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The purpose of this paper  is to exhibi t  an example  of a locally convex topological  
vec tor  space which is not  an og-space. 

The class of  locally convex spaces for which uni form ho lomorphy  holds was 
f irs t  in t roduced  b y  Nachb in  [3]. I t  is ex tended  b y  the  class of  (o-spaces whose 
def ini t ion was f irs t  publ ished by  Dineen [1]. Dineen has since then  given a new 
definit ion,  which covers more general  s i tuat ions [2]. In  this paper  we use the  t e rm  
"m-spaces" for spaces which in Dineen 's  new te rminology  are called "C-m-spaces". 

The not ion of  an o J-space is of a cer ta in  impor tance  in infini te  dimensional  
holomorphy,  as Dineen shows in [1] and [2]. 

We have recent ly  become aware t h a t  M. Schot ten loher  has also cons t ruc ted  a 
space which is no t  an ~o space. His example  is a subspaee of  the  space of  holo- 
morphie  mappings f rom a certain Banach  space into itself. 

Definition. A locally convex space E is an o~-space if  for eve ry  funct ion  
f: U--* C, where U ~ E is open and  connected,  and f is Ggteaux  holomorphie  
and continuous,  there  exists a sequence {pl}~~ of  cont inuous seminorms such 
t ha t  f is also cont inuous in the  topo logy  genera ted  b y  the  sequence {p~}~~ 1. 

Le t  E ~ @ten+ C algebraically,  i.e. 

E = {(Xr)ren+; X~ ~ 0 only  for a f ini te  n u m b er  of  coordinates}. 

I f  A c R+ we let (Xr)reA denote  the  point  (Yr)~ea+ where y, = x~ if  

r E A  and y ~ =  0 otherwise.  
Def ine  a topology  on E by  the  set of  seminorms 

{p} u {p~k; s c l t + \ Z + ,  ~ e Z+}, 

where 
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and 

p ( x ) =  ~ [Xrl if  X~--(X~)~eR +, 
rCR+ 

psi(X) = ~ Ixjl " k ~ 
j = l  

Here {(n,j)j~l; s E R + ~ Z + }  is the  set of all s tr ict ly increasing sequences of 
numbers  belonging to Z+, where t h a t  set has been put  in a one-to-one 
correspondence with  R + ~ Z + .  

PROPOSITIOn. Define a function f: E --~ C by 

f(x) = f((xr)reR+) ~-- ~ x~ " f,(x), 
s E R + ~ Z +  

where 

L(x) = L((x~)) = ~ xj- x~< 
j = l  

Then f is Gdteaux-holomorphic and continuous, but f is not continuous in any semi- 
metrizable locally convex topology on E, weaker than the given one. 

Proof. a) f is continuous. The functions x----(Xr)reR+ ~-~ X~o are continuous 

for every r o C R+, for t h e y  are linear and p(x) < s implies IX~ol < e. 
For  s C R + ' ~ Z +  the seminorms p~k, k EZ+, are chosen so t ha t  f~ is 

continuous: 
z 0 Let  x ~ (x ~ be given and  choose m > m a x { r ; x r  ~ 0}. Then 

j = l  j = l  j = m + l  

for any  x E E, and  f,1 is clearly continuous in the topology defined by the semi- 
norm p, i.e. Ef, l(x ~ § y) --fsl(X~ < e if  p(y) is small enough. Now 

If,2( x~ + Y) --f,2(x~ ---- If,2( x~ + Y)I --~ ] ~ Yj( x~ § Ys)nSJl <Psk(Y) 
j=m+ l 

if  p(y) < 1 and  k > lx~ + 1. 
Thus f~l and fs2 are both  continuous in x ~ which implies t h a t  fs ~ f,1 § f,2 

is continuous there.  Bu t  x ~ was arbi t rary,  and  fs is then  continuous everywhere,  
Le t  x ~ = (x~ still denote an a rb i t ra ry  clement of E. Then we have 

x O =  = (xO)r A + 

where A c R + ~ Z +  and B C Z+ and  bo th  are finite.  
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f(x) = E x~L(x) = E x~ .L(x) + E x~L(x) =L(x)  +A(x) 
r C R + ~ Z +  r~A  r E M  

for a ny  x E E ,  if  M = ( R + ~ Z + ) ~ A .  
Now, f t  is a f ini te  sum of  f ini te  p roduc ts  of  cont inuous funct ions and thus  

continuous.  F o r  t E M  and  y E U, where 

u = {y; p(y) < [1 + ~ ix~ -~} n {y; p(y) < 1}, 
=1 

we have  

rfXx ~ + y)l = i E (x 2 + yj)yr'Jl _< ~ i(x] + yj). y,I. ly, I ~ < 
j = l  j = l  

< ly,["q -1 [yt[ j = 2. 
- - j = l  "= "= 

This gives 

If2( x~ -~ Y) --f2(x~ = If2( x~ -~ Y)[ = I Z y , f ~ (  x~ § y)[ -< 2 .  Z lytl ~< 2 . p ( y ) .  
t E M  t ~ M  

Thus,  f2 is cont inuous in x ~ Then  f = f i - k  f2 is cont inuous  in x ~ bu t  x ~ was 
a rb i t r a ry  and therefore  f is cont inuous in all of  E.  

b) f is not cont inuous in  any  semi-metrizable locally convex topology weaker than 
the given one. 

Let  P be a denumerable  subset  of  the  set of seminorms defining the topology 
on E.  Then  there  is a number  t E R + ~ Z +  such t h a t  

n , j  - -  j 
- - - +  ~ when j - ~  oo 

nsj 

for eve ry  s corresponding to  a seminorm in P .  
E v e r y  zero-neighbourhood in the  topology  def ined  b y  P contains' a set of the  

f o r m :  

v = {x; p,k(x) < ~, p.k e ~1} n {x; p(x) < ~}, 

where P1 is a f ini te  subset  of  P .  
I f  q(x) < 1 and  x = (Xs)sez+ t h en  x E U, p rov ided  

1 
q ( x )  = - �9 } ]xjl  . h ' J  

e j=l 

where 

and  

h = m a x { j ; p s i E P 1  for some s E R + ~ Z + }  

n i = max  {nsi; p~k C P1 for  some k E Z+}. 
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L e t  

x ' ~  s .  2 ) ~  �9 , m =  1 , 2  . . . .  
=1 

a n d  x 0__ (x~),el~+,0 x~~ = 0 i f  s =#t,  x ~  2, w h e r e  t is t he  n u m b e r  m e n t i o n e d  

a b o v e  ( thus  ( n , j - - j ) / n j - - >  ~ w h e n  j - - >  ~ ) .  T h e n  q(x m) < 1, m =  1 , 2 , . . .  a n d  

S 2ntj m 2'~tj J 

f ( x  ~ 4- x ~) ---- x~ �9 f , ( x  ~ + x ' )  : 2 .  2F+~ h,~j - -  e - ~  h"J 
j = t  j = l  

I f  m is chosen  l a rge  enough ,  t h e  l as t  t e r m  a b o v e  is a r b i t r a r i l y  large ,  i.e. f(:c ~ 4- U) 
is n o t  b o u n d e d .  
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