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Abstract 

A sharp result on global small solutions to the Cauchy problem 

ut = Au+f(u, Du, D~u, ut) (t >- 0), u(O) = uo 

in R" is obtained under the the assumption that f is C a § r for r>2/n and Ilu0llc~ (R')+ Ilu011W~(R') 
is small. This implies that the assumption that f i s  smooth and Ilu011W$~a~)+ ]lu011W~(R-) is small for 
k large enough, made in earlier work, is unnecessary, 

O. Introduction 

Let fEC l+r in a neighbourhood o f  the origin and consider the global existence 
of  small solutions to the Cauchy problem 

ut = Au+f (u ,  Du, D~u,u,) in Rn•  

(0.1) u(O) = u0 in R n. 

Here n ~ _ l , f ( w ) = O ( I w r  +r) for  small wER *'+~+2, r~_l and r>2/n. 
It  is well known (see [1] and [5]) that the problem 

u t = A u + u  l+r in R"XR+,  r > O ,  

(0.2) u(O) = u0 in R ", 

has a unique global solution provided r>2/n and u0 is small. In addition, if r<=2[n, 
then the solution o f  (0.2) may possibly blow up in a finite time no matter how 
small Uo is. 

It is the purpose of  the paper to deduce the following. 

Theorem 0.1. Let  0E(0, 1), 

(0.3) rE[l,  oo), r ~- 2/n, f (w)  = O(Iwl 1+') as w -~ 0 
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for w6R "2+"+2, and f6C 1+" near the origin. Then there exists a constant 6>0 
such that whenever 

Iluolle,(R-~+ IluolIw'~(R~ < `5, 

(0.1) admits a unique classical solution u such that 

sup ( ( t +  1)(am"(llu(t)llc,~.~ + II u,(t)llc(R-~+ t(a/2)~ 
t > 0  

+ I1 u (t)Ifw~cR-) + II u~ (t)llt~(R.) + t (lm~ ([u (t)]B: + ~(R. ) + [U, (t)]B~, |  < oo. 

A s  a consequence, we have the following by-products. 

C o r o l l a r y  0.1. (Klainerman [2].) Assume 

r6 N, (1 + 1/r)/r > n/2, 

f doe~ not depend on u, and f is smooth with f (w)=O([wl  1+') for small w. There 
exists an integer k and a ~mall 6>0, such that i f  

Ilu011W~a-) + IL U0[IW~(R-~ < ,5, 

then there is a unique global classical solution u of (0.1) such that 

t(I+~)I'[[u(t)[IL.(R.)+IIu(t)[IL,(R .) < co a s  t ~,~ 

for some small e>0. 

Corollary 0.2. (Ponce [4].) I f  f does not depend on u, and is a smooth linear 
function frith respect to second derivatives in a neighbourhood of  the origin and (0.3) 
with integer r is valid, then there is an integer k > 2 + n / 2  and a constant 6>0 such 
that for  any uo with 

lluollw~(a-) + I1 uoliw~0a-) < 6, 

(0.1) has a unique global classical solution u satisfying 

sup t (st2)" 11 u(011c,(R=) < ~o. 
t > 0  

Corollary 0.3. (Zheng-Chen [6], Li-Chen [3].) Assume that f is smooth and sat- 
isfies (0.3) with integer r. Then for every integer k~_n+ 5, there is a small 6>02 
such that for u 0 with 

Iluollw~.)  + II uollw~§ < 6, 

(0.1) has a unique classical solution u such that 

sup (t + 1)(1/~)" (li u ( 011 c,o,-)  + II u, (t)ll L.(R-)) < ~o. 
I'>0 
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The outline of the paper is as follows. The first section contains the notation. 
The second section describes a decay estimate for a linear heat equation. Section 3 
contains the proof of Theorem 0.1, which is obtained by means of a fixed point 
theorem. 

1. Notation 

We use the following notation in the paper. 
R+=(0, ~). N is the set of all nonnegative integers. [s] is the integer part of 

s~n.  hEN',,{0}. 

x=(xl,...,x,)ER", Di=O/Oxi, D~=DI1...D~," 

with ~=(~a, ...,~,)EN" and I~l=~l+.. .+~n. D R denotes the vector (D ", . . . ,D p) 
for all ~ . . . .  ,/~EN" with I~l . . . .  =l/~l=k. DX=D, ut=Ou/Ot and A denotes the 
Laplacian. 

