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0. Introduction

In [2], Fischer, Gaschiitz, and Hartley showed that any finite soluble group
possesses a unique conjugacy class of F-injectors for any Fitting class § of finite
soluble groups. The results of [2] have been extended to certain classes of periodic
locally soluble groups by Tomkinson [5] and the author [4].

The purpose of this note is to-show that the restriction of local solubility, imposed
in the above papers, is not necessary in order to obtain well-behaved classes of
&-injectors. In section 2 we consider finite n-soluble groups and prove that such
a group possesses a unique conjugacy class of F-injectors, where & is any Fitting
class of finite n-soluble groups such that O%(G)€§ implies that G€F. Section 3
indicates an extension of the results of section 2 to a class of locally finite locally
n-soluble groups; the injectors obtained here form a unique local conjugacy class of
subgroups.

1. Notation and Terminology

Throughout this paper n will denote a fixed but arbitrary set of primes. If X
is a class of groups we denote by X* the class of finite X-groups and by X, the class
of n-groups in X. 9t denotes the class of finite nilpotent groups. A finite group Gis
said to be m-soluble if every chief factor of G is either a n-group or a n’-group, and
those which are n-groups are soluble.

Lét H be a subgroup of an arbitrary group G, and let Q be a totally ordered
set. By a series of type Q from H to G we mean a set {U,, ¥,; 6€Q} of pairs of sub-
groups of G containing H and satisfying

® V,<U,, forall o€,
@ U, =V, if a<o,
(i) G—H = UQ U, -V,
a €
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where G — H denotes the set of elements of G which do not belong to H. In such a
situation we say that H is serial in G, and write H ser G.

We define a group G€M if and only if G possesses a local system X={F,: A€ A}
consisting of finite n-soluble groups such that R=Ng(Z)=\rcy No(F), where R
is the locally nilpotent residual of G, i.e. R is the unique normal subgroup of G
minimal with respect to the factor group G/R being locally nilpotent. Clearly R is
an FC-group and F ser G, for all F¢ZX. Throughout when considering an R-group
G we shall assume that ¥ denotes a local system which defines G as an ¥-group,
i.e. satisfies the above definition. IM* is then the class of finite m-soluble groups.

An automorphism o of a group G is called a Jocally inner automorphism of G
if, given any finite set of elements gy, ..., g, of G, there exists g€ G, depending in
general on the set in question, such that gf=g~"g,;g, for i=1, ..., n. Two subgroups
X and Y of G are said to be locally conjugate in G if there exists a locally inner auto-
morphism of G mapping X onto Y.

We shall use the notation of group classes and closure operations developed by
P. Hall and set out for example in [3].

2. Finite m-soluble groups

A Fitting class of finite n-soluble groups is a subclass & of M* such that

() if GEF and N=<1 G, then NE,
(i) if Ny, N, S GEM* and N, N,€ §, then NyN,€ §.

Lemma 2.1. Let §§ be a Fitting class of finite n-soluble groups, then the following
are equivalent:

(i) if O¥(G)€ §, then GEF,
(i) § = FMz.

Proof. Suppose that § satisfies (i). Clearly F=FI., so assume that GEFM:..
Then there exists a normal subgroup N of G such that N¢§ and G/Nc¢IR:,. But
O™ (G)=N and, since § is a Fitting class, 0¥ (G)€F. Hence GEF.

On the other hand, if § satisfies (i) and O™ (G)€F, then G¢ TWE=5.

We therefore define a Fitting class § of finite n-soluble groups to be extendable
if § satisfies the conditions of Lemma 2.1.

Our next result shows that extendable Fitting classes are plentiful.

Lemma 2.2, If § is a Fitting class of finite n-soluble groups, then §FINL, is an
extendable Fitting class of finite n-soluble groups.
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Proof. (i) Let N be a normal subgroup of GeFIY, and let K<IG such that
Ke& and G/KeM:.. Then N/Nn K= NK/KeI, and Nn K<IKE€F. Hence Nn K€ .

(ii) Let Ny, N, be normal subgroups of a finite n-soluble group G such that
N;, N6 FME. Let K; be the F-radical of N, i=1, 2. Then K;<IG and N,/K;eI.,
i=1, 2. Hence K, K,€§ and Ny N,/K, K,=N, K,/ Ky K, - Ky N/ K, K, € 9%,

Therefore FIRE is a Fitting class of finite n-soluble groups. Clearly FIZ is
extendable.

