A general high indices theorem with an application
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Introduction
Let {a,} be a sequence of numbers and let k be a function in &#(R). Assume that
M) F@ =37 af,_ k()dy, x€R,

converges uniformly on every set {x¢R; x<x,} and defines a bounded function
on R. Let {4,} be a given sequence of positive numbers, which are well separated, i.e.

2) Aps1— Ay = c > 0.
If
3) lim F(x) exists,

what can then be said about the convergence of 2a,?

For k(y)=exp (y—exp (¥)) in (1), the well known high indices theorem by
Hardy and Littlewood [3] (see also Ingham [4]) implies that Za, is convergent if
(3) is true. This result was later generalized, by Levinson [7], to a wide class of
kernels.

One restriction in Levinson’s theorem is that the Fourier transform &, of the
kernel k, has an analytic continuation into the upper halfplane and is free from
zeros there. Therefore, the question whether there is a high indices theorem or not
for the series

XPn

@ 2 e Pasi/PnE=0>1, x€[0,1),

cannot be decided by that result, because if (4) is transformed to the form (1), then

k@) = (1 —iu){(—iu) (1 — 22+,
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In 1959 Rényi [11] conjectured that there is a high indices theorem if p,=
in the case (4). This conjecture was proved by Halasz [2] in 1967. In 1969 Korevaar
[6] observed that there is no high indices theorem for the series (4) for a certain
Hadamard sequences of exponents. But what is true for more general sequences
{p.} and even for other kernels? We will give a general result in this direction and
it will be seen that there is an interplay between the sequence {p,} or {1,} and the
zeros of the extension of k.

Let us first give a sequence {p,}, where there is no high indices theorem in the
Rényi-case.

Example. Let x€(0, 1). Then

- . xzn _ . [ xzn x2n+1 ]
) D ’r_l'_—xz_n“Nl_,erZNz T—x -2 T—xz 1
. x2 1
= 1 N = — .
ym 2 1—x2 log x

If x is replaced by x¥2 in (5), it follows that

2n +1

72 1
00 on+1 X - _
(6) — o (Vi) 1 +x(y§)2n+1 - log x .

A combination of (5) and (6) gives

X"
_w( V—) 1+x(}/_)
Hence,
2" _ 2"
oo n X _ Syl —_n X
™ 25 VY g = 2T ) e

The series to the right in (7) has a limit as x increases monotonically to 1, and there-
fore this also holds for the series to the left, but 27%4-0, as n—eco.

I wish to express my sincere gratitude to Professor Tord Ganelius for suggesting
the topic of this paper and for his support and interest in my work.



A general high indices theorem with an application to a conjecture by Rényi 281

1. Preliminaries

We start to give some definitions. The notation of maximal density is due to
Polya (see [10], p. 559).

Definition. Let {A,} be a sequence of positive numbers satisfying

(1.1) liminf(4,,,—4,) = c=> 0.
Let
NPy =# {4, i, =r}
Then
(1.2) D =limlim supw
1 roo r—ré

is called the maximal density of the sequence {4,}.
A sequence fulfilling (1.1) and (1.2) is said to be of class A(D, c).

Remark. D=1/c.

Using the notation k, for the function defined by k,(x)=k(x) exp (ax) (x€R),
we will next define a special class of functions.

Definition. Suppose that k is a function such that k,€ L'(R), and that its Fourier
transform k, has an extension, which is analytic in the open upper halfplane and
continuous in the closed upper halfplane, and that l%;(u) exists, u€R. Let f=0
and £ be real, and suppose further that

k8 _
(1.3) ié1=8 W' = exp(0)
(1.4) max %' = Cexp(Ciw)), Imw =0 (C is a constant)
]‘%/
(1.5 lﬂcaﬁg = exp (6(w)),

where 0(u) is a positive even function of u, monotonely increasing for u=0 and

fm UG du < oo,

1 u?
Then we say that k€.Z,.

