On properties of functions with conditions on their
mean oscillation over cubes

Tord Sjodin

Introduction

We consider spaces BMO,, , of functions defined using mean oscillation over
cubes in R”, which include the Morrey spaces L?», the John—Nirenberg space
BMO and the Lipschitz spaces A,. It is our purpose to give equivalent charac-
terizations of the spaces BMO,, , and to apply these characterizations to an exten-
sion problem for BMO, ,(G), for certain open subsets G of R". We prove that
the spaces BMO,, , are characterized by a property of the mean oscillation over
a class of sets more general than the class of cubes used in their definition.

Although we are mainly interested in the case 1=p~<oo, which include BMO
(p(r)=1,p=1) and the Morrey spaces, we state some of our results in the more
general situation O=p-<c and ¢(r) satisfying certain growth conditions. See the
remark following Theorem 2.2 in section 2.1.

Let E be a bounded set in R” with positive Lebesgue measure. Then the mean
oscillation of f over E (in LP-sense, 0<p=<c) is defined by

Q,(f, E) = inf (|E| 7 [ /() C|? dx)”, 0.1)

whenever it is finite. For any such set E there is C=C, for which the infimum
in (0.1) is attained and Cj is from now on defined in this way. Note that Cy is not
uniquely defined, cf. J-O. Stréomberg [15].

The set function ,(f, E) is a local best approximation of order zero of f
in L? in the sense of Ju. A. Brudnyi [1, p. 75].
The class of sets we consider is defined by

K, = {x€R"; dist (x, K) =r}, r=0, 0.2)

where K ranges over all compact sets K with Lebesgue measure zero.
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The spaces BMO,, ,, O<p<oo, are defined in section 1. We prove in Theo-
rem 2.1 that if ¢(r) satisfies a mild growth condition and f€¢ BMO,, , then for all
sets K, in (0.2) it holds that

Q,(f,K)=N- ffqo(t)/tdt, r=0, (0.3)

where N=c(¢,n,p)- || fl,,, and k depends on r and the diameter of K.

We show by examples that (0.3) is in general best possible (section 7.1).

The conclusion of Theorem 2.1 is rather strong since the class of sets defined
by (0.2) is very large. In particular, all closed balls B(a, r) are of this type and
(0.3) is simplified considerably in this case with a suitable growth condition on ¢ (r).

The converse of Theorem 2.1 now follows easily. Assume that there is N<eo
such that f satisfies (0.3) for all set K, in (0.2) then feBMoO, , and | fl, ,=
c(@,n,p)- N(f), where N(f) is the best constant N in (0.3) (Theorem 2.2).

This means that N(f) is an equivalent norm on BMO 1=p=<o. Special
cases are BMO, (Theorem 2.3). '

The spaces BMO,, ,(G), where G is an open subset of R", are defined in sec-
tion 2.2. We consider the problem to decide when a function f¢BMO,, ,(G) has
an extension £ in BMO,, ,(RY=BMO,, ,. In particular when R™\G has measure
zero we find necessary and sufficient conditions on f of the type (0.3) in Theorem 2.4.

This result also gives a method to generate equivalent norms on BMO,, , that
are in a sense intermediate between || f1|,, , and N(f) above (Theorem 2.5).

Let K be a compact subset of R” and consider the problem to extend every
continuous function f;, on K to a function f which is continuous in R” and has arbi-
trary small norm in BMO. We use a construction in BMO by J. B. Garnett and
P. W. Jones [4] to prove that this is possible if and only if K has Lebesgue measure
zero (Theorem 2.6).

The plan of the paper is as follows. Section 1 contains notations, definitions
and some preliminary results. We state our theorems in section 2 and prove them
in sections 4, 5 and 6. We prove a number of lemmas in section 3 and give some
examples in section 7.

@, p?

