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Introduction 

Let A be a uniform algebra. Denote by ,,1 the algebra of all Gelfand transforms 
of A and by M(A) the spectrum of A. A is called an analytic algebra provided any 
function fE.~ which vanishes on a nonvoid open subset of M(.4) is identically zero. 
In [1] Wermer constructed a new "Stolzenberg example", i.e. he constructed a 
compact set Yc C s such that X -  the polynomially convex hull of Y - -  contains 
no analytic disc and X"xYr In the present note we want to show that P(X) (X 
the set in Wermer's example) is an analytic algebra, where P(X) denotes the algebra 
of all continuous complex-valued functions on X which can be approximated uni- 
formly on X by polynomials. 

This seems to be interesting for two reasons. Firstly we get more information 
about Wermer's example. 

Secondly, we learn that the identity theorem is a phenomenon in the theory 
of uniform algebras which occurs not only in connection with analytic structure. 
To be more precise we give two definitions. 

We say that A has analytic structure in a point xEM(A) if there is a neigh- 
bourhood U of x in M(A), an analytic set V in a polycylinder P c C  n and a homeo- 
morphism ~: V~ U such that fo  ~ is an analytic function on V for all fE.~. 

A satisfies the weak identity theorem in xEM(A) if there is a (fixed) neigh- 
bourhood U of x in M(A) such that f l y = 0  for each fE.~ which vanishes in an 
arbitrary neighbourhood of x. 

It follows from the theory of several complex variables that A satisfies the weak 
identity theorem in x if A has analytic structure in x. Since we can naturally identify 

P(X) with P(X) and X with M(P(X)), we have an example where the identity 
theorem does not depend on analytic structure in the spectrum. 
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The example  

We shall show that P ( X )  - -  X the polynomially convex compact set of Wermer's 
example (cf. [1]) - -  is an analytic algebra. 

First we recall shortly the construction of X. We denote by al, a2 . . . .  the 
points in the disc {Izl< 1/2} with rational real and imaginary part. For each j 6 N  
denote by Bj the algebraic function 

Bj(z )  = ( z -  a O ( z -  a 2 ) . . . ( z -  a j - l )  r 
and set 

gj(Z) = z J = I  ckBk(z) 

where cl, ..., cj are positive constants. Denote by Z ( q ,  ..., Cn) the subset of the 
Riemann surface of gn which lies in {Ix] ~- 1/2}, i.e. 

~(C 1 . . . . .  Cn) = {(Z,  w): Izl -<- 1/2, w = w}")(z) ,  j = 1, . . . ,  2n}, 

where w~")(z), j =  1 . . . .  ,2" are the values of g, at z. 
(1) For a sequence of positive constants (e,) define X(c.) to be the set of all 

points (z, w)~C 2 such that 
i) ]zl <= 1/2, and 

ii) there is a sequence (z, w , )~Z(c l ,  ..., On) with w,'-"w as n ~ .  
(2) There exists a sequence of positive constants (e,) with c~ = 1/10 and Cj+l 

1/lOcj ( j = l ,  2, ...) such that X=X(c.) is a polynomially convex compact set in 
C 2 which contains no analytic disc. (cf. [1], Lemma 1, Lemma 2 and p. 132). 

(3) X is the polynomially convex hull of the compact set 

Y = Xn{Izl = 1/2} ([1], Lemma 3). 

(4) In the following we set Z ,=Z(e l  . . . .  , c,) and remark that g,+~ has at z 
the values 

wJn)(z)•  j = 1, ..., 2n. 

(5) As a direct consequence of (4) or (1) we see that for each iCN the set 
Xc~{z=al}  contains exactly 2 i-x points which we denote by (at, ba), ..., (ai, b~,_,). 

It is proved in [1] (cf. Assertion 4. (12) resp. Assertion 2.) that for each hEN. 

