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1. L e t  1, (n = 1, 2 . . . .  ) be a sequence of na tu ra l  n u m b e r s  such t h a t  l, = o(n) 
and  let  

21,,n 
8~ - -  (1) 

2 n @  1" 

L e t  fur ther ,  f be a Lebesgue in tegrable  funct ion  of per iod 2~. Le t  Us denote  
b y  f , ( x )  ( n =  1 , 2 , . . . )  the  average  of f over  the  in te rva l  ( x - -  8 , , x - ?  8,), 
t h a t  is 

x + ?  n 

1 
J f(t)dt .  (2) f , , ( x ) -  28,, 

x t~ n 

The  funct ion f ,  is cont inuous  and  we m a y  consider the  un ique ly  de t e rmined  tri-  

gonomet r ic  in te rpola t ing  po lynomia l  N,,(x, f,O of degree a t  mos t  n which coincides 
wi th  the  funct ion  fn a t  the  nodes 

2]cz 
Xk-~-- Xk,~ - -  2 n @  1 ( k = O, Q-l,  :j~ 2, . . .). 

I t  is well known  t h a t  (see A. Z y g m u n d  [11]), 

2 ~ f.(xk.)D.(x -- xkn), (3) 

1) This paper was written during the first term of the 1973/74 academic year while the 
author visited the ${ittag-Leffler Institute, Sweden. The author seizes tile opportunity to 
thank the Swedish Academy of Sciences and in particular Professor L. Carleson for the scholar- 
ship at the Mittag-Leffler Institute given to the author. 
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where D.(t)  is the n-th Dirichlet kernel defined by 

sin (n + �89 
D~(t) - -  t 

2 sin --  
2 

(4) 

In his paper [9], A. C. Offord claimed that  the following statement is valid: 

TtIEOI~EM l. I f  X is a Lebesgue po in t  of f 6 L ~  then 

S , (x ,  fn) --~f(x)  as n -+ oo. (5) 

At first sight this result seems to be very surprising since there is a well known 
classical result that  there exists a continuous function f l  of period 2z such that  

S~(x, f l )  diverges almost everywhere. (See J. Marcinkiewicz [7] and for a very 

similar result G. GICi)NWALD [4]. Actually, f l  may be chosen so that  S ~ ( x f i )  
diverges for all x except for x = 0 (see A. Zygmund [11])). But  a deeper analysis 

shows, however, that  in case limn+~ l ,  < o9 (5) is almost obvious for continuous 
functions. 

Indeed, let for simplicity l~---- 1 (n = 1, 2 , . . . ) .  I t  is easy to check that  

S,~(x, f~) - -  f ( x )  = �89 g',,(x, f *  - -  f )  + S,, - -  2n + 1 '  f *  - -  f + 

+ 

where f*  is defined by 
2 ~  

X+2n+l 

2n + 1 f f(t)dt.  
f * ( x )  - 2 ~  

x 

Since the inequality 

n 4 

~ 2n@ 1 k = - 2  ~,)Dn(x - -  Xk) @ D , ( x  - -  xk+l) t < - -  

(6) 

(7) 

(s) 

holds independently of n (see S. Bernstein [1]), we obtain from (6) and (7) that  

lff,,(x, f . )  -- f(x) l < - -  ~ f;  + �89 S,,(x, f )  § S,, x - -  , f - -  f ( x )  = 7t 2 n @  1 , 2 n @  1 

where the expression between the absolute value signs tends uniformly to 0 as 
n -~  ~ because of S. Bernstein's and W. Rogosinski's results. (See e.g.A. Zygmund 
[11]). 
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0 f io rd ' s  t heo rem  is less t r iv ia l  for a r b i t r a r y  in tegrable  funct ions  f and  sequences 
l,. Unfor tuna t e ly ,  the  p roof  of  this  t h e o r e m  g iven  b y  A. C. 0 f i o r d  t u r n e d  out  to  be  
false. This fac t  was observed  b y  G. R6na ,  who has g iven ano the r  p roof  of  this  
theorem.  (See G. R6na  [10]). I t  can be easily checked t h a t  this  second p roof  g iven 
b y  G. l~5na is also false. Fo r  this  reason  now we tu rn  to  0 f i o rd ' s  t h e o r e m  and  give 
a real ly  correct  p roof  of  it. To p rove  (5) we need two lemmas .  

