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1. Introduction 

In their paper [2], Janson and Peetre consider the paracommutator defined by 

(1) T~'~f(O = (2~) -df  ~(~-~)  A (~, ~)f~l ~ [qltf(q) dq 

and obtain a series of  results about its L2-boundedness and its SV-estimates. In 
w 13, they prove three theorems about the compactness of paraeommutators (for 
notations see below): 

Theorem A. Suppose that A satisfies A1 and A3 (7) and that s+ t< y and s, t> O. 
I f  bCb~ +t, then Ti t is compact. 

Theorem B. Suppose that A satisfies A3 and 

IIAl]~(aj• ~ a ( j - k )  with ~ _ =  a(n) < ~ .  

I f  bCb ~  then T b is compact. 

Theorem C. Suppose that A satisfies A1, A2, A3. I f  bECMO, then T b is compact. 

In this paper, we study the converses of the above theorems. We adopt the 
notation in [2]. For the sake of completeness, we include some of them, which are 
used in this paper. Let Ak denote the set {{ERa: 2k~l{l=<-2k+l}. The space of  
Schur multipliers M ( U •  is the set of  all ~pCL=(UXV) that admit the repre- 
sentation 

for some finite measure space (~,/~) and ][~llz=(v• Ilfl[lz=(v• <= 1; the norm 
Ilq~lIM(v• is given by the nlinimum of the ~((a) over all representations (2). 
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A0: There exists an r > l  such that A(r4, rr/)=A(4, I/). 
A1 : ][A[[mOsX~k)<=C, for all j ,  kEZ. 
A2: There exist A1, AzEM(RaXR a) and 6 > 0  such that 

A(4, r / )=AI(4 ,  t/) for 1~1<6141 

A(4,17) = A2(~,~/) for ]41 < 6lq[. 

A3: There exist 7 > 0  and 6 > 0  such that if B=B(~ ,  r) with r<~l~_ol, then 

(,+o,1' H~IIM(B• <= c 

A4: There exists no 4 ~ 0  such that A(4+~,  O = 0  for a.e. ~. 
A5: For every ~o#0 there exist 6 > 0  and ~/0ER e such that, with 

U =  {~: [4/141-4414oi[ < fi and 14l > [4o1} and V =  B(r/o,614o[), 

A (4, O - I ~ M ( U •  

We need another non-degeneracy assumption A4~- on A(4, r/), which is stronger 
than A4 but weaker than AS. 

A 4 ~ :  For every 4o~0 there exist ~/ER a and 6 > 0  such that, with 

Bo = B(~o+t/o, 5[~o1) and  Do = B(~%, 614o1), A(4,~I)-IEM(BoXDo). 

Remark 1. It is easy to show that the assumption A 4 ~  is equivalent to the 
following statement: 

For every 4o#0 there exist ~/oER a with ~/o~{-4o,0} and 

0 < 6 < ~ m i n  ([4o+~/o[, [~/o[, 1) 

such that, with Bo=B(4o+t/o, 614ol) and D O = B(qo, 6 I4o[), A(4, q)-aE M(BoXDo). 
A4 ~- and A5 will be used in the homogeneous case (A0 holds). In that case A5 ~,A4 ~-. 
In fact, if A5 holds, we choose a finite set of  points ,r (J)V t o ~s=l on {l<=14I=<r} with 
corresponding sets U (s) and V ~ such that s U~i)~ Ui= i  {14[=>r} and 

A (4, q)-XEM(U(~)X V(s)). 

Consequently, s r k U(~) [Js=l D{]4l=>r k+l} and A(4, tl)-IEM(rkU(S)XrkV (s)) for 
every kE Z. Let 40 # 0, without loss of  the generality, we may assume that 1 <= 1401 <- r. 
Then there exists U (j) such that 40Er-2 U(J). Choose 6 ' > 0  small enough such that 
9(40, 2fi'14ol)cr-"U (~). If  Irl(oS)l<=fi'r"[4o[, let r/o=r-Zr/(j ), f - -rain (6"6(S)/ra), 
Bo=B(~o+rlo,~I4ol ) and Do=B(rlo, 61~ol), then Bocr-~U (~), Do~r-"V (~) and 

/IA-~llm~o ~o) ~- ItA-~I/M(, - ,  ~ , ' •  < oo. 
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Bo=B(4o+rlo, ~ 14ol) 
and hence 

If ]~/~l >=6"& [401, let ~/0=r-k-2t/0 u) where k=[log, [t/0u)l/6 'l~0l] + 1, 

(6'. ' ~u) ] 5 = min 6 ~ ) ,  

and D0=B(t/0, a]401), then rkBocr -2 U(J), rkDocr-=V (I) 

LiA-111M(B0• = I1A--liIM(.~~215 I]M--~ilM(.-~U(J)• co, 

i.e. A4~ holds. 

