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If  E is a Banach space and (xn),e N is a bounded sequence in E, Brunel--Suches- 
ton [2] showed that there exists a subsequence (X')neN of (Xn)n~ N such that the 
limit of  Ilalx'l§247 exists, when n l < n 2 < . . . < n  k go to infinity, for all 
finite sequences of scalars al,  . . . ,  a k. 

A sequence (x~),c N satisfying this property will be called a good sequence. 
If  (e,),e N denotes the canonical basis of  the space S of  finite sequences of 

scalars, we denote by la le l+ ... +akekl the previous limit. It is a norm on this space 
provided that the sequence (x,)n~ N has no norm-convergent subsequence. Let F 
be the completion of S under this norm: F will be called a spreading model of E, 
built on the sequence (Xn)n~ N. The sequence (e,),c N will be called the fundamental 
sequence of F. This notion was first introduced and studied by A. Brtmel and L. 
Sucheston (see for example [2] and [3]); it has been applied to the study of  the 
Banach--Saks properties by the first named author in [1], in which the reader 
may find the proofs of all the statements we give here. 

Our aim in this paper will be to investigate the following question, raised by 
H. P. Rosenthal: given a space E, a spreading model F~, built on some bounded 
sequence (Xn),~ N of E, a spreading model  F2, built on some bounded sequence 
(Y,)n~N of  F1, is F2 isomorphic to some spreading model F of E, built on some 
bounded sequence (Zn)ne N of  E? 

The isometric version of this question was answered negatively by the authors 
in [1]. We shall show here that the question in its full generality has also a negative 
answer: we shall present a Banach space E, a spreading model F 1 of E, a spreading 
model F~ of FI, such that F~ is not isomorphic to any spreading model of  E. 

The tools we use for this purpose will be the connections between the Banach--  
Saks properties and the isomorphism of  a spreading model to /1, established by 
the first named author in [1]. More precisely, let us recall the following definition 
and theorem, given in [11: 

Definition. A Banach space E has property ( ~ 0  if, for some 6>0 ,  one can 
find a bounded sequence (x,)n~ n in E such that, for all .k~N, all n~< ... <nk, all 
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e l . . ,  Ek = -I- 1, 

(1) ei x., 6. 
E 

Theorem ([1]). 

a) E has property (~i) i f  and only if  it has a spreading model, the fundamental 
sequence of which is equivalent to the ll-basis. 

b) I f  (~i) holds, one can, for all r/>O, find a norm-one sequence (Xn)n~ N in 
E which gives the estimates (1) with ~ replaced by 1-~.  

Concerning this theorem, let us observe that, as was noticed by J. T. Laprest6 
in [4], the model is isomorphic to /1 if and only if its fundamental sequence is 
equivalent to the/l-basis.  

Let us now turn to the construction of  our example. We shall build a space 
E which does not possess property (N~) (that is, which has Alternate--Signs 
Banach--Saks property, according to [1]), but has a spreading model Fi which 
contains /1. This is obviously enough to answer negatively H. P. Rosenthal's 
question. 

Let us consider the Orlicz function: 

t 
~0(t)-- 1 - 1 o g t  if O < t < - i  

= 2 t - 1  if 1 N t < , , o .  

Let us denote by lo the Orlicz space associated with this function and by 
II(/(k))k~Nl] ~ the norm of a sequence (x(k))gE N in le (as usually, x(k) is the k-th 

term of  the sequence 1); this norm is, by definition, inf {C; ,~'k~r~ ~o ( - [ X ~ )  =~ 1}. 

With such a choice of the function ~0, the space l~o has the following properties: 
a) l lc loclp  for all p > l ,  with continuous injections, 
b) the space l~ contains ll: one can find a sequence of  consecutive blocks on 

the canonical basis which is equivalent to the /a-basis, 
c) there is a number 60, 0 < 6 0 <  1, such that if (a(k))keN, (b(k))keN, are finite 

sequences, disjointly supported, with Ia(k)[ <= 1, ]b(k)[<= 1 V k, if I I(a(k))k~ll~ => 
6o and then (one checks im- 
mediately that 60G 8/10). 