LEMMi 1. Let  nl, n 2 be arbitrary integers such that n 1 ~ n 2, In 1 - -  n21 ~ 2n. 
We  have 

I ~ Dn(x - -  Xk) < C 1 ( n  = 1, 2, .), (9) 
1 2 n §  1 ~ "" k = n  1 

where C~ is an  absolute constant. 

Proof.  This l e m m a  is k n o w n  and  p lays  an i m p o r t a n t  role in p rov ing  convergence  
theo rems  in the  t h e o r y  of t r igonomet r i c  in terpola t ion .  He re  we give an  e x t r e m e l y  
simple p roof  of  it  based  on inequa l i ty  (8). L e t  f i rs t  n 2 - -  n 1 § 1 be  even. I n  this  
c a s e  w e  h a v e  

2 ~ 2 
2n § i ~ D~(x - -  xk) --  ~ [D~(x - -  Xk) + D n ( X  - -  Xk+l) ] 

and  consequent ly  

2 2 
2 D~(x - -  xk) ~ lD=(x - -  xk) § Dn(x - -  xk+l)l. 

2 n §  1 --  2 n §  1 k=-,~ ~ - - n  I 

Hence  b y  v i r tue  of  (8) we ob ta in  

L e t  n o w  n 2 - -  

8 
2 D . ( x  - -  xk) < - -  (~o )  

2 n §  z 
~ = n  1 

n 1 §  1 be odd. I f  n l = n  2 then  (9) holds because  for eve ry  k 

2 
2n § 1 I D n ( x - -  xk)l ~ 1. ( l l )  

D,~(x - -  xk) - -  2n § 1 k ~  - -  xk) § - -  2n + 1 
k ~ n  1 

2 
Dn(x 2n § 1 --  xn3. 

Since n 2 - -  n 1 is even, we have  b y  v i r tue  of  (10) and  ( l I )  

8 
2 D n ( x - - x k )  ~ - -  7 - 1 .  

2 n §  - -  7~ k ~ n  1 

I f  n l < n  2 t hen  



224 G. 1". ~ V A I  

L]~MMA 2. Let l 
61~/(2n 4- 1) then the inequality 

2 
Do(x-- xj) <= C2 

2u 47 1 j = - t + l  

holds with an absolute constant C 2. 

and n be natural numbers. I f  O < l < n/3 and 

1 

n 2 x  2 

~ > ] x l >  

Proof. W e  o b v i o u s l y  h a v e  

2 l 2 1--1 
y Dn(x - -  Xj) - ~ [Dn(X - -  X l+l+2j ) ~- D n ( x  - -  x l+2+2j)] , 

2n 47 i 2n 47 1 j=~-'o j=- l+1 

SO we o b t a i n  f r o m  (4) t h a t  

2 
Dn(x-- xj) <= 

2n -]- 1 j = - l + l  

]sin (n 47 1)x] 1~1 x - -  x z+1+2] x - -  x_z+2+22 
- -  ~< 2n 47 1 j=0/-" cosec 2 - -  cosec 2 ' 

H e n c e  we conc lude  t h a t  t he re  exis ts  an  abso lu te  c o n s t a n t  C a such  t h a t  

' C a ' 1 i 1 
2 E D o ( . - - x j )  < Z = 

2n47 1 j=-i+l = ~ j = o  I I x - x - t + l + 2 j ] [ x - x  z+2+2j 1 

C3 l@l IX[ [X I 

n 2 x 2  j=o Ix - -  X_ l+lq2 j  I Ix - -  X l+2+2j] 

F u r t h e r m o r e  we h a v e  

I X -  X__l+l+2j [ > I X [ -  ]X l+I+2j[ > Ixl 3l~ = = 2 -  47 2n 47~  - -  Ix-'+l+2j] > 

> Ix] 3lzc 21z Ix[ 
__ - -  > - -  
- -  2 + 2 n 4 7  1 2 n - ~  1 2 

for  j =  O, 1 , . . . , 1 - -  1 a n d  s imi lar ly  

rxl 
I x - - x  1+2+2j ] > 

for  j =  0 , 1 , . . . , l - -  1. H e n c e  

4C3l 
2 D n ( x - - x j )  < - -  

2n 47 1 = n2x ~" j=-- l+l  

5~ow we are able  to  p r o v e  0 f f o r d ' s  t h e o r e m .  So let  f C L~= 
L e b e s g u e  po in t  o f  t he  f u n c t i o n  f .  
t h a t  

a n d  let x be a 

W e  can easi ly  ge t  f r o m  the  f o r m u l a s  (2) a n d  (3) 
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Xk+ 1 

f '~ 1 2 ~ I f ( t ) - - f ( x ) ] d t  Z D,(x--xk+j). S.(x,f~) --f(x) -- 25~ 2n § 1 k=-~ j =  In+l  