1. Preliminaries

We consider the n-dimensional Euclidean space R” with points x =(x,, X,, -.., X,).
All sets are subsets of R". Open, closed and compact sets are denoted by G, F and
K respectively. Measure always means Lebesgue measure and is denoted by |E|.
Functions are real or complex valued and Lebesgue measurable in R”. Integration
with respect to Lebesgue measure is denoted by f e J(X)dx.
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When no set of integration is indicated it is understood that integration is over
the whole space and all the variables. We let L? denote the usual Lebesgue space
of p-th power integrable functions in R" and | fll,=(f | fI° dx)"?, 0<p=co. Func-
tions f are usually assumed to be locally in a suitable class L”. All cubes have sides
parallel to the axes. The cube I=1I(a, r) has its centre at a and side length I(I)=r.
We define A-I(a, r)=I(a, A-r), A>0.

As usual B(a, r) denotes a closed ball. We let ¢(r) denote functions such that

@: 10, o[ ~]0, .

For all such functions ¢(r) and O<p=e, BMO, , denotes the space of func-
tions f for which
1/ 1., = sup ,(f, D/e(r)

is finite, where supremum is over all cubes I=1I(a, r), and all r=0.
For computational reasons we often consider the quantity

(E 7 [ 1f ) —fE)P dx)2, f(E) = |E|™ [ f(x)dx

when E is a bounded set with positive measure, cf. Lemma 1.1 (a) and (b). We
make the usual modifications when p=c-. We usually drop p from the notation
when p=1.

In the case when ¢@(r)=1 we use the notation BMO, and || f|, ,. BMO, ,.
1=p<o, modulo constants is a Banach space, which we also denote by BMO,, .
The verification of this is left to the reader. Compare U. Neri [10].

Let A,, O<a=1, be the space of functions f for which

Il = sup |fG)=f (D) |x—pI* < e=.

A, modulo constants is a Banach space.
When ¢(r)=r*"", 0<i<n, and 1=p<e, the spaces BMO, , coincide with
the Morrey spaces, cf. [3]. Two other cases are also well known. If A=n, 0<p<eo,
A—n
then BMO, ,=BMO, and if n<A=n+p, | =p<e, then BMO, ,=A4,,a= s
p
S. Campanato [2] and N. G. Meyers [9]. A survey of these and related spaces is

found in J. Peetre [11] and Ju. A. Brudnyi [1].

We often use unspecified constants only depending on certain numbers
o, B, 7, .... Such constants are denoted by c(a, 8,7, ...). Constants which only
depend on n are denoted by ¢. The same notation may denote different constants
at different occurences.
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In all our theorems the function ¢(r) is such that

A- inf o) =), r=0 (%)

r=r=2

-holds for some real number 4 independent of r, A=1.
We also need the following property for ¢(r). We say that ¢(r) has property
(%, %) if
sup @()=B-@(r), r >0, (%, %)

rt=2r

holds for some real number B independent of r, B=1.

From now on the numbers 4 and B are always defined as in (%) and (%, %)
respectively.

If ¢(r) is non-decreasing, then (*) holds trivially and (%, ) is equivalent to
a 4d,-condition [1, p. 79].

A positive function g(x) on R is called almost decreasing if there is M, 0< M <o,
such that

gxX)=M-.g(py), for all x = y.

Basic properties of BMO,, are found in S. Spanne [14]. See also [5] and [10]. We
collect some of them, generalized to 1=p<ce or O<p<oco, in a lemma.

Lemma 1.1. Assume that E is a bounded set with positive measure, 1=p<co
and let f be a function.

@ 9 E)=(E|7 [ I/ @—fE) dx)? = 2-Q,(, E)
® LU E) = (17 [, [ /@O dxdy)? = 2-Q,(f, E).

(c) Let I and J be two cubes with side lengths r and s respectively. Then if ICJ,
s=2.r, feBMO,, ,, and ¢(r) satisfies (x) we get for 0<p-<oo

41

ICI_CJI =27

(d) Let F: R'>R! be such that |F(x)—F(y)|=M-|x—y|, all x,yeR. Then
for 0<p<es,

[Foflle,, =M [ fly,ps
where Fo f(x)=F( f(x)).

