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1. Introduction 

Let  n denote a positive integral variable and x denote a real variable, usual ly 
> 3. Le t  Ix] denote the  greatest  integer <_ x and  {x} = x -  Ix], called the  
fractional par t  of x. Le t  r denote the Euler  to t ien t  function,  which is defined 
to  be the  number  of positive integers < n and  relatively prime to n. I n  1874, 
F.  Mertens [3] proved t h a t  

3 x  2 
r -- ~r 2 @ O ( x l o g  x) ,  (1.1) 

n<_x 

a proof  of which m a y  be found in m a n y  books on number  theory  (cf. [2], Theorem 
330). I t  can be easily shown tha t  

2x a 
r --  ~2 ~- 0 @  2 l o g x ) .  (1.2) 

t t ~ x  

Let  ~b(x), q~'(x), E ( x )  and E ' ( x )  be defined by 

�9 (x) = y~ r r = ~ r {1.3) 
n < x  n < x  

3x ~ 3x 2 
E(x) = ~ r  = r  ~r 2 , (1.4) 

n < . x  

and  

2x 3 2:c3 
E ' ( x )  = ~ r  ze ~ - -  r  ~ . [1.5) 
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The best known 0-estimate of E(x) is due to Arnold Walfisz (cf. [11], Satz 1, 
p. 144), who proved tha t  

E(x) = O(x log m x(log log x) 4j3) . (1.6) 

In 1930, S. S. Pillai and S. D. Chowla [4] proved that  

3x 2 
~, E ( n ) -  2:~ + 0@ 2) (1.7) 

n<_x 

and also that 

E(x) :/: o(x log log log x) .  (1.8) 

In  1931, M. L. N. Sarma [6] disproved the conjecture of J. J. Sylvester ([8], 
[9]), namely E(n) > 0, by showing that  E(820) < 0. 

In 1951, P. Erd6s and H. N. Shapiro [1] proved that  

E(x) ~ r2• log log log log x) . (1.9) 

In this paper we prove that  

x 

f E(t)dt = O(x25(x)) (1. lO) 
1 

and improve the result (1.7) to 

3x 2 
.~(n ) -- + O(x2~(x) ) (1.11) 

n < x 2y~2 ' 

where ~(x) = exp (-- A log 3/5 x(log log x)-!iz), A being a positive constant. 
Further,  we prove on the assumption of the Riemann hypothesis that, 

x 

f E(t)dt = O(x9/5w(x)) (1.12) 

1 

and 
3 x  2 

E(n) - 2~ 2 + O(x9/5w(x)), (1.13) 
n ~ _ x  

where w(x) = exp (A log x(log log x)-l), A being a positive constant. 

2. Preliminaries 

In  this section we state some known results which are needed in our discussion. 
We need the following best known estimate concerning the MSbius function #(n) 
obtained by Arnold Walfisz [11]: 
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L E M ~  2.1 (cf. [11]; Satz 3, 1o. 191). 

M(x) ~- ~ #(n) = O(xS(x)) , 
n < x  

w h e r e  

b(x) = exp (--  A log 3/~ x(log log x) -~/s) , 

A being a positive constant. 

(2.1) 

(2.2) 

L:SM~A 2.2 (cf. [7], L e m m a  2.2, s = 2). 

n~ - :~ + 0 . (2.31 
n < x  

L]~M~A 2.3 (cf. [10], Theorem 14--26 (A), p. 316). I f  the Riemann hypothesis 
is true, then 

M(x)  = ~ ~(n) = O(x'/%(x)) , (2.4) 
n ~ x  

where 

A 

o)(x) = exp (A log x(log log x) -1) , 

being a positive constant. 

(2.5) 

LEMM~ 2.4 (ef. [7], L e m m a  2.6, s = 2). I f  the Riemann hypothesis is true, then 

/t(n) 6 
n~ - ~ + O(x-3/2o~(x)).  (2.5) 

LEMMA 2.5 (cf. [5], Lemma,  p. 279, p. 765). Let f(n) be a function of a positive 
integral variable, and suppose 

f(n) = g(x) + E(x) , 
n < x  

where 
x > l .  

