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Existence of  entire functions of  one variable 
with prescribed indicator 

By C. O. KISELMAN 

Let u be an entire function of one complex variable satisfying 

log[u( )] <AI#Iq+B (r  (1) 

for some constants A, B. The number 0 is positive and fixed throughout the paper. 
The indicator of ~t is the function 

p(~)= li-~ loglu(t#)l (~ec) .  (2) 

I t  is clear tha t  p is positively homogeneous of order Q and that  p(~)~<A [~[q if (1) 
holds. I t  also follows from standard theorems for subharmonie functions that  the 
regularized indicator p*, defined by 

p*(~) = limp(O), 
0-~ 

is subharmonic. However, it is known that  we always have p* =p. 
The purpose of this note is to provide a proof of the following theorem of 

V. Bernstein [1, 2] (see also Levin [5] and, for ~ = 1, P61ya [8]). 

Theorem 1. A /unction defined in the complex plane C is the regularized indicator 
o/some entire/unction satis/ying (1)/or some constants A and B i/ (and only i/) it is 
subharmonic and positively homogeneous o/order O. 

As noted above, the theorem can be improved by deleting the word "regularized". 
We shall not prove this here. 

Formulas (1) and (2) have immediate generalizations to functions of several 
variables; then p* becomes a plurisubharmonic function. In  [6, 7] Martineau has 
proved that  a function in C n is the regularized indicator of some entire function 
satisfying (1) for some constants A and B if and only if it is plurisubharmonic and 
positively homogeneous of order 0. His proof has the form of an induction on the 
dimension and relies on a more precise version of the same result in one variable 
given in Levin [5]. I t  might be a justification for printing the present proof of 
Theorem 1 that  it gives a more unified proof of the characterization of regularized 
indicators when combined with the induction step in [6, 7]. To be precise, the induc- 
tion in such a proof could start with a function satisfying the estimate (6) below 
which could then be extended successively in analogy with Lemma 4 of [6]. The 
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paper  also serves to illustrate the fact that  the estimates for the ~ operator given by  
H6rmander  [3] are non-trivial even in one variable. 

Let  F be a given subharmonie function which is positively homogeneous of order ~. 
To prove Theorem 1 we shall construct an entire function u with indicator19 u satisfying 

19u(1) = F(1), 19u(~) ~< ~'(~) (~eC). (3) 

Let  us first observe tha t  this implies the desired result, viz. tha t  19" = F for some entire 
function v. (Using integral transformations one can prove tha t  19" =19 so that  the 
regularization is unnecessary.)This is proved by  a category argument  which has been 
carried through by  Martineau [6, 7] (cf. also a remark in [4]). In  fact, the space of 
all entire functions satisfying (1) for some constants A, B and with indicator~<F 
is a Frdchet space with the topology defined by  the norms 

sup lu( )l 
~GC 

where G is an arbi t rary  continuous function which is positively homogeneous of 
order Q and > F at  every point on the unit circle. I t  is easy to see that  F is 
continuous (the function ~-> F((a~)l/e) is locally convex) so it suffices to take G of 
the form G(~)=F(~)§ 1, 2, ...). Let EF be this Frdehet space. Suppose tha t  
we have found u E E~ with p~(O)=F(O) for any  preassigned 0 E C (it is of course 
enough to do this for 0 = 1). Then Ea is meager in Ep by  the Banach theorem pro- 
vided G ~< F, G # F .  Here G, as well as Gj and H below, are assumed to be conti- 
nuous and positively homogeneous of order ~). Hence Uj~IEc j  is meager in E~ if 
G~ ~ F,  Gj :4: F(} = 1, 2, ...). But  it is easy to find a sequence of functions Gj ~< F, 
Gj =4 = F,  such tha t  H ~< Gj for some ~ if H ~< F,  H =4 = F. Therefore all functions in EF not 
in LJ Eaj must  have regularized indicator 19" equal to F. 

To find u satisfying (3) we shall use the following adoption to supremum norms 
of Theorem 4.4.2 in H6rmander  [3]. 