Remark. 2. The assumptions A4~ and A5 are asymmetric in 4 and t/, con- 
sequently the theorems below will be asymmetric too. 

As in Triebel [6], let Z(R d) denote the set 

{fES(Rd): D~f(O)= 0, for every e}. 

Let b*~ denote the closure of Z(R d) in B*= and CMO denote the closure of Z(R d) 
in BMO. 

On examples whose kernels A (4, t/) satisfy A4 {- or A5, see w 1 and w 6 of [2]. 
In particular, the kernels of Hankel operators, commutators, higher order com- 
mutators and paraproducts satisfy A4~- and A5. As well known, Hartman [1] and 
Sarason [5] have proved that a Hankel operator F~o is compact if and only if q)CCMO, 
and Uchiyama [7] has proved that a commutator [K, b] is compact if and only if 
bCCMO, so Theorem 2 below is a generalization of their results. 

1he main results of  this paper are the following two theorems. 

Theorem 1. Suppose that A satisfies A0 with some r > l ,  A1, A3 (7) and A4~,  
then T~ t being compact implies that bEb~ t. 

Theorem 2. Suppose that A satisfies A0 with some r >  1, A1, A3 (7) and A5, 
then T b being compact implies that bCCMO. 

We need some lemmas. 

Lemma 1. I f  T is a compact operator on L~(R d) and fj-~O weakly in L~(R d) 
as j - ~ ,  then HTfj][2-~0. 

This is well-known. 

Lemma 2. I f  g is a positive continuous function with compact support, g,(x)= 
ra/2g(rx), and i f  ]f,.,~(x)l<=g,(x) then f,,o~-+O weakly in L2(R a) and uniJbrmly 
in a~ as r-~O or r - ~ .  

This is obvious. 
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Lemma 3. Let bE B~. 
conditions 

(i)  2 k' II b * Ok]l~ + 0 as 

(3) (ii) 2 k* l]b * Ok]I ~ --" 0 as 

Off) [b*t~k(x)[ -+ 0 as 

Then b E b~ i f  and only i f  b satisfies the following three 

k ---~--oo 

Ixl -+ ,~, for every k, 

where ~ is an arbitrary test function in S(R d) such that Re ~ (r  c > 0 on A o, supp ~ c 
{r_-<l~l_~R} for some 0 < r <  l, 2 < R <  ~o, and ~k(~)=~(2-k~).  

Remark 3. It is easy to see that under the conditions (i) and (ii), the condition 
(iii) is equivalent to the condition 

(iii)' sup2g~lb.~k(X)l-*O as Ixl . . . .  

Lemma 4. Let bEBMO. Then bECMO i f  and only i f  b satisfies the following 
three conditions 

(i) lim sup M(b, Q) = O, 
a r 0 [Ql=a 

(4) (ii) lim sup M(b, Q)=0, 
t ~ IQ[=a 

(iii) llim= M(b, Q + x) = 0 for each Q, 

where 
1 

M(b, O ) =  inf [ ~ f a l b ( y ) - c l  dy}. 
~ec [ IQ[ 

The proof  o f  Lemma 3 is omitted here. We refer to Peng [4]. Lemma 4 is due 
to Herz, Strichartz and Sarason, and a p roof  is given by Uchiyama [7]. 

We will prove Theorem 1 and 2 in w 2 and w 3, respectively. 

Acknowledgement. This paper is a part of  the author's Ph. D. thesis, written 
at University of  Stockholm under the direction of  S. Janson, to whom the author 
expresses his sincere thanks. 

