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Introduction

Using the reduction theory of Néron we give necessary conditions for the
existence of points of order g on elliptic curves E rational over global fields. An
application is the determination of all elliptic curves /Q with integer j and torsion
points, generalizing Olson [8]. Another application is a theorem about semistable
reduction whose consequences generalize a theorem of Olson [9] (K=Q) and give
divisibility conditions for the discriminant and the coefficients of E related with
the paper of Zimmer [13] as well as “diophantine” equations related with Fermat’s
equation that are discussed for K=Q and K a function field.

We are interested in elliptic curves over global fields K (i.e.: K is a finite num-
ber field or K is a function field of one variable over a finite field) and especially
in the torsion group of E(K), where E(K) is the group of K-rational points of E.

It is well known that E(K) is finitely generated, it is conjectured that if K is
a number field then the order of the torsion group of E(K) is bounded by some
number depending only on K (cf. Demjanenko [1]). In any case in order to handle
with E(K) the first step is to determine the torsion group. In principle this is not so
difficult; if one uses the results of Lutz [6] and Zimmer {I3], one sees immediately
that for every E there exist points of g-power-order only for a finite number of
primes ¢, as the equations for points of order ¢ are known (in principle) one has
only to test what orders really occur. But as the computational work grows very
rapidly with ¢ it is usefull to look for sharper necessary conditions, and this shall
be done in this paper.

The method is to use the classification of reduction types given by Néron [7].
Then the local result is that for nearly all primes p (the exception set is in the case
of a number field only depending on the ramification of K/Q) E has to have semi-
stable reduction in p if E(K) has a point of order ¢g. (Lemma 1 and lemma 2).
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In the global situation the reduction theory is used at first to determine all
elliptic curves defined of Q with integer j and torsion points, this generalizes a
result of Olson [8] who deals with curves with complex multiplication (Theorem 1).
Then we use the global version (Theorem 2) of the local reduction lemmas to prove
another result that for K=Q is found in Olson [9]: For given j there are ouly
finitely many elliptic curves with points of an order greater than 2. If ¢ is great
enough and E(K) contains a point of order g then E has to have semistable reduc-
tion in all primes of K, and this implies a “diophantine” divisor equation for the
discriminant of E together with some divisibility conditions (proposition 1 and corol-
laries) from which results as contained in Zimmer [13] can be concluded. The results
are more manageable if we treat the special case K=Q (Theorem 3), for instance:
If E(Q) contains a point of order ¢'(¢=5, ¢'=11) then E has semistable reduc-
tion in all primes, and for all primes p with v,(j)}<0 and p# +1 mod q we
have:

p%|4 (4 the discriminant of E). If i=2/ then the equation:

U3—V2=123Z% has an integer relatively prime solution, and if E has a point
of order 2¢* rational over Q then the equation: A2=2Z%+2°Z¢ has such a solu-
tion (Theorem 4). These equations are related with Fermat’s equation; this is not
too astonishing in view of the results of Hellegouarche [4] and Demjanenko [1].%)

A natural question is the converse problem: If one has a solution of the equa-
tions above. Does this imply the existence of an elliptic curve over Q with a torsion
point of order ¢'. This question leads to difficult realization problems over Q: If
the answer is negative then there exists an extension K/Q with Galoisgroup G1.(2, q)
unramified over QY.

In the last paragraph we assume that K is a function field and give a short
discussion of the results one has to expect in this case.

The methods used in this paper are elementary except the reduction theory of
Néron and the theory of Tate curves that enable us to avoid nearly all computations
occuring in the papers of Olson and Zimmer. So we never use explicitely the addi-
tion formulas and the coordinates of the points of order g, we only need the Tate
parametrization of these points in the places with bad reduction. The price we must
pay for this is a loss of information about the points of order g {(cf. Hellegouarche
[4]), we only get information about the coefficients and the discriminant of the equa-
tion. But in practice this disadvantage is perhaps not so bad: Given an elliptic curve
the only accessible things are just the coefficients, and the necessary criterions for
the existence of torsion points given in this paper may help to exclude a lot of primes
from the concurrence.

1) Added in proof: Recently B. Mazur proved that there are no torsion points of order greater
than 12 rational over Q and hence the assumptions of Theorem 3 and 4 can never be satisfied.
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1. Local theory

Let K be a field complete with respect to a discrete valution v with residue
field  k, k being perfect, and of characteristic p=0. Let E. be an elliptic curve
defined over K with absolute invariant j and Hasse-Invariant é. For simplicity
we assume: p=2,3, and then we can find a WeierstraB normal form for E:

V2= X2—g,X—g, j=12°-4.g047", A =4g}-27g},

if j#0,12%: 6=—1/2 g, g, mod K*2,

Without any loss of generality we may always assume: v(g)=0, v{gy)=0.
If L is an overfield of K, then E(L) is the group of L-rational points of E.