(e) Let ¢(r) be non-decreasing and o(r)/r almost decreasing. Then

g = [ o@/tdr
belongs to BMO,,.

Proof of Lemma 1.1. The statements (a) and (b) follow from Minkowski
inequality and a proof of (d) only uses the definitions. The parts (c), l=p<oo
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and (e) are proved in S. Spanne [14]. We prove (c) for 0<p<1. Integrating the
inequality

[Cr—Cil? = | f(x)— CiP+1f(x) = Cy?
over I we get

ICi=C P = 172 [ f()—CifP dx
+20 7 [ 1A @)= C P dx
=115, (@)Y +2"- 9(s))
=21-r | f2 (e () + o))

which completes the proof of Lemma 1.1.
Let A€R?! and F(x)=max (x, 1), x€R?, then

Fo f(x) = max (f(x), 4),
for any real valued function f. By Lemma 1.1 (d) we get for O<p<eo

1Foflle,p = 1flle,p-

The function Fof is f truncated from below at the level A. Truncation from
above gives an analogous result.

Combining this with Lemma 1.1 (¢), we get that In|x| and In*|x|=
max (In |x], 0) are functions in BMO. These facts are used in some of our examples
in section 7.

2. Statements of the theorems

In this section we state our main results and some of their consequences. The
proofs are found in sections 4, 5 and 6.
2.1. We start with our basic estimate of Q,(f, K,), when K, is of the type (0.2).

Theorem 2.1. Let O<p<eco and let ¢(r) satisfy (). Let K be a compact set
with measure zero. Then if f¢cBMO, , we have

14
Q,(fK)=N- [Fo@dr 2.1)
1
where N=c ' 7.A4.| Fllg, p» k=4-(d+2r(Vn+1)) and d is the diameter of K.
Corollary. Let fEBMO,, O<p<oo, then
Q,(f,K)=N-In [2+-‘;5), r=>0 2.2

14
where N=c ?-| fll, ,-
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The corollary follows by taking ¢(r)=1 in Theorem 2.1. We show by exam-
ples in section 7.1. that in general (2.1) is best possible when p=1. In particular
(2.2) is best possible in the sense that there is f€ BMO and K such that

o, Ky = -l -n (249, r =0,

where d=diam K.

This raises the question for which sets K, |K|=0, there is fe BMO such
that (2.2) holds with the inequality reversed. It is clearly necessary that K has at
least two points. It is an open question if this is a sufficient condition. We give
some examples in section 7.1.

Theorem 2.1 is also a theorem on the best local approximation of order zero
in the LP-norm over r-neighbourhoods K, of compact sets K with measure zero.
See [1] for definitions and a survey of results on local approximation.

Remark. Theorems 2.1—2.5 can be proved also for p=e< by simple argu-
ments from measure theory. Let f€¢ BMO,, ,, p=c>, and let ¢(r) be non-decreas-
ing, then

) —fON=c lfllg,,- @(x—2D,

for a.e. x,y€R". This implies that BMO,, .cA,, with continuous imbedding.
The converse inclusion holds if ¢(r) satisfies (* %), cf. S. Jansson [5]. We do not
go any further into this case.

The converse of Theorem 2.1 is easily proved when ¢(r) satisfies a suitable
growth condition.

Theorem 2.2. Let O<p<co and let ¢(r) satisfy (% x). Assume that there is
N<oco, only depending on f, @, p and n such that

2, K)=N- [fo@d, r >0, 2.3)

Jor all compact sets K of measure zero, where k=c(r+d), c=1, and d is the diameter
of K. Then fcBMO, , and
1

”f”q;,p =cr-c(B, n)-N.

Remark. Actually we only need to assume that (2.3) holds for d=0 and
r=>0. Theorem 2.2 becomes the easy part of our next theorem which gives a new
characterization of BMO,, ,.