2. P r o o f  o f  T h e o r e m  1 

For  the sake of  simplicity, we assume that r = 2  in A0. By the assumption 
A 4 ~  and Remark 1, there exist finite sets of  points l~(j)ls in A 0 and I,o)V t 0 Jj=l t ' l O  Jj=l 

with corresponding open balls B(~ (j), 3 (j)) and B(r/(j), 6 (j)) such that tl(J)•o, 
~](j):zz tg(j) | rs B r ; o  ) 6(jh~A 6(j) < 1 min /[x-(J).A-•(J)] o F ~o , wj=i wo , J 0, -~ w~o - , o  -[q(J)[, 1), and with 
B j = B ( r  (J) (J) (J) (J) --I r/o , 3 ) and Dj-=B(r/o , ~ ), A EM(BjXDj). 
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We choose the positive functions h~.(4) and hi(r/) such that hj, h j ~ C o ( R  a) 
supph~.=Bj, h i (4 )>0  on B i,  s u p p h j = D j ,  and h i (q )>0  on D~. Let 

J s t h ,  + = 2j=lfle+ l j(~ q)hj(tl)dtb 

Then ~CC o (Re), supp ~ 1 < > > ~c{-~=141~2+~-}, and $ ( ~ ) = c  0 on A0. Thus 0 can 
be used to define the norm of  B s+t, in particular it can be used to Lemma 3. 

BS+t b~b~+ t, Since A4~-~A4,  by Theorem 9.1 of  [2], we know that bC = �9 I f  
by Lemma 3, b does not satisfy at least one of  (i), (ii) and (iii) in (3). 

If  b does not satisfy (i) then there exists a subsequence k ~  + ,~ as v-~ ~o, 
a sequence of  points x~ER d and % > 0  such that 

(5) 2 k~(~+O lb* Ok~(x~)l ~ e0. 

We shall show that (5) contradicts the compactness of  77, t. Let 

j;O) (4) = 2-kve/2h}(2-%4) e i~r 

g(j~ (q) = 2-  % d/~ h. i (2-  k r/) e -  i~.,. 
Then 

i l l  "~ ll~ = c j ,  II g 7  ~ tl = c j ,  
thus we have 

2k~(s+ ~ * Ok~ (X0[ = C f t; (4) de] 

= cIzj=iff a(4)le +rll*lqlt2-~,'ah[i(2k~(4 +q)hj(2-kvt l )e  'x''r d~ drl] 

�9 .I ~ t . .  d4 d~l l = C Zj=lffb(4-n)141,1qi,Lo)(e)g~J)(n) . 

Since A - t C M ( B j X D j ) ,  it has the representation 

with liCtL=(~jxm, l[flI[L=Wjxa)-- <_ i and #(f2) -<IIA-11IM(B~• Note that 

A(2-k~4, 2-k~t/) = A({, q), 

thus we have 
2 k~(*+') Ib * Ok~ (x,)l 

<-_ c 2j=, ] f f f aa(e-n)A(4, n)l{i,i,71, a(e/2% co) 

x f~  (jq ({) fl (q/2k., CO) g(~Y") de dq dll (co) 

: T (J) 
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(where L ~ ( ~ ) = ~ ( 4 / 2 %  o~)f(J")(4), ~j"3 _ 2kv , gv, o ( q ) - - P ( q /  , C0) g 7  ~ (~)) 

<-- C Zj=~ NT; ~Y 

By Lemma2,  f ~ , J ~ 0  weakly in L~(R d) and uniformly in o~Ef2 as v~oo, and 

by Lemma 1, T ~t''(j) ~ a  uniformly in ~oCf2 as v ~ .  This contradicts (5). b 6 v ,  r L2(R a)  

Similarly, we can show that b must satisfy (ii). 
I f  b satisfies 0) and (ii), but does not satisfy Off), then there exist k0 and a se- 

quence of  points {x~} and e0>0 such that ] x d ~ ,  as v ~  and 

(6) I b* ~ko (X~)] ~ e0. 

We shall now show that (6) contradicts the compactness of  T~, t. Without loss of  
generality, we assume that k0=0. Let 

L (j) (4) = h5(~) dx~ ~ 

g7 > (~) = hj(~) e-'~v ". 

Then Irf)J)H2=Cj, llgT)lh--Cj. Thus we have 

Ib*g,(x~)l = C Z ~ = l f f  b(~)l~ +,l[~Irll'hS(4 +~1)hj(q)e~,,'e d~ dri 

= c 2~=~ f f  t, (4)14 +,71 ~ lnI'L ̀~% (r d~ drl 

, i f f s  6 (4_u)A(4 ,  A A I c Z j=I F]) I~l ~ ['71' ~(g, CO)L(J)(4),a ('7, CO) g(~J) (tl) d{ dr dp(oo) 

< c z j  f Il l 'oil  ,d.( ) = = 1  0 L~(R a CO 

where o) - eo (J) g,~,~,(q)--fl(q, )g~ (r/). By the Riemann--Lebesgue lemma e ~ -~0 weakly o v ,  o) 

in L2(R d) as v-+o% for every co<f2, and by Lemma l, I]T~,*tga~v,I]L2(R(d(J) ~ 0  as 

v-+~ for every o)~Q, thus f a  ,t o) [[T~ g~,,,IIL'(Rd) dl.z(o~)-,-O as v ~ o .  This contradicts 
(6). 