Néron [7] proves the existence of a minimal model E* of E lying in some
(possibly) high dimensional projective space and defining a group scheme over the
ring of integers of K. We will use the following properties of E*: Let E; (L) be
the kernel of the reduction map mod », and E*® the group scheme over k corre-
sponding to the special fiber of E* (the “reduction” of E*), then we have the
exact sequence

0 — EF(K) ~ E*(K) ~ E*(k) —~ 0

Ey(K) has a natural filtration ... E}(K)DE}, (K)D>... with EX(K)/Ef ,(K)=k".
If C° is the connected component of E*®, then C° is isomorphic as algebraic
group either to an elliptic curve, or to the multiplicative group G,, (possibly after a
quadratic extension of k) or to the additive group G,. In the first case it follows
that E*° js connected, we say: E has good reduction. In the second case: E*0/C0=
~Z/m with m=—v(j), E has reduction of multiplicative type, which is said to be
split iff C°~G,,.

In the third case the table in Néron [7] shows that if v(j)<O, then
|E*2(k)/C*(k)|=4, and if »(j)=0 then

E*(k)/C(k)c { o
Z2XZ/2.

We can use j, 4 and 0 to characterize the reduction types if char (k)=2, 3:

If v(j)=<O0 then we have reduction of multiplicative type iff K(VS)/K is un-
ramified. It is split iff K(}/3)=K.

If v(j)=0 then we have good reduction iff v(4)=0 mod 12. So after a finite
totally ramified extension of X of degree dividing 12 we get an elliptic curve with
either good reduction or with reduction of multiplicative type.
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Definition. E has semistable reduction with respect to v iff E has good reduc-
tion or E has reduction of multiplicative type. E has potentially good reduction
it v(j)=0.

If v(j)<0 one has a very explicit description of E(K) due to Tate {cf. Roquette
[12], Frey [2]): If KlzK(Vg) then there is a canonical isomorphism

) ¢: E(Ky) > K{/(Qw
where Q,€K and j:§+ Dieo @@L with a,€Z. (So v(Q,)=—v())).
If G(Ky/K)=(c)=1, then
(900)(P) = ((co@)(P))~" for all PEEK). (1)
We want to use these informations to determine the torsion points E(K), of E(K).

Lemma 1. If v(j)<0 and E has not semistable reduction then |E(K)/W|=4,
where W is the p-primary part of the group of roots of unity in K in the kernel of
the norm map from K, to K.

Proof. (1) implies: E(K)={a¢K]/Q,, Ng xa=1 mod Q,}, and so:
E(K), = {a€Ky, 3n: a" = @5, Ny ea = QN0 =
= {{€Ky, Ngx{ = 1}u{ack,, a* =(-0Q,, Ngxa= 0}
(¢ a root of unity).
So E(K) /o {{¢K,, N k,x(Q)=1}CZ[2, and so the assertion follows.
Corollary. If v{j)<O0, E not semistable and char (K)=p=0 or char (K)=0 and

—1
v(p)=e is not divisible by %’ then |E(K),|=4.

Now let us look at an elliptic curve E with potential good reduction. For
simplicity assume: p2,3. Let be v(4)=/ with 0</<12.") After a ramified ex-
tension L/K with [L:K]=n=6 we find an elliptic curve E’/L isomorphic to E
over L with good reduction: If we give E’ again in WeierstraB normal form

Y2 = X?-g X—g;
then an isomorphism ¢’: E 7 E’ is given by
X.Y) -~ (12X, 1°Y)

n* l
with v ()= T (vp=normed valuation of L).
Now let P=(x, y) be a point of order m of E(K) with (m, 6)=1.
Let E* be the minimal model of E with respect to v, and P*® the reduc-

tion of P mod v.

1) I may be equal to 2, 3, 4, 6, 8§, 9, 10 (Neron [7]).
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As the order of P*® is prime to 6, P*0¢C°(k), and so the order of P* isa
power of p. By Hensel’s Lemma the order of P is a power of p, say: p.

Now by looking at the proof of Néron [7] for the existence of minimal models
{pp. 106—120) one easily verifies that the fact that P** lies in C®(k) implies:
v{x)=0. Hence: ¢(P)=(x",y") lies in the kernel of the reduction map with respect
to vy. But this has consequences: Let be char (K)=0. Then p' 'lv(p)=e, and
P p—D=v,(p)=n-e=6e. (See Lutz [6] or Serre [11], the reason for the inequali-
ties is the fact that the kernel of the reduction of E’ is a formal group of height
I or 2).

Let be char (K)=p=0. Let be (X’, Y’) a generic point of E’, (X,, Y,)=

=p~(X’, Y’), -and
X/ X/ )3 ; X/ i
ool el

the expansion of X,/Y,. The coefficients c; are integral with respect to v. ¢, is
called the Hasse-Invariant (not to confuse with 8) of E’. ¢,=0 iff E is super-
singular.

The existence of the point of order p° in the kernel now implies pi(p—1)=
=v;(c,) and p'lv,(c,). (cf. Frey [3].)

