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1. Introduction 

We begin with a review of  the basic notions of  interpolation theory. Let 
A=(Ao,  A1) be an interpolation couple of  Banach spaces, i.e. A0 and A1 are Ba- 
nach spaces which are continuously embedded in a Hausdorff topological vector 
space. The vector spaces A(A)=AonA1 and ~(A)=Ao+AI are also Banach 
spaces with respect to the norms U" Ila0oAl and ~ �9 I[ao+al given by: 

II allA0nAx = max {11 allao, IlallA1} 

II a[la0+al = inf {lla011Ao+ I1 alllA1 [ a06A0, a~EA~, a = ao+ a~}. 

Let S = {zCCI0<=Re z ~  1}, S o = {z~CI0< Re z <  1}. Given an interpolation couple 
A, F(A) is defined as the space of  all ~ (A)-valued analytic functions f(z) on So 
which are bounded and continuous on S, and which also satisfy for j = 0 ,  1 :f(j+it): 
R~Aj are continuous and limltl_,.~f(j+it)=O. 

We define a norm on F(A): 

Ilfllr(A) = max {sup IIf(it)llAo, sup Ilf(1 +i0IIA1}. 

(F(A); I1" lit(A)) is a Banach space. 

Definition 1.1. The space Ao consists o f  all a 6 ~  (A) such that a=f(O) for 
some fEF(A). Define a norm on Ao: 

II allao = inf {llfll~(a)If(0) = a, fE F(A)}. 

Next, one defines another space of  analytic functions H(A) as follows. Func- 
tions g in H(A) are defined on the strip S with values in Z (A). Moreover they 
have the following properties: 
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(1) IIg(z)IIAo+A,~C(I +Izl), 
(2) g is continuous on S and analytic on S 0, 
(3) For j = 0 ,  1, g( j+iq) -g( j+i t2)EAj  for all real values of  t 1 and tz and 

{ Itg(itl)-g(it~)[I [Ig(l+itO-g(l+it~)U } 
Ilgl[n(A) = max sup , sup 

tl, tz 11-- 12 A0 h,tt t l - -  t2 At 
is finite. 

The space H(A), reduced modulo constant functions and provided with the 
norm Hgl[n(A), is a Banach space. 

Definition 1.2. The space A ~ consists of  all aC.~(A), such that a=g'(O) for 
some gEH(A). The norm on A ~ is 

II all Ao = inf {[1 gl[ H(,)lg'(O) =- a, gE H (a)}. 

Definition 1.3. For  each t>0 ,  define on ~ ( A ) :  

K(t, a) = K(t, a; A) = inf {[laollao+tllalll.qlao~Ao, alEA1, a = a0+al}. 

Definition 1.4. For  each 0 < 0 < 1 ,  0<p= <% we define the real interpolation 
space Ao, p as the space ofaU aC~(A)  for which 

[[a][a0,, = ( f  o (t-~ a))p dt/t) lip<~176 

In this paper we consider only 1 ~p-< co. 
The following facts are well-known: 
(1) (Ao, p; I1 "IIAo,) are Banach spaces. These are the real interpolation spaces 

of  Lions and Peetre. 
(2) The spaces Ao and A ~ are Banach spaces. These are the complex interpola- 

tion spaces of  Calder6n. 
(3) (A0, A1); =(A~, AO ~ 

For detailed information on these spaces see [2], [3], [6]. 

Definition 1.5. Let A and B be Banach spaces and let T be a linear bounded 
operator mapping A into B. T is a Fredholm operator if  and only i f  its kernel 
has a finite dimension and B=TA@M, with dim M <  o~. dim M is the codimen- 
sion of  T, codim T. The index of  T is defined by i (T) - -d im ker T - c o d i m  T. 

Remark 1.6. Let A and B be Banach spaces and let T be a linear bounded 
operator from A to B. We will denote by 1 r the reduced operator o f  T, i.e. 
~: A/ker T-~B. I f  T has a finite eodimension, i.e. B = T A @ M  with dim M<oo,  
then by the open mapping theorem, ~ -1 :  TA~A/ker T is bounded, and TA is 
closed. See e,g. [4], [9]. 