Xk 

Let  us f ix  now a pos i t ive  n u m b e r  s less t h a n  s and  suppose  t h a t  n is so large 
t h a t  3b, < s. Then  we have  

1 2 

Xk+l 

f '~ If(t) - f ( x ) ] d t  ~ Dn(x -- x~§ = & + & + &.  
j ~ - - l n +  l 

xk 

(12) 

F i r s t  let us e s t ima te  X~. Using L e m m a  2 we ob ta in  

Xk+ 1 

f = IZ~l =< 2 ~ n  2 ~_ If(t)--f(x)ldt. lx xkl2 < 
x k - 

[f(t) --f(x)ldt. 

Thus  

1 
: < C  a -  (n 1,2,  . . ) ,  (13) Lrl /  n 

where C 4 does no t  depend  on n. To e s t ima te  Z~ we split  the  t e r m s  conta ined  in 
~2 into two pa r t s  so t h a t  

x - - ~ < x k < x - - 3 ~  n x + 3 ~ n < X k < X + e  

We shall e s t ima te  X22. Le t  ~ and  fi be integers  such t h a t  

x~ 1----<x+ 3 6 ~ < x a  ~ x ~  < x  ~-s__<x~+ 1. 

Since e is a s sumed  to be f ixed,  ~ and  /3 exists  i f  n is large enough.  We  have  

xk+ l 

1 2 ~ f z~ 
~22-- k~o ~ J [f(t)-- f(x)]dt ~ D. (x - -  xk+j) 25~ 2n + 1 = j= ln+l 

Xk 

and  b y  v i r tue  of  L e m m a  2 we get  

Xk+ 1 

Xk 

B y  Abel ' s  t r a n s f o r m a t i o n  we ob ta in  

I f ( t )  - f ( x ) L d t  
Ix - x~l  2 '  
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Xk+l 

]Xz21 ~ 2b.n 2 
X(X 

x6+ 1 

C2l~ f 
4- 2d~n 2 

x ~  

1 
If(t) - -  "~ "y(x)fit [x - -  xk [2 

1 
[z - x~+~l ~ 

1 
If(t) --f(x)]tit = "~221 4" 2:222" iX X~ 

4. 

(14) 

I t  is qui te  obvious  t h a t  there  exists  an  absolu te  cons tan t  C a such t h a t  

Xk§ 1 

- -  k~o~ C5 fl--1 1 f 
2221 --~ n 2 = Xk+ 1 - -  X 

x 

If(t) - -  f ( x ) I d t "  
X - -  Xk) 2" 

Le t  now # be an a r b i t r a r y  small  pos i t ive  n u m b e r  and  let  us choose an ~ such 
t h a t  

Xk4-1 

f I f ( t ) - - f ( x ) l d t ~ #  ( k = ~ , ~ 4 .  1 . . . .  , f i - -  1) 
Xk+I - -  X 

x 

in case n is large enough (n ~ no). Then  we have  

Z 2 z l g  n2 k ~ ( x - x ~ )  ~ (n->_%) 

and  consequent ly  we can choose an  absolu te  cons tan t  C s such t h a t  

since 

~ 2 2 1 ~  C6# (n ~ no) 

x~ > x 4" 35~. F u r t h e r  

x+2~ 

C21,~ f 1 
Zu2 ~ <= 26~n%2 }f(t) - - f ( x ) L d t  < Cv --n 

x 

(n > %), 

(15) 

(16) 

where C r does not  depend  on n. I t  follows fl 'om (14), (15) and  (16) thu t  

1 
IZ22[ ~ C 6 # 4 "  C v - -  (n > n o )  

n 

and  we m a y  obta in  s imilar ly  

1 
]2211 ~ C6# 4" Cv -- 

n 

Hence  

1 
12:21 ~ 2C6/~ 4- 2C7 - -  

n 

(n __> no). 