This completes the proof of  Theorem 1. 
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3. Proof of Theorem 2 

For the sake of  simplicity', we assume that A is homogeneous of  degree 0, i.e. 
A0 holds for every r>0 .  The proof  for the general case is similar. (Cf. Janson 
and Peetre [2].) 

By Theorem 10.1 of  [2], we know that bCBMO, and by Theorem 1, we know 
that b~b ~  i.e. (i), (ii) and (iii) in (3) hold for b. By Lemma 4, it suffices to show 
that (i), (ii) and (iii) in (4) hold for b. 

As in the proof  of  Theorem 10.1 of  Janson and Peetre [2], by A5, we may choose 
a finite set o f  points j s {{0}j=l on the unit sphere and t-  ~ with corresponding I.'t0 l j = l  

sets U o) and V ~ such that (Js=l U o ) D  {141=>1} and A-1EM(U(J)xv(J)). Thus 
s (U(J)_  rt~0J)) ~ Uj=I  {Igl=>R} for some large R. We fix gEL s with Ig(x) [~ l  when 

lx l< l  and s u p p ~ c B ( 0 , 6 ) ,  where 6=minl~_j~s 60). We may assume that 6<1 .  
To show (i) in (4), for every e>0 ,  by (i) and (ii) in (3), there exists K , > 0  

to be an integer such that 

I[b*l[/k[[~ < e  if [kl > K , .  

8 
Let r <  . For B=B(x , , r ) ,  put 

2 r .  

b (x) = 2 ~_~1 b~ (x) + 27,~" b~(x) + 2 2 - s  b~(~) = bm {x) + bCS~ (x) + bC.~{x), 

where bk (x) = b .  ~O k (x), m =  [logs R/r]. Now we estimate 

~fB(=,, I b(x) b (1) (X,) b {s)(x,)l dx r) 

< - - - -  d 1 1 f~(~,,,)lbm(x)_bm(x,)l x+~f~(..,.~ Ib(~)(x)-b(=)(x,)[ dx -IBI 
1 t '  

+r--~J.(~,.,o Ibr dx = Ii + Is+ Is. 

For I1, we use the standard estimates 

Hence 
[lVb~[I=~ ~ C 2  llbkl[~. 

-~o-1 1 f c Z~o_I I i ~ C  z~'_~ -~1 n(x"o2klx--x ' ldx< - ~  2kr=Cr2K~ 

For ls, we have, similarly, 

I= ~ Z ~ a  ~ L,~,,,) [IVb Ilk -- I x - x ,  l d x ' < C e r Z  m - a 2 k < C e . =  K. = 
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For  I3, we have 

( 

x - x , ]  
~ lJ~I--1/21]b(3)ge, x~.llL~.(Rd ) where g,,~,,(x)= g(-----7---)J 

(2=) -aa/= IBl-X:~/[ bt=) * g,..I}L*~R~ 

<= (2n) -ae/~ IBI-x/z IJ b-~) * ~., x.liL, (1 I_V)r R 

+ (2=) -aa/2 IBI-a: {{ b~'%. R,,~,.I]L, (I 1--;-}r R ----- Ins + In2. 

Note that when k > m + 2 ,  snpp &.&~c{l{l>R/r}. Thus we get 

la= <- (2~) -3<'~ IBI-~/~ 5'~+z = ~-"m--2 [lfik*g'.~-lfL=~R ') IBI_IIz y . . + z  I[btg .... [[L,<R") -- ,:~,,J m-- 2 

B -1/RYm+C*/..a m - 2  I{bklI~ I{g .. . . .  ]ILZ(R a) ='<: IL~ . a~m-  2 g = Cg .  

(0.* cB(O,R/r) for i=1 ,2 .  Thus we have Finally, for 13a, note that supp b g.,.. 

