Eigenfunction expansions for the
Schrodinger operator
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Abstract

We obtain an eigenfunction expansion for the operator —4 4 ¥ under assump-
tions (1.2)—(1.5) given below.

1. Introduction

The purpose of this note is to obtain an eigenfunction expansion for the operator
(LD H =—A4+V(x)

under conditions on ¥ which are weaker than previously allowed (4 is the Laplacian
in E” and V(x) is a real valued function). Before stating our assumptions we introduce
some notation. Put
o) = (=" 0<f=<n
= —logl, p=n

= 1, f=>n,
My, p5,xV) = [, VO @p (e —y)dy
My, p,s(V) = SUp My, 5,5(V), My, , (V') = Mg, 1 (V), V(x) = Myi1,,1,:7).
Let M, , be the set of those g such that M, ,(g)<<e, and let M be the set of

those g such that y,g€ M, ,, where xj, is the characteristic function of the set QC E".
‘Our assumptions are

{1.2) M, ,s;V)—-0 as J-0.
(1.3) V() -0 as |x| > .
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(1.4) For each bounded Q there is a f<4 such that VeM7,.

(1.5) @ VeL? = LP(E™), o(x) = 1+]x],
for some ¢=0, 1=p=co such that
(1.6) o = 1-—(n/2p).

If 2n/(n+-1)=p=in, we require a>0.

Theorem 1.1. Assume that V(x) satisfies (1.2)—(1.5). Then there are a self
adjoint realization H, of H', a closed set e E* of measure 0 and two families @ . (x, s, w)
defined on E"X(EY\ €)X 2, where X is the unit sphere |E|=1 in E", with the following
properties:

(@) @, €LY (E"X(ET\e)X2).

(b) For fixed x, s, ®, € 6=L2(2).

(c) For fixed s, w, @, is locally Holder continuous in x and has derivatives up
to order 2 in LY. It is a solution of

(1.7) (s—H')u(x) = 0.

(@ If VeLl, then & is locally Holder continuous in x, s, w together.
(e) If he¥ and

(1.8) b= [h(©)P: (x5 0)do,

then @ is locally Hélder continuous in x, s and is a solution of (1.7).
®) If {E.(D)} is the spectral family of H,, then the limits

(1.9 Fou(s, w) = 1%1_210 /'le<R u(x) P, (x, s, ) dx,

exist for each ucL? and
(1.10) |Fsttllzza, ) = [ EL(D)ull

Jor each closed Borel set I which does not intersect e. Moreover, for each such I, F,
maps Ey(I)L? onto L*(1, ).

(g) Let P, be the projection onto L2, the subspace of absolute continuity of H,
(cf. [17] p. 516). Then

(1.11) P, t(x) = lim f < Fa (5, ©) @4 (x, 5, 0) ds doo
and
(1.12) [ Pacu]l = [|Frulee @)

where e’=E"\ e. The F, are surjective.
(h) If W are the wave operators given by

W.u= lim e*Hig-itHy,
- t—>+ o
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where H is the self adjoint realization of —A (the wave operators are known to exist
[18]), then

where F is the Fourier transform.
() If f(s) is any Borel function on E*, then

(1.14) SO Fy = F, f(H)).
() If o, p satisfy
(1.15) o= 1—[2n{(n+1)p),

then e is a discrete set having no accumulation point except possibly 0 or o,

The proof of Theorem 1.1 will be given in Section 3 using several lemmas
proved in the next section. The methods of this paper can be used to obtain the
same results for operators of the form

(1.16) H” = P(D)+V(x),

where P(D) is a constant coefficient elliptic operator of order m. In this case (1.2)
can be weakened to
1.17 M, ,;¥V)~0 a -0,

and (1.4) need only be assumed for f<2m. In the case when (1.15) holds there may
be a finite number of points which are accumulation points of eigenvalues of H’.
These are the points A for which there exist £ € E" such that grad P(£)=0and P(¢)=A.
The proof of these results follow mutatis mutandis the proof of Theorem 1.1. Sim-
ilar results can be obtained for operators of the form

(1.18) H” = P(D)+Q(x, D),

where Q(x, D) is an operator of order =m with variable coefficients.

Eigenfunction expansions applied to Schrddinger operators seem to have
originated with the work of Povzner [2] and Ikebe [1] and have been applied to
various aspects of scattering theory by many authors (cf. [1—16, 22, 23] and the
references quoted in them). The approach we have taken is that of Agmon [10]
with several changes. Rather than working with the L** spaces as he does, we prefer
to factor the perturbation (in fact, Agmon’s use of these spaces constitutes a partic-
ular type of factorization which we show is not optimal). Our assumptions are too
weak for essential self adjointness, and we are forced to use a forms extension
{21, 22)).