Remark. Here we want to make a general remark on the case O<p=<1. In
the following, we state and prove our theorems (Theorems 2.3—2.5) only for 1=
p<e=, since we are mainly interested in the case when | f|,, , is a norm on the
Banach space BMO,, ,. However, Theorems 2.3—2.5 hold also for 0<p<1, with
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only minor changes in their statements (|| f]|,, , is no longer a norm) and proof.
We leave the details to the interested reader. See¢ also J-O. Strémberg [15] about
results for BMO,, O<p<1, and related spaces.

Let N(f) be the best constant N in (2.3), 1=p<e-. It is easily seen that N(f)
is a seminorm on the space of functions f for which N(f)<e< and that N(f)=0
if and only if fis constant a.e. Theorems 2.1 and 2.2 now show that N(f) is a norm
on BMO, , equivalent to | f|, ,, 1=p<e-.

Theorem 2.3. Let 1=p<oco and assume that ¢(r) satisfies (%) and (x x). Let
[ be a function defined in R" and let N(f) be the best constant N in (2.3). Then N(f)
is a norm on BMO,, , equivalent to | f|,,, and

c(A,n) - fllo,p = N(f) =c(B,0)- | flly.,-

Theorem 2.3 is an immediate consequence of the Theorems 2.1 and 2.2. We
have the following special case of Theorem 2.3.

Corollary. A function f belongs to BMO,, 1=p<eco, if and only if (2.2) holds
Jor some real number N only depending on f, p and n. Then

cl“lfl‘*,p = N(f) = c2'”fn*,pa

where N(f) is the best constant N in (2.2).
2.2. Let G be an open subset of R" and O0<p<e. We define BMO, ,(G)
as the space of functions f for which

“f“(p,p,G = Sl}p Qp(f; I)/(p(r)

is finite, where supremum is over all cubes I=1I(a, r)G. We write BMO,, , instead
of BMO,, ,(G), when G=R". When ¢(r)=1 we adopt a notation analogous to
the case G=R" in section 1. We consider BMO, ,(G), 1 =p<eo, as linear spaces
with semi-norms | fl, , ¢- If G is a connected set then BMO,, ,(G), 1=p<e,
is a Banach space modulo constants.

We study the problem when a function fc¢BMO, ,(G) can be extended to a
function £ in BMO,, ,. When R"™\G has measure zero we must have f(x)=f(x)
a.e. In this case we can apply Theorems 2.1 and 2.2 to get necessary and sufficient
conditions on f€ BMO,, ,(G) so that f=f¢BMO, ,.

Theorem 2.4. Let 1=p<c gnd let G be an open connected set in R" whose
complement F=R"\G is a non-empty set of measure zero Let @(r) satisfy (%)
and (x x) and let f be a function defined in R". Then fEBMO, , if and only if
fEBMO,, ,(G) and there is N<oo, only depending on f, ¢, p and n, such that

Q,(f, K)=N- [fo@dt, r=0 (2.4)
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holds for every compact set KCF, where k=c(r+d), c>1, and d is the diameter
of K.
Let N(f) be the best constant N in (2.4), then

¢(B, )1 fNlg.p = 1l p.at N = (4, 1) [ fllg, 2.5)

Corollary. Let G and F be as in the theorem. Then fcBMO, if and only if
f€BMO,(G) and (2.2) holds for every compact set KCF. If N(f) is the best con-
stant in (2.2), then

clliflee =W ket N = o 1 flls,p-

To prove the corollary take ¢(r)=1 in Theorem 2.4.

The necessity and sufficiency parts of Theorem 2.4 are proved using Theorems
2.1 and 2.2 respectively. Thus the sufficiency part is rather easy and therefore Theo-
rem 2.4 is mainly a necessary condition for a function f¢BMO, ,(G) to belong
to BMO,, ,. In section 7.2 we give an example where Theorem 2.4 is used for this
purpose in the BM O-case.

2.3. For general open sets our methods only give necessary conditions on f.
Assume that G is an open set and f€ BMO,, ,(G), 1=p<ec-. Then if f has an exten-
sion fin BMO,, , it is necessary that (2.1) holds for all compact sets K of measure
zero, KCG and O<r-<r,, where r,=dist (K, 0G). This follows immediately from
Theorem 2.1. We do not go any further into this case.