So we proved

Lemma 2. Assume: p#2,3, and E has potential good reduction but not good
reduction. Let L be an overfield of K, totally ramified, of degree n=6, such that
E is isomorphic to E’ over L and E’ has good reduction. If char (K)=p=0 let
¢, be the Hasse-Invariant concerning the points of order p of E’. Assume:

If char (K)=0 then p'~*fv(p) or (p—1)p' " =60(p).

If char(K)=p then p'{v.{c,) or (p—1)p'>v.(c,).

Then |E(K),|CZ{2XZ[2XZ[3X{(Z/p'""Y)"

2. Global applications

We now assume that K is a global field, that is: K is a finite extension of Q
or a function field of one variable over a finite field. We give now some applications
of the local theory described above.

If v is a valuation of K, let K, be the completion of K with respect to w.
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§ 1. Torsion of elliptic curves over Q with integer j
We lookat E: Y2=X%—g,X—g;, 2., 25€Z, and
, g8
=12%.4=¢cZ.
J 23.4 y €

If g is a prime, and v, the g-adic valuation, then v,(j)=0, so E has everywhere
potentially good reduction.

We begin with p=2. If E has good reduction in p=2, it follows from Rie-
mann’s hypothesis that the order of the group of torsion points with order prime
to 2 is at most 5. If E has bad reduction in p=2 it follows that beside of points
with an order divisible by 2 there is at most a point of order 3.

Next we look at p=3. If E has good reduction in p=3 then the order of
the group of torsion points with order prime to 3 is at most 7. If E has bad reduction
in p=3 then there are only points of order 3".2.

The prime p=5 gives in the same manner: The group of torsion points with
order prime to 5 has at most 10 elements. If we combine the statements above we have:

The torsion group E(Q), of E(Q) is

cither equal to Z/5 ()]
or contained in Z/[6 )
or equal to Z/4 (2)
or equal to Z/2XZ[2 ?3)

We now want to show that the case (0) does not occur. Assume that E(Q),=
=2Z/5. Then it follows from above that E has good reduction in all primes except
p=5.

We choose g, and g; such that |4] is minimal in N, so: 4A=42%5". jcZ
implies 5"[g3, so: 57| g%, n=0 mod2. We have: 123.g3—36.42.g2— 1123435
or:

A3—B% = +123435" with A, B¢Z.

If n=0 mod 6 it is well known that then B=0, 4=43:4?.5"% and so: j=123.
But if g,=0, E has always the point of order 2 given by (0, 0), and this is a con-
tradiction.

Now let n#0 mod 3. Welook for a solution B2=A4%+3.4%.5" with 5|4, 5"|| B2
But as 12 is no square mod 5 there is no such solution, and we are done.

A short look at the table in Néron [7] shows that the case 2 can only occur if E
has everywhere good reduction except at p=2. The same arguments as in 2) together
with a study of the list of curves having a point of order 2 show: j has to be equal
123 or 233113
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Now we handle with the case 3. Let be given E by:
Y2=aX(X—-1)(X—p) with pcQ*\ {1}, a<Q

(After a transformation over Q we always may assume that E has such an equation,
if E has 4 points of order 2 over Q.)
This equation implies:

j=4-0—p+pP-(l—p~2-p7
J€Z, hence: 2*.ucZ. With ¢=2%.pu we have:
= (P —2ee?P g2 (20—p) .

As g-(28—¢)|(28 —2e+£2)?, wehave: £-(2*—¢)[2°%, and hence: ¢ and (2*—¢)
are powers of 2. So e=—2* or 2% and j=128.

So we have the result that E fulfils case 3 only if j=12%. On the other hand
Olson [8] has the result: If j=12% then case 2 or case 3 may happen, and if
Jj=28-33.113, case 2'may happen, with an exact description what points will really
occur (depending on the Hasse-Invariant), so we can say that we exactly know the
curves E with |E(Q)|=4.

Now let E fuifil the case 1.

Firstly we look for points of order 3.

A slight computation shows that E has a point of order 3 rational over Q iff
E has an equation: Y2 =X34+A2X%2+24-CX+C?% with 4, C€Z. For 4=0 we
get: j=0. From now on we assume: 4 =0.

The substitution X~A472X, Y—~A4"3Y gives the equation:

Y?= X3+ X242C°X+C?
with C’€Q. We get a WeierstraB normal form:

Y2 = X*4+QC'—1/3) X+ C"*—2/3C"+2/27,
and so
j=41—-6C"PMA4-27C")"L.C'3,
v,(C")=0 implies:
v,(J) = 80,(2)—3v,(C")—v,(4—-27C"),

hence: For p=2: v,(C’)=0, for p=2: v,(C")=1, so: 2-C"'=ucZ.
This gives:
=212 p-u 277N

If p—1250, then: (2u—27,p) and ((u—12), (2p—27)) are powers of 3 and we
must have:
227 =437,
or:
= (1/2)(£3"+27).
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Hence:
J=3% (1433 (14373, or: j=235""(1-3"1P3"3-1),

for n=0,...,6, C’'=4-274+3"~1 resp. C'=4-(27—3"%, n=3.

