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L e t  f(z) be an entire funct ion (of n variables) of f ini te  order ~ and normal  t ype  ~. 

We then define hr(z) ~- l i m r ~  r -~ In If(rz) [, r > 0 (resp. he(z) = limj,I_~ ~ lu[ -~ In If(uz)], 

u e C) and the smallest upper-semicontinuous majoran t  h*(z) = iim~,_~z h,(z') (resp. 

h*(z) -~ limz,_~z h~(z)). This is plurisubharmonic and  satisfies the condition h*(tz) = 
teh*(z), t > 0, (resp. h * ( u z ) =  lufOh*(z), u e C); it  is called the radial  (resp. 
circular) indicator function of f .  

For  n = 1, the funct ion h~(z) is continuous,  and so h * ( z ) =  h~(z) (see [4] 
or L e m m a  1 below), bu t  this is no longer necessarily the case for either h*(z) or 
h*(z) for n > 2, [3]. I n  [1], we under took a s tudy  of the  relationship between the 
dis tr ibut ion of the zeros of f ( z )  and the  local cont inui ty  of the function h*(z). 
We investigate here a condit ion on the zeros which implies the  global cont inui ty  
of h?(z). 

I f  the funct ion f ( z )  as a function of several variables depends only upon a 
single variable, say z 1, and  f(O) ~ O, t hen  h*~(z) = hr(z) and the  two are con- 
t inuous.  The zeros are then  presented by  hyperplanes parallel to the hyperplane 
z 1 -----0. We generalize this result  in the following way: 

THEOREM. Let  f ( z )  be an entire func t ion  of  order ~ and normal  type ~ such that 
f(O) r 0 and the zeros of  f ( z )  are hyperplanes.  Then  h*(z) = hr(z) and there are 
constants T (depending only  on a and ~) and ~ (depending only on ~) such 
that lhr(w) - -  hr(w')l <__ Tllw - -  w'll ~ for  Itwll : IIw'll : 1. I n  particular,  h*(z) is 
continuous.  

R e m a r k  1. We will assume, wi thout  loss of generality,  t ha t  we use the Euclidean 
norm. The value of T depends upon the choice of the norm, but  a is independent  
of the norm chosen. 
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_Remark 2. I f  f(z) is a function of only one of the variables, then elementary 
considerations show that  the exponent we get is rain (1, ~). The ~ we construct 
can be chosen to be c~>min(1 ]3 ,~ / (2~-~  1 ) ) - - ?  for any y > 0 .  

~emarIc 3. The function h~*(z) does not depend on what point in C" we choose 
as origin [2], so the assumption that  f(0) r 0 does not effect the conclusion that  
h~(z) is continuous and satisfies the Lipsehitz condition above; b u t i t  does of course 
effect the fact that  h~(z)= h~*(z). 

The proof will be established by  classical methods pertaining to functions of a 
single complex variable. We shall first need the following results: 

LEM~A 1. Let f(u) be an entire function of a single complex variable and h~(u) 
its indicator function. T h e n  there exists a constant K o (depending on Q and (~) 
such that 

Ih(e '~ - -  h(dO')[ < K o [ e  ~~ - -  d o ' l .  

Proof. Let K = max 1(~/2) h(e ~~ see s (Qq)12[ with 10~-- 011 < q < z/~ and 
0 1 < 0 < 0 e .  Then [4, p. 54] 

h(d ~ -- h(ei~ 9 h(e ~~ --  h(e~O,) 

s ine (0 - -01)  --  s inQ(02-01)  
§ K(O~ - o) .  

A similar inequality exists for 0 and 02. Choosing 102 -- 011 ~ ~/4~, we get the 
desired result. Q.E.D. 

LE~MA 2. Let f(u) be holomorphic in the circle ]ut ~ 2eR, u complex, with 
f(0) = 1, and let ~ be an arbitrary positive number not exceeding 3e/2. Then inside 
the circle lu] ~ t~ but outside a family of excluded circles the sum of whose radii is 
not greater than 4~R, posing M(B) = maxl.i= R if(u)l, we have 

( in [f(u) f > -- 2 + In In M(2eB).  

Proof. The proof is to be found in Levin [4, p. 21]. 

LEMMx 3. Let the function f(u) be of order ~ and type o. Then there exists 
6 o (depending only on Q and (~) such that for each choice of the positive numbers 
(~ and co (with ~ ~ (~o and 0 ~ co ~ 1), there corresponds on each fixed ray 
arg u = 0 a sequence of intervals rn ~ r ~ (1 ~ d)rn (rn -~ ~)  on each of which, for 
suitable constants T 1 and T~ (depending only on ~ and o) the inequality 
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In !f(re'+)l 
r ~ 

- =+J  > [h(e ~~ T g ~ - - T 2 6 ( 2 + l n  ( 1 +  = h(e'O) - -  g ( 6 ,  ~o) (1)  

is satisfied except perhaps on a set of measure not exceeding o~6r,. 