Let T: Aj-*Bj ( j = 0 ,  l) be a linear bounded operator. We will denote by 
T~ the restriction of  T to As, and by T~,p the restriction of  T to As, p. Let I[T0]l, [IT, ll, 
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llZ~ll and tlT~,pl[ be the norms of the restrictions of T to A0, Ax, ,4, and As, p re- 
spectively. If  we denote [I T[I =max {liT011, I[TIlI}, then IIT, II <--11Zll, and IIT~,pll ~-U Tll. 

Assume that the restriction of T to an interpolation space is a Fredholm opera- 
tor. The question of the stability of this property when one changes the parameters 
which determine the interpolation space has been considered by several authors. 
See [IJ,/8], [IO]: Here we prove: if T~,p is a Fredholm operator, then there exist 
J>0 ,  e~-0 such that if 10-sl<~ and Iq-pI<e then To, q also is a Fredholm 
operator and i(To, q)=i(T,,p). We prove this result by proving a corresponding 
result for complex interpolation and then using a reiteration theorem: 

A,,p = (A~o,~, A,~.p)~ Ao.p = (Ao,po, Ao,~)~ 

for appropriate ~ and 3. 
Sneiberg in [8] has shown that if T: (Ao, Aj)+--,(Bo, B~)q is a Fredholm oper- 

ator then there exists J > 0  so that I~-~l<fi implies that T~: (.40, A~){-~(Bo, B~)~ 
is a Fredholm operator (and with the same index). To apply the complex interpola- 
tion result to real interpolation scales, however, we need control on the length of 
the interval of r/'s for which the stability of the Fredholm property holds. The point 
is that we need to iterate twice and in Sneiberg's result the length of the interval 
of stability of  the Fredholm property depends on a certain projection operator 
and the norm of T[~. Sneiberg's proof does not give control either on the projec- 
tion operator or on IlzVs in terms of the behaviour of T on A:,p. Therefore 
if we use Sneiberg's proof we cannot iterate the result to get a neighborhood of 
(s, p) of the form 10-sl < 6, Iq-Pl < e. We therefore give a different proof which 
gives the required control on the interval of stability of the Fredholm property. 

Definition 1.7. Let A, B be Banach spaces and let T be a linear bounded opera- 
tor from A into B. Then T has property W with constants (k, d) if there exists a 
subspace M of B, dim M = d <  o% and for any yEB, there exist xEA, zEM, so 
that y = T x + z ,  and 

I/xlla ~ k][yllB, ilzIIB <= kllYll~. 

Remark 1.8. Let A =(A0, A1), B=(B0, B~) be Banaeh interpolation couples and 
T: Aj-~Bj ( j=0 ,  1) be a linear bounded operator. If  T~ has property W with con- 
stants (k, d), then there exists a subspace M of B~ so that VyEB,, there exist 
fEF(A)  and zEM such that y=Tf ( s )+z ,  llfllv~a)<=(k+l)llyllB, and IlzllBo~_ 
k II ylIB,. 

Lemma 1.9, Let A, B be two Banach spaces and let T be a linear bounded oper- 
ator from A into B. Then T is a Fredholm operator i f  and only i f  T and its dual T* 
have property W. 

Proof. Let T be a Fredholm operator. Since T has finite codimension d, by 
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remark 1.6, ~ - 1  is a linear bounded operator defined on TA. There exists a bounded 
projection P of B onto TA with lIP II <=d+ 1 (see e.g. [7]). I f  we denote ( 1 - P ) B = M ,  
then dim M = d .  

For any bEB, b = P b + ( I - P ) b = y + z  with yCTA and zCM such that 
IlYIIB<-(d+l)llbllB, IlzllB<=(d+2)llbllB. There exists xCA, so that T x = y  and 
Ilxlh <_-2 I1T-111 II yll B ~ 2 ( d +  1) 11 :r-all IlbllB. Hence T has property W with constants 
(2(d+ 1)(tl ~-111 + 1), d). 