Furthermore, we use the customary notations in distribution theory. (Cf.
Rudin [12] or Schwartz [13]). Also, |[M] is used for the Lebesgue measure of the
measurable set M and unspecified signs of integration will always denote integration
over the whole real line.. All sums are taken from 1 to oo,
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2. The main result

We start by stating a general high indices theorem. It can be formulated as
follows:

Theorem 1. Let {4,} be a sequence of class A(D, c). Suppose that there exists
an a=0 such that

Q.1 exp(—ax)- Sa, [ k() dy

converges uniformly on every set {x: x<X}, xo<oo, and defines a bounded func-
tion on R. Suppose further that
2.2 keZ,n,

(2.3) k(- +in)e2(R), 0<v=<v,, for some vy> 0,

(2.4 on every line Imw=o0,0=c~<a, there exists a closed interval I such that
k(u+io)=0 for ucl, where |[|=2nD if O<o<a and |I|=2x/c if ¢=0,

(2.5) k() = 0.

Then

2.6) Zaf, k0)dy=0Q), xcR,
implies that

@.7) Znzxn=0()

If, moreover,

28) lim Fa, [ k()dy=0
then

(2.9) Sa,=0.

This theorem will follow by a combination of the Theorems 2 and 4.

Remark. If A,=nc,c>0,n=1,2, ..., then instead of (2.4) it is enough that
there is no line parallel to the real axis, where the extension of the Fourier transform
k has zeros separated exactly by the distance 2nm/c, m=1,2, .... Furthermore,
if there exists a line, where & has zeros separated by the distance 2nm/c, m=1,2, ...,
then the coefficients {g,} can be chosen in such a way that (2.8) is true but (2.9)
is false.
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3. Two Tauberian theorems

In this section we state and prove a somewhat different and, in a way, weaker
result than Theorem 1. This is:
Theorem 2. Suppose that the coefficients {a,} satisfy
a, = O(exp (44,)),
where A is a constant and {4,} is of class A(D, c). Let the kernel k€ & and suppose

that its Fourier transform k, with k(0)20, can be analytically continued into the
strip O0<Im w<uv,, v,=>A4, and that

k(- +in)eL2(R), 0<v < v,.

Moreover, suppose that on every line Im w=o,0=0=A, there exists a closed in-

terval I such that
k(u+io) =0 for ucl,

where [I|=2rD if O<o=A and |[|=2r/c if ¢=0. Let

3.1 Fx) =3 a, [ kO)dy, xeR,
and suppose that

(3.2) }Ln.}o F(x)=0.

Then

3.3) >a,=0.

Remark. Like in Theorem 1, boundedness of F implies boundedness of the
sum > __.a,.

In order to prove Theorem 2, we need several auxiliary results. We start with
an interpolation lemma, which in a weaker form can be found in Levinson [7].
We have:

Lemma 1. Let {A,} be a sequence of real numbers satisfying
Aps1—4, = c>0, neZ.

Then, for each integer n and each &=0 there exists a function H,€ & such that

(3.4) H()=1; H()=0, k=n,
and

(.5 supp (4,) = l——:f——s,lz—Jre].
If

(3.6) G, (u) = H,(u)e,
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then
(3.7) 1Glly = ,max_ |[.p" Gl = Cy <o (independent of n).
Proof. Keep n fixed and let k€ Z— {0}. Define a sequence {x;} by

ke, if |ke—An+A,l>¢/2 for all m
x, =4t ke, if ke—A,+4,=c/2 for some m
A=ty f —¢/2=kc—An+A,<c[2 for some m.