(n > no). (17) 
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To ob ta in  a useful e s t ima te  for X a in (12) we have  to  a p p l y  L e m m a  1. B y  v i r tue  
of  it we have  

X k + l  

f Ca ~ If(t) - -  f(x) Edt <= 2& 

and  so if n is large enough (n > nl) t hen  

IZal __<# (n ~ n l )  

x-i-4a n 

f If(t) - - f ( x ) ] d t  
x--4~ n 

( i s )  

We infer  now f rom (12), (13), (17), and  (18) t h a t  for an  a r b i t r a r y  small  pos i t ive  

and  for a r b i t r a r y  large n > n2(f,  ~) we h a v e  

C8 
iS=(x, fn) - f (x ) ]  < ~ § - -  (n > n=) 

n 

with  a cons tan t  C s independen t  of  n. Thus  (5) holds a t  eve ry  Lebesgue  poin t  
of  the  func t ion  f ,  and  this  was to be proved.  

2. The  purpose  of this  sectiml is to  discuss the  following problem.  Le t  
(n = 1, 2, . . .) be an  a r b i t r a r y  sequence of real  number s  such t h a t  A,~ --> 0 Art 

as n - +  oo. Fo r  f e L ~  let  us define fn(x)  as 

fn(x) -~ f~,~,,(x) = f ( t )  i f  i~ # 0, 
x--~rt 

I f ( x )  if  & = 0, 

and  let  us consider the  n - th  par t ia l  sum S , (x ,  f , )  of the  Four ie r  series of  the  funct ion  

f~, t h a t  is 

S n ( x , f , )  = 7c f , ( t ) D , ( x  - -  t)dt. 

T r I ~ o ~ M  2. Let  f E LI2= and  An -+ 0 as n --> c o .  T h e n  

i f  and only i f  

more precisely 

Sn(x, fn) -->f(x) a.e. as n -+  m 

sin nan 
nA~ [S~(x, f )  - -  f(x)]  --> 0 

sin nan 

& . e .  a s  n - - >  o0~ 

[&(x,  f i )  - -  f(x)] nA~ [S,(x,  f )  - -  f(x)] - +  0 a.e. as n --> ~ .  
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To prove  T h e o r e m  2 we need the  following resul t  which can be easi ly p r o v e d  b y  
using a classical resul t  of  D. K .  F a d d e e v  [3]. (A v e r y  pa r t i cu la r  case of  L e m m a  3 
when  l ~  1 and  f C C 2 ~  was a p roved  b y  C. Lanczos  [6]). 

LEMMA 3. I f  2~ ~ ~,, where 5,~ is de f ined  in  (1) a n d  x is  a Lebesgue  p o i n t  o f  

f e L ~  then  

S ( x ,  f , ,  (7,) - -+f(x)  as n -+  ~ .  

P r o o f  o f  T h e o r e m  2. We  m a y  obvious ly  assume t h a t  2~ ~ 0 
since f, ,  ~ ~ f , ,  E~.,r" Fur the r ,  for 2~ = 0 

sin n2.  
S~(x,  f i )  - -  f ( x )  - -  n 2 ,  [S,(x, f )  - -  f(x)]  

( n :  1 , 2 , . . . )  

therefore  wi thou t  loss of  genera l i ty  we m a y  suppose 2, > 0 (n ~ 1, 2, . . .). L e t  
us now represen t  2~ in the  fo rm 

2lnz 2 0 ~  
2 . - -  + - -  ~,~ + e., 

2 n +  1 2 n +  1 

where  In is a non-nega t ive  in teger  and  0 < O, ~ 1. We  have  

1 
+ - -  

22n 

(•n 
S ( x , f . , ~ . )  - -  f ( x )  = ~. [S (x,f . ,~.)  - -  f(x)]  + 

x--,~ n x + ) , .  

f f [S.( t ,  f )  - -  f ( x ) ]d t  -? 22~. [S.( t ,  f )  - -  f ( x ) ]d t .  
x )'n X+On 

(19) 

Le t  nl, n2, . . . be the  indices n for which 6,, # 0 (n ~ n D n2, . . . ) .  B y  v i r tue  of  
L e m m a  3 we have  

S,~(x, f , i ,  e,i ) - -  f ( x )  -+  0 a.e. as i -+  ~ ,  

therefore  

(20) 

To es t ima te  the  second express ion  on the  r ights ide of  (19), let  us notice t h a t  

x 6n x+2'n 

' f  22~ [S . , ( t , f )  - -  f ( x ) ]d t  + 22n 
x ).n x+(~n 

[Sn(t, f )  - -  f ( x ) ]d t  = 
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s i n  - -  z 

- - 2 a 2 .  1 e. cos ~. § [f(t) 

2 

. 1 I sln -2- 
s 

- - f ( x ) J d t §  

(k § l)s.-| 
sin - ) 

(21) 

(k + 1)e~ 
sin 

~ n "  1 2 
§ 2--, k=~ ~-/-' [Sk(x, f)  - -  f(x)] (k + 1)en 

_ _  

nSn 

s i n - 2 -  ( 2 )  n2,, 
cos n ~ § [S~(x, f )  - -  f(x)] = A1 § A2 + 13 @ A4. 

