
A refined saddle point approximation 

T H O M A S  ~-~ O G L U N D  

We consider high convolut ion powers 

f f*(x)  = ~ f ( x l ) . . . f ( x , , )  
Xl+ . . .  +xn=x 

of  an a rb i t ra ry  funct ion f: Z -+  [0, ~ )  wi th  f inite suppor t  S = {x E ZI f (x  ) > 0}, 
and our aim is to obta in  an approx imat ion  of fn*(x) which is sharp for all x C Z. 

I t  will be easy to  see t ha t  our  approx imat ion  below (properly interpreted)  holds 
when S is a one point  set. To avoid triviali t ies we exclude this ease from the  re- 
mainder  of  the tex t .  Le t  x and 2 s tand  for the smallest and largest  point  of  S, 
respectively,  and let  I denote  the  convex hull of S considered as a subset of  R, 
. _ x = m i n S ,  2 = m a x S ,  I ~  l-X, 2]. 

In  order  to  be able to give the announced  approximat ion  we have  to  require 
that the support of f n ,  is a convex subset of Z for all n sufficiently large. This is 
the case i f  and only i f  both -X + 1 and 2 - -  1 belong to S. For  if 2 - -  1, say, does 
not  belong to S then  n2 --  1 $ supp i f *  for all n, and henc~ the suppor t  of  f n .  
never  becomes a convex subset of Z. (Note t h a t  the  integer in terval  [-xn, 2hi is 
the convex hull of  s u p p f " *  considered as a subset of Z.) Conversely, if x + 1 
and 2 -  1 belong to S then  supp f"*  contains all points of form 

]ClX @ ]c2(_x @ 1) @ ]ca(2 - -  l) @ k42 = n x + (k a @ k4)(2 --  x --  l) + k 2 + k4, 

with k 1 . . . .  , k~ non-negat ive  integers satisfying /c 1 + . . .  + k 4 = n. Th a t  is, 
s u p p f  ~ contains all points of form n _ x + h l ( 2 - - x - -  1) + h 2 ,  with 0 < h  l < n ,  
0 < h g . < n ,  and hence s u p p f  ~ = [nx, n2] for all n > m a x ( 1 , 2 - - x - - 2 ) .  

Le t  /, s tand  for the  measure on Z which assigns the weight f (x)  to the point  x, 

#(E) = ~ f(x). 
x c E  

The approximat ion  will be ib rmula ted  in terms of quanti t ies  which are na tu ra l ly  
t ied to the family  of probabi l i ty  distr ibutions whose densities relat ive to the measure 
# consist of the closure of  the  exponent ia l  family  p,(x) = e"~/cf(a), a C R. Here  



174 T H O M A S  /-IO G L U N D  

~(a) = ~ e"~f(x) is the  Laplace  t ransform of f.  To complete  the family  we thus  
have  to add the  two probabi l i ty  dis tr ibut ions given b y  the densities 

p_+(x) = lim pa(X) = ( ~ x x / f ( x )  and p+~(x) = lim p~(x) ~-- (~;,/f(2) 

(the Kronecker  delta). 
The  above-ment ioned  quanti t ies  are among the  following ones. The meanvalue 

the  variance 

f d m a : xpa(x)d#(x) = da log qJ(a), 

f d2 
V a - - - -  (X -- m.)2pa(x)d/u(x) ~- ~a2 log q~(a), 

and the entropy 

= - - f p a ( X )  H= log pa(x)d#(x) 
J 

= log ~(a) - -  am~. 

I f  we note  t h a t  m + : _ x ,  m+~-- - -2  and d m a / d a = v ~ > O  for a C R ,  we see 
tha t  the meanva lue  maps 1~ onto I in a one to one manner .  The four th  q u an t i t y  
we will need is the  maximum likelihood estimator, d = m -1, which is a one to one 
mapping of  I onto  R. I t s  name comes f rom the iden t i ty  

p3(x)(x) = max  pa(x). 
aeR 

Le t  us f inal ly  in t roduce the analyt ic  funct ion 

i f  ~(~) - -  2 ~  e x p  [ Z ( e  ~ - -  1 - -  i ~ ) ] d ~ :  

The function ~(2), ~ ~ 0, is strictly positive and satisfies 

e(0)  = ~ _> e(~) = (2z~) - ' /2 (  ~ § O(U~)) ,  as ~ - ~  ~ .  