This determines the sequence {x,} uniquely. Moreover,

(3.8) Xpr1— X =¢/2
3.9) |x,—ke| = ¢/2.
Consider the function
(3.10) T.(2)= [T A —z/x)(1 —z/x_})
and estimate

T.(z L—z/x, {|1—2z/x_
3.11) sin7(rz;c nlzl s 1~z/k,cc 1+z/kck

A term in the infinite product (3.11) can be estimated by

|2] |, — ke |z| |z|
T Rde—ke = T TR=ke] *exp{;kuz—kq}’

1—-z/x,
1—2z/ke

(3.12) '

where (3.8) and (3.9) have been used.
Let Rez=0 and Nc—c¢/2=|z{j<Nc+c¢/2, N=5. Then we find that

1 1o 1 o, |1
(3.13) Zwo,iwm =—2 . o 1“+E’“2-}v+1ﬁ
1 ] 1
ey b 2N
|z} 25 +Nc vt N1 T Ne 28 RCN=1]2
L l e 1 _ 21 +1010g |z _1010gc
¢ SWREIN-12F ~ |7 |z |z

Inserting (3.12) and (3.13) in (3.11), we get
T,(z)

sinzzfel ~

1—z/x_y
1+z/Nel’

l—z/xy

(3.14) T—Z/Ne

= 4|z’

The inequality (3.14) is obviously true in the whole annulus Ne—¢/2=[z|=Nc+c/2,
and therefore the inequality

T, = A+ exp (2 1m 1)
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holds for all z¢C. By a generalization of a well known theorem by Paley and Wiener
(Rudin [12], theorem 7.23), we have

supp (T,) < [-n/c, nfc].

Let ¢ be a function in & with supp ¢[~¢, ¢] and ¢(0)=1. Putting G,=¢-T,,
we get, for each n, a function in &% with Fourier transform

G,=T,x¢ and supp(G,) <[—n/c—e, T/c+e]
These functions satisfy (3.7), and if H, is defined by
Hn(z) = Gn(z_j‘n)y z€ Ca

then the condition (3.4) follows from (3.10) and the condition (3.5) is easily seen
to be valid.

The preceding interpolation result will be used to get global information from
local behavior of a Dirichlet series on the axis of convergence. More precisely:

Lemma 2. Let f be defined by the Dirichlet series
fw)= 3 a,e™n Imw > 0.
where {A,} is of class A(D, ¢). Suppose that
(3.15) f(-+ivy~f in 2'd) as v}0,

Jor some open interval I with I|=2nfc. Then there exist a finite constant N and
a discrete measure pc€ %’ of the form

p=2m 3,750, o,=0@),
such that
A=f in9.
(6 is the Dirac measure).

Proof. There is no loss in generality to assume that the interval I is symmetric
around the origin and that A4,.,—4,=c. Then we can choose an &¢>=0 such that
the functions {H,}, from Lemma 1, have supp (H,)C[—n/c—e, njc+e]lc

Since £ is a bounded functional on % (), we have

(3.16) fH) = ClBly, k=12,..

for some finite N and some constant C.
Applying (3.15) to H,, we get

(3.17) FB) = lim f(- +iv) () = lim [ fu-+iv) B @) du

= liflol D d,e” f A, (u)e™ du = li{rol D a,e” " 2nH,(2,) = 2noy,.
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If (3.16) and (3.17) are combined with (3.6) and (3.7), we see that

oyl = ClHly = O(Y)
and the lemma is proved.
Next we prove a distributional variant of a theorem by Paley and Wiener. It is

Lemma 3. Let 0%’ and suppose that supp (0)C(—<c,0). Then the Fourier
transform O has an analytic extension into the upper halfplane, i.e. there exists a
Sunction  analytic in u+iv, v=>0, such that lim, (- + in)=0 in &’.

Proof. 1et ¢ be a C=-function such that ¢=1 on supp8 and supp ¢C
(— oo, OL If v=0, then
(e70)" = (e=98)” = 8x ¢,
since ¢,€.%, and
€*0)" () = 0% ¢, () = 8(7,(9,)") = 8(¢p(+iv—+)) = B(u+iv).

To prove that §(u +iv) is analytic in w=u+iv, v=0, we use Morera’s theorem.
Let I be a regular closed curve in the upper halfplane. The map

I'sw->¢w—+)e&
is easily seen to be continuous and therefore
(3.18) H=fr¢(w~-)dw

is a well defined &-valued integral (see for instance Rudin [12], chapter 3.) Hence,
since evaluation is a tempered distribution, it follows that

H(t):fr(f)(w-—t)dw.