All functions in the paper are real. c denotes a positive constant which may be 
different from formula to formula, but is always independent of the variables and 
functions occuring in a given place. Especially, it does not depend on the "time" 
variable tER+. 

W~ (R"), for kEN, pE[1, ~o), is the space &functions u on R" such that 

I I u l l w ~ . )  = Ilullk.p = Z l ~ l - ~  IID~ulIL.o~ ") < ~" 

C(R ") denotes the set of all bounded and uniformly continuous functions 
on R". 

For kEN, 
Ck(R ") = {uID'uEC(R ") for all [gl <= k} 

endowed with the norm 

Ilullck~-) : Ilutlk.o : Itullk : Z , ~ l ~  IID~uIIL~c~">. 

C ~  ") and 11.110=11, I1. 

C~(R"), for sER+\N,  is the space of all functions uECtSl(R ") with 

[DtSJufx)--Dt'lu(Y)l 
[ u ] s =  sup  < ~ .  

~,'y,x, yeR" Ix-yl  ~-t~j 

Of course, CS(R ") is endowed with the norm 

Ilullc.o~> = Ilull~ = Ilullt,j+[u]~, 
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B~,~o(R~), for s E R + \ N ,  is the space of  all functions uEW~(R") such that 

f a, IDt*lu(x + y)--Dt'lu(x)l dx 
[u]~,x = sup < o,. 

y~a-,y~0 lYl ~-t~J 

Similarly, B~, ~o (R ~) is endowed with the norm 

u ( t ) ,  

For  

i=0 ,  1 the Banach space of all functions uEA~ such that 

II UlLB L ~<R.~ = II Ulls,1 = It ull t~l,~ + [UL.~- 

t > 0 ,  is the Gauss~Weierstrass semigroup written in the form 

U ( t)u(x) -- (4rtt)-(xl~)n f R" exp (--Ix-yl2/4t)u(y) dy. 

0E(0,1), Ao=C(R ") and A~=L~(Rn), we denote by D~(O,~) with 

1[u]10,~ = sup Iltl-~ A U ft)ulla, -< 
t>0 

IlutlD~<0, ~ = IlullA,+ I[u]10,i. 
endowed with the norm 

2. An a priori estimate 

This section is devoted to deducing a basic a priori estimate for solutions to 
the linear heat equation 

ut= A u + f  in R " •  
(2.1) u(0) = u0 in R". 

(i) 

(ii) 

(iii) 

Let us begin with two basic lemmas. 

I_emma 2.1. Let 0E(0, 1), kEN and tER+. Then we have 

IIf(0u[I ~ e(t + l)-Wm)nOlull +!tUllo,x) for uELI(R")c~C(R"), 

IID~U(t)ult <- ct-~ for uEC(Rn),  

liD ~U(0ull0 x =< ct-~xl~)kllullo.x for uELI(Rn). 

It should be noted that the result is well-known and trivial. It can be deduced 
immediately from the definition of  U(t). 

Lemma 2.2. Let 0E (0, 1). Then we have 

(i) I[u]lcx/z)o,o <= c[u]o for uEC~ 
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(ii) l[u]lr <- c[u]o,1 for u6B~ 

<iii) [u]0.1 <= cl[u][o/z)o,, for uCD~(-}O, co), 

(iv) [u]o <-- cl[u]l<m>o,o for uCD~ (~ O, co). 

Proof. The first two inequalities are proved in the same way. For example, 
for u~C~ xER n and t~R+, we have 

IAU(Ou(x)l <= ct -1-(llS)n [" exp ( -  lyp/6t)lu(x + y)-u(x)l dy 
,r R n 

Ct -(l/~)n+(1/~)O-1 f exp (-ly12/St) dy[u]o 
d R n 

CtOI2)~ [ U]o . 

For the proof  of  (iii), we set 

R(t ,d)u(x)=foexp( -s t )U(s)u(x)ds  for t > 0 ,  xER", u~D~(~O, oo). 

By lemma 2.1 and the property AU(t)u=(U(t)u)t, we obtain the following 

t<l'Z)~ A)u+ ullo,~ = t<~/2)~ /)ullo,~ <-- c, 

tX/~llOR(t, A)ullo,x <= c]lullo, a and (R(t, A)u), = R2(t, A)u. 