Next we want to compute all elliptic curves with exactly two points of order 2.
The cases j=0 and j=12% are known (cf. Olson [8]), and so we assume from now
on that j=0, 123,

E has exactly two points of order 2 iff £ admits an equation:

Y? = X(X?—2aX+a®— b*d)

with a, b, ¢, d€Z, d squarefree, abd0.
Then a Weierstrall normal form of E is:

Y2 = X*—(1/3a2+b2d) X —(2/3ab*d —2/27a%).
Hence:
Jj= 43(a2+3b2d)3(b2d -(az—bzd)2)—1.

Let be p#2. If v,(a®)<v,(b?d), then v,(j)<0, a contradiction. If p=2, it fol-
lows in the same way:
v5(a?)+6 = v,(b%d),
hence:
b%d|2%a2,

Let be u€Z so that u-b*d=2%q2 Then we get:
J=@+3-23(u-29"2
From this we conclude that p has to be equal to 2°+2", and this gives:

j — 224—2n(1i2n—8)3_
j is an integer iff 0=n=12.

2%+2" is no square for 0=n=12, except for n=9: 24+2°=24> and n=6.
In all other cases choose beZ\ {0} and d square free so that (2°+2"b2d is a
square (=a%.

We see in this way that we find for all admissible j an elliptic curve that has a
point of order 2. But for j>0, 12% all elliptic curves with the same absolute invariant
have the same number of points of order 2. So we have exactly determined all elliptic
curves with exactly two points of order 2, and taking all considerations together we
have proved the following

Theorem 1. Let E be an elliptic curve defined over Q with jcU. Then either
E(Q),={0} or E is one of the curves listed in the following table.
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E(Q), J Equation
=Z2XZ[2 122 Y2=X?—8,X, £, €27
o Y2 =X34+4X
=Z/4 232118 Y? = X*-11D*X+ 14D?,
233211 D=12
0 Y?= X3+k, kcZ?
123
Z2cE(Q).cZ/6 224=3n(1 4 Jn-8)3 any equation with admissible j
O=n=12) not appearing in line 1 or 2
0 Y= X3+k, keZ?
38-n (143713 (14379 Y2=X34+X24+
. 2
O0=n=6 -+ 8 X+ 4 |
Z/3CE(Q),=Z/6 27437 T (27+3"2
36-—n(1__3n—1)8(3n—3_1) !
Y= X3+X2%4+
O=n=6,n=3) 8 42
X
+ 27-3" +(27—3”)2
0 Y2 =X3+1
= Z/6 243353 Y2~X3+X2+iX+ iz
B 277 "\ 27

§ 2. Necessary conditions for the existence of torsion points

Let K be a global field. If char (K)=p>0 then assume that p2,3. If
char (K)=0 and ¢ a prime we define:

eq:{l}},in {eg}}, where Q is a place of K and ey the ramification of Q

: q

over Q.

If char (K)=p=0 and E/K is an elliptic curve with discriminant 4, then we
define: L:= K(A'Y2), let E’/L be an elliptic curve isomorphic to E over L with
good reduction in all places ¢ with v,(j)=0 with Hasse-Invariant c,€L. Let € be
the divisor of ¢,.

Theorem 2. If E(K) contains a point of order ¢ (q a prime =5) then E has
semistable reduction in all places P of K whose residue field has a characteristic
different from q. Let Q be a place of K with residue field ky and char (kg)=gq.
Then E has semistable reduction in Q if

i) Q@ VYE (regarded as divisors of L) if char (K)=g>0.

i) ¢""*1e, or ¢~'(g—1)>6e, if char (K)=0.

Proof. Just apply Lemma 1 and Lemma 2.
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Corollary 1. For given j=0, 12° there are only finitely many elliptic curves
with points of an order greater than 2.

Proof. Let E,, E, be elliptic curves with absolute invariant j and Hasse-
Invariant §, resp. J,.

Firstly assume: char (K)=0.

If E; and E, have both points of prime order greater than 3 then E, and E,
have semistable reduction outside the finite set of places Q with e,>1, or

2]2-3.5-7. We claim: K;,=K [‘/g—l] is unramified in all such places. To see
2,

this let be Q so that vo(j)<O0. Then K(V?S_,) is unramified in Q, and so Ky, is
unramified in Q.
If vo(j)=0 then E; and E, have good reduction in &, and we can choose

equations for E; and for E, with discriminants 4, and 4, such that vo(4;)=
0516
=vg(dy)=vg [(33) -Al]:O, so as Q{2 K;, is unramified in Q.
1
If E; has a point of order 4 then vo(j)=0 and Q{2 implies: E, has good

reduction in R, and we can argue as above for Q1 2.
If E, has a point of order 3 and if E; has potentially good reduction in Q
(Q12,3) then we have
0
vo(4(E)) =14mod12. (c.f. [7], p. 124)
8

But since vy (4(Ey))=v5(4(E;)) mod 6, E, has a point of order 3 only if vg(d)=

=v,(d;) mod2 in all Q with v (j)=0. Hence there are only finitely many
curves E,, ..., E; with invariant j having a point of order 3. So choose Q such that

i) Q12-3.5.7,

ii) F;, ..., E; have good reduction in & and

i) e;=1.
Then if E, E’ are elliptic curves with invariant j, Hasse-Invariants §, and 9, and
points of order greater than 2, then K(V4,/9,) /K is unramified in Q. As there are
only finitely many extensions of degree 2 over K with this property we are done.