But ¢(w) is analytic for Im w=0 and we get H=0. Therefore, if 8 is applied
to H, then by the representation (3.18)

0=0(H)= fr(i(q}(w— ) dw = [8(w)aw,
i.e. 0 is analytic in the upper halfplane.
It is readily seen that
6(- +iv) - f in ¥ as v}0,

and the proof is completed.
We also need a theorem of Pélya (see Polya [9]; Levinson [8], theorem XXIX).

This result is stated in the following lemma.

Lemma 4. Let
f(W) — 2' a”eiwln
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be a Dirichlet series with the axis of convergence Tm w=a. Suppose {1} is of class
A(D, ¢). Then every closed interval of length 2rnD on the line Im w=0o contains
at least one singular point of the function f.

Next we treat a Tauberian result for a very special class of tempered distribu-
tions. We formulate the resuit as:

Theorem 3. Let {4,} be of class A(D, ¢) and suppose that the coefficients {a,}
satisfy
a, = 0@Y) for some finite constant N.
Suppose further that k€ & and that there exists a closed interval I of length 2rn/c

such that
kl; #0 and k(0) = 0.

If

(3.19) Saf __k()dy=0@), xR,

then "

(3.20) Dop=x @ = 0(1)

and if

(321 Sa,f,_ kG)dy=o(1), x--,

then "

3.22) Dinmx @n = 0(1),  x—>o0.
Proof. Let

(3.23) Fe)=Xa, [ _ kO)dy.

Then we have
F'(x) = pxk(—x),

where p=2Xa,t_ 1"5 is in &’. Without loss of generality we can assume that
Jmri—A,=c and that k(u)=0 for u€[—B, B), B>n/c. Thus there exists a function
YES satisfying

1
V) =T € Bl
Let {H,} be the functions given in Lemma 1 with supp H,c(—8, f). We get
(FY sy H) =¢-B,kp=@uxH) in%,

and hence,
px H, = (F) %y x H, = —Fxy’ » H,.

It follows from (3.19) and (3.23) that F is bounded, thus

(B2 la) = lux B,O)| = | [ FO)W * HYG)dy| = | Fle 9 lza | Eil
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If (3.21) holds, we get a better estimate than (3.24) by
lai] = ( sup IF()]) S * B dy+( sup FO)) Sy W HO) Ay

y=>=A,./2 <A /2

The second integral to the rlght can be estlmated by
[ WOy = [Wolaf | HGO-0ldy
=fwolaf _ . 1Goldy=[__ Wwoldf | 1GOdy+
o WOl fIGdy =W f GO +IG [, WOl

where G, is the function in Lemma 1.
Hence we see that

(3.25) a, = o(l), k - oo

In order to get (3.20) and (3.22) respectively, let xy=(iy+Ay+1)/2 and suppose
that k(0)=1. Then

(326 3Va,~FCw) = 3Va, [ k() dy— S5aan [, kG)dy.

Now (3.20) follows readily from (3.24) and (3.26). The conclus1on (3.22) follows
from (3.25) and (3.26), because

| ¥ a,~Flay)| = SV a,) [ k()] dy
+ 3N lad [T k) dy+ S lal) [ o kOl dy

1 1
= [N/21 N —_—
C,max |a,| > 1T G =) +C RS lanl 2enjera 1— (7 — xy)?

- 1 g 1
+Cmax|a,| Zmlm = C;max lanl»memﬂLC max la,,

where C; and C, are constants.

Proof of Theorem 2. Let G be the function defined by

0, x>0
G0 = I, x<0.
Let A<v<v,. We can rewrite (3.1) as
(3.27) F() =3 a, [ k()G —x—y)dy

= e S a,e" [ k,()G,(h,—x—y) dy
=" D a,e " f k, ()G, (u)e™* =2 du,

where the last equality is Parseval’s formula.
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By Fubini’s theorem, the order of summation and integration can be changed
in (3.27) to get
(3.28) F(x) = -/‘]%(u + iv)é(u +iv) (Z’ anei(u+ iu)/ln)e—i(u+iu)x du.
If we define a function & by the Dirichlet series

h(w) = 3 a,e™*, Imw > A,

then

(3.29) g(- +iv) = k(- +iv)h(- +iv)c L2R).
Thus, there exists a function g such that

(3.30) (g(me”) () = g(u+iv).