T* also is a Fredholm operator with dim ker T*=codim T, codim T*=  
dim ker T=d*  and IIZ*l[-[IZl[. Therefore T* has property W with constants 
(2(d* + 1)(11(2r*)-111 + 1), d*). 

Now we assume T a n d  T* have property W. Then B = T A + M  with dim M--  
d <  co. Hence we can find M0 with finite dimension such that B = T A @ M o .  

Using duality, we have dim ker T< 0% so that T is a Fredholm operator, and 
the theorem is proved. 

An important tool in handling finite dimensional subspaces is Auerbach's 
lemma: 

Lemnla 1.10. Let M be a Banach space with dimension d< oo. Then there exist 

{el, .... e d } c M  and {fx . . . . .  f a}cM*,  such that 

(1) Ile~IIM-- 1 and Ilf~llM, = 1, i - -  1 . . . . .  d. 

(2) f , (ej)  =a , j .  

See [5] for a proof. 
Given a finite set of  vectors {e a . . . . .  en} in a Banach space A, we define: 

b(el . . . . .  ed) = min {IIz~=I c,e, llA[max le, I -- 1}. 

Clearly {e 1 . . . . .  ed} are independent if and only if b(el . . . . .  ed)>0. 
We will need the following consequence of  Auerbach's lemma. 

I.emma 1.11. Let M be a Banach space with dimension d< oo. Then {el . . . .  , ed} 
can be found so that Ile~ll~=l, and b(el . . . .  , ea)=l .  

Proof. Let {e~ . . . . .  ed} be a basis for M, {fl . . . . .  fa} a basis for M*, so that 
][eil[~=l, Ilf~llM,=l, and f / (e j ) : f l j .  We then have 

[[Z~=leiei[[M: sup f(Z~=~eiei)[>= sup [ (Z~a__l ai f~) ( Z , a  1 ci e,)[ 

= sup IZ~=x ~,c,I = max {Ic,]}. 
d Z'~=a I=lI--1 

shown b (e~ . . . .  , ea) => 1. The opposite inequality is clear, and the proof is We have 
complete. 
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2. Fredholm operators and complex interpolation spaces 

Lemma 2.1. Let A=(Ao, A1) be an interpolation couple of  Banach spaces with 
Aoc~A1 dense in Aj, j = 0 ,  1 and f~F(A).  Let 0<0,  s < l  and define: 

d ( z ) -  d(s) 
q(z, S) = 1 -d (z )  d(s) 

where d(. ) is a conformal map of  the strip So onto the open unit disc D. Then: 

][f(s)ll a,-q(O, s)Ilf[lv(A) 
(2.1) IIT(0)I[Ao => [[fIIF(A)I[fllF(a)--q(O, S)IlJ(s)IIA, ' 

(2.2) [If(0) llA 0 <:~ llf(s) lla, + q (0, s) Ilf[lF(a) 

II h'(s) ll a'-- q (0, s) I[ hllmA) 
(2.3) Ilh'(O)l[AO >= I[hl[u(a) [Ihll~(A)-q(O, s)llh'(s)llA, 

(2.4) 11 h'(0)][AO <= I[ h'(s)l[a, + q (0, s)II hl]n(A) �9 

For the proofs of  (2.1) and (2.3) see [8]. (2.2) and (2.4) are easy consequences of  (2.1) 
and (2.3). 

Remark 2.2. Suppose uE F(A) and I l u ( O ) [ I A o < = I I u l I F ( A ) < = 2 1 1 U ( O ) I l a  . By (2.2), 
if s is close to 0 so that q(O, s)<= 1/2, then 

Ilu(s)lla, >----Ilu(O)llao/2. 
Lemma 2.3. Let A, B be Banach spaces, and let T be a linear bounded operator 

from A into B. Assume that there exist a subspace M of  B with dim M = d <  oo and 
constants k, r with r < l ,  so that VyEB there exists a decomposition y - - T x +  
z+yl  with ylEB, xCA, zEM, so that 

IIXI[A <---- k IIY[18, IlzllB =< k Ilyll~, IlYllIB <---- r IlYlfB, 

then T has property W with constants (k/(1 - r ) ,  d). 