Now assume: char (K)=p=>3. Let E,, E, be as above. Again we claim:

K [ é] is unramified outside a finite set depending only on E;:

[
Let Q be a place of K with vg(j)=0 and Q1¢,.
If v5(€;)>0 then the reduction of E; (defined as in the theorem) is super-
singular. But then the reduction of FE; is supersingular too, and this gives a contra-
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diction. Hence v5(€,) =0, and so E, has to have good reduction in Q, especially:

K [Vﬁ;—l} / K is unramified in Q.
2

Corollary 2. Let E have a point of order ¢ with q=5, q=char (K), ¢'=11 and

, . -1
g e, or e,<q'! a—

Then if B divides both (g,) and (gy) and P16 we have wy(g,)=0 mod4 or
Wy (g5)=0 mod 6. Moreover we can choose g, and g, such that for all P{6 with

vy(J)=<0 we have vy(gy)=04(gs)=0.

. Let Y*=X%—g,X—g; be a Weierstraf3 equation for E.

Proof. E has semistable reduction in all places of K. Let be vg(j)=0. In
the completion K we find g}, g; defining an elliptic curve isomorphic to E over
Ky with 05(4)=0. So vg(g))=0 or vy(g)=0. But as gi=oa'g, and gi=0og,
for some a€K;, the corollary follows.

Let be vy (/) <0. As vg(j)=30g(g2) —v5(4) and vg(4)=min {3v4(g,), 2v4(8s)},
we have:

3vy(g2) =204(8s). As 6=—1/2g,-g;, and as K(VE)/K is unramified it follows
that vg(g)=0vy(gs) mod 2.

Hence v4,(g:)=0 mod 4 and vy(g;)=0 mod 6. The approximation theorem
in K gives the corollary.

What happens if B[6. (Automatically K is a number field then.) We are
interested in the case that vg(/j)<O0 if P[6. At first assume: PB|2. Then we have:
3vg(g2) +204(2)=204(gs) and vy(g) +0g(2)=v4(gs) mod 2. This implies:

We can choose g, and g; such that vy(g:)=0, vy(gs) =vy(2). Now assume:
PB|3. We have: 3vy(g2) =304(3)+204(gs) and vy (g2)=vg(gs) mod 2. Hence: We
can choose g, and g; such that vg(g,)=v5(3)+2, vg(gx)=3, if vyx(3)=1 mod 2,
or 0g(8s)=0g(3), vy(g2)=0, if vy(3)=0 mod 2.

With U=3"1.g,, V=2"1.g, we get

32U3

.: 3.
§=124 wgm oy ape

= 12%.U3(U3—V?)1

or
() =22 U9 D5t Dy

with D,, D; divisors in K with D, DP=(U*—V?), Dy=1 and vy(j)<0 iff
0(D9) >0, (Do, D,;)=1 and the common divisors of V, D, resp. U, D, divide 3,
and if vy (U)#=0, vgy(V)#0 then v4((3)D,)=0. 1)

1) If one would push the discussion a little bit further at this point one would get results similar
to the results in Zimmer [13].
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We know even a little more about PB|D,: If there are no roots of unity of
order ¢' in Ky(V3), for example if |ky|# =1 mod g’ then the point of order g’
corresponds to an element aEKgp(]/g)* with aqiEQ;}, where (s,g)=1 and Qg is
the period of E at 5. Hence:

K%(}/;S')=Kg‘3 and  ¢'log(7), and 50 gy (Do) —3vg(12U). The Riemann
hypotheses implies that B|D, if 2W+|km]<qi~l. From above we conclude: If
2V kg +1+ kgl <q' then g' divides vy(Do)—3vg(12: V).

We summarize these facts in

Proposition 1. Assume E fulfils the conditions of Corollary 2 of Theorem 2 and
has bad reduction in all primes P that divide 6.

Then (H=(2UPD,1D;? with DyDP=(U—-V3), (Do, D)=1, Dy=1
(1), Do)I(3), vy () <0 iff vy (Dg)=0, and q'[vg (D) —3v4(12U) if |kl #ZE 1 mod ¢

Corollary 1. If K is a number field and U, V are choosen to be integers in K
(this can always be done) then Ny o(4)=d, - d?, and if Blp and 2l/|k_§p| + kgl +1 =4
then p7|d,.