Proof. Without loss of generality, we may  assume 0 = 0. There is a sequence 
of r~-+ oo such that  In If(rn)] > [h(1) -- 6]r~. Assume 6 < 1/2e. There exists 
an R~ such that  for r > R~, in If(reir < [h(e i~) d- 6Jr -~ [4, p. 71]. 

By Lemma 1, for [r _< sin-~(2e6) < K'6, In [f(re~)] < [h(1) ~- (KoK' ~- 1)6]r -~ 
Let ~,(u)----f(r~+u)/f(rn).  Then ~p,(0)- 1 and for ful <2e6r~, 

In I~,(u)I < (KoK' -}- 2)5(r~ Jr lul)< 

Applying Lemma 2, we see that  for }ut _< 6r,, 

In ]~,(u)] > - - ( g o K '  J- 2)6(2 -}- In (2e/~o)) (r, -}- 2eSr,) e 

outside exceptional circles the sum of whose radii is less than ~o6r,/2. Returning 
to the function f(u), wee see that  asymptotically 

In If(r)[ > [h(1) -- 6 -- (KoK' + 2)6(2 s In (2e/w))(1 + 2e6)e]r[ (2) 

is satisfied for (1 -- 6)r~ _< r _< (1 s 6)r, except perhaps for intervals the sum 
of whose lengths is less than (o6r~. Since f(u) is of type o, for 6 sufficiently 
small (depending only on o), 

a I-- (1+6)~ <(0+1)~ 

and hence 

In If(r) l 
r ~ -  > [h(1) -- o6(~ + 1) -- 6 -- (KoK' -}- 2)6(2 -{- In (2e/co)) (1 s 2e6) el 

holds wherever (2) holds. Q.E.D. 

L]~M~I.{ 4. I f  f(u) is holomorphic in the circle [u] < er with f(O)---- 1 and i f  
n(r) is the number of zeros of f(u) of modulus less than r, then n(r) < M(er). 

Proof. This is an easy consequence of Jensen's formula (cf. [4, p. 15]). 

L E ~  5 (Cartan estimate). Given any number H > 0 and complex numbers 
th . . . . .  a~v, there is a system of circles in the complex plane the sum of whose radii is 
2H such that for all u lying outside these circles, l--[N=1 [U -- a~[ > (Hie) x. 

Proof: See [4, p. 19]. 
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LEPTA 6 (Carath6odory inequal i ty  for the  circle). I f  f(u) 
morphic on the circle lu[ G R and 

is any function holo' 

2 r  
A(r) -- m a x R e f ( u ) ,  then M(r) < [A(R) --  Re  f(0)] R ~ - - r  + If(0)[ (r < n ) .  

I-I=~ 

Proof. See [4, p. 17]. 

Proof of theorem. The  proof,  which is quite long, will be divided into several parts .  
(i) Le t  ~ > 2 be some f ixed  number  to  be specified la ter  and let s ~ IIw - -  w'[] 

be so small t h a t  

e 1/~ < m i n  ~ , ~o (3)  

where L e m m a  3 is satisfied for 6 < ~0- Then  b y  L e m m a  3, b y  choosing ~ ~ ~o = e ~/~, 
we can f ind  a sequence r . - +  ~ such t ha t  h~(w) , 1/~ ~1/~) - -  gte , __< r -e in If(rw) l for 
r ,  < r < (1 q- el/r except  perhaps  on a set of  measure at  most  e:/r Thus,  for 
r,, suff icient ly large, we have  for r ,  < r _< (1 q- ~/r 

in If(rw)] in ]f(rw')] 
hr (w)  - -  h ~ ( w ' )  - -  g(e  1/~, e 11;) -- ~ ~ re re (4) 

except  perhaps  for a set of  measure at  most  ~2/$rn. 
(ii) Since f(z) is of t ype  0, there  is a constant  C > 1 such t h a t  

If(z)[ <_ C exp (a q- �89 

For  I[~]1 = 1, we def ine the  funct ions n~(r) to be the n u m b er  of zeros of f(u~) 
for Iul < r .  B y  L e m m a  4, n~(r) < l n M ( e r )  < l n C - 4 -  (aq-1)e~r~ < ( a q -  1)e~ ~ 
for r suff icient ly large. In  wha t  follows, we shall always assume tha t  r ,  is so 
large t h a t  this inequal i ty  holds for r > r,. 