Another feature of our approach is that the existence of the eigenfunctions is
established via the scattering theory techniques of [19] together with straightforward
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lIocal estimates of elliptic partial differential operators. To obtain the refined smooth-
ness of the eigenfunctions we use Agmon’s method.
Agmon’s results [10] were obtained under the assumption

(1.19) e(xX)*Mp, 5,1, (V)EL”

for some ¢=>2 and f<4. Although (1.19) is significantly stronger than (1.2)—(1.5),
it is much weaker than the assumptions of previous authors. This indicates the
strength of his approach. We would like to thank S. Agmon for making his results
available to us before publication and for some very useful conversations,

In Theorem 1.1, assumption (1.2) was used to guarantee the existence of .a
forms extension. It can be weakened.as was shown in [21]. Assumptions (1.3) and
(1.5) can be replaced by any one of five other sets of conditions used in [18].
March 10, 1975.

Notation. [A], A*, D(A4), R(4) will denote the closure, adjoint, domain and
range of an operator 4. QC C Q, means that the closure '@ of @ is compact and
contained in Q. Cy is the set of test functions (infinitely differentiable with compact
supports). | f ]If,2 is the L?(Q) norm of f and || f|| is its norm in L?*=L2(E™). L3(I, ¥)
is the set of ¢ valued functions which are square integrable over 1. B(%) denotes the
set of bounded operators on €. H*(Q) denotes the set of functions having all deriva-
tives up to order k in L2(Q).

2. Some lemmas
We let H be the closure in 22 of —4 on C;°, and we put R(z)=(z—H)™". We
let {E(s)} be the spectral family of H.
Lemma 2.1. Suppose the functions A(x), B(x) satisfy
@.1) Myo,s(A4/+IB) ~0 as &0

and there are constants o, p satisfying (1.6) such that
22) 00 f o yys (40D +BOIY) dye L2,

then the operators Q(z)=[AR(z)B) and G(z)=I—Q(z) are in B(L?) for nonreal z
and G(sLia)~G_(s) in normas O<a—0. The limits are Holder continuous functions
of 5. If in addition

(2.3) Sisey<s (ADIE+BG)Ddy ~ 0 as x| =,
then there is a closed set eC E* of measure O such that G, (s) has a bounded inverse

G, () for sée. If «, p satisfy (1.15) then the set e is discrete having only O or <o as
possible accumulation points.
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Lemma 2.2. If A, B satisfy (2.1), (2.2); there is a Holder continuous map N(sy
Jrom the positive reals to B(L¥ such that

2.4) d(E(s) Au, Bv)|ds = (N(s)u,v) ae., u,vECy.
In particular, there is such a map M(s) satisfying

(2.5) d(E(s) Au, Av)[ds = (M (s)u, v), a.e., u,vEC.
Let X denote the sphere |E|=1 in E", put €=L*) and

(2.6) T,()w = 2~ V25D F(A4y) (s'*w), wEZ,
where F is the Fourier transform. Then

@D (M$S)u,v) = (Tou, Tv)e ae., u,vECT.

Lemma 2.3, If V(x) satisfies (1.2), then there is a self adjoint operator H, on
L2 such that D(|H,|"*)=D(H["*)=D and

(2.8) (Hyu, v) = (Hu, v) —(Vu, v), u, v€ D.
If V=AB, where A4, B satisfy (2.1)~(2.3), then
(2.9) ‘A(Ey(s) Au, Av)[ds = (Tssu, Ty s0)e,

where T.,=T,G,.(s)* and {El(s)} denotes the spectral family of H,.

The proofs of Lemmas 2.1—2.3 can be found in [18—20).
Put Q.(s)=limy.,_, Q(stia). We have

Lemma 2.4. If A~ is locally bounded and f=A"'Q.(A)g, then f is a weak

solution of
(2.10) (A—H)f = Bg.
Proof. If v€Cy and z = A+ia,

(f; (A~ H)v) = lim ({[R(z) Blg, (z— H)v) = (g, Bv). ]

Lemma 2.5. Let Q2 be a bounded domain, and suppose g€ LP(Q) for some p=2
and BE M3, for some B<A4. If f is a weak solution of (2.10), then f€ L?(&,) for each
Qi ccQ and each q such that 1/p—1/q<(4— B)[2n. Moreover

(211 IA15 = C(IF 12+ M3 2 (B2 gll9),
where the constant depends only on p, g, B, Q, @,.

