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w 1. Introduction 

Let E and F be two real Banach spaces, with Fr  When U(zE is an open 
subset, we shall denote by cm(u; F) the vector space of all maps f :  U-*F which are 
of  class C m in U. This space will be endowed with the topology z m defined by the 
family of  seminorms of the form 

PK, L(I) = max {sup {llDkf(x)vkl[" xEK, vEL}} 
O < = k < = m  - 

where K c U  and L c E  are compact  subsets and Tvk=T(v . . . . .  v), when T is a 
k-linear map. When E is finite-dimensional, zcm--%m, the compact-open topology 

of  order m. 
When F = R ,  the space Cm(U; F) is an algebra, denoted simply by cm(u). 
When E = R  n and F = R ,  Nachbin proved in [3] necessary and sufficient con- 

m ditions for a subalgebra A c Cm(U) to be dense in the topology z, ( m =  1), extending 
the Stone--Weierstrass theorem to the differentiable case. In fact, he proved that 
the following are necessary and sufficient conditions for A to be dense in (Cm(U), z~'): 

(1) for every xE U, there exis ts fEA such t h a t f ( x ) r  
(2) for every pair x, yEU, with xr  there exists fEA such that f(x)r 
(3) for every xE U and vEE, with v ~ 0 ,  there exists fEA such that Df(x)v~O. 
In [1], Lesmes gave sufficient conditions for a subalgebra AcCm(E) to be 

dense in (Cm(E), z~), when m = l ,  and E is a real separable Hilbert space. In fact, 
he proved that (1), (2), (3) (with U=E) and 
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(4) there is an MEN such that, for every integer n~M, i f f E A  thenfoP, EA; 
are sufficient for A to be -c~-dense, where P, is the orthogonal projection of E onto 
the span of {el, . . . ,  e,}, if {ei; iEN} is some orthonormal basis of E. 

In [4], Prolla studied Nachbin's result for m ~ 1 and the topology ~2. He extended 
Nachbin's theorem for polynomial algebras A c C ~ (R"; F) and applied this extension 
to prove the analogue of Lesmes' result for polynomial algebras AcCm(E; F) in 
the z2 topology, and E a real separable Hilbert space. 

In [2], Ltav0na announced the following result. I f  E is a real Banach space with 
the approximation property, and AcC~(E; F) is a polynomial algebra satisfying 
(1), (2), (3) (with U=E) and 

(4') A o GcA 

where GcE*| is some subset such that iEEG, then A is dense in (Cm(E; F), ~). 
Here iE is the identity map on E and G denotes the closure of G in (L(E; E), z~ 

In this paper, we extend the results of [4] to cover the case of open subsets 
UcE, when E is a real Banach space with the approximation property, and 
polynomial algebras A~cm(u; F). For each integer n->l, P~(E; F) denotes the 
vector subspace of C ~~ (E; F) generated by the set of all maps of the form x ~ [tO (x)]"v, 
where ~oEE*, the topological duat of E, and v6F. The elements of  P}(E; F) are 
called n-homogeneous continuous polynomials of finite type from E into F. A vector 
subspace AcC~ F) is called a polynomial algebra if, for every integer n ~ l ,  
pogEA for all gEA and all pEPS(F; F). 

w 2. Finite-dimensional case 

In this section E is a finite-dimensional real Banach space and F is any real 
Banach space, with F ~  {0}. We may assume that E-----R". 

Lemma 2.1. C~(U)| F is z'~-dense in C~(U; 17). 

Proof Let fECm(U; F), K c U  a compact subset and e>0.  Since DIn(U; F) 
is Xum-dense in C~(U; F), we may assume fEDm(U; F). (We recall that DIn(U; F) 
is the vector subspace of allfECm(U; F) which have compact support in U.) Let L 
be the support o f f  Let M be a compact neighborhood of K u L  in U. Let cpED(R n) 
be such that ~0(x)=l for all xEM. Define gEDm(Rn; F) by g(x)=~o(x)f(x) for all 
x E M and g (x) = 0 for all x ([ M. Sinc.e D (R") | F is  ~m-dense in D m (R"; F) (see Schwartz 
[6]), there exists h E D (R") @ F such that p~ ( g -  h) < e, Since g = f  in a neighborhood 

m n of K, and k=hIUECm(U)NF, we see thatp~(f-k)<e. Hence Cm(U)| z,-de se 
in C~(U; F). 
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Theorem 2.2. Let ACcm(u;  F) be a polynomial algebra. Then A is ~m-dense in 
c'n(u; F) if, and only if, conditions (1}--(3) of w 1 are verified. 