(6) Iw~n)(z)-w}")(z)l >= 3/2cnlBn(z)l (Izl <-- 1/2, j ~ / ) .  

(Note that this inequality remains true if z=a t  for IEN.) If  (z, w ) E X  is an arbi- 
trary point, there is j~ {1, ..., 2n} such that 

(7) IwJ'O(z)-wl ~ 1/2en Ig,(z)l 

(cf. proof of [1] Assertion 4. and note again that this inequality remains true if 

z ~ ai). 
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Let (z, w~'~ be an arbitrary point of  I;,. For k > n  set 

wk = w?)(z)+Z~=.+l  ~,~,(z), 

where for each l B~(z) denotes one of  the values of B~ at z, chosen arbitrarily. Then 
(z, WK)6Z, k and it follows that (z, wk) converges to a point (z, w) - -  hence (z, w)6X 
by (1) - -  with 

Iw- w}") (z)l --< 1/2c. W. (z)l. 
To prove this use 

k Iwk-w}") (z)l ~- (Z,=.+~ c,)Ig.(z)l 
and ct+~<=(1]10) c~ by (2). 

Thus, for each (x, y)E27, there is (x, w)qX with 

(8) 

Denote b y / 1  the projection 

It follows from (8) that 
(9) 

[ w - y l  ~ 1/2c, In,(x)l. 

C~-~C, (z,w)-~z. 

r / ( y )  = {Izl ~ 1/2}. 

(10) Finally we claim that the set 

L = [.3iCN {(ai, ba) . . . .  , (a,, b2,-1)} 
is dense in X. 

To prove this choose an arbitrary point (x, y)~X",,L and e>0.  By (1) we 
can choose nEN such that there is a point (x, W)~Sn with Iw--yl<e/4 and Cn<e/4. 
Choose a positive constant 6 < e  such that g , ( z )=Z]=a  cnB,(z) has 2" single- 
valued continuous branches defined on { [ z - x l <  6}. Denote by w~ ")(z) the branch 
with w~n)(x)=w. Choose j > n  such that laj-xl<6 and 

Iw~")(aj)-w~")(x)l < ~I4. 

By (8) there is a point (aj, b)CX - -  this implies (aj, b)6L by (5) - -  with 

[w~")(aj) - bl <- 1/2c, IB,(aj)[ < e/4. 
Hence I b - y ] < e .  

(11) We recall the notion of  a maximum modulus algebra (m.m.a.) from [3]. 
Let X be a locally compact Hausdorff  space and A be an algebra of  continuous 

complex-valued functions defined on X, let f2 be a region in C and f an dement 
of  A with f ( X ) c  O. We call (A, X) a m.m.a, over f2 with projection function f 
provided 

i) A separates the points o n  X and contains the constants. 
ii) For  each compact set K c  f2 

f - l ( K )  = {xEX: f (x )EK} is compact. 
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fit') If  N is a compact subset of  X, xEN and g~A, then 

Ig(x)l  <-- m a x  Igl, 

where ON denotes the boundary of  N. 

Claim 1. If gCP(X) vanishes in an open neighbourhood U of (aa, b l )=  
(al, 0) then g - 0 .  

We first note that there is an open neighbourhood W of aa in {[z[~ 1/2} such 
that II-I(W)c~X is contained in U. (Assume W does not exist. Then there is a 
sequence (d,, y,) in X ' \ U  with d,~al. By compactness a subsequence converges 
to a point (al, y)~X"x,U. This is a contradiction to 

Xc~{z = al} = {(as, bl)}.) 

Since X is polynomially convex we can identify the spectrum of P(X) with X. By 
(2) the Shilov boundary of P(X) is contained in Y, hence (P (X) lx \ r ,  X',,,Y) is a 
m.m.a, with projection function I l lx\r  over {Izl < 1/2} by Rossi's maximum modulus 
principle ([2], Theorem 9.3) and (9). (Clearly I l lx\r~P(X)lx\  r and I I - ' lx \r (N)  
is a compact subset of  X',,,Y for each compact subset N c  {[z[ < 1/2}.) 