(2.6) 

g(x) is twice continuously differentiable, and g"(x) is of constant sign, for 
Then 

x 

E(n) = �89 g(x) -+- (1 - -  {x})E(x) + f E(t)dt + O(ig'(x)I ) + 0(1) .  (2.7) 
n < x  

1 

3. Proofs of (1A0) and (1.11) 

I t  is well-known (cf. [2], (16.3.1) t h a t  r  ~ #(d)& 
d ~ n  

Hence 

r = ~ ~(d)~, (3.1) 
n < x  d~<_x 
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where the summation on the right being taken over all ordered pairs (d, 5) such 
that  d6 < x. 

Let  0 < ~ = ~(x) < 1, where the function ~(x) will be suitably chosen later. 
I f  d~ < x, then both d > ~x and 6 > ~-x cannot simultaneously hold good. 
i:[ence from (3.I), we h~ve 

~r  = ~ ~(d)~ + Z ~(d)~-  Z ~(d)~ 
d,$ <_ x d$ < x ,~ <_ ~,--~ 

= S, § S2 - $3, say. 

~TOW, 

1 s,__ 5z(4) = Z z(a) 
d < o x  d<_:ex d ~ q x  6 < x _  _ ~  

d ~ < _ x  -- d 

Hence by (2.3), 

~(a) ~ + = 

2 a a<_ex 
+ ~- ~ ~(d) § 

d ~ ~ox d <~ ~x 

x ~ ~(~x) - x  ~ ~(n) I x  + o ( z x ) +  - -  

n ~ Q x  ~b rr 

We have 

- -  + O(ex) + O(xe-~(qx)).  

(3.2) 

+ O(ex) 

(3.3) 

S~= 5 #(d)d= 5 n 5 lu(d) = 5 nM = 0  I , 
g<~O - ~  n < e  - ~  d % X  n < e  - a  n 

d~ <_x n 

by (2.1). Since ~(x) is monotonic decreasing and x/n > ~x, we have ~{x/n) < ~(~x). 
Hence 

s2 = O(x~(Qx) ~ 1) = O ( x e - ~ ( e x ) )  . (3.4) 

Also, we have 
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d <_ ~ox ,~ < ~o--' d <_ ~ox ii <_ O - 1  
lJ < --'. _o~ 

= O(e-2 .~x~(~x) )  = O ( x o - ~ ( ~ x ) ) .  

Kence by (3.,2) (3.3), (3.4) and (3.5), we get that  

3~ ~(~) + ~- 

n n < ~ox n -- x 

Following the same procedure as above, starting from 

r ~- Z #(d) d(~e= Z #(d)d(t~§ Z #(d) d S ~ -  ~, #(d) d(~, 
n ~ x  d~<~x d < e x  / , < e  - ~  d<~ex  

d$ <_ x dc~ <_ x 6 <<_ ~--~ 

we can show that  

2~ x~ y ~ ( ~ )  + ~ 
Z r = - ~  - 

n < _ ~  n<_~x  n x 

We get from (3.6), (3.7) and (1.3), that  

xa 
�9 '(x) - x~)(x) - :r- ~ + O(~x ~) + O(x~- l~ (~x) ) .  

:Now, we choose 
e = e ( x )  = { ( ~ ( X l ] 2 ) }  1/2 , 

and write 

f(x) = log ~j5 (xll2)(log log (x~l~)) -~/5 = (�89 2) -I1~ , 

~here u = l o g x  an4 v = l o g l o g x .  

For v > 2 1 o g 2 ,  that  is, u > 4 ,  x > e  4 > 5 4 ,  
w e  h a v e  

and therefore 

v-l/5 < (v_log 2)-~/5 - -<(2)  -1/5 

u3/%-,/5 <_ f(x) < u ~/5 

We assume without loss of generality tha$ in (2.2) 

A < I .  