Proof The necessity of the conditions is easily verified. Conversely, assume 
that the'polynomial algebra A satisfies (1)--(3) of w 1. 

Let M =  {(p o f ,  q)EF*,fEA}. By Lemma 2.2 of [5], M is a subalgebra of C"(U) 
such that M |  By Nachbin's theorem (see [3], page 1550), M is -era-dense in 
cm(u). Hence M |  is zu'n-dense in cm(U)| By Lemma 2.1, M |  is zm-dense in 
C'(U; F), and since M |  this ends the proof. 

w 3. Infinite-dimensional case 

In this section E and F are real Banach spaces and E has the approximation 
property, i.e. given K c E  compact and e>0  there exists uEE*| such that 
I l u ( x ) - x [ l < ~  for all xEK. 

Lemma 3.1. Let fqcm(u;  F); let K c U  and L e E  be compact subsets and let 
e>O, There exists a map uE E* | and an open subset V c  U such that K c  V, u ( V ) c  U 
and Pr, L(f] V - f o  (u[ V))<e. 

Proof. Since (x, v)~-~Dkf(x)v k is continuous for all O<-k<=m, and K •  is 
compact, we can find a real number fi >0  such that O<6<dis t  (K, E \  U) and 

(i) []f(x)-f(y)l[ <: e, and 
(ii) []Dkf (x )vk - -Dk f (y )wk][  < e, 1 <= k <= m, 

for all (x,v)EKXL, (y, w)EUXE such that IIx-yll<6 and Ilv-wl[<6. 
By the approximation property, we can find uEE*| such that 

(iii) I[u(x)-xll < 6/2, for all xEK, and 

(iv) Ilu(v)-vll < 6, for all vEL. 

Let r-=6/(2(Hul[ +l)) .  For each xEK, let B(x; r)={tEE; []t-x[] <r}.  By com- 
pactness of K we can find x 1 . . . . .  xnEK such that KcV=B(x1;  r) u . . .  uB(xn; r). 
Since r<dis t  (K, E \ U )  it follows that V c  U. Let tE V. There exists some index i, 
with l<=i<=n, such that tEB(xz;r). Hence I I t - x ~ l l < r .  Therefore I l u ( t ) - x ~ l l  < - 

<= [] u (t)-- u (xi)II + II u (x3-  xil[ < 6/2 + 6/2 = 6 < dist (K, E \  U). This shows that u (t) E U, 
i.e. u(V)c  U. Therefore the composition fo(u]V) is defined and (i) and (iii) imply 

(v) [If(x)-fo(u]V) (x)ll < 

for all x EK. Similarly, (ii), (iii) and (iv) imply 

(vi) ]lDk f(x)  v k -  Dk f(u(x))u(v)kl[ < e 
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for all xEK and vEL, By the chain rule, Dkf(u(x))u(v)~=Dk(fo(uIV))(X)V k, and 
therefore (v) and (vi) show that Pr, L(fl  V - f o  (ul V))<~. 

Lemma 3.2. Let E, be a finite-dimensional subspace o f  E, and U . c E ,  n U a 
non-empty open subset. Let 7",: cm(u; F)-~C"(U.; F) be the map f .+f lU, .  I f  
A c cm(u; F) is a polynomial algebra satisfying conditions (1)--(3) ofw 1, then T, (A) 
is z~'dense in cm(u,; F). 

Proof Tn(A) is ~ polynomial algebra contained in cm(Un; F) and satisfying 
conditions (1)--(3) of  w 1, By Theorem 2.2, T,(A) is z~-dense in cm(Un; F). 

Theorem 3.3. Let AcC"(U," F) be a polynomial algebra such that, for any 
uEE*| and any open subset V c  U with u ( V ) c  U, 

(5) gEA =:, go(uIV)EAIV. 

Then A is z~'-dense in C"(U; F) if, and only if, conditions (1)--(3) ofw 1 are verified. 