By Wermer's subharmonicity theorem ([3], Lemma 1) 

logZo: {[z[ < 1/2} - ~ R w { - ~ } ,  z ~ l o g  max {g[ 
H- l [x \ r (z )  

is a subharmonie function. Since log Z g -  - ~o, on W, g vanishes on X\ ,Y .  Hence 
- -  by the continuity of  g and (10) - -  g - 0 .  

Now we proceed by induction. We assume that g - 0  if gEP(X) vanishes in 
an open neighbourhood of  one of the points (a., bl) . . . .  , (a,, b~._l). 

Let gCP(X) vanish in an open neighbourhood U of one of the points 
(a,+l, bl), ..., (a.+l, b~.). For  abbreviation denote this point by (a, b). In the fol- 
lowing we have to make slight modifications in the case n > 1. 

Let 7 be a simple closed curve in ({z]< 1/2} such that al, ..., a ,_l  lie outside 
and a, a. lie inside 7 (if n > l ) .  Then g._l(Z) has 2 "-1 single-valued continuous 
branches on the domain G which contains a, a, and is bounded by ~. By (4) there 
is one branch of  g._l(Z) on G, which we denote by w(~n-1)(z), such that 

b = wp-1)(a)+c.B.(a), 
o r  

b = w~"-l)(a)-c.B.(a). 

Claim 2. g vanishes in an open neighbourhood of  (a,, w~"-l~(a.)), hence g - 0  
by the induction hypothesis (here set w~~ for Izl<-l/2). 
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(12) We first note that no point (z, w) of ~n{Izl< I/2} is an isolated point 
of X, since otherwise the function 

{~ for (x, y) = (z, w) 
f :  X -~ C, (x, y) --- for (x, y) ~ (z, w) 

would be an dement of P(X) by Shilov's idempotent theorem ([2], Theorem 8.6), 
contradicting the fact that (z, w) is a point of the polynomially convex hull of Y 
(cf. (3)). 

If n = l  choose an arbitrary point (xo,Yo)EX\Y with xo~al. If n > l  set 

W= {(z, w)EX: zEG and Iw-wtn-X>(z)l < 2/3cn-xlBn-x(z)l}. 

W is an open neighbourhood of (an, w(~n-1)(an)). 
Let (xo, Y0)E W, Xo~a,,, be an arbitrary point. We shall show in both cases 

that g(Xo, y0)=0. This proves claim 2 by (12). 
Now let S be a simple dosed curve in {lzl< 1/2} (fin = 1), resp. in G (if n>  1), such 

that an lies inside and x0 and an+l lie on S. Set S'={(z, w(x"-~)(z)+c, Bn(z)): zES}. 
Here -)-c,,B,,(z) denotes both values of cnB,,(z) at z, i.e. (z, w(~n-~)(z)-l-c,,B,,(z)) 
denotes two points. S '  is a dosed curve in $n which contains (a, b). Set 

S" = {(z, w)ES': There is an open neighbourhood Y of (z, w) in 27 n such that 

g vanishes in all points (x, y)EX with 

i) there is w'EC with (x, w')EV and 

ii) ly-w' l  < 3/4c,,IB,,(x)l.}. 

We want to show that S"=S' .  
i) S" is an open subset of S '  by definition. 

ii) S"#0.  
Let (ark, Yk) be a sequence of points in Zn converging to (a, b) and assume 

there is a sequence of points (dk, Yk) in X such that g(dk, y~)~O and 

lY;,- Y,I < 4/5cnlBn(d~,)l. 

By compactness and since g vanishes on U by induction hypothesis a subsequence 
of (dk, y~) converges to a point (a, y)EXX,,U with 

ly-bl  ~- 415cnlB,)(a)l. 

