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I. Introduction 

A subset of  a complex topological vector space E is said to be bounding if  it is 
mapped onto a bounded set by every holomorphic (i.e. continuous and G~teaux- 
analytic) function on E. 

Sefin Dineen, Bengt Josefson and Martin Schottenloher have studied the bound- 
ing sets in many locally convex vector spaces. The first author proved in [1] that if 
E is a separable or reflexive Banach space, then the closed bounding subsets of E 
are compact. He proved in [2] that the non-compact set D={ej: jEN} of  unit 
vectors ejEl=, ej=(6ii)i~N, is bounding in l~, the space of all bounded complex 
functions on N. The second author studied in detail the bounding subsets of l= and 
extended in [3] Dineen's result in [2] by proving that a subset of e0, the Banach 
space of all complex sequences tending to zero, is bounding as a subset of l~ if and 
only if it is bounded. Schottenloher [5, Proposition 1] generalized Dineen's result 
in [1] to separable quasicomplete locally convex spaces: in such a space any closed 
bounding set is sequentially compact. Also Kamil Rusek [4] has studied bounding 
subsets of  separable Banach spaces. 

In this paper we study bounding subsets of  some spaces which are not locally 
convex. We shall prove that if a separable complete metric vector space E, with 
translation invariant metric, has the bounded approximation property and the closed 
balls are polynomially convex, then a subset of E is bounding if and only if it is 
relatively compact. We shall also prove that the metric vector space Ip, 0 < p < l ,  
of  complex sequences with metric d defined by d(x, Y)=~7=1 txj-YJ[ p, xElp, yelp, 
is an example of  such a space. 

Finally, I wish to thank C. O. Kiselman and B. Josefson for their kind interest 
and valuable suggestions. 
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2. The main result 

A metric vector space E is said to have the bounded approximation property 
if there is an equicontinuous family (~ot)tc r of linear mappings q~t: E-~q~t(E) of  
finite rank such that, for every e > 0  and every compact set K in E, there is a t~ T 
with d(q~,(x),x)~_~ for all x~K. 

Theorem. Let E be a complete separable complex metric vector space with a 
translation invariant metric d which has the bounded approximation property and is 
such that the closed balls in E are polynomially convex. Then a subset of  E is bounding 
i f  and only i f  it is relatively compact. 

Proof. A relatively compact set is obviously bounding since any continuous 
function on a compact set is bounded. 

Assume that A c E  is not relatively compact. Then A is not precompact (since 
its completion is equal to its closure in E), so there exists a sequence (xi) of  elements 
of  A such that d(xj ,  x k ) ~ 5 R > 0  when j r  for some suitable number R. The 
proof  will depend on whether or not (x:) stays close to a finite-dimensional sub- 
space. In fact we have two cases to study. 

Let Ot=l--qgt where (%)tcr  is the given family of linear mappings, and let 

Case 1. For some t~ T we have Qt(xj)~B(0, 2R) for  every j. 

In this case the sequence of  points (y j), y j =  q~t(xj), satisfies 

d(x j ,  xk) ~ d(xj ,  y j )+d(y j , yk )q-d(yk ,  xk), j ~ k, 
i.e. 

d(yj ,  Yk) >= d(xj ,  x k ) - d ( x l , y 1 ) - d ( x k , y ~ )  >= 5 R - - 2 R - 2 R  = R, j ~ k. 

Hence {y~} is a subset of  Et----~ot(E) which is not precompact. Since E t is of  
finite dimension we know that there exists a linear form r on E t such that (4 (Yi)) 
is unbounded. The linear form q=~oe& is a holomorphic function on E with 
(q(xj)) unbounded. Hence {x~} is not bounding in this case. Note that here the 
family of  linear mappings need not  be equicontinuous. 

Case 2. For every tE T there is a j such that ~t(xj)~[ B(O, 2R). 

By the triangle inequality for the translation invariant metric d we have 

B(O, R)+B(O, R) c B(0, 2R). 

Choose 6 > 0  such that ot(B(O, 6 ) ) c B ( O , R )  for every tET; this is possible 
in view of the equicontinuity of  the family (0t). Define 

v. = U B(zj, ,~), 
j=at 

B(x, r) denote the closed ball of  center x and radius r. 
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where {zj} is a denumerable dense set in E; hence (11,) is a covering of  E. Then for 
every tE T, 

Q,(v.) c R). 
j=l 

Let now n be fixed. Then for some t~T we have Ot(zj)EB(O, R ) , j = I  . . . . .  n. This 
is because ~ot(zj)=zi-ot(zj) can be brought arbitrarily close to z~, j---1 . . . .  , n. 
Hence for this t we have 

.ot(V,) c B(0, R)+B(0 ,  R) c B(0, 2R). 

But on the other hand we have by assumption in this case Ot(xi)~B(O, 2R) 
for somej .  By assumption B(0, 2R) is polynomially convex, so there is a polynomial 
q with [q(ot(xi))[>l and ]q[<l on B(0,2R). The polynomial Q=qoot satisfies 
]Q(xj)I>I and ] Q I < I  on V.. 

