a time interval 1, say) of a homogeneous Markov chain
in continuous £, i.e. can be put in the form

P=expQ, (94)

where @ is real, has non-negative elements outside the diagonal and fulfills 7@ =0?
Evidently P must have a positive determinant and positive diagonal elements.
For n =2 these conditions are also sufficient. Namely, if

—a b
Q=< ), a, b real, non-negative, (95)
a —
. a __,—a-b b __ ,—a-b
, 1=pit—e P AU
we find exp Q= ) (96)
a _—a-by 7 _ b _ _—a-b
A A AL

and it is not difficult to verify that every stochastic 2 X2 matrix with positive dia-
gonal elements and positive determinant can be represented in this way for some
non-negative a,b.

But for n>2 these conditions are not sufficient. From (94) follows, with m chosen
so that @ +-m £ has positive diagonal elements, that

P=c"[B+(Q+mE) +}(@+mE)* +..] ®7)

This relation implies that in the normal form of P corresponding to (69) (where we
thus also, if necessary, subdivide Py in (67)) all submatrices in the diagonal must
be positive. In particular, if P is positively regular, it must be positive. But for
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n>2 it is easy to find a positively regular stochastic matrix with positive deter-
minant and positive diagonal and having an element equal to zero. Take n=3,
P51 =0, and all other elements >0, with the diagonal elements near to 1 to ensure
|P|>0. Such a matrix can also be taken to be generated by an inhomogeneous
Markov chain in continuous time by choosing

—~b(t) =z =«
Q)= 0 z af) (98)
bit) = =«
where a(t)>0 for 0<i<T; b(t)>0 for t>T;
a{t)b(#)=0, all £>0 (these relations imply (99)

a(t)b(t') =0, t=>¢>0).

z denote non-zero elements.

P(¢) is then evidently positively regular for {>7T, but a closer investigation of the
series expression for P(t) obtained from (21) shows that p, (t)=0, all 1>0.

IV. Asymptotic behaviour of the Markovian process for large ¢
in the time-periodic case

We shall now derive the asymptotic behaviour of G(x,t) for large ¢ in the case
where Q(t), A(t), and B(t) are periodic with period 1. As for the ordinary diffusion
equation we expect that the probability diffuses towards infinity in x-space. This
means that we should study P(t,p) for small p as t—oco.

As A(t) and B(t) are diagonal matrices, P(t,p) decomposes in the same way as
P(t), and we get equations analogous to (70)-(72). We first study the equation cor-
responding to (70), describing the behaviour inside a group of essential states. For
simplicity we omit the index 4:

7
7Lt 0)=[Q) +ipA(t) ~ §p*B@]P(t, p), P(O,p)=E. (100)

As for (70) we can write the solution in the form
P(t,p) =8(t,p)exp[ E(p)?], (101)

- where S(t,p) is periodic and S(0,p)=E.

We denote by A(p) the eigenvalue of P(1,p) which takes the value one for p =0,
and by A,(p) the remaining eigenvalues. From continuity follows that A(p) is well-
defined and a simple eigenvalue for p small enough, as A(0) =1 is a simple eigenvalue.
As an algebraic function of the matrix elements of P(1,p), which are integral functions
of p,2{p) is even an analytic function in a neighbourhood of p=0 (cf. e.g. 8], Ch. 5,
P- 125; this reference studies the case where the coefficients of the characteristic
equation determining A(p) are polynomials in p, but the proof applies also to the
case where the coefficients are analytic functions in a neighbourhood of p=0). Then
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also u(p)=InA(p) (principal value) is analytic in a neighbourhood of »=0, and we
have the expansion

Ini(p) =p(p)=p'p+ 31" P* +-.s (102)

convergent for p small enough.
In analogy with (75) we get from (74), using 4 =P(1,p) and f(A) =4’

exp[ B(p)t] —exp[u(p)t]-P*(p) =0(e™*), small p. (103)

If one looks a little closer at the way the polynomials Z;; of A in (74) are defined
(see [5]), it is seen that the matrix elements of Z; are bounded if p varies in a bounded
region of the p-plane. Since |4,(0)| <1, we can always find a 6 >0 such that

Reu(p)>Relnd(p) for |p|<é. (104)
Then the expression
exp[ —u(p)t]exp[ B(p)t] —P*(p) (105)

converges to zero as {—oo, uniformly in p for |p| <.