But this implies that y=b by (5) and (6), a contradiction to (a, y)EX',,,U. 
iii) S" is a dosed subset of S'. 
Let (xx, Yl) be a boundary point of S" in S'. Choose 6 > 0  (in particular 

<5< 1/2(1/2-1x11)) such that gn(z) has 2 ~ single-valued branches on {Iz-xll<a}. 
Denote by w(an)(z) the branch with w(xn)(xl)=ya. 
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Set 

W t = { (z ,  w ) ~ X :  [ e - - X a [  < 5 and lw-w(l")(z)[ < 2/3c,[n,(z)l}. 

W' is an open set in X and 

{(z, i z -x l l  < 6} 

is a neighbourhood of (xl, Yl) in 27.. 
It follows from (8) that 

H(W') ----- {IZ-Xll < 6} 

and from (6) and (7) that 
Ow" c {IZ-Xll = 6} 

hence H-alw,(L) is a compact subset of W' for each compact subset L c  {]z-xa[ <6}. 
Let (x2, w(~")(x2)) be a point of S" with Ix2-Xll<5. Choose a neighbourhood 
V of (x2, w(")(x2)) in {(z, w(l")(z)): Iz-x l l<5} according to the definition of S". 
H(V) is an open subset of {[z-x11<6} and g(z, w)=0 for all points (z, w)C W' 
with II(z)6II(V) by the definition of S" and W'. 

Now we can apply Wermer's subharmonicity theorem as in the proof of claim 1 
to (P(X)Iw,, W'), {Iz-xal<5}, Hlw, and g to show that glw,-O, hence (xa, yl)ES" 
by (6) and (7). 

If  n = l  we have 

lyo-w}l)(xo)l<=l/2c~lBx(xo)l for i : 1  or i = 2  

by (7), hence g(xo, y0)=0 by the definition of S" (recall that xoCS). 
If  n > l  

lYo-W~"-a)(xo)l >3/4c,_alg._l(xo)] for j >  1 

by (6), (7) and the definition of W. Hence 

lyo-wJ."-~)(Xo)+c.B.(xo)l > 3/4C._lln._~(Xo)l--c.IB.(xo)l > 6e.ln.(xo)[ by (2). 

It follows again from (7) and (4) that 

lY 1( ( )+  B.( )1<1 /2  IB(  )1 0 - -  w n-- l)  Xo Cn Xo = Cn n "agO 
o r  

lYo-W(~"-l)(xo)-c,B,(xo)l <- 1/2c, IB,(xo)[ 

and g(Xo, y0)=0 by the definition of S". 
If  gEP(X) vanishes in an arbitrary open set U c X  then g must vanish in a 

neighbourhood of a point (an, hi) for suitable n, i~N by (10), hence g=0 .  

Remark 1. Originally I used in the proof a lemma of Glicksberg (cf. [2] 
Lemma 10.4) instead of Wermer's subharmonicity theorem. The use of this theorem 
was pointed out to me by Tom Ransford and Bernard Aupetit. 
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Remark  2. Let X ~  C" be a compact set and denote by ~ the polynomially 
convex hull of X. There is no general principle which implies that P ( ~ )  satisfies the 
local identity theorem in a point x E 3 ~ \ X .  Take for instance 

X =  [0, 1 ] X O E c  C ~ 
then 

s = [0, 1]•  

(E denotes the dosed unit disc, [0, 1] the closed unit interval.) Let (x, y)E [0, 1] X E. 
Choose for each nEN a continuous function f ,  on [0, 1] such that f , ( x ' ) = 0  if 
I x ' - xJ<=l /n  and f ( x ' ) ~ O  if I x ' - x l > l / n .  Then 

g,:  .,~ ~ C, (z, w) ~ f , ( z )  

defines an element of  PO~) by the Stone--WeierstraB theorem for each nEN. Hence 
P(.~) does not satisfy the local identity theorem in (x, y). 
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