The space for our counterexample will be constructed along the same lines 
as the one given in [1], using admissible sets, but with the norm I v instead of the 
norm/1.  Let us recall that a finite :subset A of the integers, A = {nl, . . . ,  n,}, with 
ni<n~< ...<nk, is Called admissible if k<=nl. We call W the set of  admissible 
subsets of  N. 
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We consider the sequences of  scalars (x(k))ec N such that 

sup H(x(k))k~al]o < 
A E •  

and we call S o the closure of the finite sequences under the norm 

[[(x(k))k~NllS ~ = sup [L(x(k))  Allo 
A ( J I  r 

This is a "Schreier type" space, which, for many properties, is analogous to 
the space introduced by J. Schreier in [6], and to the space studied by the first 
named author in [1]. 

We shall now turn to the study of this space�9 Let us first observe that the 
canonical basis (e.).e N of /1  is also an unconditional basis for So, which we also 
call the canonical basis of  S o . 

Proposition 1. The spreading model built on the canonical basis o f  S o is iso- 
metric to t o. 

Proof  For  a given finite sequence of  scalars, %, . . . ,  ak, let us compute 

[]al enl+ �9149 + a~enkllso�9 
When n 1 is large enough (namely nl>=k), we have clearly ][ale, l +  ... +al, e,kllso = 

[I(ai)lle, since the set {nl, . . . ,  nk} is admissible. This proves the Proposition. 

Proposition 2. S o has no spreading model isomorphic to In. 

Proof  Assume on the contrary that some spreading model F of S o is isomorphic 
to /1. Then, by the Theorem, S e must have property (~0.  Choose t />0  with 

t / < ~  -~g. Let (x.).e N be the norm-one sequence which gives ( ~ i ~ l )  with the estimates 

l - t /  in (1). For  all iEN, the i-th coordinates (x.(i)).e N are bounded; therefore, 
one can, by a diagonal procedure, find a subsequence (x~).~ N such that the limits 

�9 p . 1 �9 t h m . . =  x. (t) exists for all i EN. I f  we put y .  =~ (x2._ 1 -  x2.), then, for all i, y.  ( i )~0  
as n ~ .  Of course, ][y.[ls<-lVn, and (Y.).EN also gives (N1) with the same 
estimates�9 

Since the coordinate functionals are continuous in S o and since the finite se- 
quences are dense in this space, we can find a subsequence (Y~)neN of (Y.).eN and 
a sequence of  consecutive blocks 

z. = Xl"=,,_l+leie,, 

with Ilz,[lso<= 1 and [Iz,-y.ltso =q. The sequence (Zn).~ N also gives (~a) with 1 - 2 q  
in (1) and is unconditional: 

[Vk ,  V n l < . � 9  V ~ l . . . e k = •  

1 k 1 k 
(2) ] TZ~e~Zn, so = ~ -X~z , ,  so => 1-2r/ .  
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Let us first consider the terms:  

1 
-~l l z l+z ,  tls~, n>=2, 

and let us call l the index o f  the last non-zero  term in zl. 

Lemma 1. One has, for  n > 1 

, {ill } ~l l z~+z ,  lls, = s u p  z l (k)+z , (k) )~A ,; ~ t ~ , ,  IAE <= l . 

Proof. I f  an admissible set A is such that  ~{[(z~(k)+z,,(k))k~{[>=l-3q, one 
cannot  have z 1 ( k ) = 0  for  all kEA. Therefore the set A starts before l, and has 

at  mos t  I elements. This proves the Lemma.  

Lemma 2. For all i~2 ,  each block z i contains a sub-block z~ with the following 
properties: 

a) z;(k)~O for  at most l integers k, 
b )  " > Ilz~ 11~ = 1 - 5 , / .  

(by sub-block we mean that z;(k)=zi(k ) for some k' s, and is 0 for the others). 

Proof Assume on the cont rary  tha t  one could find a z~, i=>2, such that  for  
all sub-blocks z~ o f  z~, o f  length l, one had Itzflt~< 1-57, But, if  A is an admissible 

set with [A]<=/, one has:  

II(  ))If)�89 - l l ( z  (k)) I f =  = 2 ~(k)+zi k~a ~ ' <  Z,]/r ;(k k~A r < 1+1- -5~/ )  

But this contradicts (2) and L e m m a  1. 
' " - -  " We shall z, being the sub-block given by L e m m a  2, let us put  z , - z , - - z r  

now show that  the zf' give (~0 .  

~ I[ I l l  k , . . .<nk}~O. Lemma 3. When k - , ~ ,  sup (~ , ,Z , z . . , , s , . ;  n ,< 

Proof It  is enough  to  show that  1 ~k , . <nk}---O as k ~  ~ .  suP {T ][212n,[ko, n l < . . .  
But for  each i, one "can write z i = ~  z. . x{, where x{(k) is no t  zero for at mos t  j = ~ t  

one k, Ixil=J < 1, and . . . . .  V j ,  1 ~ k  �9 X~ [ ~ -~0 as k-+oo; the Lemma follows. 