I n  the complex line (uw'), we construct  concentr ic  circles Ci~, centered a t  
the  origin, of  radial  increment  6~2/~r,, with  the  radius of Con being r,~ and all 
the  radii  less t han  or equal  to (1 -}- el/~)r,. This defines a set of annuli,  and at  least 
one of the  annuli  will not  contain " too  m a n y "  zeros of the fm~ction f(uw'). The 

[ ~1/% ] 
number  of annuli  is [6s :/;r,~-~,] (where [] means  "grea tes t  integer in") ,  and since 

1 1 
by  (3), 6el/: > 2, we have  ~ > 12e~/:. Since there  are a t  mos t  

(o -~- 1)e~ -1-- el/~)'~ zeros inside the  circle (1 + e~/r a t  least one of the  annuli  
has no more t h a n  (a -~ 1)e~ q- el/r 1/r < 12(o q- 1)(2er.)~ 1]: = Tae~!r 
zeros of  the  funct ion f(uw'). We shall select one such annulus and designate i t  ~9.. 

(iii) L e t  the  zeros of f(z) be the  hyperplanes  (1 --~.,.N= 1 C~mZ~) and let  A~ = 
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~,~_~ c~,~w~. Let  H'(1 --Ainu) be the  product  over those indices m for which 
f (uw')  has a zero in ~2~ (at most  TacklerS). By L e m m a  5, there is a set of circles 
the sum of whose radii  is ~21:r~ such t h a t  for all n lying outside these circles, 
I I ' l u -  IIA,~ I ~ (e21~r,12e) ~ (where Z is the number  of zeros). Since l l[A~ I ~. 
r~(1 q- e~l;) ~ 2r~, for u lying outside these circles 

III'(1 - -  A~u)l ----- [ I ' [ A ~ I I I '  u - -  ~ ~-- \ ~ - e !  ~ \ 4 - e /  " (5) 

Thus, we can f ind  an r, r ,  ~ r ~ r~(1 q- el/C)r~ for which rw' E $2~ such tha t  (4) 
and (5) hold simultaneously and such t h a t  the circle Q, centered at  r (in the 
complex line (uw')) of radius e2lr is contained in /2,. 

Le t  us now consider such an r. 
(iv) We have f(rw) : f(rw' -k (w -- w')r). Let  ~b(u) ~-f(rw'  -I- u(w --  w')/e ). 

Then r ~ f(rw) and ~(0) : f(rw'), and r is a holomorphic funct ion of the 
single complex variable u, so In ]r is subharmonic; thus  

In I f ( r w ) l -  In If(rw')l = In l r  In Ir ~ m a x { i n  lr ~ In lr (6) 

We also have 

l r 1 6 2 2 4 7  (7) 

for  lul <_ r. 
(v) Le t  D~ --~ ~ c,m(w, --  w~ )/e and let H(u) : H"(1 -- A,~r --  Dmu)/(1 -- A~r), 

where the product  II" is t aken  over all indices for which (1 -- A,~r --  D,~u) has 
a zero for lu] ~ s2/~r. I f  fo(V) ~ f(v(w -- w')/s) is the function f restricted to the 
complex line (v(w - -w ' ) ) ,  t hen  the  numbers  D~ are just  the  reciprocals of the 
zeros of fo(v). We shall use this fact  to get  estimates on the numbers  D~. We 
assume, wi thout  loss of generali ty,  t h a t  the subscripts are so arranged tha t  
1Dml ~_ ID,~,i for m ~ m'. 

Le t  ~(u) =r  Then y~(u) has no zeros in [u[ ~e : / ; r ;  hence, for 
lu) ~e2/;r, it  can be wri t ten ~0(u)~ exp/~(u), where #(u) is holomorphic in 
Iu[ ~ e2/;'r. We have 

1 
m a x  I~(u)l < m a x  t~(u)l < m a x  m ~ x  I~(u)I �9 

luT=~21r --1-1=~ - - I - i  =~ ~ I-I =~ 

Since (1 -- Amr -- Dmu) has a zero for ]uI ~_ ~2/<r, ]1 -- A~r] --  ]D,~l~2/Zr ~ 0 
or 1/e2/Zr <_ ID~]/I1 --A,~r], so ]1 --D,~u/(1 --A.~r)] ~ ]D,.Ir/ll --A,~rl - -  1 
r/s~/~r ~ 1 ~_ 1 for [u I : r by  (3). Thus maxl,/=~:/~l~(u)] ~ maxl.l~l~b(u)] 
e x p ( a q -  1)2~r ~ by  (7). Since In IW(u)] = Re#(u )  for [u] ~ s2/~r, we have by  
L e m m a  6, 