Theorem 2. Let G be a 191urisubharmonic /unction in C n. For e v e r y / o r m / E  C(~, 1)(C n) 
satis/ying 

~I=0 and II(~)l<e~% 

there exists a /unc t ion  u E C ~r (C n) with 

~u=/ and lu(~)l<<-e'% 

where H(~) = sup G(~ § 0) § a log (1 § I~12) § b. 
IOl~<l 

Here a may be taken as an arbitrary number > 1 § n/2, and b is a constant which depends 
only on a and n. 

As to the notat ion in this theorem we only mention tha t  C(~.~)(C n) denotes the 
space of forms of type (0, 1): 

/ =  ~ / j d S j  

with C ~ coefficients/j; ~ / i s  defined by 

~Zk 
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whereas ~u for u E Cr162 n) is given b y  
~u 

~u = y ~ ,  d~,, 

a form of t ype  (0, 1). Note  t h a t  ~)t=0 is no condition when n = l .  For  other  notions 
we refer to H S r m a n d e r  [3]. 

We shall t ake  an  entire funct ion u satisfying (3) of the form 

u = g - h v ,  

where h is the  entire funct ion 

h(0  = ~] (1 - 2-J0 
1 

with zeros a t  2 j ( j = l ,  2 . . . .  ), and  g, v are C ~~ funct ions to be described present ly .  
Le t  q E C~(C) be  a funct ion which is zero when ]z ] 1> 1 and  equal  to one when ]z ] ~< �89 
0 ~<~ ~< 1. We shall define g b y  

g(~) = ~ ~(~ -- 2 i) e F(21). 
1 

I t  is then  clear t ha t  gE C~(C) and  t h a t  

u(2 j) = g(2 j) = e~(2b. 

Hence,  if Pu is the indicator  of u, pu(1)>~F(1). I t  remains  to define vEC~(C) so 
t h a t  u becomes analyt ic  and  Pu <~ F. T h a t  u is analyt ic  means  t ha t  

0 = -~u = -~g - h '~v ,  

i.e. ~v = / ,  

1_ 
where / = ~ g  E C(~, 1)(C), 

I t  can easily be p roved  b y  es t imat ing  the  factors  ( 1 -  2-J~) const i tut ing h t h a t  for 
some cons tant  C1, 

1 
Ih(OI 1>-  >o, 

G't 

when �89162  ( i =  1, 2 . . . .  ). 

Hence,  if C 2 is chosen so large t ha t  

I~1 < c~, 

1 _ 
I/(0[ = h-~ ~g(0 < v,  v~ e ~(~'>, (4) we obta in  

when I ~ - 2Jl ~< 1. Define 
G(~) = s u p  F ( ~  + 0).  

IO1~<1 
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I t  is easy to see tha t  G is also continuous and  subharmonic.  We obtain f rom (4) t ha t  

I 1(~)I < ol c2 e ~<:> 

for  every ~eC,  for either 1(~)=0 or else we can find a ] such tha t  1~-2 j] < 1 and 
use (4) for this j. We can therefore apply Theorem 2 to find a v E C~176 with 

-~v=/ and  Iv(~)l<~C3e~<:) (~EC), 

where C3 is a new constant  and 

H(~)=supG($ +O)+alog(l +l~12)<~supF(~ +O)+alog(l +l~]2). (5) 
IOl~<t IO1<2 

Now u = g - h v  is certainly analytic,  and 

l u($)l -< g(~) + I h($)l I v($)l -< e ~162 + I h(~)l c~ e'(r 

But  it is well known tha t  h is of order zero, hence for any  e > 0  there are constants  
A and C a such tha t  

lh(;)l < O,e~'< 
(C4= 1 will do.) We finally arrive a t  the inequali ty 

l u(~) [ < o~ e "<~)+~l~'~. (6) 

I t  now follows in view of (5) and  the cont inui ty  of F tha t  the indicator Pu of u satisfies 
Pu <<-F provided only e<~.  The proof is complete. 
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