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O. Introduction 

In [2], Fischer, Gaschiitz, and Hartley showed that any finite soluble group 
possesses a unique conjugacy class of R-injectors for any Fitting class ~ of finite 
soluble groups. The results of [2] have been extended to certain classes of periodic 
locally soluble groups by Tomkinson [5] and the author [4]. 

The purpose of this note is to  show that the restriction of local solubility, imposed 
in the above papers, is not necessary in order to obtain well-behaved classes of 
~-injectors. In section 2 we consider finite n-soluble groups and prove t h a t  such 
a group possesses a unique conjugacy class of R-injectors, where ~ is any Fitting 
class of finite n-soluble groups such that O~'(G)E~ implies that GE~. Section 3 
indicates an extension of the results of section 2 to a class of locally finite locally 
zc-soluble groups; the injectors obtained here form a unique local conjugacy class of 
subgroups. 

1. Notation and Terminology 

Throughout this paper n will denote a fixed but arbitrary set of primes. If  3~ 
is a class of groups we denote by 3E* the class of finite 3E-groups and by ~ the class 
Of n-grOups in 3E. 9t denotes the class of  finite nilpotent groups. A finite group G is 
said to be re-soluble if every chief factor of G is either a n-grOup or a n'-group, and 
those which are zc-groups are soluble. 

Let H be a subgroup of a n  arbitrary group G, and let /2 be a totally ordered 
set. By a series of  type f2from H to G we mean a ~ set {u, ,  v , ;  gE f2} of  pairs of sub- 
groups of G containing H and satisfying 

(i) V~ ~ U~, for all ~E/2, 
(ii) u~-<_~, i f  ~ < ~ ,  
(i~) c - H  - - U  (u~-  ~), 

~rE-O 
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where G - H  denotes the set of  elements of G which do not belong to/-L In such a 
situation we say that H is serial in G, and write H ser G. 

We define a group G E g)l if and only if G possesses a local system t7 = {Fz: 2 E A} 
consisting of  finite K-soluble groups such that R<=Nc(S)=Nr~s N~(F), where R 
is the locally nilpotent residual of G, i.e. R is the unique normal subgroup of G 
minimal with respect to the factor group G/R being locally nilpotent. Clearly R is 
an FC-group and F ser G, for all FE S. Throughout when considering an 9~-gzoup 
G we shall assume that S denotes a local system which defines G as an 9J/-group, 
i.e. satisfies the above definition, gJU is then the class of  finite K-soluble groups. 

An automorphism ~ of a group G is called a locally inner automorphism of G 
if, given any finite set of  elements gl . . . . .  g, of G, there exists gEG, depending in 
general on the set in question, such that g~ =g-lg~g, for i=  1 . . . . .  n. Two subgroups 
X and Y of G are said to be locally conjugate in G if there exists a locally inner auto- 
morphism of  G mapping X onto I7. 

We shall use the notation of group classes and closure operations developed by 
P. Hall and set out for example in [3]. 

2. Finite K-soluble groups 

A Fitting class of finite re-soluble groups is a subclass ~ of 9J~* such that 

(i) if G E ~  and N~__G, then N E ~ ,  

(ii) if N1,N2~___GEgJ~* and N1,N2E~, then NIN2E~. 

Lemma 2.1. Let ~ be a Fitting class of  finite re-soluble groups, then the following 
are equivalent: 

(i) if O~'(G) E ~, then G E ~, 

(ii) ~ = ~9~*,. 

Proof. Suppose that ~ satisfies (i). Clearly ~=<~gJ~*,, so assume that GE~gJI*,. 
Then there exists a normal subgroup N of  G such that N E ~  and G/NEgJI*~,. But 
O~'(G)<-N and, since ~ is a Fitting class, O~'(G)E~. Hence GE~. 

On the other hand, if ~ satisfies (ii) and O~'(G)E~, then G E ~ I * , = ~ .  
We therefore define a Fitting class ~ of  finite re-soluble groups to be extendable 

if  ~ satisfies the conditions of Lemma 2.1. 
Our next result shows that extendable Fitting classes are plentiful. 

Lemma 2.2. I f  ~ is a Fitting class of  finite 7r-soluble groups, then ~99l*, is an 
extendable Fitting class of  finite re-soluble groups. 
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Proof (i) Let N be a normal subgroup of G E JgJ/*,, and let K<~ G such that 
KE j and G/KE ?Ol*,. Then N / N n  K_~ NK/KE 9JU, and N n  K ~  KE J .  Hence N n  KE j .  

(ii) Let N1, N2 be normal subgroups of a finite re-soluble group G such that 
N1, N2E JgJl*,. Let K~ be the J-radical of Ni, i--1, 2. Then Ki-~G and Ni/KiEgJu,, 
i=1,  2. Hence K1K2EJ and NINJK~K2=N~K2/K~K2.KIN2/K~K2Egdl*,. 

Therefore J93l*, is a Fitting class of finite 7r-soluble groups. Clearly J~.0l*, is 
extendable. 