To sharpen the situation assume: i=2l. Let P, be a point of order ¢' in E(K),
and P,=¢'-P,, this is a point of order ¢’.

If P isa place of K with 14(j)<0 then

E(Ky(V3)) + K5(V3)/(0g)-

If o(P)=a,- 0y with 0=vy(a)<vy(Qy) then @(P)=a;-0y with 0=v4(a)~<
<0y (Qy), and q'vg(a)=vy(a) mod vy(Qg)-

Let be ¢"® minimal such that ¢"®vy(a)=0 mod vy(Qy). Then if ry>0 then
g's*! is minimal with ¢"#*'vg(a)=0 mod v (Qy)-

Hence ¢"#%'ug()).

Nowlet E’ be the curve isogeneous to E and defined by the isogeny kernel (P).
Then again E’ is semistable and vg(j)<0 iff vg(/j)<0. But by the local theory
{Roquette [12]) one knows:

vp(i) =g~ vy (j).

Hence g% "lvg(j’), and as /=ry:

q'lvg (j).
So we have

Corollary 2. Under the assumptions of Corollary 1 and with i=2l there exists
an elliptic curve E’ isogeneous to E over K, such that D,=(IIPB%(12%)- DI where
D, is defined with respect to E’ in the same way as D, with respect to E.
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In a special case we get a simpler result:

Corollary 3. The same assumptions and definitions as in Corollary 2 and more-
over we assume that D] is a principal ideal, the class number of K is prime to q, and
05(3)=0 mod 2 for all P.

Thenwefind U’, V’, defined withrespectto E’, such that U3 —V'2=g.123.Z7,
where ¢ is a unit of K, with U’, V', Z relatively prime integers in K.

§3.K=0Q

It is now easy to get the following results: Let be E an elliptic curve defined over
Q by the Weierstrall equation
Y= X3—g,X~g,

with g,, g:€Z such that [4] is minimal

Theorem 3. Assume: E has a torsion point of order ¢ with q'=1.
Then:

1} E has semistable reduction. in all primes.

ii) E is uniquely determined by j.

iii) 33|l g,, 3°(gs, 2|lgs and 21g,. If we define: U=373g,, V=2"1.373g,,
then (U, V)=1.

iv) j=122. U3(U3—V®Y, and v,(j)<0 iff v,(U*~V?)=0.

. . o J@wr—v?
V) If v,(j)<0 and pZ =+l modq' then q¢'lv,(j) and p? I Es-
— . R U3_V2
pecially if p+2 Vp—|—1<q‘ then p? (___12_:;_.2

vi) If i=2l then there is an elliptic curve E’ isogeneous to E over Q such that
Us—V2=128.29

with U’, V’ defined in the same way as U, V; U’, V', Z€Z, relatively
prime, and p|Z.

The case that E(Q) contains a point of order 2g' (i=2) has been studied by
Hellegouarche [4] and Demjanenko [1], their result is that the Fermat equation

Zi+2Z§ = Z§

has a solution with g|Z,-Z,-Z;. (c.f. footnote on p. 2)
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We want to look for conditions for the discriminant in this case. For this purpose
we choose an equation
Y= X3+ AX*4+BX, A, B€Z
for E’. Then:
4 =28.312.7% = B2(A2—4B).
Using Theorem 3 we get:

A=2.32.4, B=3*.B, and (4,.B) =1, 21A4,, 21B, 0
or
A=32.4,, B=2.3*B, (4d,B)=1, 2{A,. Q)

If 4, B fulfil (1) then the elliptic curve E” derived from E’ by an isogeny of
degree 2 fulfils (2) and conversely.

So we assume without any loss of generality:

A, B fulfil (1). This implies:

2%.7¢ = B}(4%3—B,)
and since (B,, A2—By)=1 and (B,,2)=1: By=2% (Z,€Z), and

A:=Z§ 42878,
with Z,€Z, and Z¥'Z¢=2z7.

As the period of E’ has to be a ¢'-th power in Q; forall p with ,(j)<0
and no g¢'-th root of unity in Q,,j has to be a ¢'-th power in Q, for the same
primes, and this implies as one verifies easily the same conditions for A4,.

Look especially at Q,. If g1 Z, then g|Z,, and so 2 has to be a g'-th power
in Q,, hence

24711 = 0 mod ¢**!

(Wieferich’s condition for the solvability of the Fermat equation with a first type
solution).

Necessarily p{Z, if v,(Z)Z0 mod2 and v,(Z)#0 mod2. If E’ has a
point of order 4 and g=3 mod 4 we find E” isogeneous to E’ such that for E”
the above conditions are fulfilled.

If Z, or Z, is a square, (say: Z,; is a square) then to solve equation

Al =73 4-257¢
is equivalent to solve
2§ = 227 +24,
Z,cZ, relatively prime, and
q1Z3-Z4+ Zs.