The proof of Lemma 2.5 can be found in [10, Appendix C]. If a function u is
Hélder continuous in 2 with exponent 0, put

lullcoqay = lluls + xSfEPQ e =y fu(x) —u ().

The following lemma is also given in [10].
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Lemma 2.6. If BEM} , for some f<4 and f is a weak solution of (A—H)f=B,
then f is locally Hélder continuous in Q with exponent 0>0, and for Q,Cc cQ

2.12) 1f oo = C(IF 17+ M2 2 (B)),
where the constant depends only on B, Q, Q,.

Lemma 2.7. Assume A, A™*, v are bounded in Q, BE M, , for some B<4, ucL?
and that

2.13) Gi(Du=v

in Q. Then u is locally bounded in Q and for Q,CCQ
2149 |8 = C(lull + l0lZ)
where the constant depends only on A, B, B, Q, Q,.

Proof. Let Q, be such that Q,c cQ,cc®, and put f=4"(v—u). By Lemma
24, f is a weak solution of (2.10) with g=u. By Lemma 2.5, f€L?(,) for any ¢
such that 1/2—1/g<(4—~8)/2n. Thus

lulg? = C(lull+ [v]2).
Insert a domain Q; between , and Q, and reapply Lemma 2.5. This gives
[ul?s = C(lull + [v]2),
where 1/g—1/r<(4—f)/2n. In a finite number of steps we obtain (2.14). ]

Lemma 2.8. Under the same hypotheses, if A v is Hélder continuous in Q,
then the same is true of A 'u.

Proof. By Lemma 2.7, u is locally bounded in Q. In view of Lemmas 2.4 and
2.6, f=A"'(v—u) is Holder continuous in Q. [ ]

Lemma 2.9. Assume A, A™Y, v€L"(Q) and that fEL*(Q) is a weak solution of

(2.15) A—H)f=v
in Q. If BEMp, for some B<4, then for each @,C CQ
(2.16) Iflcoen = CULI®+ [0 D).

Proof. Since v€ L™(9), there is an fi€CJ (Q) such that (A—H)f;=v and for
each Q,ccQ

(2.17) Ifillcocan = ClivlE.
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Put u=f—f;. Then u is a weak solution of (2.10) with g=AfcL?(Q). Applying
Lemma 2.5, we obtain

(2.18) lulf2 = CUfI2 + [02)

for g as given there. Thus a similar estimate holds for || f Hff*. Reapplying Lemma 2.5
as many times as necessary, we finally get such an estimate for || f||?:. Now we go
back to (2.15) and apply Lemma 2.6. u

3. The proof

Our proof of Theorem 1.1 is based upon the lemmas of Section 2. Put

T(x)? = e ( sup My, q,,V)+1),

[x—yl<1

where B, depending on X, is given in (1.4). We define
A(x) = 1(x), T(x)* < [V (x)|
=V, ()7 < P = 1)
=1/t(x), V=17

and B(x)=V(x)/A(x). From these definitions it follows that 4, 47" are in L;7 and
that A, B satisfy (2.1)—(2.3) with «, p the same as for V. Let H, be the operator
described in Lemma 2.3 and let 7, =T,  be the operators defined there. Let Z
be the set of those £€E" such that |£|2Ce, the closed set of measure O described
in Lemma 2.1, and let ¢’ denote the complement of ¢ in E*. For s¢ I ce’, Lemmas 2.1
and 2.2 show that there is a constant depending only on [ such that

3.1 175 ulle = Criul.

For h¢%, put U, h=T7%h. Consequently we have

(3.2) (U Al = Crlhle-

Moreover we have for o€ Cy°

(33) (G (DUsh, ¢) = (h, Ty0)e = C;(w", Ao),
where C,=2~125(=2/4 gnd

(3.4) wh(x, 5) = [ h(w)e™do.

Note that w" is a bounded solution of (s—H)u=0. By (3.3) we have

(3.5) G, (5)Uyh = C, AW,
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and if we put @, h=A4""U.h, we have

(3.6) ¢ih = Cswh—A_lQi(S)Uih.
Applying Lemma 2.7 to (3.5), we see that for each bounded Q
(3.7 [U+ k|2 = Crolhle

Thus for each x, s, U,k is a bounded linear functional on 4. Consequently there is
a function U.(x, s, w) such that

(3.8) Ush(x,5) = [;h(@)U, (%, 5, 0)doo
and
(3.9 10+ Cx, 5, )l = sup [Uy h(x, |/ 1A

We shall show that U, (x, 5, w)€ L}, (E"XZX) for each s>0. Assuming this for the
moment, we note that for p€Cy°

(h T 9)e = Ush, ¢) = [[ h(@)Ts(x, 5, @) 9 (x) dw dy.