Proof. By repeated applications of  the hypotheses we have y=T2~=x xi+ 
27=1 zi+y,, with ziCM, y, EB, xiEA, and 

Ily.ll~ <- r" llYlIB 

[IxillA <- k IlYi-llln -< kr f-1 IIYIIB 

IlzillB -< k [lYf-IlIB <- k?-IllYlIB. 

Since A and B are Banach spaces and M is a closed subspace of  B, we have 

y . ~ O ,  27=, xi-~ x~A, 27=, z,-* zEM, as n--~o,  
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k k 
Therefore y=Tx+z ,  with Ilxlh~-i--~r Ilylb and Ilzlb~-i~-;~r Ilyll~, and the proof 
is complete. 

Theorem 2.4. Let A =(Ao, A1) and B=(Bo, BO be Banach interpolation couples 
and let T: Aj-*Bj (j=O, 1) be a linear bounded operator. I f  T~ has property W 
with constants (k,d),  then there exists 6>0  which depends only on k, d and IITIl 
such that [0 - s [<6  implies that To has property W with constants (8(k+l)d,  d), 
and codim To<-d. 

Proof. Since Ao=((Ao, AOso, (Ao, A1)h)~, where (1-OSo+~sl=O, and since 
(A0, A1)~on(Ao, A1)s 1 is dense in (A0, A1)sj, we can assume without loss of gen- 
erality that AonA~ is dense in Ay, and that BonB 1 is dense in Bj, for j=O, 1. 

Since T~ has property W with constants (k, d), Bs=TAs+M s with dim Ms=d. 
By lemma 1.11, we can find {el . . . . .  ed}, a basis for Ms, so that 

( 2 . 5 )  bs  = min {[[Z~=I cieillB.[max [cil = 1} = 1. 

Let viEF(B) so that 1--<=tlvi[]r(B)<2 and vi(s)=e i. Denote by M t the space spanned 
by {v,(t)}. 

Choose 6>0  so that [0 -s [<6  implies q(O,s)<-l/2, then by remark2.2, 
Nv,(0) ll~o -> 1/2. 

Let yoEBo. There exists uEF(B) so that u(O)=yo and Hu]l~(B)<:21[yolIvo. 
Set y~=u(s). By remark 2.2, we have 

(2.6) tlyolbo/2 <= Ily, ll~ = Ilu(s)lb~ --< IlullF~) =< 211Yoll~o. 

Since T~ has property W with constants (k, d), we have, by remark 1.8, OEF(A) 
so that y~=TO(s)+~ with 4 =~=lciei6M~ and 

(2.7) I]01[r(a) ----< (k+ 1)Ily~IIs~ ~ 2(k+ 1)[tYo[iso, 

(2.8) I]z]l[,, ~ kl[yslb, <-- Re I[Yo[IBo. 

Set ~ = ~ ' ~ 1  c, vi, then ~=tb(s) .  By (2.5) and (2.8) we have 

Ilz  II < 2; ,yo,l.o Icil < c i e i  B~ = IIz~lb~ = 

From {[v~ltr(n)<2 it follows that 

(2.9) II~b<~) < Z a = i=1 lci] [[vi]JF(m ~ 4kd I[Y0[I ~.  