If - E(Q) contains 4 points with 2-power order then we find an elliptic curve E”

isogeneous to E” such that
Us—yr=122.2%.
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(If all points of order 2 are in E(Q) take E”=E’, if P is a point of order 4 in
E(Q), then E"=E’[(2P).)
An easy computation shows that to solve this equation is equivalent to solve

Zy§ =202 +Z¢.
-So we have

Theorem 4. If E(Q) contains a point of order 2q* then the equation: Al=
:Z]‘_Il—l—2‘5Z§l has an integer relatively prime solution. If q{Z, or if E(Q) contains
a point of order 4 then 297 =1 mod ¢**'. If E contains 4 points with 2-power
order then the equation: ZT+ZF=2*Z% has a relatively prime integer solution.
For all primes p with v,(j)<0 (especially p+21/1—)+1<q’) and p#+1 mod g*
or p=q p|Z,-Z, resp. p|Z,-Z,-Z,.

Now assume conversely that (4,, Z,;, Z,) is an integer relatively prime solu-
tion of

AL = Z§+42°Z8, q|Z,-Z,, Ap€QY,
with 4=2-32.4,, B=3%.Z%. We get the elliptic curve E:
Y?= X*+AX?+BXY

E is semistable in all primes and has a point of order 2.
If (U, ¥, Z) is an integer relatively prime solution of

Us—V2=128Z¢ (q|Z and UcQ}9)
then again the elliptic curve E:
Y2 = X3-330UX~-2.33)

is semistable in all primes. (If necessary replace V' by —V.) Let E, be the group
of points of order ¢, and let be K;:=Q(E), G,:=G(K,/Q).

G, is a subgroup of GI(2, q). (cf. Serre [11]), and K, D Q({), with {, a primi-
tive g-th root of unity. If pzg is a prime then K /Q is unramified in p, for if

q_
v,(/)=0 then E has good reductionin p, andif v,(j)<0 then Qp(Eq):Qp(Cq, Vi)
But as v,{(j)=0 mod g the assertion follows.

q

For p=g we have v,(j)<0, and Qq(Cq, Vj) is ramified of order g—1.

So K,|Q({,) is unramified, and the place Q of Q({,) with RQ|g splits com-
pletely in K,/Q({)).
Assume: G, is contained in a Borel group, let (P)CE, be a G,-invariant
subspace. Then: Q(P) is either equal to Q({,) or Q(P)/Q is unramified, hence
QP)=Q.

In both cases K,/Q({) is an unramified extension of degree =g, normal
over Q. An easy calculation shows that then K,=Q((,). See footnote on p. 2.
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But since Q, contains a point of order ¢ it follows now that Q contains a
point of order g.%)

If G, is not contained in any Borel subgroup of GI{(2, q) then it is an easy
consequence of the situation that G,=GI(2, q). So we have realized G/(2, q) over
Q by K, such that K;/Q({,) is unramified. I ignore if this is possible.

Let be (Py), ..., {P,+1y the different cyclic subgroups of E;; Z,, ..., Z,,, the
fixed fields of the corresponding Borel subgroups of G,.

If j; is the absolute invariant of E/(P;), then Z,=Q(j) (i=1,...,q+1).
It is easy to describe the discriminant of Z,/Q: If p>#q then p is unramified. If
p=¢q then g has three extension to Z;, two of them are unramified, and the third
has ramification order g—1. (The degree of Z,/Q is ¢g+1.) Hence D{(Z/Q)=
=4g772

So there are only finitely many possibilities for the fields Z,.

Let &,(T,J) be the invariant polynomial of degree g¢. This is a polynomial
defined over Z of degree g+1 in 7T and J. The pair (j,j) is a Z rational
place the curve defined by @,. For ¢=23 the genus of this curve is greater than 1.

Proposition 2. Let be (Ay, Zy, Z,) resp. (U, V,Z) as described above. Then
E(Q) contains a point of order 2q resp. q iff ®,T,J) is reducibel over Q. If
there is a prime p with 1+p+1/2Vp<q, and q{Z,-Z, (resp. Z) then D.(T,j) is
irreducible over Q, and G,=GI(2, q).

If the Mordell conjecture is true for @, (q=23) then there are only finitely many
admissible solutions (Ay, Z,, Zy) resp. (U, V, Z).

Remark. The last part of proposition 2 is true without the condition ¢|Z (resp.
q|Z,+Z,) and U€Q}? resp. 4,€Q;? because of the fact that in any case Z,/Q is
only ramified in the places dividing ¢, and so D{(Z,/Q) is bounded.

§ 4. char (K)=p

In the following let K be a function field of one variable of the finite field &
of characteristic p>#2, 3. We begin the discussion with the simplest case: K=k{z),
where ¢ is transcendental over k.