(2rt)-aa/2 -I/~ s vC~>-'TP ~ <= IBI Z := .  llb*~,.,,I}L= {. ; .}" 

Hence, it suffices to show that for every j 

(7) (2=) -'e/= IBI-x/~ I}a* g . .AI  (.,,,,-4,,;) < ~, 

when r is small enough. 
To show (7), let 

].(q) = IB, l-~/2?,,,x.(~ -- r/o(i)/r) = o)a -V~ ra/e$(rtl -rl(J )) e -i('1-"~s')'x'l', 

Then IIf, ll2 =C, supp],cB(tl~oJ~/r, a/r) c l  V~ Since A-~CM(U~ V~ there 
r 

is a representation o f  A(~, 1/) -~, 

such that 
< 1  
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and 

fo d,(~) <_-HA-lUM(vw • 
Thus we have 

(2re) -za/e IB1-1'2 [lfi* ~ . . . .  I[ u,j,_n~d , = C II~*f.l[ ' ,.{ ; ) 

= c [f~(r 

= r (5, 

cf. liT, f.,.IIL-'r (o9), 

where f , , , ( t / ) =  ,q (~r, og)f,(t/). 

By Lemma 2, f , , ,o~0 weakly in Le(R a) and unitbrmly in 096~2 as r-~0, 

and by Lemma 1, [ITb~,o, IIL,(R'>'-'O uniformly in o9~f2 as r ~ 0 ,  i.e. (7) holds. 
A similar, but simpler argument shows that (ii) in (4) holds. 
To show (iii) in (4), for a fixed B=B(0,  r), we may assume that r =  I. For 

every e>0,  by (ii) in (3), there exists K,>[log2 R] such that 

I[b~II~ < ~, if k < - K , .  
But 

b (x) -K. = z~_~, bk(X)+z~_g,+~ bk(X) = b(l l (x)+b(2)(x) .  

For [x~ large enough, we estimate 

f.(,.. I b (x) - b O) (x~ dx  

<= f .(~o,1) ]b(X)(x)-b~176 dx + f .(.e,~) [b(Z)(x)l dx  = I1+ I~. 

For 11, we have 

i .  ~ Z - _ ~ ' f .  Z?_~ ~ (xo.,) IVb, (~)l I x - x ~  dx <= C 2k 8 < (]8. 

For 12, we have 
12 < b (2) : L (B(xO,1)) 

<= IIb(~)g~,ollL,(R.) (where g is as before, and gxo(x)= g (x -x~  

= (2~) -~d/~ lib c~>* ~oIl,.~R,) 

I l b ~  A <-- (2~) -3a/z *~o[1,,(1r -aa/~ lib(2)*~ollL, tl~l~R) = I~1+I~. 
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Note that when k > m + 2 = [ l o g =  R]+2, supp ~k.~,oc{l{l=>R}, so we have 

I~2 <= (2zt)-3a/2z"+~ II&*~olI,,,(R~) = x"+= llb~g,.ll~,(R,). - -Ke+ l  f-'~ - -K~+I  

The sum has only finitely terms, and each term is bounded by 

( f,.,>~ I b,(x) g (x -  x~ d~)'~ + ( f , . , ~  I b~(x) g (x -  x~ = dx) "=. 
Because [bk(x)l-~O as Ix l -~  and lg(x-x~176 for some large M, 
when Ix-x~ large enough, 

large enough. 122 < Ce, if Ix~ 
For I2,, it suffices to show that 

(8) (2~) -~/~ ll/;* ~ A L , ( O " - 4 , , )  < ~, 

To show (8), let 

when Ix~ large enough. 

Lo (,I) = ~o  (,1 - , i f ) )  = ~ (,I - , IP)  e-'("'r xo 

Then [Ifxd[L=----C and suppf,,ocB(~l(oJ),J)cV (j). Thus we have 

(2re) -3a/2 tlb * ~0 II z=w'J' -n~d ') = (2n)- 3a/~ [[~ *L ,  l[,.~(r:,i,~ 

= c f a (g-  n)L0(.) 

= c II f foa (e -n)A(r  n)~(r o,)e(n, o,)Y.o(~)d~d,~C~,)llL,,o,,,, 

where f~o ~,(r/)=fl(V, m)f~o(r/). By the Riemann--Lebesgue lemma, f~0 ,~-+0 weakly 
in L=(R a) as ]x~ for every r and by Lemma 1, 

IIT~f,,o,o, IIL=(R')-~O as lx~ for every o9Cf2, 
hence 

i.e. (8) holds. 
This completes the proof of  Theorem 2. 
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