Lemma 2.3. Let N be a normal subgroup of a finite n-soluble group G such that
either GINEIRE, or GINER,,. Let § be an extendable Fitting class of finite n-soluble
groups, let W be an §-maximal subgroup of N, and let V,, V, be F-maximal sub-
groups of G with W=V,nV,. Then there exists an element g belonging to the nil-
potent residual of G such that Vi=V,.

Proof. Clearly we may assume that W=V, nN=V,nN is a normal subgroup
of G. Let R be the nilpotent residual of G.

Case (a). GINeW.. If X is any Sylow n’-subgroup of G, then, since § is extend-
able, WX is an -subgroup of G. Let S, T; be respectively Sylow n-, n’-subgroups
of G such that SnV;, T;nV; are respectively Sylow zn-, n’-subgroups of V5. Then
Vi=(SnV)(TinVy). But S=N and so SNV,;=NnV,=W. Therefore V;=WT,
which, by the F-maximality of ¥, implies that V;=WT;. Similarly there exists a-
Sylow n’-subgroup T, of G such that V,=WT,. Since, by [1], the Sylow =’-sub-
groups of G are all conjugate and T; R=T,R, we have that there exists g€R
such that T7=1T,. Hence V{=V,.

Case (b). GINeR,,. If X is a Sylow n’-subgroup of G, then X=N and so, by
the §-maximality of W in N, X=W. Therefore G/WcIR: and hence G/W is a
finite soluble group. Let E;/W be a Carter subgroup of M;/W=Ngy (V;/W). Then
M,/M;~ N is nilpotent and so, for large enough r, we have that

V, M, ..., M]=V,nN = W.
[ —

¥

Hence V,/W is hypercentral in M;/W. Therefore V,/W is a normal subgroup of
EJWw, for i=1, 2.

Claim. E;/W is a Carter subgroup of G/W. For, suppose that for some x¢€G,
EFf=E, Then Vi<lE, and so V,V7c§. Therefore, by the F-maximality of V;,
V=V ie. x€M;. Hence x€E; and so E/W is a Carter subgroup of G/W.

Therefore, since E; R=F, R, there exists g€ R such that Ef =E,. Therefore V¢, ¥,
are normal -subgroups of E,. Hence Vi=V,.
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If & is a Fitting class of finite n~-soluble groups and G¢IMM*, then an F-injector
of G is a subgroup V of G such that

@ Veg,

(i) VNN is a maximal §-subgroup of N, for all normal subgroups N of G.

Theorem 2.4. Let G be a finite r-soluble group, and let § be an extendable Fitting
class of finite n-soluble groups. Then G possesses F-injectors, and if Vi, V, are §-injec-
tors of G then there exists an element g of the nilpotent residual of G such that VI=V5;.

Proof. We prove the existence of §-injectors by induction on |G|, the case
|G|=1 being trivial. So, suppose that |G|>1 and that the theorem has been proved
for all groups of order less than |G|. Then there exists a proper normal subgroup
K of G such that either G/KcM¥, or G/KeN,,. By induction K possesses an F-injector
U, say. Let V be an §-maximal subgroup of G such that U=V,

Claim. V is an §-injector of G. For, let M be a maximal normal subgroup of
G, then we shall show that M ~ V is an -injector of M. Let N=M n K, then either
MINeME, or M/NeR,. By induction M possesses an §-injector V*, say. Then
W=NnV=NnUand NnV* are §-injectors of N. But, by induction, there exists
an element g of the nilpotent residual of N such that W?=NnV* Clearly g¢R,
the nilpotent residual of G, and so we may assume that W=Nn V*, Now, let V
be an §-maximal subgroup of G such that ¥*=V. Then, by Lemma 2.3, there
exists x€ R such that P*=V. Then we have

VoMY =VaM=VaM=V*

Hence VM is an F-injector of M. Since this is true for all maximal normal sub-
groups M of G, V is an §-injector of G.

To prove conjugacy let M again be a maximal normal subgroup of G. Then
either G/M MY, or G/MEN,.. By induction we may assume that MnVi=MnV;.
Then the result follows immediately by Lemma 2.3.

Corollary 2.5. Let 1 =G,=2G,<1...<9G,=G be a series of a finite n-soluble group
G such that either G, ,/G,€MY, or G, ,/G,€NR,, for all 1=i=n—1, and let § be an
extendable Fitting class of finite n-soluble groups. Then V is an §-injector of G if and
only if VnG; is an §-maximal subgroup of G;, for all 1=i=n.