Therefore, for xER n and t > s > 0 ,  we have 

f Rn ]u(x + y ) -  u(y)[ dy 

<= 2 f R  " [tR(t, A)u(y)+ u(y)[ dy+ f R" IsR(s, A)u(x + y)--sR(s, A)u(y)[ dy 

+ f~ f R, ]AR2(z' A)u(x + y ) -  AR2(z' A)u(y)I dy & 

<= ct -"/~~ I[u]kx/~>o,a + cs~t~lx[ 11 u[10,1 + c Ixl z-l/~ l[h R<~, A) UHo,  dz 

C( t -(lzz)O I[ u]l<~/~)o,1 + s xz~ lxl II U][o,1 + tl/2-(1/2)~ Ixl. 1[ ~l][(1/2)0.1). 

Letting s ~ 0  and setting t=lxl -3 ,  we have (iii). 
Similarly, we obtain (iv) and complete the proof. 
With the use of  the above preparations, we proceed to the proof  of  the fol- 

lowing. 
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Proposition 2.1. Let 0~(0, 1), n ~ l ,  rn>2,  and let u be the solution o f  (2.1). 
Then we have 

sup ((t+ 1)(in)" (11 u(t)ll 2+ II u,(0ll + tins)~ (~k_~2 [u(t)k+o + [u, (t)]o)) 
t > 0  

+llu(t)ll~,l+llu,(t)l[o,l + tcx/2)~ ~ _ 2  [u(t)k+o,x +[u,(t)]o,1)) 

<-- c(l[ uol[2 + l[ uoll 2,1 "q- sup ( t +  1) (1/2)"r (llf(t)[1 + Ilf(t)llo,1)) 
t > 0  

+ c sup (t + 1)(1/s)" t(1/2)o ([f(t)]o + [j'(t)]o, 1) 
t::~0 

provided the right-hand side is finite. 

Proof. Since u is the solution of (2.1), we have, for t>0 ,  

II u,(t)[Io,~ + t (1/2)~ [ut(t)]o,1 + (t+ 1) (1/2)" (11 u, (t) ll + ton)o [u,(t)]o) 

<= Ilu(t)ll2,~ + t(1/2)~ 1)(x/2)"(ll u(t)l lz+ t~176 

+ Ilf(t)][o,1 q- tO/~)~ + (t+ 1)O/2)"'(llf(t)ll + ttll2)O[f(t)]o). 

Hence it suffices to prove the estimate without the ut terms. 
Equivalently, the solution u can be written 

(2.2) u(t) = U(t) Uo + f~  U ( t - s ) f ( s )  ds. 

It follows from lemmas 2.1 and 2.2 that 

( t+  1) (1/2)n II U(t) Uo[I 2 + II U(t) uoll 2,1 <-- e([I uol12 + II uoll2,a), 

and, for k = 0 ,  1, 2, 

( t + 1)(1/2)" tomo [ U ( t) Uo]k + o + tO/2)~ ( t) Uo]k + O, �9 

<-- et 0/2)~ ((t + 1)O/2)" sup s 1- (l/s)011A U (s) D k U(t) no 
8:~'0 

+ sup s 1- (1/2)o IIh U is) D k U(t) uoll o, 1) 
~>o 

<= ct (1/2)~ sup sl-(1/2)~ + t)-l(llD*uoll + [IDkuol[o.1) 

<= c(lluoll~+ [luoll2,1)- 

Consequent/y, it remains to estimate the integral term of  (2.2). 
Set 

M ( f )  = sup ( t+  1)(1/2)'(]]f(t)[l + IIf(t)llo,1 + t(l/2)~ + [f(t)]o,0). 
t > 0  
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by lemma 2.1, 

Moreover, note that 

We calculate, for t, sER+ and k=O, 1, 2, 

II A U (s)D ~ f~1/2), U ( t -  o.) f(o.) do.li 

= lf~ ~ "  U((t+s-o.)/2)ADkU((t+s-o.)/2)f(o.)do. I 

f~l/a)t <= c ( t + s - o . +  1)-(1/2)"(t+s,o.)-l-(1/2)k(llf(o.)l I + IIf(o')lloa) do-, 

by lemma 2.1, 

= c(t+ 1)-(1/2)"(t + s )  -1-~1/2)k 1/2), Ca+ 1) -(1/2)" do.M(f) 

<- c(t+ 1)-(1/2)"s 0/2)~ t-(1/2)~ - ( t +  1)l-(1/z)"r)M(f) 

c( t + 1) -(t/2)" t-(l12)~ sCX12)~ M (f) ,  

IlAU(s)Dk f~l/=)t U(t-a)f(o.)dalo, x 

= f~I/z)t AVkU(t+s_o.)f(o-)do.]o,1 

c f~l/2)t ( t+s o.)-l-(ll2)kllf(o.)H 0 do- < 

<: cs(~/2)o-~ t-(1/2)O M( f ) .  

and 

( t + 1 ) -  O/2)nr.f : (S "~- 0") (1/2)0-1 -- (1/2)k do- ~ cs (1/2)8-1 ( t -~- 1) - (1/2)nr t l -  (1/2)k 

<= cs (1/2)~ provided k = O, 1, 

(t+ 1)-(1/~)'f~ (s+ 0.)(,2,o-~-(1/~)~ do. <: f~ (s+ 0.)(1/~) ~-~ do. 