Exp[R(p)N]=[P(1,p)]", N positive integer, is an integral function of p. P*(p)
must then be analytic for |p| <d, because (105) shows that it is the uniform limit
of a sequence of analytic functions. It is also well known from the theory of functions
that in this case also all derivatives of the sequence of analytic functions converge
uniformly to the corresponding derivatives of the limit function. Applied to (103),
with ¢=N, this shows that all derivatives of the left hand side with respect to p
converge to 0 as {—>co, for p small enough. This fact will be used later on when we
derive expressions for 4’ and u”.

If we put p=1g, purely imaginary, in (100), it is seen that P(f,iq) is real. Then
A(tg) must stay real for small real ¢, as non-real eigenvalues of real matrices occur
in complex conjugate pairs, and A(0) is a simple eigenvalue. This means that in the
expansion (102) ¢’ must be imaginary (or zero), and u” real. We found in the be-
ginning of Section III that the eigenvalues of P(t,p), p real, are bounded by 1 in
modulus. Then " must be non-positive. We thus put

u' =im, u’'=-—2D. (106)

Expressions for m and D in terms of P(t), A(t), and B(t) will be derived below. We
shall assume

D>0; (107)
this is true, e.g. if B(t) is not identically zero.
We put p,=pV2Dx, (108)
t=Nt7, 0<t<l, tfixed, N integer, (109)
and study the limit as N—co of
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Puit, py) = e ™ P(t,p) = exp[ — 303 + O0(1/V2)18(z, p,/V2Dt) P(p,/V2Dt) + 0(e ™),

(110)
which is obtained from (101) and (103).
Then for any p,
lim Py(z, p,) =exp (— 3p}) peo(T)a”, (111)

where we have used (78) and (80). The convergence is even uniform in every bounded
set in the p,-plane, especially in any finite interval of the real p,-axis.
The probability density corresponding to Py(v,p,),

~ 1 [ .

Gy(x,, 7) = é-y;fPN(-r, p,) exp{ — 1P, 7,)dp,, (112)
where @, = (& — mt)[V 2D, (113)
. — [x—mi —
is related to G(z,t) by Gx,t)=Gy _VE, T /V2DL (114)

We now assume that the quantity b defined in (54) (cf. Theorem 4) is positive.
As B(t) is periodic, b increases asymptotically proportional to £, and introducing p,
from (108) into (56) we find that Py(z,p,) are bounded uniformly in N on the entire
real p,-axis by some Gaussian:

K Pu(z, p1)}ie| < 4 exp (—ap?), A and «>0 independent of N. (115)

Dividing the region of integration in (112) into two parts, |p,| <L and |p,| 2L,
respectively, and using (111) (which holds uniformly in |p,| <L) and (115) (which
shows that the contribution from |p,| >L is negligible, uniformly in N, for L large
enough), combined with

1 : 1
2 | <P (—%p“iﬂplwl)dpfﬁ;exp (—1ad), (116)
o 1
we find lim Gy(xy, 7) = Vo SxP (—328)pe(z)a’, (117)
—>o0 n

where the convergence is uniform in ;. As all Gy(,,7) are integral functions of z,
(cf. Sect. II), this uniform convergence implies the uniform convergence of all deriva-
tives to the derivatives of the right hand side of (117).

Introducing G(xz,t) with the help of (114), (117) can be written in a somewhat
unprecise way as

Gz, t) ~

exp ( _ (_“‘;"_"Qz) Po(r)a”, large t. (118)

VanDt 4D¢
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In a similar way the generalization of (72) to the case p+0 leads to

},im Piga(z, p,) =exp ( — 10}) Pioo(T) ], (119)
(x— mt)2) r
G, 1)~ — ioo(T)bi, 1 t. 120
or in(z, 1) o P ( i | Pe(® arge (120)

Here we have kept the index 7 to avoid confusion with Pg(f,p) etc. Hence p(7) in
(118) and p;.(7) in (119) are the same.