Proof. Follows from the proof of Theorem 2.4.

Corollary 2.6. Let § be an extendable Fitting class of finite n-soluble groups, and
let V be an §-injector of a finite n-soluble group G such that V=H=G. Then V is an
&-injector of H.
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Proof. Let1=G,<1G,<1...<1G,=G be a series of G such that either G, ,/G;¢ MM
or G;,/Gi€N,, for all 1=i=n—1. Then, if H;=HnG;forall 1=i=n,1=H,<H,<
<d1...<aH,=H is a series of H of the same type. Then HnV=GnHNV=G,nV
is an F-maximal subgroup of H,, for all 1=i=n. The result now follows by Corol-
lary 2.5.

3. A class of locally 7-soluble groups

A Fitting class of M-groups is a subclass § of M such that

() if GEF and H ser G, then HEF,

(ii) if {S;; A€Ad}isa family of serial §-subgroups of an M-group G such that
G=(S;; A€ A), then GEF.

A Fitting class § of MM-groups is said to be extendable if F=gM, " M.

The following is immediate from the definition of .

Lemma 3.1. If § is an extendable Fitting class of W-groups, then §* is an extend-
able Fitting class of finite n-soluble groups.

Theorem 3.2. If & is an extendable Fitting class of finite n-soluble groups, then
® M is an extendable Fitting class of M-groups.

Proof. (i) Let H ser GEL® NI, and let A4, ..., h,€ H. Then there exists a sub-
group E of G such that 4, ..., h,€ E€®. Now H ~ E ser E which implies that Hn E
is subnormal in E. Therefore %, ...,h,e HNE€®, since ® is closed under taking
subnormal subgroups. Hence HELG nIN.

(i) Suppose that the M-group G is generated by {S;; A€ A} a family of serial
®-subgroups of G, and let g, ...,g,€G. Then there exists FEZ such that
81 ---» £,€ F, and there exists Ay, ..., 4,€A such that F=(S; , ..., S; ).

We now need only show that if an M-group G is generated by a finite number
of serial G-subgroups then it is itself a G-group. So, let H,, ..., H, be serial
LG-subgroups of an M-group G such that G=(H;, ..., H,), and let gy, ..., g,€G.
Then there exists € 2 such that gy, ..., g,6(H N F, ..., H, n F) and H;~ Fis a serial
subgroup of H;, and so is a G-group, 1=i=n. Therefore (H;NF, ..., H,n F)CG,
since it is generated by subnormal G-subgroups. Hence GEL® NN, as required.

Now let =16 M, and suppose that GEFW,. ~ M. Then, if FEZ, FEGM:. =
=®. Hence GeL® nM=F and §F is extendable.

Corollary 3.3. The extendable Fitting classes of W-groups are precisely the
L® NN, where & is an extendable Fitting class of finite n-soluble groups.

Proof. Let & be an extendable Fitting class of MM-groups and let gy, ..., 8,€GEF.
Then there exists F€Z such that g, ..., g,€ F. But F ser G, and so FeF*. There-
fore GELF* M. Now, suppose ‘that G is an LF* nM-group. Then G possesses
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a local system X of finite serial §-subgroups and G=(F; FcX). Hence GE§. There-
fore F=F* nM.
The converse follows immediately from the previous theorem.

The proof of the following is straightforward and is therefore omitted.

Lemma 3.4. If & is an extendable Fitting class of M-groups, then F=LF M.

If & is an extendable Fitting class of M-groups and GEM, then an F-injector
of G is a subgroup ¥V of G such that

(i) Veg,

(i) V'~ S is a maximal §-subgroup of S, for all serial subgroups S of G.

We are now in a position to show, using inverse limits and the results obtained
in section 2, that any M-group possesses a local conjugacy class of F-injectors. The
proofs of the following results are similar to those used in the analogous results
obtained in [4]. Consequently, proofs will not be given here.

Theorem 3.5. Let § be an extendable Fitting class of M-groups and suppose
that GEIMM. Then G possesses F-injectors and any two are locally conjugate in G.
(Cf. [4] Theorems 2.6 and 2.9.)

Theorem 3.6. Let & be an extendable Fitting class of M-groups, and let V be an
&-injector of an M-group G. Then, if V=H=G, V is an §-injector of H. (Cf. [4]
Theorem 2.7.)
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