<= cs ~12)~ provided k = 2 ,  

(t_47 -(ll2)nr t 1) f~ (S-FO- + 1)-(ll2)n(s +o.)Cll~)O-l-(llS)k do- 

<= (t + 1)-(1/*)" s<1/2)~ ' (s +a + 1) -cl/2)" do- 
~'0 

�9 <_- e(t+ 1)-(a/2)'s ~1/~)~ provided k = O, 

--(l/2)nr t (t-~- 1) yO (S-]-O. -IV 1)--(1/2)n(,.q--~o.)(1/2)O--1--'l/2)k d a  

(t+ -(1/2)m" t _< 1) f~ (s+0.)(112)~ 

<= c(t+ 1)-(ll~)"s cl/2)~ provided k = 1, 2. 

377 
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We have, for k=O, 1, 2, 

I u(s)n, fil,2, ' U(t-aa)f(aa)do. 0,1 

= f('l/2) DkU((t+s-aa)/2)AU((t+s-aa)/2)f(aa)daao.1 

e f[  ( t+s aa) llAU((t+s o.)/2)f(o-)ll do- _< -(1/2)k = -- -- 0,1 , 

1/2)t 

by lemma 2.1, 

f l  (t+s-o-)(1/2)~ 1)-(1/2)"'o- -(1/2)~ do.M(f), 
<-- c 112)t 

by lemma 2.2, 

--(1/2)nr --(1/2)0 t o.)(1/2)0_1_(1/2)k <- c(t + 1) t (s + daaM(f) 

.< cs(1/2)0-1 t-(1/2)OM(f) 
and 

av(s)  f l 2, u (t-o.)f(o.)da I 

= fltlt2) U((t+s-o.)/3)DkU((t+s-o.)/3)AU((t+s-aa)/3)f(o.)daal 

( t - I -S- -o '+ l )-(1/2)n( t q- s--ff)(l l2)O-l-(ll2)k([f(o')]e,l  q-[f(o')]e) daa 
"~ C ll~)t 

<~ c M ( j O  fil/2)t (t  + s - -  (7 + 1)-(1/2)" (t + s -- o.) (1/2)0-1-(1/2)k (o. + ])-(l/2)nr o.-(l/2)e do" 

<<- cM ( f ) (  t + l) -(1/2)'' t -(1/2)~ f : (s + a + 1)-(1/2)"(s+ o-) (1/2)~ do" 

<= c M  (f)s(1/2) o-1 t-(1/2)o ( t + l)-(i/2)n. 

In view of  lemma 2.2, we thus have shown that 

(1/2)0 <: t (~k~2 [u(t)]k+o,i+(t+ ])(1/2)n(~k~_2 [u(t)]k+o+[ut(t)]e)) = cM(f ) .  

Further, let us show that 

(t+ 1) (l/2)n lID 2 u(t)l[ + lid 2 u(t)l[o,1 <-- cM(f ) .  

Note that, for t > 0  and vED~(Io,  ~) with i=0 ,  1, 

IlD2U(t)v( " )llo,i <= ct-l-(ll2)n f exp (--lyl2/6t)llv( �9 + y ) - v ( .  )]lo, i dy 
,J R n  

-< ct(ll2)O- l[v]o 
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We have 

D2 f~l/Z), U(t-s)f(s)ds 1,i ~- c fi',,,), (t-~)<'/='o-'rf(~)]~ a~ 

<- c(t+ 1)-a/=)'t-r176 ( t -s)  cl/~~ ds MGO 

-< c(t+ 1)-(1/=)"M(f) 
and, similarly, 

II D,f~',','U ( t- , )  f(,) "1101 + <' +l)">" = <1,,,, . I D f2 u,-,)f<,)d~ll 

<= c f~  1'~)' (t--s)-1(1 + (t+ 1)Cli2)"(t--s+ 1)-<l/2)~)(Iff(s)llo + IIf(s)ll) ds 

<= ct-l f~ (s+ 1) -(~/z)~ dsM(f)  <= cM(f) .  