This will be p roved  at  the  end of  the  paper.  
I t  is clear t ha t  f f * ( x ) =  0 when x / n ~ I ,  and  t h a t  f " * ( x ) >  0 when x / n C I ,  

provided  n _> max  (1, 2 - -  x - -  2). The local central  l imit theorem says 

f~*(x) = cH~189 [-- �89 -- mo)2/Vo] ~- O(n-1)) 

uniformly  in x E Z, and hence it  tells us nothing more t h an  f~*(x) = O(e"H~ 

except  when x/n belongs to  a subinterval  of I of  length O(~loog n/n) (centred 
a round  m0). Rich te r  [3] gave an approximat ion  which holds when x/n belongs to 
a subinterval  of length  o(1). Bu t  there  are still be t t e r  results. So-called saddle 
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point  app rox ima t ions  have  long since been  used in s ta t i s t ica l  mechanics .  A rigorous 
resul t  of  t h a t  k ind  was g iven b y  Mar t in -LSf  [2]: 

f"*(x) = exp  [nH~(x/n)](2~nVa(x/,))-}(1 q- O(1/n)), 

un i fo rmly  in x 6 Z as x/n is wi th in  bu t  s tays  a w a y  f rom the  b o u n d a r y  of  I .  
I t  is also clear t h a t  

f"*(x) = f(x/n F = exp [nH~(,/,)] 

when x/n belongs to  the  b o u n d a r y  of I .  
The remain ing  gap  is filled in b y  the refined saddle point approximation. 

THEOREM. A s  n ---> oo, 

ff*(x) = exp [nH~(~l,)]~(nv~(~/~))(1 ~- O(lln)) 

uniformly for x/n 6 I ,  and fn*(x) = 0 when x/n ~ I. 

I t  will follow f rom the  detai ls  below t h a t  the  s t a t e m e n t  above  is still t rue  if we 
2 

replace the  error  O(1/n) b y  O(min (nv~(~/,O, I/n)).  
The  p roof  s ta r t s  wi th  the  iden t i ty  

1 
j e-(a+ia)xq~( a -~ i~)'~d~. f f * ( x ) -  2~ 

We p u t  a = d(x/n) and  conclude 

1 
f D  

J r~c~/,)(~Fd~, ff*(x) = exp [nH,~(,I,) ] G 

where 

We have  to show t h a t  

= f ). 
Z 

un i fo rmly  in a for  - -  oo < a _~ oo and  a of  the  fo rm a = d(x/n). The proof  will 
be sepa ra t ed  into two eases: 0 < a <  oo and  - -  oo < a < 0 ,  and  the  second 
case will be omi t t ed  since it  is quite analogous to the  f i rs t  one. The  word  cons tan t  
(in formulas  wr i t t en  Const.) will be used for number s  which do not  depend  on 
a, ~, or n. 
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Le~ 

Then c 2 ( a ) ~ - v a  and 

T E O ~ A S  ~ O G L U N D  

c~(a) = f (x - ~ o ) % ( x ) @ ( x ) .  

Z 

~o(~) = 1 + ~  - -  ~ ok(a). 

L E P T A  1. Ick(a) - -  ( - -  1)ke-af@ -- 1)/f@)l ~ Cke -2a, ]c -~  2, 3 . . . .  f o r  s o m e  

c o n s t a n t  C >  1 a n d  a l l  a > 0 .  

This and the lemma below will be proved at the end of the paper. Pu t  

(i~)k 
ra(~) ~- ~ ~-. (ok(a) - -  ( - -  ])kVa) ,  

k~3  

I t  follows from the lemma that  

]Ck(a ) - -  ( - -  ] )kval  ~ 2Cke -2a ~ Const. Ckv2,, 

and hence also that  f%(~)l--~Const, v2,1~l 3, for l~l < ~ .  This motivates the 
decomposition 

~a(~) = ~ § v~ - ~  - 1 § i~,) § ra(O,). 

Note that  r~(~) is negligible compared to the other terms not only when v~ is small 
but  also otherwise provided lal is small. Small ~ give the main contribution to 

7r n 
f _ =  y,(~) d~ in the latter ease. 

Introduce the abbreviations 

~(i~)  ~ 
= ~ ( ~ ) ,  q = Va(e - ~  - -  1 + i~,), r = to(c,), s = ~ (c~(a) - -  ( - -  U~vo), 

k~4  

and M ~ max (]Yl, le~-ll, leU+l~ll, e-"a~/2" ~ ). 

Then 7 ~  l § 2 4 7  r and 

y~ __ e ~  = (yn _ en(v-1)) § (en(v-1) __ e.q( 1 § nr)) 

(This complicated decomposition is unnecessary if we are content with the error 
O ( n - � 8 9  instead of O(]/n).) The inequalities 

ix  ~ - -  y~] < n i x  - -  Yl (max (/xl, l y l ) )  n - 1  and le ~ - -  1 - -  x l  ~ Ixl:elXl/2 

together with the familiar estimate l Y -  l l ~  v,~2/2 yields 
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< n M , - 1 ] y  _ d - i ]  < n M  ~ 1]y ~ 112d-1/2 < Const. M"(nv,s2)2/n  for  Is[ ~< :~. 