Remark. P. W. Jones has studied the problem to extend every function
fEBMO(G) to a function fe BMO, when G is connected. He solved it in terms
of the Whitney decomposition of G [7, Theorem 1]. It is for example well known
that when G is the open unit ball in R", then every f€ BMO(G) has an extension f
in BMO.

2.4. The results in Theorem 2.4 can be considered as a method to generate
equivalent norms on BMO,, ,, 1=p<e. Let F be any non-empty closed set with
measure zero Let G=R"\F and define

1A g, 5.6 = 1fllg,p,6+N(f),
where N(f) is as in Theorem 2.4. Then we have the following theorem

Theorem 2.5. Let 1=p<eo and let ¢(r) satisfy () and (x ). Then || fl, 5 r
is an equivalent norm on BMO,, , and

B, 1) | fllp,p = 1fllg,pr = (A1) [ fllg,p- (2.6)

Note that the constants in (2.6) are independent of F. Theorem 2.5 follows
easily from Theorem 2.4 and its proof.
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2.5. Our next theorem is an extension theorem for continuous functions of a
type studied by H. Wallin [16] and the author [13, 14]. Similar extension problems
for Holder continuous functions have been studied by A. Jonsson [8]. Let C(K)
denote the space of continuous functions on K.

Theorem 2.6, Let K be a compact set in R". Then every f,¢ C(K) has an exten-
sion [ which is continuous in R" and has arbitrary small norm in BMO, if and only if
K has measure zero.

Theorem 2.6 is proved by a method to build up continuous Riesz potentials
due to }. Wallin [16] and used by the author for non-linear potentials [13]. The
building blocks are formed from a lemima by J. B. Garnett and P. W. Jones [4,
Lemma 2.2]. Since both these results are known we only indicate how the pieces are
put together (Section 6).

3. Lemmas

Let {E}} be a class of pairwise disjoint, bounded sets with positive measure,
E=|J} E; and let f be a function. Let ¢;=C; be such that

(B[ g M@ —cPdx]? = Q,(fE), 1=i=N
Lemma 3.1,
(@) Let O=p=1, then
2,(f, B = max Q,(f, E)P+ max le,—c,P
(b) Let 1=p<e, then
Q(fE)= max Q. (f, E,-)+n}'ajx le;—¢;l.

Proof of Lemma 3.1. We give the proof for the case 0<p=1. Let o,=|E}/|E|
and ¢= 3%V «;-¢;, then using Minkowski’s Inequality we get

QL EF = E|t [, |fx)—cfPdx

= S o |ET [, () —clrdx

=, ai'(lEi],—lei [f(x)—=¢;P dx+|e;—clP)
= max Q. (f, EDP+ max le;i—c,lP.

This proves Lemma 3.1 when O<p=1. The case l<p<o is treated analogously
and the proof is therefore omitted.
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Lemma 3.2. Let E be a bounded measurable set in R®, r=0 and k=\. Then
[Ek-rl =k lEr]

Lemma 3.2 is a measure-theoretical consequence of the following purely geomet-
rical lemma.

Lemma 3.3. Let k=1 and r=0, then
N N
1 -U1 B(x;, k-n)|=k"- j.UIB(x,-, . (3.1)

where B stands for balls in R".

Proof. If we use the formula |D|= [, 1dx with D=} B(x;,k-r), then a
simple change of variables shows that (3.1) is equivalent to

=

. (32

LI_:JB[%, r] QB(xi,r)

We prove (3 2) by induction over N. For N=1 there is nothing to prove. Assume
that (3.2) holds for any collection of N balls and that we are given (N-+1) balls.

It follows from the equivalence between (3.1) and (3.2) that we may assume
xy+1=0. Then we get |

o) -] Ol
8= {080 -
By the induction hypothesis we have

)

We complete the proof by showing that

+[B(O, r)l—‘B(O, »a [L:JB[% r]] .