Finally, we show that 

I!u(t)llo.l +(t + 1)<x/~)"llu(t)ll --< c n ( f ) .  

Indeed, following the above, we have 

IIfs "<'-')f<')a~llo., +(t+l)(1/2)" If~"~" v<'-~)f<')~II -~ ~<f). 

and, since rn>2 and r_->l, we get 

S~l,.), v ( , -  ,)f(,) a, I ~- ~ f:,,.>. ( , - ,  + 1 )-"/="(llf(,)ll + lif(,)llo.,) a~ 

<-- c(t+ 1)'./')~ f~ (t--s+ I) -fl/~)" dsM(f)  

~_ c(t + 1)-a/2)" M( f ) .  
The proof is complete. 

3. Proof  of  Theorem 0.1 

379 

With the use of the Banach fixed point theorem, Theorem 0.1 is, in fact, a 
simple consequence of Proposition 2.1. 

Proof of  Theorem 0.1. Let B denote the unit ball of  R "+"+2. Without loss of 
generality, we suppose that fCCI+'(B-). 

In order to apply the fixed point theorem, we need the following notation. 
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Recall that fECI+t(B) and f(w)---O(lw[ 1+~) for small wEB. 
is a constant EE(0, 1) such that for u, vEX(E) and uoEY(E), 
estimates hold. 

X is the Banach space of  all functions u on RnXR+ such that the norm 

[I ullx = sup ((t + 1)(1/2)"(11 u(t)l]2 + [I u,(t)[I + t(1/z)~ [u(t)k+o + [u, (t)]o)) 
t>O 

+ II u(OIh,1 + llu,(O)lo,1 + t~l/~~ [u(Ok+o:  + [u,(O]o,1)) 
is finite. 

Y is the Banach space of  all functions uECZ(R n) such that the norm 

II ull y -- II ull ~ + I[ u[I ~.~ 
is finite. 

For EE(0, 1), 

X ( E )  = {uEXlilUlix <: g} ,  and Y(E) = {uEYlllullY <-- g~}. 

For uEX(E), uoEY(E) and t>0 ,  we set 

u* = (u, Du, D~u, u,), and T~ou(t ) = U(t)uo+ f~  U( t - s ) f iu*(s ) )  as. 

Hence there 
the following 

and 

[f(u* (0)]o,1 <: c[u*(t)]e: Ilu* (t)l: 
<: c ( Z ,  ~_ 2 [u(t)k+o . l+[u ,  (t)]o .1)([lu(OIh+llu, (Oil)" 

~= ct-(ll~)o(t + 1)-(1/*)~[]u[l~+r , 

IIr ~ c(]]u(t)][2,1+]lut(t)Ho,1)([Iu(t)]]~-t-l[ut(t)H) r 

<: c(t + 1)-(1/2)"[[ull~ +', 
t(!/~)e[f(u*(t))]O+ [[f(u*(t))][ --< r176 r +][u*(t)[] l+r 

<=ct+( 1)-(x/~)"'ll ulll +', 

[/(u*(t))-/(:(o)]o.1 
<: c(llu*(OIl + IIv*(01I) ' [u*(0=v*(0kl  

+c([u*(t)]o+[v*(t)]o)(llu*(t)ll +liv*(OllY -~llu*(O-v*(Oilo,1 

<= ct-O/2)o(t + l)-(~/2)'(llullx+ l[vllx)'llu-vlIx, 

lV(u*(O)-f(:(o)Ilo,1 c(llu*(o   
<= c ( t+  I)-(I/')~(II ullx+ Ilvllx)q[ u -v l lx ,  

(t+ 1)(1/2).,(t(1/~)o[f(u*(t))-f(v*(t))]o+llf(u*(t))-f(v*(t))[l ) 

< c(il ullx+ I!vll x)' II u -v l lx  
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From the above estimates and proposition 2.1, we have 

IIZ.o(u)llx ~- c(llu011y+ Ilull~ +') ~- c E  ~ ~- E 
and 

IIZ~o(U)-Z,,o(OIIx <= c(llullx+ Ilvllx)" Ilu-vllx 

= c E I l u - v l l x  ~- -r I lu-vllx,  

provided u, vCX(E), uo~Y(E) with  EC(0, 1) sufficiently small. Taking into account 

the Banach theorem, we have that the operator T,0 has a unique fixed point u~X(E)  

provided UoE Y(E) .  The proof  is complete. 
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