(Note t h a t  supava < co, and  hence also 1 / M  <_ expv~s2/2 <_ Const.) In  
similar way we obtain 

]e "(r-l) - -  e"q(] + nr)[ < Const M~(nv,s2)3/n 

and 

[nr(e ~q - -  exp (-- nvaa2/2))] <_ Const. M~(nv~a2)a/n for  I ~[ < z .  

(Here we used the inequal i ty  ]e i~ - -  1 - -  i s  - -  (is)2/2] _< ls[z/6.) F inal ly  

Ins exp (-- nv~s2/2)] <_ Const. M~(nVaS2):/n. 

(The est imate Is[ < Const. v:a[s] 4 is a consequence of lemma 1.) 

a 

LEMMA 2. There are pos i t ive  constants e and  6 such that M < exp (-- e:xZv.) 
for  all - -  ~ ~ a < ~ and - -  :r < s < :~ sa t i s fy ing  v~[s I < d. 

We use the fact  f ~ =  (r --  s) exp (-- nVaS2/2)da = O, make the subst i tut ion 
s --> --  s in the integral representat ion of ~(2), and split the domains of integrat ion 
in the expression D into two parts: Is] _< rain (~, ~/Va) and 5/Va < IS I __< :r. The 
result  is 

D _< Const. g(nv~)/n + f (lye(s)[" + [exp (e i~ --  1 is) p~v~)ds, 

~/v~ <_ 1~[ _< 
where 

/ ,  
g(a) = / e - ~ ' [ ( a ~ y  + (a~Y]&. 

I t  is clear t h a t  g(2) < Const. (22 -[- 2a), 2 ~ 0, and  the subst i tu t ion s - + ~ 2  �89 
shows tha t  g(2) < Const. 2-�89 Hence g(2) < Const. rain (1, 22)Q(~) for all 2 > 0. 

The second te rm in the sum dominat ing D is non-zero only if the domain of 
integrat ion is non-empty,  i.e. only when v~ > 6/x. According to lemma 1 this 
implies t ha t  a belongs to a compact  subset, K,  of R. We also know tha t  
r / = i n f ~ 5 / v , >  O, and it is wellknown t h a t  [ya(S)] < 1 for all a C R  and 
o <  I~l < ~. 
(a, ~) - +  r-(~) 

(See lemma 3, p. 475 of Feller [1].) I t  is easy to see t ha t  the function 
is continuous, 

([>( ~ ) -  r # ) [  _< f Ip~ - pb(x)Ir  + b, - ;~ I), 

and hence also 

sup 
a. C K  

]7~(~)[ < 1. 
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The es t imate  

(valid when d/v~ < Is l < ~r) f inal ly  shows t h a t  there  is a 
integral  in quest ion is domina t ed  by  

Const. e - ~  < Const. e-~'~? < Const. rain (1, (nv~)~)~(nv,)/n, 

(Remember  t ha t  Va ~ 5/~7"~.) 
Proof of lemma 1. We point  out  the fact  t ha t  

[e~l = e ~~ = e x p  ( -  v~(1 - -  c o s  s ) )  _< e -~( :  . . . .  ~)/~ 

$ > 0  such t h a t  the  

a S  

where ~" < ~/max~ v,. 

> po(x) = ~-~ + o(e-~ 

a - ~  ~ .  I t  is clear t h a t  m a = 2 - ~ O ( e - ~ ) .  Also 

]ck(a ) - -  ( - -  1 ) U e - a f ( 2 -  1)If(2)[ <_ ] ( 2 -  ma)~po(2)[ + 
x - 2  

+ 1(2 - : - mo)kpo (2  - -  ~) - ( -  1 ) % - ~ f ( 2  - 1 ) / f (2 )1  + I ~  (x - m . ) k p a ( x ) ] .  

The f i rs t  expression to  the  r ight  is domina ted  b y  (Const. e-a) k, the th i rd  b y  
(Const.)ke -2a, and the  second by  

](2 - -  1 - -  ma) ~ --  ( - -  1)klpa(2 - -  1) -~ Const. e -2a 

< (Const.) k ]2 --  m~Ie -a -~ Const. e -2a < (Const.) ~ e -2a. 