Hence

(3.10) Tio = [0@)U.(x,s 0)dx.

Put

(3.11) Fio=TiAd70 = [0(x)®,(x, s, w)dx.
By (2.9)

(3.12) (F: f, F+ Qr2g, 4 = (EL (D, 8).

By (3.6) and Lemma 2.4, ® ../ is a weak solution of (2.10) with g= U _/4. Consequently
it is a weak solution of (1.7).

Now we turn to the regularity properties of the U.(x, s, ®). We suppress the
symbol I (in U only). Assume g€L?n L=(Q) satisfies the hypotheses of A. Put

X(x, &) = C{G1(5)(g( e IN}(x), Y(x, &) = A7 (W)X (x, )

where s = |[§*¢ Ic ce’. Thus

(3.13) 1X (-, Ot = Crlgl.

By Lemma 2.7 we have

(3.14) 1XCe, OI% = C(llgl + 1812
Since G(s) is Holder continuous in s (Lemma 2.1),

(3.15) 1XC, &= X (-, m)ll = Cle—nl’ g,

for some 6>0. Assume that 4~ 'g is constant in Q. Then by Lemma 2.4, ¥(x, &)—
—Y(x,n) is a weak solution of (2.15) with v=(s—|5|) ®(x, ). By Lemma 2.9,
(3.14) and (3.15)

(3.16) IYC, O =Y(-, Mlcocay = CIE—nP (gl +11812)
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for Q,cc Q. This shows that Y(x, £) is Holder continuous in x and & in QX %,,
where X, ={¢&||¢[*€I}. Put
Xh= [{h(@)X(x, ) do, Yh=AXh, o=

Then one checks easily that

(3.17) G () Xh = csgw".
Thus

(3.18) (Xh, ¢) = (h, F[gG1(s)¢]).
By Lemma 2.2

|Flgolle = (My(s)v, ),

where M, (s) is a Holder continuous map from the positive reals to B(L?). Thus by
Lemma 2.2 (cf. [19])

(3.19) 1Xh) = erlblellel, Nel = lo* g1y
In view of Lemma 2.7, (3.17) and (3.19) imply

(3.20) 1 X712 = Clhlle (gl + 1£12)-
This gives
(3.21) 1X(x, e = C(Igl+1g12), x€Q,.

For n>0 put g,=A4 in |x|=n, and let it vanish outside. Put X,(x, &)=
=¢,{G1(8)(g.(+)e@}(x) with X,k defined similarly. For  bounded and n
sufficiently large, A7 g, is constant in . Thus by (3.21)

(3.22) 1 s ) = Xon (%, s = lign—&mll ~ O
uniformly in ©,. Thus
(3.23) So, [ 1%, &) = Xou(x, O dod dx —~ 0.

By (3.5), (3.17), (3.19) and Lemma 2.7

1X,h—Uh|2 -~ 0, he¢4,
which implies
([X,,(X, ) —Ulx, -l h)% -0, xc0,.
Thus X, (x, H~U(x, w, w), Y,(x, &)~ D(x, s, w) in L2(Q,; X X). In particular for a.e.
¢ these converge in L?(Q,). Since Y, is a weak solution of (2.15) with v=0, we
have by Lemma 2.7
IYa(-5 Dlleocay = ClIY, (-, DI = C;

for each Q,c < Q,, with Cy<<o for a.e. £. This shows that there is a subsequence
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converging in a Hoélder norm to &(x, s, w). Interior L? estimates for elliptic equa-
tions yield
1Y, (-5 Ollazcey = ClIYa (-, O,

again with the right hand side bounded for a.e. £. Thus a subsequence converges
weakly in H2(Q,). Thus we have that for a.e. §, @(x,s, w) is in C*(Q)nH*(Q)
for each bounded Q. Since each Y, is a weak solution of (1.7), the same is true of @.
‘We have verified (a)-—(e) and part of (f). The remainder of (f) follows from Lemma
3.16 of [19]. To prove (1.11) note that P,.=E,(¢’). Thus

(Pactt, v) = (Fyu, F10)12¢, -

Let v have compact support and substitute for F,v using (1.9). Interchanging the
order of integration gives (1.11). (1.12) follows from (1.10). (h) was proved in [19].
To prove (1.14) note that

Fy fHYW, = Fu W, f(Hy) = Ef(H,) = f(5)F

by (1.13) and the intertwining relations (cf. [19]). Thus (1.14) holds on L2, =R(W.)
by (1.13). Moreover, both sides of (1.14) vanish on (L2)) . This proves (i). (j) was
proved in [20]. =
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