I t  is ve ry  easy to es t imate  A x. Since 2,~-~0 as n - ~  o% it follows t h a t  d n ~ 0  
and e,~ -~  0 as re --> oo. Therefore  

sin ~- 
En 

2Jr2n 1 . . . .  e~ COS 4, + - - > 0  a S  r e - - - >  o(3 

and consequent ly  

A 1 - - - ~ O  a . e .  a s  n - ~  ~ .  (22) 

Now we recall t ha t  the  funct ion z f ' ~  sin z/z toge ther  wi th  its f i rs t  der iva t ive  is 
bounded  on the  real line. Hence  

(s,~)2 .-i i .-i 

IA2I < C9 ~ ~ I S ~ ( x , f ) - f ( x ) l  < C97~-  ~ ISKx, f ) - - f (x )]  
k=l re k=l 

and 

]A3 [ < 

~r~ 

An 

n--i X n--I 
~_, [ S k ( x , f ) - - / ( x ) ]  g ~ -  ~ ] S k ( x , f ) - -  f (x) i ,  

k=l ~ k=l 
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w h e r e  C 9 is  t h e  u p p e r  b o u n d  for  I(sin z /z) '  I. B y  a t h e o r e m  of  J .  M a r c i n k i e w i c z  

[8] ~) we  h a v e  for  e v e r y  f e L ~  

t h a t  is, 

1 tt--1 

- -  ~ [ & ( x , f ) - - f ( x ) ] - + O  a.e.  as  n - - >  0% 
Tb k--1 

A2,  A 3 - ->  0 a . e .  a s  n - +  ~ .  (23) 

L e t  us  t u r n  to  t h e  e x p r e s s i o n  A4. S ince  X~ = 8, -~- s,, we  h a v e  

F u r t h e r ,  

s in  n2~ s in  n8~ 
A4 - -  n2~ [S , ( x ,  f )  - -  f (x ) ]  -t- n2--~- [ & ( x ,  f )  - -  f (x) ] .  

s in - -  
s in  nS~ s in  [ (n  -b 1 )~ ,  _ �89 2 

= ( -  1 / -  +~ - -  
n~= n ~  nX,, 

H e n c e  w e  o b t a i n  

T h e r e f o r e  

n s in  n/~. 

log  n n2= 

s in  n &  8~ 1 

- ~  < 2 n Z .  = 2 n "  

[Sn(x,  f )  - -  f (x ) ]  - +  0 a..e. as  n --> oo, 

s ince  i t  is a we l l  k n o w n  c l a s s i ca l  r e s u l t ,  t h a t  for  e v e r y  f C L 1 2z 

r o u n d  [11].) 

1 
log n [S"(x'  f )  - -  f (x)]  --> 0 a.e.  as  n --> oo. 

(See e . g . A .  Z y g -  

(24) 

T h e r e f o r e  we c o n c l u d e  t h a t  

s in  ns 
A4 n 2 ,  [S~(x,  f )  - -  f (x) ]  --+ 0 a .e .  as  n --~ m.  (2z) 

B y  v i r t u e  o f  f o r m u l a s  ( 1 9 ) - - ( 2 3 )  a n d  (25) we  h a v e  

[ & ( x ,  f l )  - -  f (x ) ]  

w h i c h  w a s  t o  b e  p r o v e d .  

s in  nL~ 
[ & ( x ,  f )  - -  f (x ) ]  --> 0 a .e .  as  n - +  oo 

~rt--1 
2) Actually,  J. Marcinkiewicz proved only tha t  1/n k - I  [Sk (x , f ) - - f ( x ) ]2 - ->  0 a.e. as 

n--->co, bu t  using the t tSlder  inequali ty one can obtain the  result we need. 
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COROLLARY 1. Let ~n-~ 0 as n---> oo. I f  

sin n2n 
l i ra  ~ l o g n <  co 
n---> oo 

then for every f E L ~  we have 

X+2rt 

1 
. /  S~( t , f )d t - -~ f (x)  a.e. as  n - - ~  co. 2 ~  

x - - ~  n 

Thi s  fo l lows  i m m e d i a t e l y  f r o m  T h e o r e m  2 a n d  (24). L e t  us  r e m a r k  t h a t  (26) is 

n e c e s s a r i l y  fu l f i l l ed  i f  ]X~ I > Clo log  n/n (C10 > 0) or  

n 

w h e r e  l~ a r e  i n t e g e r s  such  t h a t  l~ # 0. 