The lemma follows. 
Proof  of lemma 2. We have 

Re (y~(s) - -  1) = Re Va(e - i ~  - -  1 ~ is) + Re  r,(s) < --  Va(1 - -  cos s) -~- ]ra(S)] 

< --  v,s22/• 2 + Const. v:~lsl a < - -  v,s'~/10, 

provided  [sl ~< x and v, la I is suff icient ly small. Here  we have used the  inequal i ty  
1 -  t o s s  _>~e2/~2, val id for [~[ _<~. These est imates take  care of ]e~-:[ and 
[e~+lrt]. 

In  order  to es t imate  [y~(s)] we note  tha t  Jlog (1 ~- z) - -  z] < ]z[ 2 for lzJ < 1 
Bu t  lya(~) - -  iI ~< v~x2/2 <_ 1 for I~l < z and  Val~l ~< l/Jr. Hence  

]ya(S)[ = le~~ _< [exp (y --  i ~- V2a~4/4)[ < 

exp (--  G~2/lO -~ v2,~4/4) < exp (--  Va~2/20), 

provided  Is[ ~ z and  v,]~l is suff ic ient ly  small. 
The funct ion o(~). I t  is clear t ha t  le(2)l _< Q(0) = 1 for ~ >_ 0. In  order  to 

show tha t  ~ ( ~ ) >  0 for 2 >  0, we note  t h a t  

~(~) = e-~ e~(k-~)d~. 
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Hence 

for 4 = 0, 1, 2 , . . . ,  and 

otherwise. 
4 C R - - Z .  

o(2)=e - ~ .  >o  

4 k sin zt(2 --  k) 

e-~o~  k! ~(2 -- k) 

But  sin ~(2 --  k) = (--  1) k sin ~2, and sgn (sin ~4) = (--  1) [~d for 
I t  therefore follows from lemma 3 tha t  ~(4) > 0 also for 0 < 4 $ Z. 

L]~MMA 3. P u t  

S(4) k=o )-[' k! 2 - -  k ' 4 C R - -  Z .  

T h e n  S(2)  > 0 i f  [4] is even and non-negative,  and  S(2)  < 0 otherwise. 

Proof .  Observe tha t  

~ { ( - -  2) 2k 1 (-- 2) 2k+1 1 

S ( 2 ) = ~ 0  ~ (2k~. 2 - -  2k @ (2k @ 1)! 2 - -  2 k - -  1) --  

22k(1 1 ) 
= - k = o  ~ ~ 2 k  + 1 + (2 - 2k)(2 - 2k - 1) ' 

and  tha t  ( 2 - - 2 k ) ( 2 - -  2 k - -  1 ) >  0 if and  only if 4 - - 2 k < 0  or 2 - -  2 k >  1. 
Hence S(2) < 0 if ( 2 - -  2k) (2- -  2 k - -  1) > 0 
2 < 0  or [2] is odd. 

Similarly 
1 ~ (((~k 2)2k+1 1 ( - - 2 )  2k+2 1 ) 

S ( 2 ) =  ~ +~o~ + 1)! 4 - - 2 k - -  1 + ( 2 k +  2)! 2 - -  2 k - - 2  = 

1 ~ 42k+1 ( 1 1 i) 
- 4 +~0= ( 2 k + 1 ) !  2 k + 2  + ( 4 - - 2 k - - 1 ) ( 4 - - 2 k - - 2  ' 

and hence S(2) > 0 if [2] is even and non-negative.  The lemma follows. 
Since 

(2~4)-�89 = - -  e-�89 + 2(i~)a/6)d~ 
2~ 

R 

it remains to show tha t  the difference between this integral and the  integral  defining 
~o(2) is 0(2 -3/2) as 2---~ oo. I t  should be clear tha t  the  contr ibut ion to these 
integrals from values of ~ satisfying [~ I > 1 is less than  0(2-a/2). Pu t  
sk(~) = e '~ - -  ~ 1 o  (i~)J/j!. Then Isk(~)l < I~lk/k!, and 

for all k =  0 , 1 , 2 , . . . ,  i.e. if 
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i f  i [~().) - -  ( 2 z A ) - k l  ~-- ~ e - l - ~ ( e  ~'~"(~)- 1 - -  A(i~)3/6)da + 0(2-3 /2) .  

E~[<a 

The inequal i ty  [e ~ - 1 - -  yI ~ ] e~ - l - - x ]  -~- I x - - y ]  ~ [x]%l~1/2 ~- ]x - -  yr, ap- 
plied to x--~ 2s3(~ ) and y ~-- A(i~)3/6, shows t h a t  the  in tegrand to the r ight  is 
domina ted  by  

[ (~)~e  -:'~',:~ + (~o~)~e-~:~]/,~ 
provided  [~] ~ 1. Hence  @(A) = (2n~)-�89 Jr 0(1/~)). 
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