F o r  k~=ko, one has, consequently,  

and therefore:  

( 3 )  

I 

+ II z,~ ~.,'llso <= ,, for all ,,~ < . . .  < ,,~, 

i ~kz" ]s => l--3q. 

Of course, since the (z~') are sub-blocks of the (zi), one also has [Iz"Ils<= l V i. 
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Let us now consider terms of the following form: 

1 
2ko I lz~ '+. . .  +zL-+-z,"~+ ... + z,"~olls~, ko -~ nl  < ... < n~o. 

From the estimates (3) follows exactly as is the proof  of  lemma 1, that: 

1 
t~ ~ Z ~ 2k0 Ilz~' + ... +Zko+Z,,x+ ... + ,kol s~ 

= sup rAl r 

where t '  is the index of  the last non-zero term in zk" ~ . 

Lemma 4. There exists an io such that, for all i>io, each block z;' contains 
a sub-block z[" with 

a) z~'(k)~O for at most l" integers k, 
b) z "  ~- 1 [ l i  (k)][~= - 7 q .  

Proof. I f  this was not the case, then one could find a subsequence (z'~,)i~r ~ 
such that each sub-block z,'~' of  z,'~, of length l', would satisfy [Iz,'~'][~< 1-7r/ .  But 
then, for all AE~" with ]A]<=I ', 

1 [[(~;(k)+ ... + zk'; (k )+  z."~ (k)+  ... + z".~o(k))k~[ I~ 
2ko 

. ~  tl Z tt  k 1 (ft~llL~o+... +llZ~'oll~o+ [l(z.",(k))~A]t~+... +[1( .~0())-Alia) 
- -  2 k  ~ 

-< 1 (ko+( l_7q)ko) ,  
= 2k0 

contradicting (3). This proves the Lemma. 
Therefore, for i large enough, z, corttains two sub-blocks: z~ and z;", both 

with 1~ norms greater than 1 - 7r/. But they have bounded lengths (l for z;, I '  for z["), 
and, consequently, for i large enough, one can find an admissible set A which covers 
z~ and z~ at the same time. For  such an i, one has: 

Ilz; + z'll, ~ = IIz; + zTlls~ ~~ IIz, lls = <  1 ,  

and this contradicts the property c) of  the space I~, since 1 -7 r />6o .  

Remarks. 

1. It follows obviously from Proposition 2 that S,  does not  contain 11. 
2. It follows easily from the preceding discussion that, for every spreading 

model F of  S , ,  the sequence u, = e e l -  e2n_ I in F (which is unconditional, as proved 
in [2]) is equivalent either to the canonical basis of l ,  or to the canonical basis of  c 0. 
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I f  F is constructed on  a good  sequence (x,) ,c N in S o, the first case occurs  when 

lira infn.  ~ klxn--xn_ I lie0>0, and  the second when lira [lxn--x,_illc0--0. 
t 

3. In this proof ,  we have chosen the funct ion r 

= 2 t - 1  (t_~l). One sees easily tha t  the same results hold,  for  So, when q~ is an 
Orlicz funct ion satisfying the A~-condition a t  0, i.e.: 

q~(2t) 
sup < ~ .  

O < t < l  

In  fact, it follows f rom this condi t ion (see [5] pa r t  I w 4) tha t  there exist q and  
C such tha t  

6qq~(x) <- C .  (p(~x) for  all 6, xE[0, 2]. 

This yields that  there exist a n u m b e r  60 ( 0 < 3 0 <  1) and  an integer N such tha t  i f  
(aa(k))k<N, . . . ,  (aN(k))k~N are disjointly suppor ted  finite sequences, with j = l . . .  N, 

[as(k)I<--lgk and [[afl~=>~0, then { l _ ~ = l a s l l o > l .  
Wi th  this proper ty ,  essentially the same p r o o f  works ;  the difference is tha t  

one has  to repeat  the a rgument  N times, in order  to  const ruct  N disjoint sub-blocks,  
o f  bounded  lengths, in any  b lock z,, o f  a subsequence. 

Finally,  the at t thors wish to  t hank  L. Tzafr i r i  for  point ing out  a mis take  in 
a pre l iminary  version of  this paper .  
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