(118) and (120) mean that inside each group of essential states the disfribution
in x-space is asymptotically the same for all states and normal with mean value
mt and variance 2.Dt.

The assumption,b>0 enabled us to deduce the strong convergence {117) to the
normal distribution, using elementary methods. If we drop this assumption, (117)
is still valid in a weaker sense, as follows from a fundamental theorem for sequences
of characteristic functions (see e.g. [4] Ch. VII):

If a sequence of characteristic functions {f,(p)} converges for all real p to a con-
tinuous f(p) (which is then also a characteristic function), then the corresponding
distribution functions {F,(z)} converge weakly to F(z), the distribution function
corresponding to f(p). Weak convergence can be taken to mean that F,(x)—F(x)
in all continuity points of F(x).

Applied to our case this theorem implies that (117) is true if we take the limit
after integrating both sides over some fixed interval in ;. (118) and (120) should
be interpreted correspondingly. '

What we have found concerning the asymptotic convergence (in a strong or weak
sense) of (/(x,f) to a normal distribution carries over directly to the distribution
p(x,t) corresponding to an arbitrary initial distribution p(z,0), as one easily sees
from (37). No assumptions concerning the existence of moments of order >1 for
p(%,0) are necessary.

It remains to derive explicit expressions for m and D. We start from (103) for
t=N, differentiate two times with respect to p, and put p=0. This gives

(0P[op)(N,0) =Ny’ P= 4 (0P [0p) (0) +¢, (121)
(@*P|ap*)(N, 0) = Nu' P® + N2u'2P*™ + 2N’ (9P [ap)(0) + O(1). (122)

> and 0(1) denote quantities which vanish, or stay bounded, respectively, as N—oo.

As a"P®p, =1, (cf. (78)).
1
p' =lim < [a”(@Plop*)(N,0)p — {a”(2P[op)(N, 0)pe ] (124)

Equations for the derivatives of P occurring in (123) and (124) are obtained from
(100) by differentiating both sides with respect to p, cf. the remark at the begin-
ning of Sect. II:
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2107 GPlop)(E, 0)p.s] = iaA®) SO)pe (125)
at a”(@*P|op®)(¢, 0) poo] = 2ia” A(t)(@P[op)(t, 0)p TB)S(t) Poo- (126)
Here we have used
P(t)poo = S(t) eRtpoo = S(t)poo = Poo (t)7 (127)
cf. eq. (83), and
a’Q(t)=0. (128)

Furthermore, as a”(9P|ap)(t, 0)po, is a number, (125) shows that
g;[aT(aP/ap)(t, 0) P> =2ia” A(t) S(£) pooa” (0P[0D) (¢, 0) Poo- (129)
As poa”=P%, (126) and (129) give
a a”(3*P[op®)(t, 0) P — {a”(OP[0p)(t, 0) Do }?]
= —a"B(t) 8(t) po — 2iaTA(t) [S(£) P* — E](2P|op)(¢t, 0) Poo- (130)

For (0P/[op)(t, 0)p.. we have the equation
gt[(@l”lap)(t, 0) ] = Q(1)(0P[0p(t, 0) poo + 1A () P(t) Pes, (131)
which is solved in the same way as (72), see (84)-(86):
(0P|ap)(t, 0)po, = 2 P(t) f :e‘R’S‘l(r) A7) 8(7) poodr. (132
Introducing (132) into (130), integrating (125) and (130) from 0 to N, and observ-

ing that
P*P(t)=p,a”P(t) = P> (133)

we find the following expressions for m and D:
m= f (1) peo () (134)

2D= f B(t) poo( t)dt+2hm JdtaTA(t) (t)

o N

¢
xfodr[eﬂ‘t") ~ P]187Y(7) A(7) poo(T). (135)
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In (134) and the first term of (135) we have used the fact that A(f), B(t), and
Poo(t) are periodic. These terms are the mean values of the diagonal elements of
A(t) and B(t) over a period of the asymptotic distribution p.(f). The second term
in (135), which is the term we called the electrodiffusion component in Sect. I, is
non-negative, because even if we put B(f) =0, D is non-negative, as we have shown.