COROLLARY 2. Let ~ - - ~ 0  as n - +  co. I f  

s in  n ~  
l i ra  n2,, > 0 (27) 

then there exists a function f belonging to L~:~ such that 

x+~ n 

i i m  ~ S~(t, f )dt  = oo a.e.  (2S) 
n---> co  

I n d e e d ,  l e t  us  choose  a s e q u e n c e  n l  < n 2  < . . .  < n ~ < . . .  so t h a t  

s in  ni,~,~ 
l i m  > 0. 
i--~ oV n i ~n  i 

B y  a r e s u l t  o f  K o l m o g o r o v  [5] t h e r e  is a f u n c t i o n  f E L ~  s u c h  t h a t  s) 

l i m  ]S,i(x,f) ] = oo a.e .  
i ~ > a 0  

T h e r e f o r e  we  h a v e  for  t h i s  f u n c t i o n  f ,  

s in  nL~ - -  f (x ) ]  
l i m  ~ [S~(x,f) = co a.e.  

n- ->  0o 

s) Kolmogorov proved only tha t  there exists a function f belonging to L ~  such tha t  
S~(x, f) diverges everywhere as n --> co, bu t  the result we need also follows from the arguments 
used in the course of the proof  of this theorem given by  A. N. Kolmogorov.  This fact  was 
noticed b y  A. Zygmund (see [11], vol. I ,  p. 314). 
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Hence,  applying Theorem 2, we obta in  (28). 
Le t  us observe t h a t  (27) holds whenever  we can choose a 

n~ < n 2  < . . .  < n ~ < . . .  such t h a t  n~,~ converges as i - +  co and 

lim nl) . ,  i :/= lea (lc = 4 - 1 ,  : 1 : : 2 , . . . ) .  
i-~- oo 

sequence 

COROLLARY 3. Let ~ - *  O as n---~ oo. I f  

sin n2,  
lira ~ log logn  = co 
n-~CO 

then one can f ind  a function f C L ~  such that (28) holds. 

(29) 

To prove this let  us write 

sin n2,  1 

where 

S i n c e  ~ n - - >  O a s  n- - ->  ~ ,  

a funct ion f C L 1 

Sn(X,f) 

~x,, loglog n '  

sin n ~  )-�89 
cx~ = \/ n2n loglog n . 

by  v i r tue  of a theorem of  u  Chen [2] there  exists 
such t h a t  

l im Sn(x , f )  > 1 a.e., 
~_~ ~n loglog n 

t h a t  is, 

sin n2,  
l im ~ s  Sn(x, f )  = co a.e. 
n--> co 

Using Theorem 2 we obta in  (28). 
We remark  t h a t  (29) holds if for example  n2n = 0(1) 

rain ln2n --  kx] > Cn (loglog n) -~ 
k =  =t= 1, J=2 . . . .  

and 

( o < e < D .  

3. To s tudy  the  behaviour  of the  polynomials  S,(z,  fn,~n) for a rb i t r a ry  sequences 

2 n and funct ions f E L ~  seems to  be much  more diff icult  t h an  t h a t  of S,(x, fn,~,n)" 

For  the  t ime being we have  no deep results concerning the  convergence or divergence 

of s  f-,~.n)" In  part icular ,  we do not  know what  to  expec t  in the  ease 2,~ = 1 / ~ n  

which is a ~>goo&> pa rame te r  for the  Four ie r  sums as it  has been p roved  in Theorem 2. 
At  the  same t ime,  however,  we th ink  t ha t  the following conjectures  are true:  
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a) Let 2~ = 7~/2n (n = 1, 2 . . . .  ). Then there exists a function f c C2~ such 

that S,(x, fn,;.,) diverges almost everywhere. 

b)  Let 2,, = ~/n (n = 1, 2, . . .). Then there exists a function f C L 12~ such that 

S,,(x, f , ,  4~) diverges almost everywhere. 

W e  h o p e  to r e t u r n  s o o n  to  t h e s e  q u e s t i o n s .  
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