= iCJB (x:, 7).

N N X;
B(O, r)m(Llj B(x;, r))c B(0, r)n(LIJ B (—kl, r]] 3.3)

It suffices to prove (3.3) when N=1, i.e.

B(0, N B(x,, ) B(0, r)mB[-%, r]. (3.4)
Now (3.4) follows from the inequality

ot

= (1——]16—)-12]+%-|z—a[, z€R" and k=1, with a=x,.

a
Z— —

k
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Lemma 3.4. Let I and J be two cubes with side lengths r and s respectively,
IcJ. Then if @(r) satisfies (), O<p<oo and feBMO, , we have

PP

1
Cr=Cil =¥ 7 A [fllg,- [Fo@)rdr

The proof is by repeated use of Lemma 1.1 (c).
See S. Spanne [14] for the case p=1. The general case is proved analogously.
Compare also [7, Lemma 1.1].

Lemma 3.5. Let E and F be bounded sets with positive measure, ECF. Then
Jor 0<p<co,
Q,(f, E) = (|FIIEDY?- Q,(f, F).
Proof of Lemma 3.5. By definition we have
Q,(f, E) = (IE|™* [ 1£()— Cglr dx)¥/?

= (B[ [51f(x)— CelP dx)? = (|FY/|E Y- Q,(f, F),

and the lemma is proved.

4. Proof of Theorem 2.1

Let K be a compact set with measure zero and let f€ BMO
are going to prove that

1
QU K) =T A [y, [Fo@ftde, r >0,

where k=4.(d+2r(1+Vn)).

Let M be a net of congruent cubes of side length r and let M,={I,}Y be the
collection of those cubes in M which intersect K,, E={J} I, K,CE.

Let ¢, be such that

(RI7 f1 1f)—clrdx)i? = @,(f, 1), 1=k=N.

Then we have by Lemma 3.2 and Lemma 3.5

O<p<oo. We

@, p>

1)
0,08 =) auB=ra0 D,
since ECK, and [K,=(1+Vn)"-|K,, for u=r(1+Vn).
For every I, we have Q,(f, L)=Ifl, ,-¢(r) and Lemma 3.1 (a) gives for

l=p<eco,

Q,(f K) = 77 - (1f .- @ () + max[i—c))).
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Assume that K has diameter d, then diam E=d-2r(1 +]/;—z). There is a cube
I, with side length ro=2(d+2r(1+ Vﬁ)) containing £. Lemma 3.4 gives

Q,(f. K) = T -(If lp,- 9()+ maxic;—cy))

1
=T A Sl [0 o W)edr, 4.1)
where ¢, is such that

(£ 1) = (1Lt~ [} 1f()—col? dx)e.

Using Lemma 3.1 (b) we can analogously prove (4.1) for 0<p<1. Now putting
k=2.r, we get

1

QLK) =TT Al [ 0@t

and thereby Theorem 2.1 is proved.

5. Proof of Theorems 2.2 and 2.4

5.1. Proof of Theorem 2.2. Let I=I(a, r) be a cube and put K= {a}, s=ryn.
Then by Lemma 3.5 and (2.3) we get for 0<p<co

1/p
QL= [||—I§||—] “Q,(f, K)) = 7. Q,(f, K,)

=7 N. =cl?.¢(B,n)- N-o().

S

t

It follows that || £, ,= c*?.¢(B, n)- N, which completes the proof of Theorem 2.2.