Proof The necessity of the conditions is easily verified. For sufficiency, let 
fEC"(U;  F); let K c  U and L ~ E  be compact subsets; and let ~>0 be given. By 
Lemma 3.1, there exists u E E*|  E and V~ U an open subset such that K c  V, u ( V ) c  U 
and P~c, L(fl  V- - fo  (u[ V))<e/2. Let E, be the finite-dimensional subspace u(E)~E. 
Let U,=E, n U. Since u(K)cU,  is a compact subset, by Lemma 3.2 there exists 
gEA such that P,(r ) (T ,g- -T , f )<5,  for a given 5>0.  Choose 6 > 0  such that 
5<S/(2(r+l)k), for all O<=k~m, where r = s u p  {[[u(v)][; vEL}. Then, the following 
is true: 

(i) Ilg(u(x))-f(u(x))ll < e/2 

(it) [IDk(Z,g)(u(x))- Dk(T,f)(u(x))[I < 6 

for all xEK. Since 
Dk (T.g) (u(x)) = Dk g(u(x)) [ L~ 

and 
D~(T.f)(u(x)) = D ~ f ( u ( x ) ) l E .  ~ 

for all xEK, it follows from (ii) that 

(iii) I ID~ g(u (x)) u (v) k -- Dk f ( u  (x)) u (v) kll --<-- 6r* < e12 

for all xEK and vEL. By the chain rule, 

D k g(u (x)) u (v) k = D k (go (u IV)) (x) v k 
and 

Dk f ( u  (x)) u (v) l = D k ( f  o (ul V)) (x) v k. 

Hence (i) and (iii) show that 

PK, L ( f o  (uIV) - go (u IV)) < e/2. 
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By condition (5), there exists hCA such that go(ulV)=h]V. Therefore 
pK, L(f]V--h[V)<e. 

Since V is an open neighborhood of K, the last inequality is equivalent to 
pK, t.(f--h)<~. 

Hence A is dense in cm(u; F). 

Corollary 3,4. The polynomial algebra Py(U; F) is z~-dense in cm(u; F). 

Proof. Pjr(U; F) is the set PI(E; F)]U, where PI(E; F) is the vector space 
generated by the union of P~(E; F) for all n=>l and the constant maps. One easily 
verifies that PI(U; F) satisfies conditions (1)--(3), (5). 

Corollary 3.5. The following polynomial algebras are z~'-dense in Cm(U; F): 
(a) P(U; F) 
(b) C=(U; F) 
(c) Cr(U; F), r>=m. 

Proof. Just notice that 

Ps(U; F) c P(U; F) c C=(U; F) ~ C'(U; F). 

Corollary 3.6. The following polynomial algebras are "c~"-dense in C"(U; F): 
(a) Py(U)| 
(b) P(U)| 
(c) C=(U)OF, 
(d) C(U)| r>=m. 

Proof. Just notice that Py(U)| F). 

Remark 3.7. The proof of Lemma 3.1 shows that we can choose there uEE*| 
in any subset GcE*@E, such that iEE G, the r~ of G in L(E; E). Hence Theo- 
rem 3.3 remains true if A cC"(U; F) is a polynomial algebra such that, there exists 
GcE*@E as above, and for any uCG and any open subset V~U with u(V)cU, 
then (5) is true. When U=E, this condition becomes A oGcA, i.e. the following 
result is true and generalizes Llavona's result [2]. 

Theorem3.8. Let AcC"(U; F) be a polynomial algebra. Suppose that there 
exists GcE*@E whose z~ in L(E; E) contains i~, and for any uEG and for 
any open subset Vc  U with u(V)c U, 
(6) g~ A =~ go(ulV)E AtE 

Then A is z~'-dense in C"(U; F), /f and only if A satisfies conditions (1) (3) 
ofw 

Example 3.9. Suppose that E satisfies the metric approximation property and 
that A satisfies (6) with G={uEE*| ][u[[~_l}. 
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Example 3.10. Suppose that E is a real separable Banach space with a Schauder 
basis {x,, x*; n~N}, and that A satisfies (6) with G= {Pk; kCN}, where P, is the map 

for each kEN, and {n~} is a subsequence of N, i.e. nl<n~<...-<nk< .. . .  
In particular, suppose that E is a real separable Hilbert space and {xn; nEN} 

is an orthonormal basis for E and Pk is the orthogonal projection of E onto the 
span of {xl . . . .  , x,k }. 

w 4. The role of the approximation property 

In this section we study the converse of Corollary 3.6. More generally, we 
study the relation between the approximation property for real Banach spaces E 
and the spaces (cm(u; F), z~), for U c E  open and m=>l. 