Lemma 2.3. Let N be a normal subgroup of  a finite 7r-soluble group G such that 
either G/NEgJI*, or G/NEg~. Let j be an extendable Fitting class of finite re-soluble 
groups, let W be an J-maximal subgroup of N, and let Va, 112 be J-maximal sub- 
groups of G with W<= V1 n V2. Then there exists an element g belonging to the nil- 
potent residual of G such that V~ = V~. 

Proof Clearly we may assume that W= V1 n N =  V~ n N is a normal subgroup 
of G. Let R be the nilpotent residual of G. 

Case (a). G/NE 9JU,. If  X is any Sylow rc'-subgroup of G, then, since J is extend- 
able, WX is an J-subgroup of G. Let S, 7"1 be respectively Sylow re-, rc'-subgroups 
of  G such that S ~  V~, T~n V~ are respectively Sylow 7r-, ~r'-subgroups of V~. Then 
V~=(Sn V0(Tln  V0. But S<=N and so S n  V ~ N n  V~= W. Therefore Va<= WTa 
which, by the j-maximality of Vx, implies that V1 = WT~. Similarly there exists a 
Sylow 7r'-subgroup T2 of G such that V2= WT~. Since, by [1], the Sylow 7r'-sub- 
groups of G are all conjugate and TIR=T~R, we have that there exists gER 
such that T~= 7"2. Hence V~= V~. 

Case (b). G/NEg~=. If X is a Sylow rc'-subgroup of G, then X<=N and so, by 
the J-maximality of W in N, X<_ - W. Therefore G/wEgJI* and hence G/W is a 
finite soluble group. Let E~/W be a Carter subgroup of MJW=No/w(V~/W ). Then 
Mi/M~ n N is nilpotent and so, for large enough r, we have that 

[V,M,, . . . ,  M,] =< V ~ n N =  W. 

Hence VI/W is hypercentral in Mi/W. Therefore VJW is a normal subgroup of 
E~/W, for i =  1, 2. 

Claim. EI/W is a Carter subgroup of G/W. For, suppose that for some xEG, 
E~'=E i. Then V;-~E t and so ViV~EJ. Therefore, by the J-maximality of Vi, 
Vi= V Z i.e. xEMi. Hence xEEi and so Ei/W is a Carter subgroup of G/W. 

Therefore, since E1R=E2R, there exists gER such that E(=E2. Therefore V~ o, V2 
are normal J-subgroups of E~. Hence V~= V~. 
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If ~ is a Fitting class of finite n-soluble groups and GE~0I*, then an J-injector 
of G is a subgroup V of G such that 

(i) V~j ,  
(ii) V n N  is a maximal ~-subgroup of N, for all normal subgroups N Of G. 

Theorem 2.4. Let G be a finite zc-soluble group, and let q~ be an extendable Fitting 
class of  finite z~-soluble groups. Then G possesses J-injectors, and i f  V1, Vs are q~-injec- 
tors of  G then there exists an element g of  the nilpotent residual of  G such that V~= Vs. 

Proof We prove the existence of J-injectors by induction on [G[, the ease 
tG[- 1 being trivial. So, suppose that [G I ~ 1 and that the theorem has been proved 
for all groups of order less than IG[. Then there exists a woper normal subgroup 
K of G such that either G]KE~DI*, or G/KEgI~. By induction Kpossesses an ~-inject0r 
U, say. Let V be an ~-maximal subgroup of G such that U<= V. 

Claim. V is an J-injector of G. For, let M be a maximal normal subgroup of 
G, then we shall show that Mc~ V is an j-injector of M. Let N = M n  K, then either 
M/NEg?~*, or M]NEgt, .  By induction M possesses an ~-injector V*, say. Then 
W = N n  V = N n  U and N n  V* are J-injectors of N. But, by induction, there exists 
an element g Of the nilp0tent residual of N such that W g = N n  V*. Clearly gER, 
the nilpotent residual of G, and so we may assume that W = N n  V*. Now, let V 
be an ~-maximal subgroup of G such that V*~V. Then, by Lemma 2.3, there 
exists x E R such that V ~ = V. Then We have 

(VnM) x = V  x n M =  V n M =  V*. 

Hence V n M  is an J-injector of M. Sincethis is true for all maximal normal sub- 
groups M Of G, V is an J-injector of G. 

To prove co~ugacy let M again be a maximal normal Subgroup of G. Then 
t~ either G/MEgJI*, or ,r /MEgt, .  By induction we may assume that Mr~ V I = M n  V2. 

Then the result follows immediately by Lemma 2.3. 

Corollary 2.5. Let 1 = Go ~__GI ~_. ~. ~_G n = G be a series of  a finite n-soluble group 
G such that either Gi+l/GiEgJ~*n, or Gi+I/GIEg~,, for all l<=i<=n - 1, and let J be an 
extendable Fitting class of finite n-soluble groups. Then V is an J-injector of G if  and 
only i f  V n G  i is an j-maximal subgroup of Gi, for all l~i<=n. 