Using (3.30) in (3.28), it gives
F) = [(g0)e”) @G e+ @*du= [~ g(y)dy.

Since Fe%’, we have that g%’ and g has a Fourier transform.
Let ¢, be a C=-function with supp ¢,C(—<,0) and ¢;(x)=1 if x<-—1.
Take @,=1—¢,;. From Lemma 3 we get

(3.31) (p,2)"(w) is analytic for Imw = 0.
Moreover, by a combination of (3.29) and (3.30), we see that

_/[(g(t)evtlzdt <o for A<v=< Ug-
Hence,

[I(@e0)(t)epdt <eo for v=<un,
and this implies that

(3.32) (022)" (w) is analytic for Imw < v,.
Putting (3.31) and (3.32) together, we get

W) = ((P1+9)8)" W) = (918)” W) +(928)" (W)
is analytic in the strip O<Im w<y,, i.e.
(3.33) g(w) = k(w)h(w) is analytic for 0 <Imw < v,.

Suppose that the axis of convergence for the Dirichlet series #(w) is Im w=
¢=0. Then, on the line Im w=g¢ the function /(w) has at least one singular point
in each closed interval of length 2z D. The formula (3.33) shows that s(w) has
a meromorphic extension into the halfplane Im w=0, and therefore these sin-
gularities must be poles. Moreover, the product k(w)h(w) is analytic for
O0<Im w=<w,, but this contradicts the hypothese on k(w). Thus, the series defining
h converges not only for Im w=4, but

(3.34) h(w)= 3 a, e, Imw=> 0.
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The assumptions on the Fourier transform £ imply that there exist a closed
interval 1, with |I]=2n/c, and an ¢>0 such that

(3.35) E(u+iv) %0, when ucl and O0=v<e

and

(3.36) D"k(-+iv) — D"k in uniform norm on 7, v{0, n=0,1,....
Since

3.37 g(-+iv) ~¢ in&, vy0,
the combination of (3.35), (3.36) and (3.37) (see Rudin [11], Theorem 6.18) gives
(3.38) h(-+iv) ~h in 2’(Int 1), as v}0.

From (3.34) and (3.38) it follows, by Lemma 2, that there exists a finite constant
N such that
(3.39 a, = 0.

Recalling (3.1) and (3.2), we see that

Zaf,  kG)dy=o(l), x-e,

where the coefficients {g,} satisfy (3.39). Now we can use Theorem 3 to get the
conclusion (3.3) and Theorem 2 is proved.

4. Estimation of the coeflicients

The second step in proving Theorem | will be accomplished by the next theorem.

Theorem 4. Let the sequence {A,} be of class A(D,c) and let ke Z,. Suppose
that there exists an 0=0 such that

4.1 exp (—ocx)-Za,,f:_x k(y)dy

converges uniformly on every set {x: x<x,}, Xo<oo, and defines a bounded func-

tion on R. Then
a, = O(exp (¢4,)).

In proving this theorem we first state a lemma, which 1s almost identical to
a result of Levinson. For a proof see Johansson [5] or Levinson [7].

Lemma 5. There exists a function s, analytic in the upper halfplane, with

“4.2) W (u+iv)]| = Cexp(Cv), (C is a constant)
4.3) @) is even
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and
(4.4) W)l = Cy(+u®texp{—0w)}, N=12,...,

where {Cy} are finite constants and 0(u) is a positive function of u, monotonely in-
creasing for u=0, and with

[709 gy
1 u

Moreover,

4.5 Y(0) =1.

The next lemma is crucial to the proof of Theorem 4. The proof of this result
follows by a slight modification of a method used by Levinson [7].