For the case of complex Banach spaces, Cm(U; F)=~z/f(U; F), if m=>l. The 
relationship between the approximation property for E and several spaces o f  holo- 
morphic mappings and topologies on them, has been studied by Aron and Schotten- 
loher. (See [0], in particular Theorems 2.2, 4.1 and 4.3 of [0].) 

Theorem 4.1. Let E be a real Banach space; then the following properties are 
equivalent: 

(1) E has the approximation property. 
(2) For every m>- l, for every non-void open subset UcE ,  and for every Banach 

space F, Cm(U)| is z~-dense in C"(U; F). 
(3) For every m~= 1, for every real Banach space F, and for every non-void open 

subset V c F ,  Cm(V)| is z~"-dense in C~(V; E). 
(4) For every m>=I, Cm(E)| is z~-dense in Cm(E; E). 
(5) For every m>=l, the identity map on E belongs to the T~-closure of  Cm(E)| 

in Cm(E; E). 
(6) The identity map on E belongs to the vie-closure of  CI(E)|  in CI(E; E). 

Proof. Part (d) of Corollary 3.6 states that (1)=*(2). 

(1)~(3). Let K c  V and L c F  be compact subsets, let a>0, and le t fEcm(v;  E), 
m>=l. Since the mappings (x, v)~-~Dkf(x)v k are continuous, for all O<-k<=m, and 
K •  is compact, the sets 

Ak -: {Dk f (x )v  k, (x, v)C K X  L} c E 

are compact. Let A =Ao wA1 w... wArn. Since E has the approximation property, 
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we can find uiEE* and elEE, l ~ i ~ n ,  such that 

I l y - Z . 7 = l u , ( y ) e , [ [  < a 

for all y E A. Hence, for all (x, v) E KX L, 

l loV(x) - ZT: ,,,(DV(x) l < 

for all O<=k~m. By the chain rule, 

u, (z)~ f ( x )  v ~) = 1) ~ (u, o r )  (x) v ~ , 

since u i is linear. Therefore 

[IDk f(x)v ~-  Dk(Zn 1 (u, of)| .< ~ 

for all O~k~m and (x, v)EKXL. It remains to notice that (uiof)|174 
l ~ i ~ n .  

By setting U=E=F and V=F=E, we see that (2)=~(4), and (3)=~(4), respec- 
tively. 

(4)=~(5) =,(6). Obvious. 
(6)=~(1). Let K c E  be compact and e>0. Since {0}cE is compact, the semi- 

norm 
f~-~ sup {llOf(O)xll, xE K} 

is z}-continuous. By (6), there is a functionfbelonging to C~(E)| such that 

I I x -  Df(O)xll  < 
for all xEK. Assume 

f =  ZT=IA| fECI(E) ,  e, E E, 1 ~ i ~ n. 

Let u~ = Df  (0) E E*, 1 ~ i ~ n. Then 

IIx-Zr:lU, oOe, II 
for all xEK, and (1) obtains. 

Remarks 4.2. (a) The above Theorem 4.1 generalizes the results announced in 
[2] by Llavona: (1)r162 where 

(2') For  every m=>l, and for every Banach space F, Cm(E)QF is z~-dense in 
c m ( E ;  F) .  

Indeed, (2)=*(2') by setting U=E, and (2')=.(4) by setting F=E. 
(b) The condition (6) cannot be changed to m=0. Indeed, by Corollary 4.3 

of [5], the identity map on E belongs to the z~ =compact-open closure of 
C~174 C~ E), for any real Banach space E. However (6) could be weakened to 

(6') The identity map on E belongs to the z~ of C~(E)| in C~(E; E). 
We do not know if (6')=*(1). (See also the remark after proof of Theorem 4.1 

of [0].) 
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