Proof Follows from the proof of Theorem 2.4, 

Corollary 2.6. Let J be an extendable Fitting class of finite n-soluble groups, and 
let V be an J-injector of  a finite n-soluble group G such that V<--_H~G. Then V is an 
J-injector of H. 
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Proof. Let 1 -- Go<__GI<_~_... <_G~ = G be a series of G such that either Gi+I/G i E ~I~*, 
or Gi+JG~Efft ~, for all 1 ~ i ~ n - - 1 .  Then, i fH~=HnG~ for all 1 ~ i ~ n ,  1 =11o_<1t1< 

<<_...<H~=H is a series of H of the same type. Then Hzn V : G i n H n  V : G I N  V 
is an ~-maximal subgroup of Hi, for all l ~ i ~ n .  The result now follows by Corol- 
lary 2.5. 

3. A class of locally ~-soluble groups 

A Fitting class of YJUgroups is a subclass B of 91A such that 
(i) if GEB and H ser G, then HEB,  

(ii) if {Sa; 2EA} is a family of serial B-subgroups of an ~J/-gr0up G such that 
G = ( S x ; 2 E A ) ,  then GEB. 

A Fitting class B of 9J/-groups is said to be extendable if  B = BgJ~ �9 c~ M. 
The following is immediate from' the definition Of ~. 

Lemma 3.1. I f  ~ is an extendable Fitting class of?Or-groups, then B* is an extend- 
able Fitting class Of finite ~Tz-soluble groups. 

Theorem 3.2. I f  ff~ is an extendable Fitting class o f  finite n-soluble groups, then 
15 n ~ is an extendable Fitting class o f  9Jl-groups. 

Proof (i) Let  H s e r  GEL15ngJI, and let hi . . . .  , hnEH. Then there exists a sub- 
group E of  G such that h 1, ..., hnEEE15. Now H n  E ser E which implies that Hc~ E 
is subnormal in E. Therefore hi . . . . .  hn E H n  EE 15, since 15 is closed under taking 
subnormal subgroups. Hence HELl5 n 9J/. 

(ii) Suppose that the ~9~-group G is generated by {Sz; 2EA} a family of serial 
15-subgroups of  G, and let gl, ..., gn E G. Then there exists F E S  such that 
gl, ..., g, EF, a n d t h e r e  exists •1 . . . . .  2,EA such that F N ( S ~  1, ..:, Szr). 

We now need only show that if an 9g/-group G is generated by a finite number 
of serial 15-subgroups then it is itself a 15-group. So, let //1 . . . . .  H,, be serial 
L15-subgroups of  an 931-group G such that G = ( H I  . . . .  , Hm}, and let gl . . . .  ,g ,  EG. 
Then there exists FE Z such that gl . . . . .  g, E (/-/1 n F, ..., H~ c~ F)  and H~ n Fis  a serial 
subgroup of H i, and so is a 15-group, l ~ i N n .  Therefore ( H ~ n F ,  ..:, H ~ n F ) E 1 5 ,  
since it is generated by subnormal 15-subgroups. Hence GEL(fC~gJt, as required. 

Now let B =L15 c~ ~ ,  and suppose that GE B~.IR~. n ~0/. Then, if FE Z, FE 15~1/*.___ 
----15. Hence GEL15 n 9 9 / = ~  and B is extendable. 

Corollary 3.3. The extendable Fitting classes o f  93t-groups are precisely the 

LIS n gJ~, where if) is an extendable Fittingclass o f  finite ~z-soluble groups. 

Proof Let B be an extendable Fitting class of ~0~-groups and let gt . . . . .  g, E G E B. 
Then there exists FEZ such that g~ ..... , g, EF. But F ser G, and so FEB*. There- 
fore GELB* c~gJL Now, suppose that G is an L~* n~01-group. Then G possesses 
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a local system Z of  finite serial ~-subgroups and G =  (F; FE S). Hence G E ~. There- 
fore ~ = ~ *  n 9Jl. 

The converse follows immediately f rom the previous theorem. 

The proof  of  the following is straightforward and is therefore omitted. 

Lemma 3.4. I f  ~ is an extendable Fitting class' o f  ~)l-groups, then ~ = L~ n 9Jl. 
I f  ~ is an extendable Fitting class of  9)/-groups and GEgJ/, then an ~-injector 

of G is a subgroup V of G such that 
(i) VE~, 

(ii) V n  S is a maximal ~-subgroup of S, for all serial subgroups S of  G. 
We are now in a position to show, using inverse limits and the results obtained 

in section 2, that any 9Jl-group possesses a local conjugacy class of  ~-injectors. The 
proofs of  the following results are similar to those used in the analogous results 
obtained in [4]. Consequently, proofs will not be given here. 

Theorem 3.5. Let  ~ be an extendable Fitting class o f  991-groups and suppose 
that GEg~. Then G possesses ~-injectors and any two are locally conjugate in G. 
(Cf. [4] Theorems 2.6 and 2.9.) 

Theorem 3.6. Let ~ be an extendable Fitting class o f  9)l-groups, and let V be an 

~-injector o f  an 9Jl-group G. Then, i f  V<-H<=G, V is an ~-injector o f  H. (Cf. [4] 
Theorem 2.7.) 
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