Lemma 6. Suppose that the hypotheses in Theorem 4 are satisfied. Then there
exists a sequence {B,);> of functions, defined on RX[2, =), such that

(4.6) [ 1Bi(x, )] dx = C,

@.7) B,(x,4A) =0 for x=C,A

(4.8) [ B, (x, A)e3n= j;_x k() dydx=0, msn,
and

(49) Jim [ B,(x, ) [ k(y)dy dx = k,(0),

where C; and C, are constants.

Proof. Define

(4.10) B,(u, 4) =—%%l§ﬂ<ka-¢4>*ﬁn(u), n=12 ..,

where the functions {H,} are given in Lemma 1 with supp H,c(—8, B), B=>n/c.
The function y# is defined by Y4 (u)=Ay (4u), where y is the function in Lemma
5 except that we instead of 8(u) here use 20(u).

By (1.3) and (3.7), we get

1B, )] = Calu| e [ 1ya(o)) e

A(u+p)

oo d.

If |u|=2p, then it follows from (4.3) and (4.4) that

= Cslule’® f

A(u—

(@.11) By ) = Cylule™ [l (o) de = b
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For [u|=2f the inequality is obvious. In a similar manner, by using (1.3), (1.5),
(3.7), (4.3) and (4.4), we can make an estimate of

-d‘%{e%é,,(u, A} =— ’(ZJ(”)“) [ k(YA @) e G(u—1t) dt
(1 (u+io)— ki )]fk (O WA() e G, (u—1)dt,
& ( ) ko (u)

where G,(1)=H,(t) exp (it),), to get

L ] =

Thus, by Carlson’s inequality,
[ 1B.(x, A)]dx = C,.

We have that
B v, 4) =2 F1),

ko (w)

is analytic for Im w=0 and continuous for Im w=0. Using (1.4), (3.7) and (4.2),
we find that
(4.12) |B,(w, A)| = C;|w] AeCs4 Col¥l = C, eCro4lwt,

By a Phragmén—Lindel6f argument, (4.11) and (4.12) imply that

—— [k (v — 1) A(w—1) A, (1) dt

|B,(w, A)e2Cu| = Imw =0.

11
1+{wp’
Hence, applying Paley—Wiener’s theorem, we get

B,(x,A)=0 for x=2Cy,A.
Parseval’s formula gives

1 P 7 iu — — x(t — X,
EfB,,(u, Ak, w)e du = [ B,(x, Ak (t—x)dx = [ B,(x, A)e**=D k(t—x)dx

and this can be rewritten as

1 ,5 p .
— i(u+ i — —ax _
4.13) 5 [ B, Dk, @)+ du = [ B,(x, d)e~*k(z—x)dx.
Integrating (4.13) with respect to #, we get
1 . ei(u+ )T _ ei(u+ ia)s
(4.14) 5 [ B, (u, Dk, () TR

= [ B.(x, A)e’“"f:k(t—x) dt dx,
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We have

i (Bl DF, )

elw+iT 4, —
Too i(u+ic) ’

which is obvious if «=>0 and follows from Riemann—Lebesgue’s lemma for o=0.
Thus, if 7 in (4.14),

e 1, B,(u, Ak, (u
fB,,(x, A)ea(s—x)fs_xk(y) dy dx :_Ej(_)_g

iusd .
i(u+io) ¢ au

Together with (4.10) this implies that

S B, e [~ k() dy dx = H,()(k, - ¥4)" (=9).
Hence,
[ B, A)e“um-x)f:’_ k(»)dydx=0 if ms=n
and "
Jim [ B,Gx, d)etn= [= k(y)dy dx = lim (k, ¥ (~i,)

= lim [k, ()9 ((1—An)/4) di = k,(0),
where the last equality is given by the theorem of dominated convergence and (4.5).

Proof of Theorem 4. From (4.1) and (4.6) it follows that

(4.15) B e Za, [~ k(y)dydx=0().