28 LAVVREIqCE G R U M A ~  

2er 2I~ < m a x  {in [~(u)l - -  In I~(0)i} < A._.(0)(~ r )  e=/~r - -  e r  - -  
I-I=~r 

4(a  + 1)2~r% 1-2/~ 
--< ( I  - -  e I-~/~) = T4r%l-2/~" 

(vi) Since r  = H ( u ) ~ ( u ) ,  

(8) 

m a x  in l r  < m a x  In !H(u)[ + m a x  tn lyJ(u)] 

a n d  since H ( O ) =  1, 

m a x  In  Ir l - In  Ir i ~ m a x  In [~v(u)[ - In  l~v(o) l + m a x  In IH(u) I �9 (9) 

I t  r e m a i n s  to  e s t i m a t e  maxlu I =~r In ]H(u) [ ---- m a x l .  I =~r in I I I"(1 - - A m r - - D m u ) / ( 1  - - A , . r )  l. 
I f  m is such  t h a t  (1 A , . u )  h a s  a zero in  ~2., w e  h a v e  b y  (5) 

[ I I ' " ( 1  - -  Amr)l ~ \~e /  

(where  H " '  is t a k e n  o v e r  all  indices  in I I"  for  w h i c h  th i s  is t rue) .  H e n c e  

H ' " ( 1  - -  Amr) --< Tael/r e ~ -< Tael~r ~ " 

Since ( 1 - -  Amr - -  D~u)  has  a zero in  Iu] <_e2/~r, s a y  a t  q~, 

(10) 

l(1 - -  A , . r  - -  D, .u)[  = IDmllU - -  q.~T ~ 2e2/;r[D,.[ ~ (1 + 2e2/;rID.,T) 

a n d  

in  [ I I ' " (1  - -  A, . r  - -  D,.u)l < ~'" 111 (1 + 2e2/~'rlD.,t) . 

~ o r  all o the r  m in  YI", e i the r  1/]Aml <__ r - -  e2/;rn or  l / jAm] >_ r + e2/;rn. 
I n  t h e  f i r s t  case,  ]1 - -  Amr  I >__ [Amlr - -  1 ~ e21~rnIA.~] a n d  since 

1 e 2/~ 
- -  < r . ( l + e  ' / ; ) < 2 r . ,  [ 1 - - A . , r ]  > - -  
IA~I 2 

I n  t h e  second  ease,  ff  [Am] < 1 /2r .  

r 

I 1 - -  Amr[ >_ 1 - -  [A~lr > 1 - -  2r--~ >- 1 - -  
(1 + 8 ll~) e 21~ 

> - -  
2 - -  2 

b y  (3)  a n d  i f  IA. .[  > U 2 r . ,  

e2/~ 
fl  - -  A, .r]  >_ 1 - -  r ]A . .  I >_ e2/;r, IA,.[ ~ ~ -  . 
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In  any  case, for Iu[ < ~r 

In ( 1 -  A ' r -  D'~u) ] In ~lD~lr I 
(1  - -  A.,r) < 1 q- i1 _ A.~r] < In (1 -}- 2~l-2/~ID,~lr ) 

for these m. 
By  L e m m a  4, there are a t  most  (a -~ 1)ee2ere values of m for which 1/[A~[ ~ 2r 

and at  most  ( a -~  1)ee2er ~ values of  m for which 1/]D~[ < 2r. I f  :[A~] < 1/2r 
and ID,~I < 1/2r, 

I1 -- Amr -- Dmul > 1 -- IA,,Ir --  IDmle2/~r > 0 for tul < e2l~r, 

so there are at  most  2(a ~- 1)eQ2er e = Tsr e values of m such t h a t  (1 -- A,~r -- D,~u) 
ha~ a zero for lul ~ s2/~r. Hence 

max  In lH(u)I ~_ Tasl/;r e lnte- ~ -~  ~ In (1 + 2~x-2/CrID~I). (11) 
]ul =~r m = I  

(vii) Le t  A(r) = ~[T~e] ~ = ~  In (1 -~ 2~l-2/CrIDml). We now es t imate  this sum, We 
choose m 0 so large t ha t  ln C < m / 2  for m > m  0. Since 1/IDol, m =  1, 2 . . . .  
represents the  zeros of fo(V), we have by  L e m m a  4 

1 
In C q- (a -k 1) e ~ ID.,I__ ~ > m 

1 m 
and  for m ~ _ m  o, 

Or [ 2 ( 6  + � 8 9  1/e m - l I e  = T 6 m  - l I e  > ID ta I  . 