From u(s)=T~(s)+~(s) ,  by (2.2), (2.6), (2.7) and (2.9) we obtain that 

IITO(O)+g~(O)-u(O)lbo ~ IITr (s) + ~ ( s ) -  u(s) lb~+ q(O, s ) l l T O + r P -  ullrr 

<= q(O, s)(llT~llr<~)+ IIq~llg<~)+ II ullF(,)) 

q(O, s)(2(k+ 1)IlT[I + 4kd+2)[lyoll~. 
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Choosing a smaller 6 so that 

q(O, s)(2(k+ 1)IITII +4kd+2)  < 1/2, 

for 10 - s l<6 ,  we then have 

(2.10) IlZ~b(O)+~(O)-u(O)llno <- Ily01l~o/2 

with 6 independent ofyo. Set y~=u(O)-q~(O)-T~(O), x~=ff(O) and z~=~(O)~M o. 
We get yo= Tx~+y~+~, and the following estimates: 

Ilx~llAo <= II~llr(A) <--- 2 ( k +  1)llYdBo 

Ilz~ilBo <-- II~llr(B) <- 4kd Ilyollao 

Ily~ll~o = Ilu(O)-r ~ IlYoll~o/2. 

By lemma 2.3, To has property W with constants (8(k+l)d,  d), and the proof is 
complete. 

Remark 2.5. It is not difficult to see that, by (2.3) and (2.4), theorem 2.4 holds 
for interpolation in Calder6n's second (upper) method. By duality, if T~* has property 
W with constants k* and d*, then there exists 0>0 which depends only on k*, d* 
and IIT*II so that 1 0 - s l < 6  implies that To* has property W with constants 
(8(k*+l)d*, d*), and codim T~'<=d *. 

Corollary 2.6. Let A=(A0, At) and B=(B0, B1) be interpolation couples of  
Banach spaces and let T: A j ~ B j  ( j=0 ,  1) be a linear bounded operator, l f  T, and 
T* have property W with constants (k, d) and (k*, d*) respectively, then there exists 
6>0  which depends only on k, k*, d, d*, IlZll and IIZ*ll, such that 1 0 - s l < 6  im- 
plies that To is a Fredholm operator with dim ker T0~_dim ker ~ ,  codim To<=codim T, 
and i(Te)=i(T~). 

Proof. By theorem 2.4 and remark 2.5, there exists 3>0  which depends only 
on k, k*, d, d*, IITII and IIT*II such that 10-s l<6  implies that To and To* have 
property W. Hence To are Fredholm operators with dim ker To<=dim ker T, and 
codim T0<=codim T~. We now apply theorem 2 of [8] which states that if To are 
Fredholm operators for all 06(~0, ~1), then the index of To is constant on (~0, ~z), 
and get our theorem. 

3. Applications to real interpolation spaces 

Theorem 3.1. Let A =(.40, At) and B=(B0, Bz) be Banach interpolation couples, 
and let T: As-*B J ( j=0 ,  1) be a linear bounded operator. Let T~, o be a Fredholm 
operator with codimTs.p=d<oo and dim ker T,,o=d* < ~o , where 0 < s < !  and 
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l < p < ~ .  Then there exist 6, ~>0  such that I O - s l < 6  and [ q - p l < e  imply that 
Te, a is also a Fredholm operator with dim ker To, q<=d * and codim (To, q)-~d. Further- 
more we have i(To,q)=i(Ts.~). 

I f  p = l ,  then there exists 6 > 0  so that ] 0 - s ] < 5  implies that Te, z is a Fred- 
holm operator with dim ker To, z<=dim ker T,,1, codim T0,z =<codim T~,z and / (To: )=  
i(T,,1). 

Proof. We will prove the case l<p< co and leave the case p=l to the reader. 

Let O<so<S<S~< I. Let ~o be given by s:(l-~o)So+~oSz. By theorem 4.7.2 
in [2], we have 

(3.1) (A.o,p, A.,,.)~o = A~, v (B.o,p, B.,,p)~ o = B.,p 
and 
(3.2) * * * B* "g~  * (A~.,,,, X*,~)~o = ~ .  (B, . ,~,  ~ , , ,  - B~,,,. 

The constants involved in these norm equivalences remain uniformly bounded when 
ranges on a compact subinterval of  (0, 1). 

By assumption, the range of  T~o has finite codimension d and the kernel of  T~o 
has finite dimension d*. Furthermore we have 

I I~ ' I I  ~ mll~E~ll and 11(~o)-1[I ~ ml l&~, ) - l l l  . 