5.2. Proof of Theorem 2.4. Let 1=p<c, G is an open set and F=R™G
Is a non-empty set with measure zero. Let f be a function in R". If f¢ BMO, ,,
then f€BMO, ,(G) and | f| o.0.6=l flly,,- Theorem 2.1 gives that (2.4) holds and

1

1A llppc+ N =TT A fly, (52

Conversely, assume that feBMO, ,(G) and (2.4) holds for every compact set
KCPF. Let I be acube If ICG, then Q,(f, D=¢(r)-1 fl4, » 6. Suppose that [
intersects F and define K=InF. Then if s=r}n we get

IcK,c(1+2Vn)- 1. (5.3)
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Then by Lemma 3.5, (2.4) and (5.3) we have
QD =c"-Q,(f,K) =c(B,n)-N-o(),

since diam K=r. l/r_z.
It follows that
1 Nlg.p = cB,n)-(If g, p.c+ N (), (5.4)
where N( f) is the best constant N in (2.4). Combining (5.2) and (5.4) we have proved
Theorem 2.4.

6. Proof of Theorem 2.6

Assume that K has the extension property and |K|=0. Then for every f€ C(K)
there is a sequence {f,}; of continuous extensions converging to zero in BMO.
Let I be a large cube containing K in its interior. Then there is a constant a(f) and
a subsequence converging to «(/) pointwise a.e. in I [10, p. 67]. It follows that f
is constant a.e. on K. This can hold for every f€C(X) only if K has measure zero
and thus we have proved the necessity part of the theorem.

As we stated in the introduction we only sketch the proof of the sufficiency
part of the theorem. We start with the following construction in BMO due to
J. B. Garnett and P. W. Jones [4, Lemma 2.2]. For any cube /in R" we let [=3-1.

Lemma 6.1. Let m be a positive integer, ¢=>0 and A=m.¢. Let Q be a dyadic
cube and let {Q;}7 be a class of pairwise disjoint dyadic subcubes of Q. If

2710 =410,
then there is g€ BMO, g continuous if {Q;} is finite, such that

(a) supp g, (b) 0=g(x)=4,
(c) g(x) =1 on @Q.-, (d) gl =C-e,

(e) lsupp gl =3"-4™". 37 Q).
The constant C only depends on n.

Let K be a compact set in R” with measure zero and V an open set containing
K. We cover K with congruent dyadic cubes I,, such that I,cV, 1=v=N, ie.

N
Kc U 1,.

1

Let Q in Lemma 6.1 be one of the cubes 7, and cover I,nK with a finite set of
dyadic subcubes of Q=1,, whose total measure is so small that the function g=g,
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constructed in Lemma 6.1 with A=1 satisfies

(6.1) leds<5ms L=v=N.
Now define

80 = 31 8,9, /) = 2-min (509, 7).

Lemma 6.2. Let K be a compact set with measure zero contained in an open
set V. Then for every &>0 there is a continuous function f¢ BMO such that

(@) 0=f(x)=1, (b) f(x)=1 in a neighbourhood of K, (c) suppfcCV, and
@ 1 fll=<e.

Proof of Lemma 6.2. The properties (a), (b) and (¢) are obvious, since the set
1 .
where g(x)>3 is open. Part (d) now follows from (6.1) and the text following

Lemma 1.1. This proves the lemma.

The proof of Theorem 2.6 is now by means of Lemma 6.2 and the method used
by H. Wallin in [16]. We omit the details since they are easily found there. We note
that our Lemma 6.2 corresponds to [16, Lemma 1].

7. Some Examples

We start with some examples to show that the estimate (2.1) in Theorem 2.1
is in general best possible when p=1.

7.1. Example 1. Assume that ¢(r) is non-decreasing and concave and that
@(r)/r is almost decreasing. Let K={—1/,1} be a two-point set in R* with diameter
d=21=0. We put

e =max([°_ owrd, 0)

|x
_Je(x-3D, x=3l]

Ba(x) = {o, x <3l

and define g(x)=g;(x)+g.(x), f(x)=g(x)—g(—x), x¢R™.. We can now prove that

f€BMO, and

(.0 QUK = @) 1y [T @)t ds, r=0.

We only give a short sketch of the proof. Clearly | gl,=c(p) by Lemma 1.1 (d)
and (¢), and [ g,f,=2 by Lemma 1.1 (b) and the concavity of @(r). It is easily
seen that f(K)=0, and |K,|=c-r, r=0. A direct calculation now gives (7.1) and
completes the example.
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Our next example is of the same type, but with an infinite set K.