By (3.9), (2.2) and (3.10), we have 

0 = e x p  -- -~f(x) . 

(3.5) 

(3.6) 

(3.7) 

- -  §  §  

(3.s) 

(3.9) 

(3.1o) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 
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By (3.11), we have 
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1(112/5 u 
\ 2 !  u3/5v - ' /5  <_ ~ �9 

Hence by (3.12), (3.13), (3.14) and the above, 

q e x p ( _  A/1\2/5 \ e x p ( _  1 1 2/5 3/5-1/5 

so that  ~ > x -I/2. 

Hence 9x > x 1/2. Since d(x) is monotonic decreasing, d(0x ) < d(x 1/2) = 0 2, 
by (3.9). 

Hence the second O-term in (3.8) is also O(~x2). 

By (3.12) and (3.14), we have 

= exp -- x < exp 

where 

Hence by (3.8) and (3.15), 

B = A  . 

: e x p  ( - -  .Bu3/Sv -1/5) , (3.15) 

x 3 x 3 
q~'(x) - -  xqS(x) -~ - -  ~ + O(x  ~ exp (-- Bu3/Sv-1/5)) ~- - -  7e ~ + O(x2(~(x)) , (3.16) 

with the constant B in place of the constant A in ~(x). From (1.4), (1.5) and 
(3.16), we get that  

2 X  a 3 X  a 
- ~  + E ' ( x )  - -  :~2 

so that  

x 3 

- -  - x E ( x )  = - -  - ~  + O ( x ~ ( x ) )  , 

E ' ( x )  - -  x E ( x )  = O ( x ~ ( x ) )  . 

By partial summation formula (cf. [2], Theorem 421), we have 

~a 

q~'(x) = ~ r  = qb(x)x - -  f q~(t)dt ,  
n<_x 

1 

so that  

(3.17) 
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x 

2++ ) f(at  ) ~2 + E ' ( x ) =  \~r 2 -~ E(x) x - -  \ ~  -~- E(t) d t -~  
1 

x 

- ~ + x E ( x ) - - ~ + O ( 1 ) - -  E(Odt.  
1 

I-Ience by (3.17), we get that  

x 

f E(t)dt 
1 

= -- (E'(x) -- xE(x)) = O(x25(x)). (3.18) 

Thus (1.10) is proved. 
Now, to prove (1.11), we use Lemma 2.5. Taking f (n) =- r in Lemma 2.5, 

we see by (1.1) that  g(x) = 3x2/ze 2 and E(x) = O(x log x). Hence by Lemma 2.5, 
we get that  

x 

3x2 f 
E(n) -- 2~ ~ ~- O(x log x) -~ E(t)dt -~ O(x) -~ 0(1) 

rt, < _ x  1 

3x 2 (3.19) 

= 2 ~  § O(x2(~(x))" 

Thus (1.11) is proved. 

Now, choosing 

4. Proofs of (1.12) and (1.13) 

Following the same procedure as in the proof of (1.10) and making use of (2.4) 
and (2,6) instead of (2.1) and (2.3), we get the following in place of (3.8): 

2 3  

�9 )'(x) - xq)(x) - ~ + O(~x 2) + O(x3/~-3]%(~x)). (4.t) 

Q = . x  -115, we see that  

~ X  2 ~--. X312~--3[ 2 ~___ X 9 [  5 . 

Since ~(z) 
(4.1) that 

is monotonic increasing, we have m(~x) < re(x), Hence we get from 

(4.2) 

/qow, proceeding as before in the proofs (1.10) and (1.11), we get the following, 
one after another: 

X 3 

r - x c ( x )  = - ~ § O(x9/%(x)) 
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and 

E'(x) -- xE(x) = O ( x g / % o ( x ) )  , (4.3) 

x 

f E(t)dt - ~  0(x9/5go(x)) (4.4) 
1 

3 x  2 

~ = 2~ ~ + O(x~/%(x)) . (4.5) 

Thus the proofs of (1.12) and (1.13) are complete. 
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