Then  

m. [ T~ re] 
A(r) ~ ~, In (1 ~- 2~I-21r ) + ~, In (1 + 2eI-2/;ID~lr ) ~ o(r ~) -~ Al(r ) , 

m =  l m~rno-~- I 

where 

Le t  y ~ rx -lIe. 

(12) 

TsrQ 

Al(r ) : / ' ] n  (1 + 2ei-2/~x-1/eTj)dx i 

rtt o 

In tegra t ing  by  parts,  we have 

Al(r ) ~ r e f In (1 -~ 2ei-:/~Tdj)d(y -e) 

rm ~ -- 1/e 
r m , o  - -  l ie 

e T~ -1]e_llefl J f  (1 2el-2]~T6Y-e : r e {ln (1 -~ 2eI-2/~Tsy) �9 y -  ] -~ r e 2~i-21~T6y) 
T~-- l ie  

dy 
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and since In (1 -}- 281-21CT6Tf lie) < 2e~-2/r ~[e, we have 

For 

since 

for 

rm ~ -- 1 [0 

- 1 f 2e 1_ 2/r A(r) < rO2el-2/r ~ -+- r e 
- -  J (I -~- 2ei-2/$T6y)  

T~ - -  1 [e 

Q < I ,  

dy + o(~). 

rmo " l /q co 

f 2el-2/$TY dy < f 2eI-2/$T6y-e 
(1 -~ 2el-2/r -- (1 -~- 2el-:/;T6y) dy 

Ts--I/@ 0 
oo 

f W-- ~ e~(!-2/O(2T6)e (1 ~- w--) dw <- e~(1-2tO(2T6) ~ze cosec Qzr 
0 

f;w -O/(1 + w)dw-- cosec for < 1. ? g  Q 

f o r  ~ : 1, 

rm o -  I [Q rm o-  l/q 

f y(1 + 2.l-2/'T6y)dy ~-2.1-2/$T6 f - (1 q2 2.'-'/'~.y)J dy 
T.--lle Tn--lle 

I{ y "m'-"~ 1 

fm~ ] - -  In ('1 T51]" ]I 
+ 

<_ 2ex-2/~T6 in+ 3e,_~/;TG A- q 

r sufficiently large. 
For  Q > 1, 

r m  ~ - -  1/~ r m  a - -  1/e 

f (l+2d-~:;T6y)fdy<--2d-~I;T. f 
T~-- I/Q T~-- I/Q 

In T 5 -4- In (1 -4- 2ex-2/;T6T51/~)} 

(13) 

(14) 

(14') 

__ fy-~+ '  ] rmo - 1 / q l  
dy < 2 ~ x _ 2 / r  
y~ - -  [1 - -  0J r.-1/~ ] 

2ca-2/; e./1 ~-1 281-2/~ 1 - - q  (14") 
< - -  T6{T5 ~ --rl-Vmo o } < - -  T6Ts~ 
-- @--I -- @--1 

B y  collecting the est imates (4), (6), (8), (9), (11), (12), (13), and (14), (14'), or 
(14") (as the  case m a y  be), we have  

h.(w) - h.(w') <__ ~(~) , 
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where  k(e) invo lves  t e r m s  in  e ~/r e ~-21r a n d  for  ~ < 1, e ~(~-21;) ( t imes l oga r i t hmic  

terms) .  Thus ,  for  ~ > 1, we choose  $ = 3, and  for  ~ < 1, we choose  ~ = 2 -}- 1/~. 

T h e n  

1 
h~(w) - -  h,(w') < Te  ~ In  - -  

whe re  

B y  revers ing  t he  roles  o f  w a n d  w',  we get  

lhr(w) - -  h,(w')l  < TIIw - -  w'l[ ~-y 

f l - - - -min  3 ,  2 e @  1 . 

for  a n y  ~ >  0 .  
Q .E .D.  

COROLLARY. Under the same hypotheses as in  the theorem, we have 

h*(z)  = he(z) 

and 

[he(w) - -  h,(w')[ _< T]lw - -  w'lj ~ for  liwll = Iiw'll = 1 .  

Proof .  he(z) -~  supoh(ze  ~~ [3, p. 288]. 
One  is i n t e re s t ed  t o  ask  w h a t  k i n d  of  a f u n c t i o n  can  h a v e  a n o n - c o n t i n u o u s  

ind ica to r .  I t  is clear, a t  a n y  ra te ,  t h a t  such  a f u n c t i o n  c a n n o t  be  c o n s t r u c t e d  b y  
t a k i n g  the  p r o d u c t  o f  func t ions  d e p e n d i n g  on  one var iable .  
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