(The constant m is needed since the norms in (3.1) and (3.2) are equivalent, not 
equal.) 

By lemma 1.9, T~o and T~* have property Iv" with constants (l, d) and (l*, d*) 
respectively, where l = 2 ( d +  1)(m ~-1 l* IlZ~,p[l+l) and = 2 ( d * + l ) ( m  - * - 1  ll(Z~.p) II +1). 
By theorem 2.4 and remark 2.5, there exists 5' which depends only on I, I*, d, d*, 
m, IITII and [1T*[I such that K0-~l<6"  implies that T~ and T~* have property 
W with constants (8( l+l )d ,d)  and (8(1*+1)a*,a*), respectively. Hence T~ is 
a Fredholm operator, with dim ker T ~ d i m  ker T~0, codim T~<:codim T~o and 
i(T~)=i(T~o ), and so if 0 satisfies 1 0 - s l < 6 ,  where 5=5"(So+S1), then Te, p is a 
Fredholm operator with dim ker T0,p<=dim ker T~,p, codim T0,p~codim T~,p and 
i(To, p)=i(T~,,). For the repeated interpolation below we need to observe more- 
over that T0,~, and To* p have property W with constants (Sml( l+l )d ,d)  and 
(8mz(l*+l)d*, d*), respectively. Again the constant m 1 is needed since we have 
norm equivalences in (3.1) and (3.2). As observed before, it is uniform on compact 
subintervals of  (0, 1). 

We choose l<=po<p<pl<~ and take r/so that 1/p=(1-rl)/p0+rl/pz. Then: 

and 
(Ae, po, -'4o, pl),I = Ae,p, 

A* A* ( O, po, A~,p~)" = o ,~ ,  

(BO, po' Be, pz)n = Be, p 

* B* 
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As in the first part of  the proof, for any fixed 0 satisfying IO-s[<6,  we can find 
8>0 which depends only on l, l*, d, d*, m, ml, ][ T[] and H T*[[ (and so is the same 
for all 0, [O-s[<6),  such that [ q - p l < e  implies that T0,~ and Te* ~ have property IV. 
Hence To,~ are Fredholm operators with codimTo, g<=d, dim kerTo, q<=d *, and 
i(To,~)=i(To, p), and the theorem is proved. 

Corollary 3.2. Let A=(Ao, AO and B=(Bo, B~) be Banach interpolation cou- 
ples and let T: A~-+B~ ( j = 0 ,  1) be a linear bounded operator. Then 

(1) I f  kerT~,p={0} and codimT~,p=d<~o, where 0 < s < l  and l < p < o %  
then there exist 6 > 0  and e>0  such that [O-s[<6 and Iq -p ]<8  imply that 
ker To, q= {O}, codim To, q=d. 

I f  p = l ,  then there exists 6 > 0  so that [O-s[<6 implies that To, a is a Fredholm 
operator with ker T0,1={0}, codim To, l =d. 

(2) I f  dim ker T~,p:r< ~o and T~,p is surjective, where 0 < s <  1 and l < p <  0% 
then there exist 6 > 0  and e > 0  such that IO-s[<6 and ]q -p [<8  imply that 
dim ker To, q = r and To, q is surjective. 

I f  p = l ,  then thereexists 6 > 0  so that IO-s[<6 implies thatTo,~ is a Fredholm 
operator with dim ker To,~ =r  and To,1 is surjective. 

Proof. Assume that ker T~,p={0} and eodim T~.p=d< co By theorem 3.1, 
there exist 6 > 0  and 5>0  so that [O-s]<6 and ]q -p[<~  imply that To,~ is 
a Fredholm operator with i(To.q)=i(T~,p). Furthermore, dim ker T0,~<=dim ker T~,p 
and codimT0,q-<_codimT~,p. Since dimkerT~,p=0, we have kerT0,~={0} and 
codim To, q = d. 

The case of p--1 and part (2) follow similarly. 
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