Because of (4.7) and since the convergence is uniform, the order of integration
and summation can be changed in (4.15).
Thus,

(4.16) 2 e m [ B,(x, A)e*Gn=0 f :’ _ k(y)dydx=0().
By the properties (4.8) and (4.9), we find that (4.16) implies that

a,e”**nk,(0) = 0(1)
and this proves the theorem.

5. Best possible results and some applications

It can be seen by an example that the hypothesis (1.3) is essential in Theorem 1
(see Levinson [8] or Johansson [5]).

The question whether the separation (2) of the sequence {4,} is necessary, will
be answered by the next theorem.
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Theorem 5. Let k€ LM (R) and let the sequence {1} satisfy

O<iy=<lp<..<d —o, n—>oo
and
liminf (4,,,—4,) = 0.

Then there exist coefficients {a,} such that

Fey=Za,f,  k()dy
converges uniformly on every set {x: x<X,}, Xo<oo, and
lim F(x) =0
X =00

but
a,+0, n-eo,

Proof. Let {o,} and {B,} be two disjoint subsequences of {1,} satisfying

wm<Py<ody<Py=<..

and
2 (ﬁn—an) = o,
Define
F@=Za,f  k(»)dy,
where

1 lf /’LkE {an}
a,=1—1 if A€{B,}
0 elsewhere.
Thus we have

hed oo Bn—x
F=3(f, _ —f, Jemdy=23 [ k() dy.
Let &>0 and choose N such that >~ _(B,—a,)=<e. We now see that

i N +1
lim sup |F(9)| = limsup 3Y (77 k(3] dy

. . B
+limsup 37, [ k(r—x)|dy = max [, [kG)Idy
ie.
lim F(x)=0.

We shall now see that the kernel in (4), studied by Rényi, is just a special
case of a class of functions, where Theorem 1 may be applicable. These functions
are of the form

B
5.1 f(x)= [log —xl—) 21 % x™, x€(0, 1), f'€L(0, 1),

with a,=0(m") for some finite y.
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Suppose that
(5'2) g?}z ay, f(xPa) = Oa pn+l/pn = 8 >l

If (5.2) is transformed to the form (1), i.e.
lim >a,f " k()dy=0,
by letting x=exp (—exp (—¢)) and i,=logp,, then

k@) = —iul’ (B—iu)x(B—iu).
The function y is, for Rew=v+1, defined by the Dirichlet series

1) = 37

and has an analytic extension into Rew=f (if f<y+1).
It is easily seen that for each kernel k there exists an «=0 such that k€%, .
For this « it also holds that

(tog 2] = a,rcen

converges uniformly on every set {x: x<x,}, Xx,<1, and defines a bounded func-
tion on [0, 1], i.e. (2.1) is satisfied. Thus, in the case of the series (5.2), the existence
of a high indices theorem depends solely on the location of the zeros of the function
x as Theorem 1 shows.

In the Rényi case we have

k() = I (1—in){(—iuw)(1=24+"),

which is in & and i,=nlog2. From the knowledge of the {-function, we know
that there exists a closed interval I with [I|=2r/log2, where x(—iu+o)=
Uo—iuw)(1—21"7T")20 for ucl and o=0 (see for instance Widder [14]). Since
all hypotheses in Theorem 1 are satisfied the desired conclusion (2.9) follows and
Rényi’s conjecture is proved.

A direct consequence of Theorem 4 is the following: let y=0 and let {p,}
be a Hadamard sequence (p,=>0). Then

(5.3) a,ePi=00"", t-+0
implies that
(5.4) a, = 0(pY).

This problem has been studied by Gaier [1], who gives an estimate less precise
than ours. The estimate (5.4) is in fact best possible, as we can readily see if (5.3)
is applied to the real line by letting ¢=exp (—x). Let a,=exp (ylogp,), y=0.
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Then
exp (—yx)- X a, exp (— exp (log p, —x))

= > exp(—y(x—log p,)—exp (—(x—log p,))) = O(1),

where the last equality is obvious, since k(x)=exp (—yx—exp (—x)) is in &.

10.
11.
12.

13.
14.
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