If A(t)=a(t) E, i.e. 4(t) has all diagonal elements equal, we get in (130)

aA(t) [S(t) P* — E]=a(t) [a"S(t) P* —a”] =0, (136)

i.e. the second term in (135) gives no contribution to D in this case.

We shall also give the somewhat simplified forms of m and D that areYobtained
if Q(t)=@ is constant, and hence S(t)=E, R=¢. A(t) and B{) have the Fourier
expansions

A(t)N z A,,eigmt,

B(t)~ 3 B,&*™, (137)

and for ¢ we can write, according to (74),

s mp—1

e°‘=P°°+ Z Z t“e_“ktzk'#_u. (138)

k=1 u=0
Here o, which are equal to minus the non-zero eigenvalues of @, have positive real
parts.

Using (137) and (138) in (134) and (135) we get after some straightforward calcula-
tions

m=a"AyPew, (139)
—nT S T Illi 140
2D=a opw+2”=§w k’zu(l (A—vZky+1Av)_poo (ak+1:27t1})”+1. ( )

V. Application to electrodiffusion. Generalizations

We now apply our general theory to the electrodiffusion equations (1), where

—ky k, u, 0 D, 0
Q=( ), A(t)=9(t)( ) B(t)=2( ) (141)
k, —k, 0w 0 D,

We assume k, and k, positive, and put
k=k, +k, (142)
As Q(t) is constant, P(#) is easy to compute, cf. (96):

1(102 +Ehe ™ Ey(1- e'“))

Pt)= e =2 , (143)
k(L—e™) kb +kye ™
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. . 1(k, K,
which gives P>== 2 . Poo={kolk, k |k} (144)
kl kl

Given initial normalized concentrations {c;(x, 0)}, we saw in Sect. IT that {ei=, 1)}
are for ¢ > 0 integral functions of z, provided D, and D, are positive. {¢,(z,t)} have
moments up to the same order as {c,(x 0)}.

We now assume ¢(t) periodic, period 2;r/w, with the Fourier expansion

gity~ > g.e, g.,=gr. (145)

As we assumed, for simplicity, a period 1 in Sect. IV, we must normalize the time
variable in (1), putting ¢’ = wt/2n, before we apply the formulas derived in Sect. IV.
Asymptotically we have the behaviour

1 :
{ey(@, 1), cy(@, 8)} ~ — exp( @4—1’)"—)) {kyfk, kyJ}, (146)
where m= %: (uyley + ugky) o, (147)
1 kyky 2 g |2

The results (146)-(148) are equivalent to those obtained by Thedéen, using a two-
state random walk model [3]. It should be remarked that our continuity requirement
on the function g(¢) is stronger than the condition of integrability assumed by Thedéen.

Finally we would like to mention some possible- generalizations of the problem
studied in this paper.

The generalization to the case where the z-space is m-dimensional, x = (zy,....%,),
is almost trivial, Instead of (8) we obtain

i ; a
S en-a0.% 180

o, 6xk] G, b), (149)

(summation from 1 to m over repeated indices) where e.g., of. (R 4),

B¥(7)= hm ;2. Q(x, T+ Av; 0, 7)dz, ..., dx,,. (150)

At

All A'(t) and B*(t) are dlagonal matrices. Positivity (or non-negativity) of the
diagonal elements of B(t) is generalized to positive definiteness (or posmve semi-
definiteness) of the diagonal elements of p;p, B'¥(t) as quadratic forms in p;. The
analysis in Sect. I is modified in an obvious way, whereas III is of course unchanged.
Corresponding to the results of IV we find inside each group of essential states an-
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asymptotic approach to a m-dimensional normal distribution, determined by m
first order moments m;¢ and {m(m + 1) second order central moments 2D, (D = D,;).
m; and D, are determmed by formulas obtained from (134) and (135) by proper
indexing of m, D, A(#), and B(t) in these formulas. In the last term in (135) we have
to form half the sum of the expressions with A,(¢)...4,(7) and A,(f)... 4,(7).
Probably less trivial is the generalization to the case n=oo, i.e. when we have a
countably infinite number of discrete states. We shall not consider this case here.
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