Example 2. Let K={£27", v=0,1,..}Ju{0} be a set in R'. Define for
k=0,1, ..., =272 g.(x)=In* (}/|x]) and fi(x)=g.(x—275).

Then let f=2>7 fi(x), 0=x=2, f(x)=1, for x=2 and f(—x)=—f(x), x€RL
We are going to prove that f¢ BMO and

(7.2) Qf,iK)=c-In(2+2/r), r=0.

We prove that f€¢ BMO in a lemma which is of interest in itself. It is a variant of
[4, Lemma 2.1] with the same method of proof.

Lemma 7.1. Let {I;}7" be a class of pairwise disjoint cubes in R" and let {f;}y
be functions such that

suppf; C I;, Ifili=a-|L], |fills=b, for j=1,2,...
Then f=27f; isin BMO and | f| ,=c(a+b).
Proof of Lemma 7.1. Let I be a cube in R" and define
A= {j; I,nI#0 and I(I) = I(])},
g = /i), f(x) = g(®)+h(x).

Q@ D=2-I""a.3,I|=2.3"a

Then

since 411 cubes I;, jEA, are contained in the cube 3.7 Let

B = {j; [;,nI #0 and [(I}) = (D)},
then Card B=3" and
Qh, = 3Q2(f;, ) =3"-b.

Thus | fil,=c:(a+b) and Lemma 7.1 is proved.
It is easy to check that Lemma 7.1 applies to f= > f; and hence fc BMO.

1
In view of the fact that |K,/=c-r-In1/r, 0<r<z, we must prove that

1
fK, fldx=cr-(nl/r? 0<r<-.
Let 2—-2——m§r<2_1_m, m;l, then

Jo fldx=2. 357" [} gu() dx

=2.r :,"-lln(lL]zc-r-m2
k

2
=c.r. [ln%] ) 0<r<:1‘—.
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1
It is easily seen that Q(f, K,)=c, when rzz. This completes the proof of (7.2).

We can construct similar examples in higher dimensions in the following way.
Consider
R™+" with points (x, y), x¢R™ ycR"

Let g€ BMO,, ,(R"), 0<p<e-, and define

fx, 3) = g(x), (x, y)eR™*"

Then | fli,,,=lz2l, ,» where the norms are taken in the respective spaces. Let £
and Fbe compact sets in R™ and R" and define K=FE X F. Assume that £ has measure
zero in R™ and let E,, F, and X, be defined with respect to the respective distance
functions. Then K has measure zero in R™*" and

Q,(fK)=2"% "% -Q,(g Er), r=0.
V2

Our Examples 1 and 2 above can be generalized to higher dimensions in this way.
7.2. Our next example illustrates the situation in the corollary of Theorem 2.4.

Example 3. We let (x,y) denote points in R? and define
F={x,1); [yl =V, x0}0{0©,0),

G=RNF, g() = [, e/dt, r>0.
We let

1
g(ixD, l<e ™, x>0

JEN =Y _ead, bl <e T, x<0

0, elsewhere.

We are going to prove that fe BMO(G) but that Q(f, K,) grows much faster to
infinity than In 1/r, as r—0., when K=Fn{x|=1}. Hence by the corollary of
Theorem 2.4 it follows that f¢ BMO.

Let I=[a, a+riXIb, b+r], a=0 be a cube in G such that /20 on I. Then
r=2.¢""" and

1 atr pa+tr
o D=— [ [ g0 gy ldxydxy = r-etie =2,

Hence f¢BMO(G) and |f|, ¢=2. Let K=Fn{x|=1}, then f(K,)=0 and
K.l=c-r, r=0.
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11.
12.
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14.

15
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1 -1
Thus we get with a:(ln —] , O<r=<e™2
v

-2

1
QLK) = ¢ [y (t—a)eidr = —=- [m i] ,
yr Uor

d hence Q(f, K,)/In 1/r—~c=, r—0. This completes the example.
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