Assume that E is defined over K and has semistable reduction in all places
P of K. Without any loss. of generality we may assume: If P_ is the unique
place with vy (¢)<O then E has good reduction in ... By the results of §2 we
conclude: There are polynomials U, Vekjz], such that E has a Weierstral} equation

Y2 = X3-33UX-2-33V
with
() = (12°U3)Dg* - D22

1) Added in proof: The results of Mazur imply that always G,=GI(2, g).
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Let be d,€k[t] such that (d)=D,- P (s¢Z). By the transformation X—~d;*X,
Y—~d;®Y we can assume:
() =(A22U3)Dgt- P2,
hence
Vs
Uy

with U, V€k|[t], relatively prime, such that v,(j)<0 iff vg(U®—¥V?)>0. Further-
more: 3 deg(U)=(deg (U*—V?), and deg(U?—¥?)=0 mod 12. (For example:
3deg U<2deg V, and deg V=0 mod 6.)

If E(K) contains a point of order g%, then as before we find an elliptic curve

E’ isogeneous to E with:
UB—V'3=cZ? cck*.

But as K admits no unramified extension (in the sense that for all places P the
value group of K has index 1 in the value group of the corresponding places of
the extension) except extensions of the constant field &, we have the converse:
The curve E’ with
Us—v72=cZ% U,WV'ckl,
relatively prime,
3degU’'—deg(Z?) =0mod 12, 3degU’ < deg(Z?), cck*
and
Uek™ if g=p,
has all points of order ¢' in E’(K-Kk).

At first assume: g=p.

Then it is easy to find solutions: Take U,, V,€k[t]\k, relatively prime,
2deg V,=0 mod 12, 3deg U;<2deg V; and Z,=(U}—V3%c~'. By rising to the
p-th power we get a solution of the desired shape. As j'=123U3?(UZP —V2P)-1
is not constant, E’ is not defined over k’, and so E’ is not supersingular, and
hence E’(K-k) contains points of order p'.

Now assume: g#p, g=7. Let E be an arbitrary.elliptic curve with non con-
stant invariant j€ K, defined over k(j) with Hasse-Invariant 1. Then we can choose
an equation for E such that the discriminant is:

A =33.272.j2(j—12%) 3.

Regarded over k(j), £ hasbad reduction at the places P with 0g(/)=<0 or vy (j)=0
or vg(j—12%=0.

Let P be a point of order ¢ of E, and K, be equal to k(j)(xp), where
xp 1s the X-coordinate of P. By the local theory we conclude: K, is ramified in
these places, the ramification order is equal to g, or is divided by 3 or 2 respec-
tively. The genus formula then gives: g(K,)>0, and g(K,) growths like g(g—1)/6.
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Hence K, & K-k.

On the other side if G, is the Galoisgroup of k(j)(E)/k(j) (E, the group
of points of order g of E) then G,> SI(2, q), (cf. Igusa [5], the idea of the proof
is that otherwise G, would be contained in a Borel group, as G, contains elements
of order ¢, and this contradicts the ramification of k(j)(Ep)/k(j) as one sees
easily).

Now assume that E’/K-k has the same invariant as £ and has a point of
order ¢q in E’(K-k). After a quadratic extension K;/K-k E’ is isomorphic to E,
and hence G(K-k(E)/K-k) has an order dividing 2g. But this means that the
X-coordinate of a point of order g of E hasto bein K-k, and this is a contradic-
tion. So we proved

Proposition 3. If K=k(t) and q=p then there is no elliptic curve E with non con-
stant invariant having a point of order q in E(K-k), and hence the equation: U3—V?2=cZ?
has no admissible solutions with U, VEk[t]\Nk, and deg(Z?)—3deg U=0 mod 12.

If q=:p there are always elliptic curves defined over K with non constant invariant
such that E(K-K) contains points of order p' (I¢Z).

To end the discussion let K be an arbitrary function field of genus g. Let
be g=p.
Just as above we conclude: There is a bound M depending on g, such that
there is no non constant elliptic curve over K with a point of order g if g=M.
Let be U, VeK, such that
U3
j= 1237,_—1,2'6{ k,

and
() = (123- U Dy D, with ((U), Dy) = (1)

() <0 iff vy(Dg) >0, and then glvg(D,).

Let E be the elliptic curve with absolute invariant j and Hasse-Invariant UJV.
Then E is semistable in all places of K, and the adjunction of the points of order
g gives an unramified extension of K. Let be (P,)CE,, and j; the invariant of
E/(P}). Then K(j)/K is unramified and of degree =g+1, hence there are only
finitely many possibilities for K(j). As the Mordell conjecture is true for @,/K
(@, the invariant polynomical of degree g) (cf. Samuel [10]) we have for ¢=23:
There are only finitely many elements (U, V)€K that fulfill the conditions above.

So we get

Proposition 4. There is a bound M depending on the genus of K such that there
is no elliptic curve over K with points of order q in E(K-k). If q=23, q#p then
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there are only finitely many U, VEK such that

3
1:123'(%112@16, () = A2UH D7D with ((U), Do) =1,

v()) <0 iff vy(Dg) =0, and then qlog(Dy).
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