We can now define inductively a covering (W,") of  E and a sequence (am) with 
a,"C W,,+I\W,,, m = l ,  2 . . . . .  as follows: W,,= V,(,"), a,,=xio,,), where n(rn) and 
j(m) are found by the procedure just described. I f  n=n(m) has already been found 
we let j(m)=.] be the index j  found above and then we put  n(m+ 1) as the smallest 
integer such that  a,"=xiE V,(,"+a)= W,"+I. This is possible since (V,) is a cover- 
ing of E. 

We now have a,"~W,,+I\W," and polynomials Qm, m = 1 , 2  . . . . .  with 

]Q,"] < 1 on W," and ]Q,"(a,")[ > 1. 

One can find ~,"EN and constants e," such that the polynomial f = c  o ~-, satisfies 

I f , " l < 2  -," on W," and ;f,n(a,")]>-m+l+.~'~-~Ifk(a,")]. 

Since (W~) is an increasing open covering of E, the function f = ~ = l  f," is holo- 
morphic on E and 

If(a,,)! = [f,.(a,")+ Z,'~-~fk(am)+ ~m+lfk(a,")I 

[ f ," (a ,") ] - -z~ - t  1A(a,")I--.~m+~ I[AI[W~ ~ m. 

Hence {am}={Xj(m)}CA is not bounding in this case. 

Remark. The proof  in Schottenloher [5] depends on a similar construction with 
a covering (V.) consisting of convex sets. In our notation 

Vn = {z1 . . . .  , Zn}'q-B(0, 6) 

is the vector sum of  a finite set and a polynomially convex set. I f  B(0, 6) is convex 
we can use 

Vn : c v x  {z I . . . . .  zn}--t-B(O , (~), 
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where "cvx" denotes convex hull; as the sum of two convex sets V~" is then convex. 
However, the vector sum of a convex set and a polynomially convex set need not be 
polynomially convex. This difficulty explains the difference between our proof  and 
that in the locally convex case and also the role played by the mappings ~o t . 

3. Sequence spaces with polynomially convex balls 

We shall now see that there exist spaces which are not locally convex and still 
satisfy the hypotheses of  the theorem. 

The space lp of  all complex sequences (xj) such that ~ [xjlP< + co is a metric 

vector space for 0 < p  <- 1 if we define the distance by 

d ( x , y ) =  ~ l x j - y j l  p, x , y~ Ip .  

I f  0 < p <  1 it is not locally convex. The space lp clearly has the bounded approxima- 
tion property, in fact, even the projective approximation property:  we put T = N  
and let 

~o,(x) = ~c,(x) = 7r, ( .~o  xj  e j) = ~z~o x j e j .  

The crucial property of  the balls we formulate as a proposition. 

Proposition. The closed unit ball B o f  lp, O < p < l ,  is polynomially convex. 
More precisely, for  every point b C Ip, 0 < p  < 1, with b (~ B one can f ind  a continuous 
monomial P on lp with 

sup IP(x)l < 1 <= e(b) .  
xEB 

Proof. The construction of P is a finite-dimensional problem. This is because 
for every b(~B, there exists an nEN such t h a t  z c n ( b ) ( ~ x , ( B ) = B ~ E  ~. We can 
assume that all bj>=O,j ~- 1, ..., n, by multiplying bj by complex numbers of  modulus 
one, and indeed that bj>O by ignoring coordinates for which bi=O. 

Consider the mapping (p: R " ~ R  n defined by ~o(t~, . . . , t n )=(e  tl, . . . ,etn), 
where t = ( q  . . . . .  t,)~R". Let B*=~o-I (~ , , (B) )={ t~R";  2~=1 eP'J--<l} and b*=  
q~-a(b)=(log b~ . . . .  , tog b,). The set B* is closed and convex in R ". This is because 
t - + ~  ePt~ is a continuous convex function on R ". Since b* qi B*, by the Hahn- -Banach  
theorem there exists a continuous linear functional v on R" such that 

sup v( t )  < v(b*). 
tEB* 

Here v takes the form v ( t ) = ~ = l m j t j ,  tER", where necessarily mi=>0, 
j - 1  . . . . .  n, since B* contains with t every point s with sj<=tj. But the hyperplane 
{t; Yn mj t j=v(b*)}  can be moved so that  all mj become rational numbers, 
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j =  1 . . . .  , n. Thus  there  exists a posi t ive integer m such tha t  m m j = k j  

negat ive integers. The  m o n o m i a l  P (x) =X~ll... ~ - ,  xr  C", satisfies 

are  all non-  

P ( b ) =  H"  hk~= ~ * ~tl j = l ~ 3  e x p ( Z j = l k j b j )  = exp (my(b*)),  
and  

sup IP(x)l = sup e x p ( m v ( t ) ) <  P(b),  
xEB tEB* 

so PIP(b)  has the  desired proper t ies .  

Remark.  The  m e t h o d  o f  p r o o f  shows tha t  the  p ropos i t i on  holds  for  every 

metr ic  vec tor  space with  a Schauder  basis  (e j) such tha t  all the  sets 

{zEC"; d ( ~ e x p ( z j ) e j ,  O ) < r }  

are  convex (in pa r t i cu la r  d(tx,  0 ) = d ( x ,  0) for  tEC, I t l = l ) .  A s  an  example  we 

take  the  space 

I{.J} = {(xj); xjqC, d(x ,  O) = ~'7=llXjlP~ < + ~o} 
where  0 < p  j <  1. 
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